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Fixu+ 0
.
Let (RF = = 4 It... .. th) ER" : th > 03 the upper half-space. Fact Any continuous injective map M-N from a compact to any manifolda-

Note : Ro = Map (0 .

(R) = 10-1) = <pt3 and Ri = 0. il a top. embedding .

note: Not true in general , for example R
-> 7

& Top However
,
we have the following fundamental result.

sel

det .
A topological n-manifold is a paracompact Hamdorff topological space N Thm [Brouwer 1910] - Invariance of Domain -

Hatcher (B.

that le locally humeomorphic to MY or R
, If UFR" is open and f : U - R" continuous and injective,

H

meaning : FoceN JUENeU &

VERY or UERY
. then f(U) < IR" in open. Moreover, f is a top . embedding.

Then the interior of Nope IntN := GoeN : JUzN
,

<U
,

VIRYYis

and the Goundary of N is ON = = N-IntN. Cor
. If N is a top . n-manifold ,

then ON is a top. . (n-x-manifold without boundary .
If ON = 0 we say N is a manifold without boundary.

If N is compact and withoutGoundary ,
we say it is a closed manifold. note : Inv. of Domain followe from the following fundamental result :

non-compact- -I- an open manifold .

Denote by Top the category whose objects are top. Manifolds, and murplis are itemaps. Thm [Brouwer 1910] - Jordan-Brouwer SeparationThm-
note : AUtN = Homeo (N) . If f : Sh

=
- SM is continuous and injective then $"f(s""I has two components.

Recall : -top. space is Hamedorff if any two points have disjoint open ublds .

- top. space is paracompact if any open cover has a locally finite refinement. Q : Areclosures of both of these components homeomorphic to the n-discDD")
-

3IFact : Hansdorff + paracompact =
-

.
L

-

Every open cover has aebordinate partition of unity i !=> L

- a map f : X-Y of top. spaces is a homeomorpho of It is continuous
Thm [Schonflies] For n= 2 : yes. & erase a plug in it ,

-

.

Start with applictor,

and has a continuous inverse-! Y - X. We write X = Y. &and glue in the

model !DE
- a map - : X -X of top. spaces is a top. embedding of f : X

- f(x) Counterexample for n= 3 (Alexander Horned Sphere ,

1924] Repeat
g) unmeege

I Top
is a homeomorphism. We write fi/<> Y .

This in an embedding $2E.$3 much that $"-f(S4 = DrG
where G has infinitely generated fundamentalgroup and JC'S" is not a manifold.

Examples. D . IR" ,S". RP", CP"IR" .
D"eurfaces , products ,

knot complements

open ebect of a manifold , e .g. GL(n ,

A)
Thm [Brown1960

,
Mazur1959 + Morre 1960] - Top SchonfliesThm-key

Thm see Munkres] For
any n 1

and a locallyHat embedding $"= I".Everg topological n-manifold ecleds into " for some n. Cure partof unity the done of each component of the complement is homeomorphic to A".
In fact, n' = In suffices. Chard !)
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note : We will define loc
.Hat emleddings later on. def. A map f : M-N between smooth manifolds issmooth

-

This is a natural condition to avoid wild phenomena (live Alexander Hurned Sphere). if Ed
. B it . f(Ux) - Ve we have to (a) EU, > Ve # Ym(Ve) is emooth /

It implies that each close is a top. manifold. - If additionallyf has a sooth inverse
, we call it a diffeomorphiem t : M=N.

Another natural additionalstructure that eliminates wildness : emooth.
- A top. embedding f : M <N of emooth manifolds which

& DiFF
at every pointCCEM has injective derivative is called a south eledding.

def. Denote by Diff the category ofsmooth manifolds with morphiene smooth mape .

def. A smooth n-manifold is a paracompact Hansdorff top, space N note : AUAN =Diff(N)
together with the data of aemoothstructure , defined as a maximal Thm [Cor ofSa1962] - Diff SchonfliesThm-key
collection 91Us

.

3) : <eI] of pairwise smoothly compatible charts that cover N . For
any n

> 1
.
4 +4 and a smooth embedding $"= I".-

the done of each component of the complement is diffeomorphic to D".
CHART : (Writal where Ui <N open and Ti : U.

< IR" or R top . embedding
Na

.

Ya) and (Up
.
Ya SMOOTHLY COMPATIBLE if IIRM

4D Schonflies Conjecture Diff Schonflies holde for n= 4 . will open !
CIRM

VanUp #x => 404: YalWaUp) -UneUo-Yp(UcuWd) is smooth

(recall : smooth = infinitely differentiable =C ,
and RY AR' means locally a restriction of IR"*R note : the first step in the proof of Diff Schonflies is to show

MAXIMAL : If (V ,
4) smoothly compatible with every (Usta) ,

then ExI(V.
M= (Us

.

Yd). that any of the two closures , call it Alis a smooth manifold,that is homotopy equivalent to D" . e say A is a homotopy D"
Remarks. - Y "

Bo Yx are called transition maps Strategy : Avol" is a homotopy sphere. Is it diffeomorphic to $" ?
- Clearly (

N is a smoothn-manifold => N is a top . n-manifold . If yes , we would be done by Palais.Thm (1960].
-There are analogous definitions of C'n-manifolds :
replacesmoothly by CP-compatible ,

transition mape are CP-differentiable. Q : Is every humotury "Smooth n-manifold homotopy equivalent to $4)
-However

, by a theorem of Whitney every C"-structure for diffeomorphic to $U ?
containe a smooth structure. We will study only smooth ones .

Thm [Cor
. of Small 1962] - Top Generalized Poincare Conjecture -key

Exercise
.

Check that in the above list all examples have a smooth structure. Any smooth manifold homotopy equivalent to Sh in homeomorphic to it.

Exercise. The foundary of a sooth manifold is a smooth (n--manifold. Thm (Milnor 1957, Kervaine - Milnor 1962
,
Hill-Hopkins-Ravenel 2009I

For MANY n= 1 there exiels a smooth n-manifold homotopy equivalent to $2
but that is not diffeomorphic to it. For example , all odd n > 61.
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See links

Cor
. [of these two thrm] I non-diffeomorphic smooth structures on $". & ORIENTATIONS

W

(Those different from the standard one are called exotic)

def. A top. n-manifold N is orientable iff it can be covered by a collection [(Us ,
EaYaeI of

Milnor's Conjecture. Forn>5 smooth structure on "unique if n= 5, 6 ,
12
,
56

,
61
. mentation-compatible charts

,

i
.
e. Yol" is orientation preserving.

note : (I known
,
and => known for odd

. A choice of maximal such is an orientation .

If N is aemooth - manifold ,
then we as for a mbcollection of its smooth str

4D Smooth Poincare Conjecture : I" has a uniqueooth structure.
Exercise. A compact n-manifold N is uneutable off Hn(N .

ON ;2) =R

note : this should be compared to the following : Lee Gompf-Stipsicz , Chapterg) and all orientation corresponds to the choice of a generator
[N

.

ON]eHn(N
.
ON ;E ,

called a fundamental can .

Thm [Stalling 1961 , Kirby - Siebenmann 1970 .

Carson 1973
, Gompt 1985, Taubes 1987 ..)

R" has a unique smooth structure for every n + 4. Exercise. The boundary of an oriented top. n-manifold is orientable and has a

R" has uncountably many exotic structures . canonical crientation (e
.

t. O(R is the positively oriented R-1).

note : we will prove Diff Schonflies andTop Poincare & DIFF : TANGENT BUNDLE See Lee

nng:Key
Thm [Smale 1962) -h-cobordium The-

· IDEA : tangent space TNp = IR" at a point PEN .

W

proveTop Schonflic using Mazur's swindle and
More push-pull

- *
Y

Finally , we will discus 4-manifolds - C XpETNp in an equir · Call of "ger of curves at p"N

i

. e. Xp = Alo for some 5 : R-VEN e.t. U(d) = P.

def. A cobordina (W .%W
.

&W) is an h-cobordiem tangent bundle TN = N TNp-N is a smooth vector bundle
MEN

if the inclusion &iWcWare homotopy equivalences. => TN is a moth 2n-manifold .

It is an e-cobordium if they are simple homotopy equivalences.

NOTE : for F: M *>N have dF :TM-TN a smooth map of V. Sludle

key - [Barden
,

Mazur
, Stallings 1963]

keycares : 1 - : N-H then df : TN-TR has shape df(Xp = #11. · %
otThm(Small 1961] - h-cobordinTheorem - d(

1 -

Assume (W
.

OW
,

&W is a simply connected h-cobordin with dimW-6. where TIR+<p
=IR gen . by %t .

Then it issmoothly trivial , i.
.
e
.

there is a differmorphism 20 WiR-N then dr : The-TN has shape di (%t) = It in a chart .
to

SNOW
,

Q,W) = (8WxTo
,
17

.
doWx104

.

%Nx44 - the velocity vector of W at to +R .

For the proof we will need :

eubmanifolds , tranversality ,

handle decompositions
,
handle calculus

intersection numbers
, Whitney trick .
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