
LECTURE 5
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det . Let N Ge an oriented smooth n-manifold and fi :Mi-N for i = 1
.
2 can be realized geometrically on the handle decomposition. More precisely ,

the att. sphere
transverse mape with dimM+ dim M2 = dim N and Mi simply connected, of hi""can be icotuped to that the new handle decomposition induces B on C

andWi apathfromtheGarepoint of N to a Garepointofis

proof .

We define the equivanant intereaction number We can attach handles of the same index in any order
,

no consider (Whi hi
KHIE(E

,
+F2) : =[ Epqp = [π

,N] In & (WikGil we have a puch-off of Aj .

which bounds a dien = puch off of the cor of hj
for EpE4+ 1-13 and gpEπN defined as followe :

PEflifz Then we can form an ambient connected run

Ep := +1 iff orientation of TfiTfal , agrees with that of TNIp #A;
= (Aj-U(pt) ~ r(wiw .Wil ~ (A, -Wipt) where [N = ge i- Lj Ju
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: = [Wf· Whp : Wig. We e 7 Co G Co ·

Wij = path from Aj
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Wfi
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x
is a path in fi from the barepoint of fi to pe finf2 Dig ⑭

fe Since AteU(pt) is isotopic rel boundary to Ulpt) ,
via C

,
we have inotopies

·
NOTE. -Mi are simply connected Af# Aj Ai r(WU .Wil ~U(pt) =
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-Fi is a based map ,
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of a lift offi to EiMi-N .

On the other hand
,

we clearly have that a handle attached to Aj# Aj
K K K+1
t I D(Recall : a map from simply connected lifte to the universal cover). corresponds to Hi
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ElfF) =EF(F- ngF2) .

g.

proof. Pe fitf2 with gp
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S WHITNEY TRICK

T

Now define a eubbundle is of Uwinlow of rank K .

no along 5
, define 312 : = VE< f,-Recall : Whitney used this triss in the proof of Whitney's embedding theorem in 1940.. 20 along O2 define in as the vane -1 mobandle of UfzIN//this is rank i)

It is a regular humotopy that removes a pair of heft intersections
. that is normal to W (10 3 wa is the complement of Uretz = UtiNIve

-W
There ,

3 is targettoe
Recall (11): Every top. n-manifold admits a top . embedding into M"

.
and n= In enough· and normal to f2-

P

Thm [Whitney ,

1936] fa

Every smooth manifold admits asmooth eledding into IR"
,

and n= In enough The normal bundle UWIN is trivial (asD=*) and we would like to

extend is to amubbundle of UwIN over the whole diese W.

This corresponds to extending the map &D- Gr over D?det. Fix smooth manifold M
.

N and aemooth map f : Mx [0
,
1) - N. kRH-2

(So fie a smooth homotopy from to to fo
,

where fi= f) -
,
+) : M-N

,

te (0
, 17) This is possible off (2) = 1 -> M,

Gr IR = */2
,

unless 1-1 =1
,
-2 =2 &K- 1

so If ft is an embedding for every t, then fil a smooth inotopy from to to fo whose nontrivial element is given by taking a plane to itself with opposite orientation

20 It fo is an immersion for everyt ,
then is a regular homotory from to tof,

+ i SoilyTor a use that oriented Granm
.

Gr IR E SO(i)x SO(j i) double covere GrkR"i

and issimply connected as it, 50(i) -> M1S0(j) , if j21
,

Note : of Whitney move is a regular homotopy (in the local model
,

it goes from andIt, SO (j - i) -> T2SO(j) if i = 1 , j -= 1

t
an immersion to with 2 double points to an embedding).

whereas it, Gr(IR) MIRP' M S0(2) E

We will have (in]= 1 it in is an mentable bundle. (For K= 2
.
n =4 consider proj to /)

Thm [Whitney]
Asooth map f: M-N is homotopic to an embeddingif n 2 m + Zemma . 3 is orientable off the interestion points have oppositeeigns ,

Eq = - Ep

and to an immersion if n = 2 m. It f.g : McN are two homotopic encleddings i

. 2. if df, K* del TNI
,

is orient · pres at precisely one x= P , 9.
<

and > 2 m + 2
,

then they are also inotopic. proof.
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* T = Tfils
,

and 31URWE UfacWI
Yet fi : Mi <-N be two embeddings with dimM + dimM2 = dimN and fatifs Pick an orientation for W

.

Thisorients ON to also TV and UKW.

We assume points p . g E filfa are such that : Note that Trick Urewlx is orient · pres . for precisely one of x = P. q. Say p .

-

there are arc E < filMi from p tog and an embedded disn W : Das N
.

On the other hand
,
i is criectasis if induced crientations of 301r

,

and 318
2

either agree or disagree at both P.S.
- I

with OW = WU, and intW disjoint from filMil ,

i = 1
.
2

. They agree at p if Ep = +1
,

and they agree at 3 if Es = -1
. D

.



Case K=2
,
H = 4

. proof ofClaim .

<

&In this case it does not mffice that Es = -Ep : this only ensures that i is orientable
,

99
.

.
-

-

. . Wolofete"EriEn
· 7 · · · ·----

op -
·

p
· -....

but it might not extend to W
. Namely ,

(37 =R = T.
S012) is the relative Enter ⑤ =-
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*manser of W .

obtained by restricting a framing UWINE DER to OW
.

Wfz Wez we
In practice ,

one has to change W to correct the framing (might not always he possible). We have gg = We . (W+ p
- W) · (We

,p
-E) " . We = W - W·W. W" Iw . Weip . Wel ~

1

- - T
W = gp

I
.

Now anue we found a framed Whitney dies (so W together with an extension of in to WI.

We can then perform the Whitney move :

↑
o o

1 extend Wolightly
20 pick a tubular neighbourhood D'xD" together with the mo-u6hd corresponding to 3 = D"<D"

30 the boundary of this eco-word is a sphere "< N which intersects fo in a nghd of 5,

40 We pah this strip U
,
xD"

*

across the eco-nohd to become the union of :

a nohd of E ( = D<D1) with the sphere bundle over D" (ED'xS").

P This is an isotury of fi that removes 2 of its interrection points with f2.
f, utz

Viewed together,

this is a regulat homotopy of the immersion Mr M2 - > N
.

-

Lemma E(E
. RF2) is an invariant of based maps I: under Whitney moves.

We crea that Elt .
nf2) remaine unchanged after a Whitney more

.proof
to perform the Whitney move we need points p.g and patt 5

. U2 from Ptog
euch that 5,82 is nullhomotopic in N and Eg = - Ep.

Clim. E.02 is nullhomotopic in N ift gg = gp ↑


