
n = 2 ·)- o :On
2

of MM MIL A = Lud ---

n=

3& ⑳ &· -

LECTUREG ⑳ ↳
Step1
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Jamma.
The arc & can te chosen so that A:=Lux : S- W is nullhomotopic.

- HandleTrading Zemma- Anning this
,

we will have that A is unknotted since dim (0
.
W=) > 4

.

30 D
.

Assume (WO.W
,

&W is an h-cobordium with dimW= n > 6 and a handle

decomposition with no handles of index [K-1 for some 1= 1-2 proof of Zenma.

Since attacking a Khande is himatory equivalent to attachingWk-handles my Id-KI-handles .

OnThen the decomposition can be modified so that precisely one k handle is removed only 1- and 2-handles can change .

(d-2),3 12

Tun :
,
W N mand precisely one (+2)- handle is added. (d - 1) >, 4

dol
GoWx

and &
,
/ (e) =

H.
W Key turningWupside down).-

proof of HandleTrading Lemma. By the 2-cobordin asruption O
.
W=

.
W. Therefore,

Let " be the handle we wish to remove. &WE = #,
doN

.

The idea is to use the reverse of the Cancellation Jemma to add a cancelling
· I OW = /i we immediately have Avx in &W?

O

binhandles
pair t

*
to that h cancele our h" and leaves h behind. · More generally : A might be nuntarial [A] QW=

.
N

=
=

,
O

.
W,

1

ofindex -

OoWY
L In other words we will have : Let i be a loop in doW realizing this class

I
chosen so that it
-

II misses all att. spheres of 1-and 2-handles
.

Thus
,

lesin &
.
W.

W
IK

EW ↳ DY by GD" does notening (exercise) and replacing 2 with &B gives A : = L&B ** in O
,
W = 2

D
- 1

= (W ~ other -houdles v hl) v (a* **
by reverse of the Cancellation Lemma -

Y C21+ 24+ 2

K
= (W other 17 handles) w (l v ek*)We by the Reordering Zenma Case K=2

.KTh eex+

K+ 2= (W=

other -hadled v l by the Cancellation Zomma. IDEA : Start from A := small unknot and isotope it using handle slides Be
att .sph. :

once we find
Cpk+ 2

/
for 2+ 2

until it goes over h geometrically once. find red sphereMM↓ that sounds a disk ~O/⑧
k+ 1 -A : = Ch Igxo = &W

=

such that:
· A

E
h-cob .amption in

10 Ci
K

A goes over h" geomn .
Once (for Cus] to apply) => A Celtsphere of 2 = < pt3 Since #x(

,

o;) = 0 We have that
---

- +
...

is exact

2 A is unknotted (for revof Canc2 toapply) A isotopic to the ununot. Then C
is

=0 implies that dutt is subjective

= E -

k- 1

So : Zj = Z
,1j+, Gj t l with

" = g
Let us construct much an A . We need to distinguish the case = from K 2.

works also for dimWa, 5 L HANDLE SLIDES Lemma : We can start from a small uninot "W=-

Case= 1. and slide it over handles h with crefficients 7,9: until we have A :" ,W
***

-

k+1ri Since handle sides are isotopies ,
A is unmotted.Firstly ,

let Leoh be a push-off of the core of 22. The andpoints oh = doW can be with [E] = Egitty
j = 1 -

N

connected by an arc L & OoW (by connectedness asruption on OoW) which can be chosen to mill On the other hand,o [A] = "says that A goes over h" algebraically once.

attacking region of all other handles. Then A: = Lux is a circle in O
.
W.

"

which can be Then the WhitneyTrick Lemma finishes the proof :

arrued to be smooth and disjoint from all att
.

circles of 2-handles
,

10 lives in &
,
W? No

A com be improved to go over " goom ·
once. 1.

By construction. A goes over hi geometrically once. 1

need : dimOW* > 5 so dimW > 6



LECTURE 7
.

Thm[Smale 1961) - --cobardiumTheorem - Lemma .key Ju can be modified to the identity matrix Idea by the moves listed below
, if

If (W
.

O
.
W

.

&
,
W is an s-cobordin with dimW=. 6, and only if all the remaining handles can be put into alg. cancelling position.

then it is smoothly trivial,

i
.
e. there is a differ morphism (W, GoW

,

&W = (8.WxTo
.
1

.

d
.
W 103

.

%
.
Wx(13). MOVES : 10 interchange rows : () (

Proof.
↑ entPick a handle decomposition of (W.

O
.
W

.

a
.
W.

Thanks to Remove o - and n-handles Jenne
,

we can assure No o-and n-handles

proof .

Show that each more on matrices can be realized by a move on handles
.

[Exercise]. .
Step1 . - Normal Form Loma-

For every h-cobordium of dimension n =6 and any 2 = =1-3

there is a handle decomposition of the form ↑

h
I+1

def .

The Whitehead group Wh(H) is the set of equivalence classes under

GoWx[o
,

~)
↳
J h

Ja
. - -
. moves 10- 40 of invertible matrices of arbitrary size with entries in /A)

with group structure J + J = (8 % ).
proof of NormalForm Lemma

.

We first prove we can remove all handles of index El-1. a
Indeed, using HANDLETRADING Lemma we trade · NOTE : /Equivalentin ,

Wh(H) : =

GL(
<(g) , 5-g7 : gett

1 - for 3-handles
,
then 2- for 4-handles

,
etc. (1-1) - for Cet-handles.

Thus
,

we have We &
.

W x 10
.
17 ve-handles v <et-handles .. . . (n-1)- handles where GL(R) : = colimGLn(RL foraring R,

rel do n +x

Now
,

we can turn this handle decomposition upside down and repeat the procedure : and at denotes abimisation (K+(R) : = GL(R(l)
in effect ,

we will be trading (n-1)-for (n-3)-handles..... (e+2) - for e-handles. Examples .
Wh() =0 sinc &41 =I has Euclidean algorithm

Thus
,

we are left with only e- and Sexil-handles
,

as desired. D Wh(π = 0 for = free alian group [Bau-Heller-Swan 67]
Wh(/5) =- generatedCy the unit ++ 1 = GL.

Conjecture .

Wh(TT = 0 if It is torsion-free.
Step2

.

-

Ci iWe are left with0 -O and we wish to remove there as well. def. Whitehead torsion of (W .

%
.
W

.

&
.
W is Tw : = []= Wh (H

.
W.

K+ 1

itSince Hx( = 0
, + is an isomorphiem (H)

-

> (&"
representedCey the egeivariant intersection matrix Jo : = (I(inBillin Remark . Two if &W-W are simple homotory equivalences.

Y
givesthenametoaum



Step3 .

Corollaries.

We now want to use Whitney moves to turn an algebraically cancelling pair Thin-Top Poincare Conjecture in Kim- 6-

of handles
,

into a geometrically cancelling pair. =Awa It N is a smooth homotopy n-sphere and 6,

- WhitneyTrick Zomma-
~

based spheres : B= Bul then N is homeomorphic to $" (i
. c.
N is an exotic n-phere).

I dimN > 5 and :S-N
,
B :SN have I/B) = + 1

. proof .

Remove twoemall diens from N .
The resulting manifold is a simply connected

then there is an isotopy ofF each that B =<pt3. (n.+ nz = n = amN) h-cobording from $ to itself ,
so by theh-cobordin theorem :

>
- 5 (N-DYrD2

,
ODOD) E IOD x 10

,
1

.

OD2 x 102
,

OD? x (12)
--

proof. Having (B) =

p
= + = [ egg) + ... +

We can glue back D by idoo? ,
Get D" has to Ge glued basu by

"
a himeomorphin extending the differmain a - OD

,
Ich

implies that we can find pair p.&-AB such that Eggg = -Epp June the radial exterio
,
see Lecture 3) D

.

-> 7 Whitney circle U . E" through p and
,

which is mill homotopic in N-
-

Since nin-3 =1
.
2 => IN . (AUB)) = #.

N => W = * in N - AuB .

=> WU bounds an immersed dien in N- AuB.
- - /Since n = 5 => WV2 bounds an embedded dienW : D N with intArB = 0 Thm [DA Schoenflies Conjecture in dim > 6]

Since Eg = -Ep and HL 4 => W can be framed. It K: $"" Sh is a smooth embedding and 6
,

Sthen theclosure of each component of '"-K(S") is differmorphic toD.

=> We can perform the Whitney more to remove p. g. Continue with other

pairs, until precisely one intersection p with Epgp =+ 1 left. I proof. SinceK has a tubular neighbourhood ,

we see that the closure of
each component of $"K(S) is a smooth manifold with Foundary S

"

It is simply connected by Seifert-ran Kampen Theore
Thus

,
it we remove from it a small di we get a simply connected G-cobording

By the 2-cobordin Theorem this is differmorphic to s Co
,
i)

,
and we: can put bar the tim by the identity to get a differmorphine to D. B.

&

B B


