
COMBINATORICS

CLAIRE BURRIN

Contents

1. The basic principles of counting 1

1.1. The Addition and Multiplication Principles 1

1.2. The subset problem 3

1.3. The Inclusion-Exclusion Principle 3

1.4. The pigeonhole principle 4

2. Permutations and Combinations 4

2.1. Permutations 4

2.2. Combinations 5

2.3. Counting with repetitions 6

3. The binomial theorem 7

4. The twelvefold way 8

4.1. Filling the table, part 1 9

4.2. Recognizing balls and boxes 9

4.3. Integer partitions 10

4.4. Set partitions 11

4.5. Combinatorial proofs 11

5. Recurrence relations 13

6. Generating functions 15

6.1. Arithmetic of formal power series 15

6.2. Counting problems 15

6.3. Recurrence relations 16

6.4. Combinatorial identities 17

1. The basic principles of counting

1.1. The Addition and Multiplication Principles.

Example 1. Given a standard deck of 52 cards, how many ways are there to pick...

(1) ...a red card?
1
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(2) ...either a King or an 8?

(3) ...either a King or a red card?

(4) ...a red King?

Example 2. We have a fruit basket that contains 7 apples and 5 oranges.

(1) How many ways are there to pick a single piece of fruit from the basket?

(2) How many ways are there to pick an apple?

(3) How many ways are there to pick an orange?

(4) I want to pick one apple and one orange. How many ways are there for me to do this?

Proposition 1 (Addition Principle). Experiment 1 has m possible outcomes, experiment 2 has n

possible outcomes. The number of possible outcomes of performing either experiment is m+ n.

Proof. Enumerate all possible outcomes of performing either experiment 1 (m outcomes) or exper-

iment 2 (n outcomes); there are m+ n outcomes. �

Proposition 2 (Multiplication Principle). Experiment 1 has m possible outcomes, and for each

outcome of experiment 1, experiment 2 has n possible outcomes.The number of possible outcomes of

performing both experiments is m · n.

Proof. We say that we have final outcome (i, j) if i is the outcome of experiment 1, and j is the

outcome of experiment 2. We order all possible outcomes in the following table

(1, 1) (1, 2) . . . (1, n)

(2, 1) (2, 2) . . . (2, n)
...

...
...

...

(m, 1) (m, 2) . . . (m,n)

This table has m rows and n columns, hence its total number of entries is m · n. �

Remark 1. Both statements can be extended to consider k ≥ 2 experiments. Suppose these k

experiments have n1, n2, . . . , nk possible outcomes, respectively. If either of these experiments is to

be performed, there are n1+n2+ · · ·+nk possible outcomes. If all experiments are to be performed,

there are n1 · n2 . . . nk possible outcomes. Think of how the proofs of these statements look like.

Example 3. How many ways are there for me to deal you a card, and then deal myself one?

Example 4. We roll two dice, one is green, the other is red. How many outcomes...

(1) ...are there?

(2) ...are there that are not doubles?

(3) ...are there where the red dice has a (strictly) larger number than the green dice?



COMBINATORICS 3

Example 5. A basket of fruit contains 4 apples, 3 bananas, 6 oranges.

(1) How many ways are there to take a fruit from the basket if I can only take one type of fruit,

but as many as I want?

(2) How many ways are there if I can pick any two kinds and must pick at least one of each type

of fruit?

(3) How many ways are there to pick a non-empty set of fruit from the basket? (All types of

fruit are fair game.)

Example 6. How many different 4 digits PINs are there...

(1) ...if no digit can be repeated?

(2) ...if the same digit can not appear 4 times?

(3) ...if selecting 4 consecutive digits is prohibited?

1.2. The subset problem.

Example 7. How many different tastes can one create out of 6 spices?

How many subsets are there of a set containing n elements? For example, given a set {a, b, c},
the possible subsets are

∅, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}.

Proposition 3. A set of n elements has 2n subsets.

Proof. To form a subset of an ordered set A, we first decide whether or not to include the first

element in A; we have two choices, either we do, or we don’t. To decide whether to include the

second element, we again have two choices, and so on. In total, by the product rule, we have

2 · 2 · · · · 2 = 2n choices, and hence possible subsets. �

1.3. The Inclusion-Exclusion Principle.

Example 8. A prime is a natural number that is not divisible by any number less than itself other

than 1. How many primes are there below 100? (You may use the following fact: if n has no prime

divisors ≤
√
n, then n is prime.)

Given two sets A and B, the cardinality of the union A ∪ B is |A ∪ B| = |A| + |B| − |A ∩ B|.
Given three sets A, B, C,

|A ∪B ∪ C| = |A|+ |B|+ |C| − |A ∩B| − |A ∩ C| − |B ∩ C|+ |A ∩B ∩ C|.

This principle applies to any number of steps:
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Proposition 4 (The Inclusion-Exclusion Principle). Given k sets A1, A2, . . . , Ak,∣∣∣∣∣
k⋃
i=1

Ai

∣∣∣∣∣ =
k∑
j=1

(−1)j+1

 ∑
1≤i1<i2<···<ij≤k

|Ai1 ∩ · · · ∩Aij |

 .

1.4. The pigeonhole principle.

Example 9. At least three people in this room have the same birth month.

Proposition 5 (Pigeonhole principle). If you distribute m balls randomly among n boxes and

m > n, then one box must contain at least two balls.

Example 10. Here’s a “magic” trick. You need to be two. Your friend draws 5 cards from a

standard deck of cards, chooses one to put face-down on the table, and passes the other 4 (in a

chosen order) to you. You look at the cards, and from them, you are able to guess the suit of the

card that is face down on the table.

There is a way to arrange the 5 cards so that you could even guess the card.

2. Permutations and Combinations

2.1. Permutations.

Example 11. How many words - that don’t necessarily need to have a meaning - can you form with

the letters a, b, c?

Proposition 6. A permutation is an ordered arrangement of elements in a set. The number of

possible permutations of a set of n elements is

n! = n · (n− 1) · (n− 2) · · · 3 · 2 · 1.

Proof. To arrange our n elements in an ordered sequence, we will start by choosing a first element.

We have n choices. We pick one element out of the set; there are n− 1 elements left. We can argue

by induction that there are (n − 1)! possible permutations of this set of n − 1 elements. By the

product rule, we therefore have a total of n · (n− 1)! = n! possible permutations. �

Example 12. How many ways are there to order the letters in the word...

(1) ...BLUE?

(2) ...ACTIVE?

(3) ...BOOK?

(4) ...FEEBLE?
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Proposition 7. The number of different permutations of n elements, among which n1 are indis-

tinguishable of type 1, n2 are indistinguishable of type 2, . . . nk are indistinguishable of type k, with

n1 + · · ·+ nk = n, is
n!

n1!n2! · · ·nk!
.

�

Example 13. How many words are there that can be spelled by reordering the letters of the word

SUCCESS?

Proposition 8. Let r ≤ n. An r-permutation is an ordered arrangement of r elements within a set

of n elements. The number of possible r-permutations of a set of n elements is

n(n− 1) · · · (n− r + 1) =
n!

(n− r)!
.

Proof. If we were to arrange the whole set, for which we know that we have n! possibilities, we

would have to arrange the complement of the subset of r elements. Since this complement contains

n− r elements, we have there (n− r)! possibilities. �

Example 14. There are 10 horses competing in a race. How many...

(1) ...possible finishes are there (i.e. possible rankings)?

(2) ...ways are there to pick the winner?

(3) ...ways are there to pick the horses that come in first, second, third places?

(4) ...ways are there to pick the horses in the first three places, if we don’t care for which horse

is in which position?

2.2. Combinations.

Example 15. Given a set of 4 people, how many ways are there to form a committee of 3 people?

Proposition 9. Let r ≤ n. An r-combination of a set of n elements is a selection of r elements of

the set, where order does not matter. The number of possible r-combinations of a set of n elements

is (
n

r

)
=

n!

r!(n− r)!
.

Proof. Observe that an r-permutation of a set of n elements consists in an r-combination followed by

an ordering of these r elements. In other words, if x denotes the number of possible r-combinations,

then by the product rule
n!

(n− r)!
= x · r!.

�

Example 16. How many ways are there...
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(1) ...to order all the cards in a standard deck of cards?

(2) ...to turn over 5 cards from the deck?

(3) ...to draw a 5 cards hand from the deck?

Example 17. The following algebraic relations are true.

n(n− 1) · · · (n− r + 1) =
n!

(n− r)!
,

(
n

r

)
r! =

n!

(n− r)!
,

(
n

r

)
=

(
n

n− r

)
.

What do they mean combinatorially?

2.3. Counting with repetitions.

Example 18. How many words...

(1) ...of 5 letters can we write using 3 a’s and 2 b’s?

(2) ...of 4 letters can we form with just the letters a and b?

(3) ...and if we only care about the number of occurrences of the letters a and b?

Proposition 10. The number of r-permutations of a set of n elements when repetition is allowed

is nr.

Proof. For each position, there are n choices. Since there are r positions, we have, by the Multipli-

cation Principle, n · n · · · · · n = nr choices. �

Example 19. How many r-letters words are there?

Example 20. A cookie shop has 4 kinds of cookies. How many different ways are there to choose

6 cookies ?

Proposition 11. The number of r-combinations of a set of n elements when repetition is allowed

is (
n+ r − 1

r

)
=

(n+ r − 1)!

r!(n− 1)!
.

Proof. We can rephrase the problem in terms of placing r balls into n boxes. If we represent the

balls by stars, and separate the different boxes by bars, then each arrangement can be represented

in the following forms: ∗∗∗∗∗∗ ||| (all cookies of the first kind), ∗∗ | ∗ ∗| ∗ |∗ (two cookies of the first

two kinds, and one cookie of the last two kinds), etc. Enumerating these arrangements amount to

counting the combinations of all stars within the set of stars and bars. Finally, note that there are

r balls and n− 1 bars. �

Example 21. How many solutions does the linear equation x + y + z = 11 have with x, y, z ≥ 0

integers?
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In summary, to count ordering/sorting or selections, with or without repetition allowed:

without repetitions with repetitions

r-permutations n!
(n−r)! nr

r-combinations
(
n
r

) (
n+r−1

r

)
Example 22. A group of ten students are selected from this program, five of which are wearing red

shirts, three in blue shirts, and two in gray shirts.

(1) How many ways are there to order all these students?

(2) How many ways are there to order them if we only care about their shirt colors?

(3) How many ways are there to seat them around a circular table?

(4) How many ways are there to seat them around a circular table if we only care about their

shirt colors? (Hint: place the gray shirts first, then the rest.)

Example 23. A fruit basket contains 7 apples, 5 oranges, 9 bananas. How many ways are there

to...

(1) ...set all the fruits on the counter?

(2) ...pick two apples? What about four bananas?

(3) ...pick two apples and four bananas?

(4) ...distribute the 21 fruits to 21 people if I only care about which person gets which type of

fruit?

3. The binomial theorem

By convention, 0! = 1. It is then easy to see that(
n

n

)
=

(
n

0

)
= 1

(
n

1

)
=

(
n

n− 1

)
= n

Here are the first few entries of Pascal’s triangle where each entry is
(
n
k

)
, where n is the row.
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Looking at Pascal’s triangle, can you identify patterns ? Which ? Can you prove that these patterns

hold ? Note that Pascal’s triangle is infinite!

For example, we can observe the relation

(
n

k

)
=

(
n− 1

k − 1

)
+

(
n− 1

k

)

and we can check it algebraically... or we can prove it combinatorially: a committee of k is to be

chosen from a pool of n candidates. If you are one of the candidates, there are
(
n−1
k

)
ways for the

committee not to include you and
(
n−1
k−1
)
possible committees on which you would be.

Example 24. Give an algebraic and a combinatorial proof of

(
n

m

)(
n−m
k

)
=

(
n

k

)(
n− k
m

)

as long as k +m ≤ n.

Proposition 12. For each n ≥ 0,

(a+ b)n =
n∑
k=0

(
n

k

)
akbn−k.

Proof. Opening up the product

(a+ b)n = (a+ b)(a+ b) · · · (a+ b)

each summand is of the form cka
kbn−k where ck is a constant that we need to determine. In fact,

ck is the number of ways to select k terms out of n, hence ck =
(
n
k

)
. �

Example 25. What is

n∑
k=0

(−1)k
(
n

k

)
=

Example 26. What is

n∑
k=0

(
n

k

)
=

and explain how this can be interpreted in terms of the subset problem.
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The proof of the binomial theorem given above was combinatorial, but of course we can also give

a completely algebraic proof. In fact, by induction,

(a+ b)n = (a+ b)(a+ b)n−1 = (a+ b)

n−1∑
k=0

(
n− 1

k

)
akbn−1−k

=
n−1∑
k=0

(
n− 1

k

)
ak+1bn−1−k +

n−1∑
k=0

(
n− 1

k

)
akbn−k

= an +
n−1∑
k=1

(
n− 1

k − 1

)
akbn−k +

n−1∑
k=0

(
n− 1

k

)
akbn−k

= an +

n−1∑
k=1

((
n− 1

k − 1

)
+

(
n− 1

k

))
akbn−k + bn

= an +

n−1∑
k=1

(
n

k

)
akbn−k + bn =

n∑
k=0

(
n

k

)
akbn−k

4. The twelvefold way

The twelvefold way is the systematic classification of 12 enumerative problems for two finite sets.

We can do this in terms of placing r balls in n boxes. All balls need to be placed in a box ! The

twelvefold way distinguishes the following cases.

any arrangement boxes fit no more than 1 ball no box is empty

balls labelled

boxes labelled

balls unlabelled

boxes labelled

balls labelled

boxes unlabelled

balls unlabelled

boxes unlabelled

4.1. Filling the table, part 1. Suppose first that balls and boxes are labelled. We have r balls

and n boxes. Each ball can go into n box. Hence there are nr possibilities. If the boxes fit no more

than 1 ball, we have n choices for the first ball, n − 1 choices for the second ball, and so on, i.e.

n(n− 1) · · · (n− r + 1) = n!
(n−r)! possibilities in total.

Suppose second that balls are no more labelled, and are to be distributed in the labelled boxes.

There are
(
n+r−1

r

)
ways to do this. If the boxes fit no more than 1 ball, we will first label the balls,

then distribute them among the boxes – there are n!
(n−r)! ways to do this – then unlabel them: hence
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n!
r!(n−r)! possibilities. If instead no box should be empty, we can put 1 ball per box, leaving us with

r − n balls to distribute among n boxes: there are
(
n+(r−n)−1

r−n
)
=
(
r−1
r−n
)
ways to do this.

4.2. Recognizing balls and boxes. This is trickier than it appears; the roles of balls and boxes

can be counterintuitive at time. It will help to always keep in mind that each single ball needs to

end in a box.

Example 27. What are the balls and drawers in the following situations? Which entry of the table

above do they correspond to?

(1) How many ways are there to choose a 5-digit PIN?

(2) How many ways are there to form a committee of 5 people out of a pool of 8?

(3) How many possible first, second, and third place finishers are there in a race of 13 horses?

Example 28. I have 15 identical fish tanks in which to put 10 fishes, but we don’t want to have

more than one fish per tank. How many ways are there to do this? And if we have 20 fishes?

Example 29. I have ten raffle tickets that I can enter into various drawings. There are five different

drawings, for a variety of trips and prizes. How many ways can I enter 10 tickets into the raffles?

How many ways can I do this if I want to at least have the chance of winning each prize?

4.3. Integer partitions.

Example 30. There are two identical Halloween buckets, and we have 6 identical pieces of candy

to distribute. In how many ways...

(1) ...can you do this?

(2) ...can you do this if you want each bucket to get at least a piece of candy?

(3) Think about the number of pieces of candy in each bucket. What must these numbers satisfy?

Example 31. How many ways are there to partition 5?

A partition of a number n is a way of writing n as a sum. The order does not matter: two

sums that differ only in the order of the summands are considered to yield the same partition. We

conventionally write partitions with decreasing summands, that is, 5 = 4 + 1 and not 5 = 1 + 4.

The partition function p(n) represents the number of possible partitions of n. The function pr(n)

denotes the number of partitions of n into r parts. Observe then that

p(n) =

n∑
r=1

pr(n).

Example 32. (1) What is p3(7)?

(2) How many ways are to put 4 tickets into 3 drawers?
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(3) how many ways are there to put 5 pieces of candy into 2 buckets if each bucket must get at

least one piece of candy?

A partition can be represented graphically by an array of dots. This is called a Ferrer diagram.

For example, if we take the partition 7 + 4 + 3 + 3 + 1 of 18, then the Ferrer diagram is

· · · · · · ·
· · · ·
· · ·
· · ·
·

The number of rows is the number of parts, the number of columns, the size of each part. Using

Ferrer’s diagram, one sees for instance that

Proposition 13. The number of partitions of n into ≤ r parts is equal to the number of partitions

of n into parts which do not exceed r.

Some other facts about the partition function p(n):

(1) No closed-form expression is known.

(2) Hardy and Ramanujan (1918) proved that asymptotically

p(n) ∼ 1

4n
√
3
eπ
√

2n/3

(3) Ramanujan showed that p(n) obeys the following congruence relations: for any m ≥ 0,

p(5m+ 4) is a multiple of 5, p(7m+ 5) is a multiple of 7, p(11m+ 6) is a multiple of 11

Example 33. I have seven raffle tickets to put in three different bins for a chance to win a prize.

(1) How many ways are there to do this (assuming all prize bins are equivalent)?

(2) What if I want to put at least one ticket in each bin?

4.4. Set partitions. The number of ways to partition a r-set of labelled objects into n non-empty

parts is called the Stirling partition number and denoted S(r, n).

Example 34. The possible partitions of the set {1, 2, 3} are

{1, 2, 3} = {1, 2} ∪ {3} = {1, 3} ∪ {2} = {2, 3} ∪ {1} = {1} ∪ {2} ∪ {3}.

Here S(3, 2) = 3.

Example 35. What is...

(1) S(n, n) =

(2) S(n, 1) =
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Although we don’t have a formula, we can observe that there is recurrence relation.

Proposition 14.

S(r, n) = nS(r − 1, n) + S(r − 1, n− 1)

Proof. There are two types of partitions into n non-empty parts for the set {1, . . . , r}. Those for

which {1} is part of the partition, and those who contain 1 in a subset of at least two elements.

For the first type of partition, there are S(r− 1, n− 1) possibilities. For the second type, there are

S(r − 1, n) choices of boxes for 2, . . . , r, and n choices of box for where to put 1. �

Remark 2. The number of partitions pk(n) of n into k parts also obeys a similar recursive relation:

pk(n) = pk−1(n− 1) + pk(n− k)

for all n ≥ k ≥ 2.

Example 36. Four student of this program want to take pictures after class. They each only want

to be in one picture, but don’t care how many pictures get taken. (That is, there might be only one

picture taken, or four, one of each person individually.) How many ways could the picture come out

? The order of the picture does not matter.

4.5. Combinatorial proofs.

4.5.1. A formula for S(r, n). There is one entry left in our twelvefold way table: r labelled balls

are to be distributed into n labelled boxes, and no box should be left empty. How many ways are

there to do this?

We are going to do this in two ways.

(1) Recall: S(r, n) is the number of ways to distribute r labelled balls into n unlabelled boxes

such that no box is left empty. To label the boxes, we have n! choices. The result is thus

n!S(r, n).

(2) If there doesn’t need to be at least a ball per box, then there are nr options. From those, we

have to remove all the arrangements in which there is an empty box. This can be done using

inclusion-exclusion. Let Ai be the set of arrangements that leave box i empty. Then Ai∩Aj
are all arrangements leaving both boxes i and j empty, and Ai ∪ Aj are all arrangements

leaving either box i or box j empty. Observe:

|Ai| = (n− 1)r, |Ai ∩Aj | = (n− 2)r, |Ai1 ∩ · · · ∩Aik | = (n− k)r.
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Using inclusion-exclusion, we have

nr −

∣∣∣∣∣
n⋃
i=1

Ai

∣∣∣∣∣ = nr −
n∑
k=1

(−1)k+1

(
n

k

)
(n− k)r

= nr +
n∑
k=1

(−1)k
(
n

k

)
(n− k)r

=
n∑
k=0

(−1)k
(
n

k

)
(n− k)r

=
n∑
j=0

(−1)n−j
(
n

j

)
jr.

Having counted the same thing in two different ways, we now have a formula for the Stirling

partition number !

Proposition 15.

S(r, n) =
1

n!

n∑
j=0

(−1)n−j
(
n

j

)
jr

Example 37. Check that S(n, 2) = 2n−1 − 1.

4.5.2. Gauss’ formula. The gcd of two numbers m,n is the largest positive integer d := (m,n) that

divides both m and n. If the gcd is (m,n) = 1, then m and n are said to be coprime (that is, there

only common divisor is 1).

Definition 4.1. Euler’s totient function φ(n) counts the number of positive integers m ∈ {1, . . . , n}
that are coprime to n (that is, that have no common divisors with n).

Proposition 16. Every n ≥ 1 can be represented as

n =
∑
d|n

φ(d),

where the sum is taken over all divisors d of n.

Proof. We partition the set {1, . . . , n} using blocks {1 ≤ m ≤ n : (m,n) = d} indexed over divisors

d of n:

{1, . . . , n} =
⋃
d|n

{1 ≤ m ≤ n : (m,n) = d}

It is a property of the gcd that (m,n) = d if and only if (md ,
n
d ) = 1. Hence

n =
∑
d|n

φ(nd ).

�
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5. Recurrence relations

So far, we have most often been able to answer our various enumerative problems by figuring out

what was the closed-form expression that gave us the solution to our problem (e.g. nr possible ways

to distribution r labelled balls in n labelled boxes). We have also seen that there it isn’t always

easy to find a closed formula (think of S(r, n) and pn(r)...). In the absence of closed formulas, the

next best thing are recurrence relations. We saw two examples yesterday(
n

k

)
=

(
n− 1

k − 1

)
+

(
n− 1

k

)
and

S(r, n) = nS(r − 1, n) + S(r − 1, n− 1).

Given a linear recurrence relation, there is a method to find a closed-form expression.

Example 38. Consider the recurrence relation an = 2an−1 with a1 = 1.

(1) What are a2, a3, a4?

(2) Can you think of a general formula for an?

(3) How can you prove that this is the correct formula ?

Example 39. Consider the task of adding up all numbers from 1 to n.

(1) Can you guess what is general formula for an?

(2) Prove that this is the correct formula.

Example 40. Consider the recurrence relation an = 2an−1 + 3an−2 with a0 = 3, a1 = 1.

(1) Can you guess what is a general formula for an?

(2) Assume that an = rn for some r; what should r satisfy?

(3) Show that an = 3n+2(−1)n satisfies the recurrence relation above with the initial conditions

that are given.
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(4) Which recurrence relation does bn = 2 ·3n−(−1)n satisfy? What about its initial conditions?

We distinguish between homogeneous linear recurrence relations, i.e. relations of the form

an = c1an−1 + c2an−2 + c3an−3 + · · ·+ akan−k

and inhomogeneous linear recurrence relations, of the form

an = c1an−1 + · · ·+ akan−k + f(n)

for some f(n). Our previous recurrence an = an−1+n is of this form. We will not state general the-

orems here but just look at a few model-examples. Let’s consider for simplicity the inhomogeneous

an = an−1 + 1. We can bring this into homogeneous form as follows:

an − an−1 = 1 = an−1 − an−2 =⇒ an = 2an−1 − an−2

Proceeding as suggested by Example 4, the characteristic equation associated to this recurrence is

r2− 2r+1 = (r− 1)2 = 0. In such a case - when the characteristic equation has a multiple root λ -,

the ansatz is to set an = c1λ+ c2nλ. Here λ = 1. If we assume that the initial condition is a0 = 0,

a1 = 1, we see that c1 = 0, c2 = 1.

Example 41. Use the method described above to find a closed-form expression for an when an =

an−1 + n and a1 = 1.

Example 42. You are climbing a set of stairs, and you can either take 1 or 2 steps at a time. Find

a recurrence relation for

an = # of different ways to climb a flight of n stairs

and try to solve it.

Example 43. Consider a string of characters made up of 0, 1, 2.

(1) How many possible strings are there ?
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(2) Let an be the number of strings that do not start with 012. What is a recurrence relation for

an? (Note: there are 3 options for the first character in the new string.)

(3) Let bn be the number of these strings with an even number of 0’s. What is a recurrence

relation for bn?

6. Generating functions

Definition 6.1. Given a sequence (an)n≥0 that we are interested in understanding, its generating

function is the function G(x) given by the formal power series

G(x) =
∑
n≥0

anx
n = a0 + a1x+ a1x

2 + . . . .

Example 44. The generating function for...

(1) ...the finite sequence ak =
(
n
k

)
, k = 0, . . . , n is G(x) = (1 + x)m.

(2) ...the finite sequence ak = 1, k = 0, . . . , n− 1 is G(x) = 1−xn
1−x .

(3) ...the infinite sequence ak = 1, k ≥ 0, is G(x) = 1
1−x .

6.1. Arithmetic of formal power series. Consider the two formal power series F (x) =
∑

n≥0 anx
n,

G(x) =
∑

n≥0 bnx
n. These are equal, F (x) = G(x) if and only if an = bn for each n ≥ 0. Moreover,

F (x) +G(x) =
∑
n≥0

(an + bn)x
n

F (x) ·G(x) =
∑
n≥0

(
n∑
k=0

akbn−k

)
xn.

Example 45. What is the the sequence of coefficients an associated to the generating function

G(x) = 1
(1−x)2 ?

6.2. Counting problems.

Example 46. We want to count the number of solutions to x + y + z = 17, where 2 ≤ x ≤ 5,

3 ≤ y ≤ 6, 4 ≤ z ≤ 7.

(1) How many solutions are there?

(2) The generating function for this problem is

(x2 + x3 + x4 + x5)(x3 + x4 + x5 + x6)(x4 + x5 + x6 + x7).

Can you explain why?
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Example 47. Given eight identical cookies, how many ways are their distribute them among three

friends, if each should receive at least two but not more than four cookies? What is the generating

function?

Example 48. What combinatorial problem yields the generating function

(1 + x+ x2 + x3)2(1 + x+ x2)3 ?

6.3. Recurrence relations.

Example 49. Consider the recurrence relation an = 2an−1, with initial condition a0 = 3. Let G(x)

be the associated generating function. Then

G(x) =
∑
n≥0

anx
n = 2

∑
n≥1

an−1x
n + 3

= 2x
∑
n≥0

anx
n + 3 = 2xG(x) + 3.

(1) What is G(x)?

(2) What is an?

Example 50. Let an be the number of n-digit PINs with an even number of 0’s.

(1) What is a recurrence relation for an?

(2) What is an?
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6.4. Combinatorial identities.

Proposition 17.
n∑
k=0

(
n

k

)2

=

(
2n

n

)
.

Proof. The Binomial Theorem tells us that
(
2n
n

)
is the coefficient of xn in the power series expansion

of (x+ 1)2n. Instead, we look at the formal series product of (x+ 1)n · (x+ 1)n; this is(
n∑
k=0

(
n

k

)
xk

)(
n∑
k=0

(
n

k

)
xk

)
=

2n∑
m=0

(
m∑
k=0

(
n

k

)(
n

n− k

))
xm.

The coefficient of xn above will be =
(
2n
n

)
; this yields the desired identity. �

Recall that p(n) is the number of ways to write n as a sum of smaller numbers; let’s look again

at the partitions of 5:

5 = 4 + 1 = 3 + 2 = 3 + 1 + 1 = 2 + 2 + 1 = 2 + 1 + 1 + 1 = 1 + 1 + 1 + 1 + 1.

Each partition is obviously completely determined by how many occurrences of 1’s, 2’s,...,4’s it has.

This suggests that the generating function for p(n) is

(1 + x+ x2 + . . . )(1 + x2 + x4 + . . . ) · · · (1 + xk + x2k + . . . ) · · · .

Picking x2 from the first factor, x3 from the third factor, and 1 from all other factors, encodes the

partition 1+1+3. If instead, we get a x5 term by taking x from the first factor, x2 from the second

factor, and 1 from all other factors, we’re looking at the partition 1 + 2 + 2.

Each factor is a geometric series

1 + xk + x2k + · · · = 1

1− xk
,

hence the generating function for p(n) is the infinite product
∞∏
k=1

1

1− xk
.

Proposition 18. Let pdist(n) denote the number of partitions of n into different parts (e.g. for

n = 6, we record 6 = 5+1 = 4+2 = 3+3+1), and let podd(n) be the number of partitions of n into

odd parts (e.g. for n = 6, 5+1 = 3+3 = 3+1+1 = 1+1+1+1+1+1). Then pdist(n) = podd(n).

Proof. The generating function for pdist(n) is

(1 + x)(1 + x2)(1 + x3) · · ·

The generating function for podd(n) is

(1 + x+ x2 + . . . )(1 + x3 + x6 + . . . ) · · ·
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Now the first product is equal to

(1 + x)(1 + x2)(1 + x3)(1 + x4)(1 + x5) · · · = 1− x2

1− x
1− x4

1− x2
1− x6

1− x3
1− x8

1− x4
1− x10

1− x5
1− x12

1− x6
· · ·

Observe that terms of the form 1 − x2k appear twice: once in the numerator, and once in the

denominator. Hence in this infinite product, they will all cancel out, and all that is left are the

terms of the form 1− x2k+1, which are all in the denominator. Comparing with above,
1

1− x
1

1− x3
1

1− x5
· · ·

is the generating function for podd(n). �

A generating function is a device somewhat similar to a bag. Instead of carrying many little

objects detachedly, which could be embarrassing, we put them all in a bag, and then we have only

one object to carry, the bag.

G. Pólya
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