
LECTURE 2

Exercise. Boundary of a smooth manifold admit a collar
7

$ VECTOR FIELDS - feelte
.

i. e. ONEN has a nond diffeomorphic to ON X [0
.
1) with ON identified with ONx 404.

&

↑Hint : Construct a restor field X on N e . f. TNION = TION) &X
.

(

def. A smoothl vector field on N is a (emooth) rection of TN*-N
.

that is
,
a (smooth) map X: N-TN with To X = ide . Write X /P . Thr [no critical points -> Cylinder] We call such (N

.
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Assume N compact and ON = CoNr &.N for some smooth manifolds &N .

Exercise. In a chart (Ui) around p : Xp- XIP) cle I

Let f : N-IR smooth with f (i) = DiN
,
for i = 1

.

2
.

i
where sci are coordinates in Y(U) = RRL and X : U-> He smooth functions . It f has no critical points (i . e. dpto Up-N

L then NE O
.
N x [0 ,

1] (and in particular doN E &N)
.

nx3

def .
Jet - : N-R smooth

.

· = max(f)
·

Point PEN for which dp = 0 are critical points.
"

· Idea :

-
!p(t Fitt in particular peCoN have fo pite7f
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Image of a critical point is a critical value. p %
0-21

Values of that are not critical are
· = min(f) Therefore : the map G : doNx [0

,
1] - N

. (P ,H + Oplt) is well-defined and smooth,
EIR3 Prz

regular values. ->IR
and has asmooth invers p+

> (Up)-f(p)) · f(p).
D

Thm [Integration of a vector field) Q : What happens when there are critical points ?

If N is asmooth n-manifold with ON = 0 and X :N-TN is aemooth rectorfield, A : More theory : Hudy how topology changes when passing through a critical point
then there is a continuous map 2 : N-10

,

)
, P + Ep u> a handle is attached finitely many possibilities.

and a uslique map

W : [Ip
.
teNxR : It < <p3- N

. (p,
+) + Up(t) keyTHM /small ,

Wallace
,

around 1960] - Handle DecompositionTheorem -

such that OpeN Up : [Sp .Ep]-N For any cobordiem (W
.
OW

.
&.
W) there exciets a requence of emooth cobardiene

= W

L
eastieties Up 10) = P and (dWp) +(Yt) /

Up / t)
,

OW x [0
,
1) = W . .

= Wo =
.... [Wm = W

sucht that WK is obtached from Wit by attaching a collection of i handles

· Idea : solve a system of ordinary differential equations CODEd to its topGoundary : Wi = Wi u Liv
...

~ 2" ↑
rk

index of a handle
and glue solutions together using a partition of unity.

fixed

Examp ..
PEP

for come on example Note : Can take O
.
W = 0

.
W = 0 10 W is a smooth manifold without boundary.le.
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Then theorem saysW decomposes into a unin of handles.
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* Idea :
D & ~

delt regionA core A

P · ⑳ my · ·

p
⑳

wb-I'm a function f : W-R f(GW) = i for i = 0,
N

②

1 ~
and denote Wie:= - (+0

,
e]) for some atte. We Y P ↳ o

Weattaching
regio

- We already law : Was Wat ifIhas no critical values in Se
.
+ 7 = IR

- It pef"((1 ,
+7) is a unique crit. point for some (e.

+] = R NOTE : Wt is obtained from We by eurgery on the sphere A.

WANT: P non-degenerate i
.
e. det Cog(p) 0 (Henian of fat p is nondegenerate

this means take outold of A Igiven by e : SKIDs We)
Stect. There excise a More function h:W-R with hil = Wi j = 0

.
1

.

meaning ,
critical values of h are dietinct and and glue in CD",- (The seit region)"

critical points are nun-degenerate ,

i . e. det yoI
def . indp(h) := the number ofreg . eigenvalues of the Hessian.

Siz02. Morse Zemma- & SUBMANIFOLDS & TRANSVERSALITY
For a critical point peW of hot index

,

there exciets a chart (U
,

e)
1 .

t
.
hole (... ) = -x -

...
-> +FH + ... x

. def. Asmooth map -: M-N is an immersion if DfKTMs ->TNfce
is injective for every <M .

it smooth embedding is a top. embedding
Steps. - Passing a Critical Point Zenme- which is an immersion A smooth embedding is neat if

If WC
.E7 containe a single crit. point pet of h

,
and indplh) = K

, 10 f(M) n &N = f(OM)
thenWat in obtained from Was by attacking a handle of index K. 2 : EpeON F(U .

e : UseRYL et .

UnM = 4 (0x .. xoxMM*Rt
.

· Idea :

Can reparametrize h so that Wit - Wis contained in a chart (U
.

3)-> p def. A (neat) momanifold is a closed ebret MEN s
.

t. the inclusion map

is a (neat) smooth embedding. We define codio (M
,
N) := dimN-dimM.

Wt . in a chart : P se Examples,

M

fase
⑳ M = D? N = D2

m A e A ②
fe))
& fs(in+ M) f

.. f2
.
f3 are emooth embeddingsi

a half-tub .

· ·

p

core
⑳

fo in neat

We

Wond of A

P ↳

·
·

N
in Wel ② FIN faIM)

..
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Note : For f : M-1R y regular if facef"(y) have : desc eective.
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Finally,
we have

Need :

def. Let f : M-N emooth. We call JEN a regular value it & NORMAL BUNDLES & TUB
.

NEIGHBORHOODS
Use :

dfor : TMx- TN - ) is enjective for all xcef"(y) and

dfacl : TCOML -TNfk) is elective for all eef"/IndM
. Thm. For a smooth manifold N there is a neighbourhood U of NETN (tero-rection

and a mooth map 5: Ux [0
,

17 - N s . t . for UEU and 1
.
+ +> 10

,
1 :

Thm
.

[Cor. of Implicit FunctionTheorem] 1) V(d = π(W)
,
((d = v E : To

,

17 -N

If SEN-ON is a regular value of asmooth map f
:M-N

.

and of floM
.

2) Sir(t) = Urbt) dir(%t)
.

= v

then f(y) in a neat emooth enomanifold of M. Moreover
, if N is compact one can take U =TN

.

Moreover, codim (f"(y) ,
M) = dimN We tren define exp : U-N by xplu) = Url) ·

-

def -
Two emooth mape f: M

,
-N and g

: M2-N are tramrace
· fig. det. The normall Grundle UNcM of asmooth rubmanifold McN

if (Vcc ,
eMn,EMa) +(4) =g(c) = y => df (TM) + dg(TMc)= TNy is the quotient Grudle TNM/TM

&

If we fix a Riemannia metric on TN then Unem = (TM)
+

< TN
.

In particular :
-

1 dimM + dimMa < dimN then flg iff f(M) n g(M2) = 0 Thm. There is a neighbourhood of M<UMIN on which exp : TN-N
/

20 dimM. + dimMc = dimN then flg off +(4) =g(x) => df(TMic) dg(TMid) ETNy
. is an emledding. Thus ,

F Um < N
. MEUm and Um - M

30 dimN = IdimM then flf iff +(n = f(x) = df(TM) df(TMid =TNy have a structure of a vector bradle
, isomorphic to UMIN,

40 g : 443-N then ftbys off y is a regular value of f. and UMe &N - &M has a structure of a v. Gundle
, isomorphic to VOMION

def . Ancbiet instuly of N is asmooth map

det
.

Such Un is called a neat tubular neighbourhood .

F : NX [0
.
1 -> N Note : A normal vector field is a rection of the Gundle UNIM -N

e . t
. Ftc/ .

I F : N-N is a differmaphie .
and allows us to create "parallel push-offs" of enomanifolds :

Givenuninotony ft :M-N we say that

F : N-N is an acubient extension of ft if : Fte /
,
17 Frofo = ft .

Exercise. We saw for fiM-N ,

xeN regular value: M = f
* SYL < M sus manifold .

Show that UMPEM is a trivial bundle and has a canonical trivialisation.

Thm (Cerf 1961
,

Palais 1960] - Ambient Isotory Extermin -

If M is compact ,
than any fiM IN admits an subient extension. Note. For MEN if two out of TM

,
UMEN

,

TN are oriented
,

then is alto the third
.
via :

(

voit : This in useful when we want to "more not only TMQUMEN = TNIM
a rusmanifold but also its tubular uold.


