PASSPORT OPTIONS

FREDDY DELBAEN, EIDGENOSSISCHE TECHNISCHE HOCHSCHULE, ZURICH
MARC YOR, LABORATOIRE DE PROBABILITES,
UNIVERSITE PIERRE ET MARIE CURIE, PARIS VI

first version May 8, 1998, this version December 1, 1999

ABSTRACT. We relate the theory of passport options with general principles from
martingale theory as well as with the theory of Bessel processes.

1991 Mathematics Subject Classification. 90A09, 49199, 60G44, 60HO07, 60J55, 60J65.

Key words and phrases. Bessel processes, financial derivatives, martingale inequalities, Pass-
port option, time transforms.

Part of this research was sponsored by Credit Suisse. We also thank A. Shiryaev and C.
Stricker for discussions on the topic. Part of the research was done while the first named author
was visiting Tokyo University. Discussions with Prof. S. Kusuoka and Mrs. I. Nagayama greatly
contributed to the paper.

Typeset by ApS-TEX



1. INTRODUCTION

Roughly speaking, a passport option allows the holder, against paying a premium
at the beginning of the contract, to take, during a predetermined time interval,
positions in an underlying asset. These positions can be long or short, but are
bounded. If at the end of the contract (maturity), the holder made a benefit, she
can keep it. If on the contrary the holder made a loss, than he does not have to pay
for these losses. That means the holder can keep the benefits but is not liable for
the losses. The passport option is in some sense a generalisation of the American
option. In the latter the holder can exercise the option only once. In the case of
the passport option, the holder can ”exercise” the option many times. Passport
options were introduced by Bankers Trust, see [HLP].
There are different problems related to the passport option. First of all, there is the
pricing problem. Since the holder can change the position many times, the price is
given through an optimisation problem. The hedging problems are, at least in the
complete market case, easily solved by standard methods. We will mainly focus on
the pricing problem.
As said, the pricing problem is the result of an optimisation problem. The first
paper on the subject was by Hyer, Lipton-Lifschitz and Pugachevsky, [HLP]. They
were using methods from control theory in its relation with PDE’s. The paper by
Andersen, Andreasen and Brotherton-Ratcliffe, [ABB] treats the case of geometric
Brownian motion through the use of stochastic control theory. Both papers cal-
culate the price of the passport option as a solution to a PDE. The closed form
solution however was not interpreted as an integral over a known distribution. In
a series of talks between January 98 and January 99 (in Zurich, Tokyo, New York,
Hong Kong, Toronto) the first named author presented the price calculation as an
easy consequence of Skorohod’s lemma and the use of local time. The idea was
independently developed by Vicky Henderson and Hobson, [HH], and was then
used to treat the more general Markov case. Numerical work in the so-called non
symmetric case was developed by Nagayama, [Na]. She also treated the symmetric
case using stochastic calculus and made a careful analysis of the smoothness of the
value function. The discretisation procedure used in [Na] is different from ours as
will be pointed out in section 7. A more recent paper on passport options is Shreve
and Vecer, [SV].
The present paper picks up earlier results, but goes further in two directions. One is
the relation with general martingale theory, the other direction deals with geometric
Brownian motion, but in the presence of interest rate. This case is handled through
time transforms in order to bring it back to a hitting time problem for Bessel
processes. The techniques are similar to the ones developed by Geman and Yor
and used to price Asian options, [GY] and [Y].
We do not handle the non-symmetric case. The optimal solution as calculated by
Nagayama in [Na], shows that the switching boundary of the optimal strategy is
non-trivial and its interpretation as a known curve is still open.
The paper is divided into several sections. This section will introduce some (stan-
dard) notation. Section 2 gives a description of different contracts and states the
pricing problem as an optimisation problem. Section 3 relates the finiteness of the
price to a characterisation problem of H! semi-martingales. In section 4, the pric-
ing problem is reduced to the calculation of the expected value of the one sided
maximal function. This section is based on the relation between local time and
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the maximum functions. The basic ingredient is Skorohod’s lemma. Section 5 is
quite technical and mainly shows that for continuous martingales there is equal-
ity between two norms. This equality is related to the Davis inequality for H!
martingales. Section 6 deals with the discrete time optimisation problem for the
geometric Brownian motion. Although stated in elementary terms, the proof of the
main result is quite technical. Section 7 deals with the continuous time optimisation
for the geometric Brownian motion. Here we pay attention to the non-existence of
an optimal strategy. This non-existence is related to the non-existence of a strong
solution for Tanaka’s equation and to the difference between the filtrations gener-
ated by a Brownian motion B and its absolute value |B|. We also quickly discuss
the relation with other approaches. Section 8 then treats the generalisation when
interest rate is present. Although basically the same as the easy case treated in
section 7, the solution requires more advanced technology. The basic ingredient
is the fact that the geometric Brownian motion is a time transform of a Bessel
process. To keep the paper as self contained as possible, we give full proofs of the
intermediate results on Bessel processes. The main ingredient is the characterisa-
tion of the distribution of the hitting time of a Bessel process with a square root
boundary.

The notation we use is standard. The structure (Q,]—" = (Ft)i>0 ,]P>> denotes a

filtered probability space. The final sigma-algebra, if ever needed, is Foo = \/;~( Ft-
The filtration is supposed to satisfy the usual conditions, i.e. it is right continuous
and Fy contains all the null sets of F,. Processes are defined on the time set [0, o].
The horizon ty is finite although we will never explicitly use this. Sometimes we
will need Brownian motion. In that case it is not necessarily assumed that the
filtration is generated by this Brownian motion. If so, we will explicitly say this. If
B is a Brownian motion with respect to F, then the geometric Brownian motion
is the process defined as S; = exp (B; — t/2), i.e. the stochastic exponential of B.
In applications to mathematical finance, this exponential plays a fundamental role.
In order to simplify the notation, we have assumed that the price volatility is equal
to 1. This can be achieved easily through an elementary time-transform. We invite
the reader to apply the necessary changes.

The basic reference for martingale problems, Brownian motion and Bessel processes
is Revuz-Yor, [RY].

2. DIFFERENT CONTRACTS

There are many versions of a passport option. We just give a few examples. Al-
though they differ, in at first sight only minor details, their price calculation can
be completely different. The explicit analytic solution can (for the moment) only
be given in some very specific cases. The underlying asset has a price evolution de-
noted by the semi-martingale S°. The bank account is supposed to pay an interest
rate given by the process . The underlying S° pays out dividends at the rate f.
In many applications, such as options on indices or the insurance of positions taken
in mutual funds, the process f is identically zero. Both r and f are supposed to
be sufficiently regular in order for the integrals fot ®rydt and fg  f; dt to exist a.s..
These assumptions do not play a special role in this paper, so we do not comment
on them, the reader may well assume that both processes r and f are continuous
and nonnegative. More important for us is the assumption of no arbitrage on the
process S°. From the general theory it follows that in order to be economically
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feasible, the discounted process, defined as

St = exXp (_/t (Tu_fu) du) 37?7
0

should possess a local-martingale measure. For simplicity we already suppose the
original measure P to be such that the process S is a local-martingale. For precise
conditions on the existence of local-martingale measures and in the most general
context, sigma-martingale measures, we refer the reader to [DS94] and [DS98]. We
are now in a position to give some examples of passport options. Before doing so,
we need one more notation. For each ¢ € [0,ty], we suppose that there is a set
Q: C R that describes the positions an investor can take in the asset S° at time ¢.
This set should change in a measurable way with respect to ¢, more precisely:

Q={(t,w,z)|z€Qt,w)}ePIR,

where P is the class of predictable sets and R is the class of Borel subsets of R.
Of course an investor should be able to take other positions as well, but these are
then not covered by the passport option. A typical example would be when for all
w and all ¢ we have that Q¢ = [—1,1], or a little bit more general when Q; = [a, b
where a < b. We now give some examples:

(1) The investor receives dividends from the asset and receives interests on
the bank account. The reference portfolio X° and its discounted value X;

defined as X; = exp (— f(f T du) X are then described as

qr € Qy
dX? = ¢ dS) + @S fr dt + (X7 — @S ¢ dt

t
dX; = qrexp (—/ fu du) dsS;.
0

(2) The reference portfolio is described as if the investor would not collect the
interest rate, but would collect the dividends. Such a passport option is
probably not traded. In this case we find

qe € Q¢
dX} = q: dS} + ¢S} f: dt

t t
dX; = qiexp (—/ fu du) dS; — 1y (Xt — @S exp (—/ fu du)) dt.
0 0

(3) Similar to the previous one but this time the investor is entitled to the
interest rate but not to the dividends. Contrary to the previous example
this passport option seems to be traded. The description is:

qe € Q¢
dX; = q:dS} + (X7 — q:Sy) re dt

t t
dX, = g exp (— /0 /. du) dS; — quS; exp (— /O i du> £ dt
t
=q;d (exp <_/0 fu du) St) .
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(4) Similar example, but this time there are no dividends and no interest rate.
Also this version seems to exist only in theory.

qe € Q¢
dX? = q; dS?

dX; =qi d (exp (/Ot Tu du> exp (— /Ot fu du) St) .

(5) If we suppose that dividends are reinvested in the asset, then it makes
sense to adapt the bounds on the position, to this situation. This reduces
to a change of the set ); in the following way. If the investor reinvests
the dividends in the asset, then at time ¢ he needs exp < fg fu du) copies in
order to obtain the same position as compared to a situation where one copy
is held and where the asset would not pay out any dividends, but would
itself reinvest these in the “world economy”. In such a case it makes sense
to replace the condition ¢; € @)y by the condition ¢; € exp ( fg fu du) Q.
Compared to example 1 above, this gives, the easier to handle

q € Qu
dXt = qt dSt

(6) The investor can only rebalance its portfolio a limited number of times.

7) The investor can only rebalance its portfolio once a day/week/month.

the interest rate can be different when the portfolio is negative or when it
is positive.

—~~
oo
~—

Needless to say that all these restrictions give rise to different problems in the
calculation of the option price. In order to avoid more problems, similar to the
calculation of an American option in an incomplete market, we make the following,
loosely stated, assumptions.

Assumptions. The market is supposed to satisfy the following properties

(1) The local martingale S is continuous.
(2) There is only one local martingale measure, e.q. the market is complete.
We assume, for notational ease, that this measure is the given measure P.

In order to prepare for more general applications we will give some theorems that
are valid for not necessarily continuous martingales. The appropriate assumptions
will then clearly be stated and the notation will be adapted.

The price of a passport option can now be defined mathematically as follows. If
the reference portfolio X%(¢q) and the discounted value X (gq), with starting point
xo, are defined as being dependent on the strategy ¢, then we are interested in the
quantity

sup { Be | (20 + X1y (@) | | a0 € Q1

As the reader can check, this situation covers the examples above. For instance the

case 6 is given by:
to +
sup EP (xO +/ qu dSu) | qt S Qt .
0
5




A special case is then

to +
Sup {EIP’ (CUO +/ Qudsu> ] | |Qt| < 1} :
0

There is a close relationship with the theory of H! martingales and as we will see,
if S is supposed to be the stochastic exponential of Brownian motion, then the
quantity above can be calculated easily.

3. THE RELATION WITH H! SEMI-MARTINGALES

As seen in the examples, in the traded cases the reference portfolio is of the form
dXt = (¢ d (MtAt) s
where M was a (local) martingale and where A was a process of finite variation.

The following theorem describes under which conditions we can expect the passport
option to have a finite price.

Theorem 3.1. Suppose that Z = MA is a (not necessarily continuous) semi-
martingale where M is a local martingale and where A is a predictable process of
finite variation. If we define

|1 Z]|q = sup {E]P’ [(q . Z);;] | ¢ predictable and |q| < 1}

and recall the definition of the H' norm

(/Oto A% d[M, M]u)

cllZllw < N2l < C 12,

1/2
1Z| = Ep

b

to
4 / M,_||dAy]
0

then

where ¢ and C are two universal constants.
The condition || Z||q < oo is equivalent to the condition (Var means total variation):

to to
Ep \/ A2 d[M, M], | < oo and Eg [/ M, | |dAu|} < o0
0 0

In case M 1is a nonnegative, uniformly integrable martingale the latter requirement
can be rewritten as E [M, Var(A),] < oo.

Proof. Using Ito-calculus, the multiplicative Doob-Meyer decomposition can be
transformed into an additive Doob-Meyer decomposition:

d(MA)t - At th —|— Mt— dAt

The theorem can now be proved along the same lines as the development of the
HP theory for semi-martingales, see [DM] and [Pr]. We prefer to include a proof
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since the translation is not always that easy. The existence of the two universal
constants will follow from the rest of the proof.

Since M is a local martingale and A is predictable, we may localise by stopping times
T, such that M7 is an H! martingale and AT is a process of bounded variation.
We then find that for each predictable process ¢, such that |¢| < 1:

T
/ Qu dZy
0

< K = sup {Ep [(q . Z):g} | ¢ predictable and |g| < 1} < 00.

T
E / quM,_dA,| =E
0

This also means that for all ¢, predictable and bounded by 1 we have:

T T
E MT/ GudA,| = E / M,_q,dA,| < K.
0 0

In particular we may take ¢ so that we get fOT quM,_ dA, = fOT |M,_||dAy|. This

yields
T
/0 (M, [|dA|

We then also find that for ¢ predictable and bounded by 1:

T
/ M, ||dA,|
0

E < K.

+

E </TquAudMu> <E[(qg-Z2)"] +E < 2K.
0

Of course this yields that

T
E / g dM,
0

]§4K.

This implies that the martingale A - M is in H!, proving the first item of the
theorem. A simple passage to the limit allows us to get rid of the localisation. The
last statement follows easily since, by the predictability of A and hence of Var(A):

to tO
E[ Mu|dAu|] _E {Mto/ |dAu|} — B[M, Var(A),].
0 0

O
Remark. The previous theorem shows that in order for the passport option to be
meaningful, we have to require that the discounted price process S is in H*.
4. AN APPLICATION OF SKOROHOD’S LEMMA.

In this section we will use the following lemma, due to Skorohod, see [RY], Chap

VL
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Lemma 4.1. If s:R; — R is a continuous function such that s(0) > 0, then we
can write z = s + | where

(1) The function z is nonnegative and continuous.
(2) The continuous function | is increasing, 1(0) = 0 and the measure dl is
supported by the (closed) set {z = 0}.

Furthermore this decomposition is unique and the function [ is given by

[(t) = ilgt) (—min (0, s(u))) = ili[zs(u)*

There are many applications of this lemma to problems related to local time. The
reader can check [RY] for details. In the following theorem as well as in the rest
of the paper we will frequently use the notation Z* for the one sided maximal
function of a stochastic process Z, i.e.:

Z; = sup Z,.
0<u<t

Theorem 4.2. If S is a continuous semi-martingale, if the process X satisfies
Xo >0 and
dXt = —sign(Xt)dSt,
then
|Xt| = sup (Su —Sp — X0)+ + Xo + Sp — S;.

u<t

For Xo = 0 this simplifies into

| Xt| = sup S, — St = S — So.

u<t
If moreover the process S is a uniformly integrable martingale and Xo = 0, then

E[|X:[] = B[S}] - So.

Proof. The proof follows the proof of Lévy’s theorem, see [RY] p. 230. Tanaka’s
formula gives us that
d|X|t - —dSt + st(X),

where L is the local time of X at 0. It follows that
|X|t — X() - (St — S()) + Lt(X)

Because Xy > 0, the process S —Sp+ X starts at a nonnegative value. Furthermore
the process L is increasing, satisfies Ly = 0 and the measure dL is supported by
the set {X = 0}. Skorohod’s lemma tells us that

Ly =sup (Xg— Sy +So) =sup (S, —So — XO)’L
u<t u<t

The last statement of the theorem is obvious since E [S; — Sp] =0. O
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5. AN EQUALITY FOR THE MAXIMUM OF CONTINUOUS MARTINGALES.

The aim of this section is to prove the following theorem:

Theorem 5.1. If M is a continuous H*-martingale on [0,to], if Mo = 0, then

sup {E [(¢- M)} ] | q predictable and |q| <1} =
sup{E[|(¢- M)y || | g predictable and |q| < 1} .

If the local martingale M is not in H*, then the equality remains valid in the sense
that both quantities are +oo.

Proof. We first deal with the easy case, i.e. where M is a local martingale that is
not in H!'. Clearly we have that

sup [M,| < M;, + (= M);,.

u§t0

By the Davis’ inequality, see [RY] or [Pr], the two norms

E [Sup |Mt|} and sup{E[|(¢- M),|] | ¢ predictable and |g| < 1},

u<to
are equivalent. Hence we find that

sup{E[|(¢- M)s|] | ¢ predictable and |q| < 1}

and
sup {E [(q . M)Z‘O] | ¢ predictable and |g| < 1}

are at the same time finite or infinite. The amazing thing is that, in case both
quantities are finite, they are equal. This is more precise than what the Davis’
inequality shows.

The usual convexity arguments allow us to restrict the analysis to predictable pro-
cesses ¢ such that |¢| = 1. This is done as follows. The unit ball of the Ba-
nach space L (2 x [0,to], P,dP @ d(M, M)), seen as the dual of the Banach space
LY (Q x [0,t0], P,dP ® d{M, M)), is the set of all predictable processes, bounded by
1. The extreme points are the processes ¢ such that |¢| = 1. By weak* compactness
and the Krein-Milman theorem, the unit ball is also the weak*-closed convex hull
of its extreme points, and hence the convex hull of the extreme points is dense in
the unit ball for the convergence in measure. The latter follows from the fact that
on the unit ball, the topology of convergence in measure is precisely the Mackey
topology of the dual pair (L', L>°). Hence the closed convex hull for the weak*
topology coincides with the closed convex hull for the convergence in measure. The
rest now follows from the dominated convergence theorem for stochastic integrals.
We get that

sup {E [(¢- M);,] | ¢ predictable and |¢| <1} =
sup {E [(¢- M);,] | ¢ predictable and |¢| = 1}

as well as

sup{E[|(¢- M)¢|] | ¢ predictable and |¢| < 1} =

sup{E[|(¢- M),|] | ¢ predictable and |¢| = 1}.
9



One inequality is almost trivial and follows from Tanaka’s formula and Skorohod’s
lemma. Indeed for ¢ predictable and of modulus 1 we obtain that

d|q . M|t = 51gn((q . M)t) q th + st,
where L is the local time of ¢ - M at 0. Skorohod’s lemma tells us that

Ly = sup(h - M), where h, = —sign((q- M)u) qu.
u<t

It follows that
E[/(q- M), |] = E[Lt,] < sup {E [(p . M);‘O} | p predictable and [p| < 1} )

The other inequality is less trivial. For given h, predictable and |h| = 1, we put
N = h - M. One way to prove the remaining inequality could consist in finding a
solution to the equation

dX, = —sign(X,) dN,.

In the case where N (or M) is a Brownian motion, such equations have in general
only weak solutions. In the case of general continuous martingales, the concept of
weak solution is not easily understood. Our proof uses discrete time approxima-
tions. It has an interest in itself. In accordance with stochastic practice, we put
sign(0) = —1.

Lemma 5.2. Let N be a continuous H'-martingale, defined on the time interval
[0,t0] and starting at 0. For each n let there be given a finite sequence of stopping
times,

O=71y <7/ <...<71g =to.

Let the martingale X™ be defined as the solution of
Xy =0 and dX;" = —sign(X.n)dN;  for 7 <t <7y,

If maxi<p<r, (70 — 74) tends to zero in probability, then E[| X7 |] tends to the
quantity E[sup,<,, Ni]. More precisely the predictable process a defined on |7, 7%, | ]
as oy = sign (XT;?) sign (X) tends to 1 on [0,t0] x €.

Proof of lemma 5.2. We first show how the statement on the sequence o™ leads to
the other result. We introduce the o-finite measure p on the R ® F;, measurable
sets P of [0, o] x §2 as follows:

n(P) = Ep

[ aea, N>]_
[OatO]

What we claim is that on sets of finite py-measure, the sequence of predictable
processes ' tends to 1 in p-measure , i.e. for each predictable set P such that
pu(P) < oo we have that p({a” # 1} N P) — 0. Now the Ito-Tanaka formula gives
that
d| X' = —ay dNy + dL},
10



where L™ is the local time at zero of the process X". Skorohod’s lemma implies
that L} = supg<s<,(a” - N)s. But the convergence of o™ implies that

| = vraw.m —o.
[0,t0]

in probability P. Since N is an H' martingale we get that o™ - N tends to N in H!
and hence we get that, in L:

sup(a™ - N); — sup N;.
t<to t<to

But then we also have that

E {sup Nt] =limE {sup(a" . N)t} = lim E[|X;‘)H
t<to n t<to "

So we only have to prove the statement about the sequence a™. We will do this
through a time-transform of the martingale N into a Brownian motion. To have
the transform well defined, we continue the martingale N, beyond ¢y with an in-
dependent Brownian motion. This is standard as can be seen from [RY] p. 174.
In order to do this we first time-transform, in case ty = oo, the interval [0, ¢o] into
[0,1]. The filtration is extended in the obvious way, see RY, p 174. The extension
will still be denoted by N. The DDS time changes C', are now defined as

Cy =inf{t | (N,N); > u}.

Because we reduced the problem to ¢y < oo and continued N with an indepen-
dent Brownian motion, these stopping times are finite almost surely. The process
Bu = N¢, defines a Brownian motion with respect to the filtration (F¢,),>q- In
particular for ¢ > u we have that the process (8; — 84),>, is independent of_}"cu.
We also extend, in the same way the measure u to the sigma-algebra R ® Fao.
We next fix § > 0 as well as A > 0 and we will show that there is an absolute
constant ¢ such that for all n big enough we have

p({a” #130[0,Cal) < (A+eVA) Vo,

This will then end the proof of the lemma.
We observe that by continuity of N we have that

P lmgx ((N, N)re  — (N, N)T;:) > 5} ~0.

n
Th41

So for n big enough this quantity will be smaller than §. This is the only bound on n
we need. So from now on we assume that n is big enough and fixed. For notational
ease we also define new families of stopping times. First we extend the family of
stopping times (TJ”) L<i<K, by defining 7;* for j > K, as follows. The stopping time
TR 4 is the first time ¢, after to, for which (N, N); — (N, N);, > 6. Recursively we
define 77"y, j > Ky + 1 as the first time ¢ > 77" we have (N, N); — (N, N)n > 6.
To keep notation consistent and for notational ease we also extend the processes
11



X™ beyond the interval [0, tg]. This is done using the same differential equation. A
very important fact is that the DDS-time change of the processes X™ and N are

the same, namely the family (Cy )<, In particular the variables X¢ are gaussian
with variance wu.

We now define the sequence of stopping times Vj (they depend also on n, but we
drop the index for notational ease) as follows.

Vo=0
Vlszn,

where j is the first index for which 7; > Cs. Having defined V}, we define the next
stopping time Vi1 as:

Vk_|_1 = 7'}7',

where j is the first index such that 7;* > Vj and such that 7; > Cgy1)s-
We observe that on the set {maX1<]<K ( - Tj ) < 5} = {maxlgj (T]” - Tj”_l) < 6}
we have that for all k: Crs <V}, < C(k+1)5 and hence maxy, (Viy41 — Vi) < 2§. Fur-

thermore for all w € © the number of elements in the set {k | Vi(w) < Cy(w)} is
bounded by (A/d + 1).

The next step is to find sets that are bigger than {a™ # 1} N [0,C4] and for which
the p-measure can be calculated easily. This is done as follows:

{a" £1}N[0,Cal = {(t,w) | 0 < t < Casaf (@) # 1)

0<t<Ca(w);7}(w) <t <78 (W)
C U {(t,w) | sign( X7 (w)) # s1gn( f (w) }

cU{(t,w)|0<t<CA() Tw) <t < T (W) }

sign(X{' (w)) not constant on [7'(w), 77" 1 (w)]

c U{m 051 Cal) (o) £ 1S Vi) }

o sign(X ! (w)) not constant on [Vi(w), Vi1 (w)]

C {(t,w) | max (7/4; —7/)(w) >50<t< CA(w)}

U U {(t w>|0.’“5<“>§’f§0<k+2>5<w>; }

vhe A sign(X{ (w)) not constant on [Cis(w), Cry1)s(w)]
SRS

The p measure of the first set is bounded as follows:

,u({(t,w)] max (77 — 7)) > 60 < t < Ca(w )})gA(S.

0<j<K,—-1
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For each £ =0,... ,%Wehave

(o) | Crs(w) <t < Clrg2)s(w);
a ’ sign(X¢ (w)) not constant on [Crs(w), Crrt1)s(w)]

Crs(w) <t < Clrgo)s(w);

<
= (t,W) | OSSE?Q(S ‘X?+Ck6 - nga‘ > ‘ngﬁ‘

< 20P | sup ’X;1+Ck5 o nga‘ > ‘ngzs’
0<s5<28
The latter probability can be calculated using the independence properties of the
Brownian motion together with an estimate on the probability that a Brownian
motion crosses a level within a time interval of length 24, see [RY] page 70, Exercise
3.14 as well as p.320, exercise 1.21. We get that (¢ is a constant that can change
from one line to another)

P |: sSup |X;L+Ck:6 o nga‘ > ‘Xg’k(;’}

0<s<26
(x2,,)"
exp (— 745

oo 21 2
c/ e 1 e 2k8 dy
o V2rks$

<cE

IN

c
< —.
- VEk+1

Putting together all the estimates gives us that
p({a" # 11N [0,Ca])

1
< AS + ¢ Z
el VE+1

§A6+05\/?

< (A4 VAW,

This completes the proof of the lemma 5.2. [J

We now continue the proof of theorem 5.1. For given |¢| =1 predictable, we define

N = g - M and apply the lemma 5.2 to the grid defined by (32%?)0<j<2n. With the

notation of the lemma we get that
E [ sup (q - M)t] =1LmE [|X]'|] < sup{E[|(h- M) | ¢ predictable and |h| < 1}.
0<t<to

This ends the proof of the theorem. [
13



6. THE DISCRETE TIME OPTIMAL SOLUTION

In this section we suppose that the process S; = exp (Wt — %t) is a geometric

Brownian motion defined on some filtered probability space <Q, (F), <t IP’) . We do

not suppose that the filtration F is generated by the Brownian motion W. Suppose
that a trader can only trade at given fixed dates 0 =ty < t; < ty... < tny = tp.
He/she then wants to select a predictable strategy ¢, |¢| < 1, that is constant on
the intervals ¢y, tx+1] and that maximises, for given x € R, the quantity

EIP) T+ Z qty, (Stk+1 - Stk>
0<k<N—1
Theorem 6.1. If the process X and the process q are defined as

Xo=xz€R andqg=-1ifx=0
Xo = X4, + ¢ (St — Si)sqe = —sign(Xy,)  forty, <t <tpq,

Then q is the optimal strategy. This means that for every sequence of functions
(fr)o<k<n—1, such that |fi| <1 and fi being F;, measurable, we have

Ep [lz+ D> fi(Sup —Su)|| <EBe|lz+ > (S —Si)

0<k<N-1 0<k<N-1

The proof of this statement is not obvious and will be divided into several lemmata.
The idea is to use dynamic programming. That means we first try to calculate the
optimal solution when N = 1 as well as the corresponding value function and then
we proceed by backward recursion. The one time step case is easy and is solved in
the following lemma.

Lemma 6.2. For eacht € Ry, x >0 and s > 0 we have that

Eflz +5(S: = D] < Eflz — 5 (S — 1)]]

Proof of lemma 6.2. We distinguish two cases.
case 1: x > s. This is the easy case since

[z +s(Se—D|=x+s(S —1),

and therefore x = E[|x 4+ s (S — 1)|]. However the random variable z — s (S; — 1)
has mean z and may assume negative values. Therefore we have that

r<E[lz—s(S:—1)].

case 2: 0 < x < s. This requires a better reasoning. Let us define the measure Q
14



as dQ = S; dP. We then have that
/|x+s(st—1)| dP
:/‘xStl—l—s—sSt1|Sth

:/‘x—(s—x)(St_l—l)‘d@

and since S; ! under Q has the same law as S; under P

:/|x—(s—x)(5t—1)\d]?
< (1—§>/|x—s(8t—1)|dIP’+§/:1:dIP’

< (1—§>/|x—s(5t—1)|dP+§/|x—s(St—1)|dIP>
§/]$—3(St—1)\dIP’.

O

Remark. Of course this lemma could have been proved by direct calculation, using
the density of the lognormal distribution. We preferred to give a more structural
proof.

We now recursively define functions Wi: R x Ry — Ry . These functions (so called
value functions) are defined as

Sthk Sthk
E U -1
e (o (5 1) o)
o (oo (522 1) o)
r—s —-1),s————
g StN—k—l StN—k;—l

In order to show that in the maximum above, the greater value is attained for
— sign(x), we have to look for properties of Wy. The relevant properties are listed
in the following lemma.

Yo(z,s) = |z|

Upi1(x, s) = max

Lemma 6.3. The functions Vi, defined above satisfy the following properties
(1) Up(—z,s) = Ug(x,s)

(2) Up(Az,As) = AV (x,s) for all A >0

(3) they are convexr on R x Ry

(4) Wi(z,5) > |x]

(5) limy oo T4 = 1

(6) Wp(z,s) < W(0,s) + |z|

(7) If ¥}.(z, s) denotes the left (or right) derivative of ¥ with respect to the first

variable, then lim,_,_ oo W) (z,s) = —1 and lim,_ 4o ¥} (z,s) = +1

(8) limg—o Vi (z,s) = |z| uniformly on R.

Proof of lemma 6.3. The proof is done by induction on k. The reader can check that
properties 1, 2 follow from the definition and by induction the convexity in property
15



3 can be verified by direct inspection. We now prove property 4 by induction. Let
us fix a time ¢ > 0 and have a look at the functions

U (z,s) =E[Wy_1 (z+s(S; —1),85)]
U, (z,8) =E[Y_1 (x—s(S¢ —1),55)].

An application of Jensen’s inequality immediately yields that \Ilki (x,8) > Vi_q1(x,s) >
|z|, where the last step is the induction hypothesis. If we apply the above reasoning
for t = ty_g+1 —tn—_k and observe, as will be done several times below, that S; has

S
the same law as ﬁ, we get that Wi (x,s) = max (\I/;C’_(CE,S), U, (z, s)) > |zl.
We now prove the remaining properties. Remark that they are obvious for k = 0.

So we concentrate on the induction step. Let us start with property 6.

Ur(z,8) =E[Wg_1 (x4 s(S; — 1),55)]
< E [\I’k—l (0, SSt) + ’37| +s ‘St — 1|]
< SE[S,¥_1(0,1) + |S, — 1[] + ||

So it follows that there is a constant a such that U} (z, s) < as+|x|. This inequality,
by the way, also implies (by induction) that V) < +oco. But now convexity implies
that for each n we have ¥} (z,s) < 2=L1U1(0,5) + L W(nz,s) < 2=L0(0,s) +
L (as +n|z]). If we let n tend to infinity this gives U} (z,s) < U;(0,s) + |z].
The same reasoning applies to ¥, and hence the inequality remains true for Wy.
Property readily follows from properties 4 and 6. The last property 8 will follow

from 6 and the property ¥;(0,s) — 0 as s — 0. The latter can be checked easily:
Uy (0,s) = s¥(0,1) — 0 since Wx(0,1) < 4o0.

O
Lemma 6.4. If a function ¢: R — Ry satisfies the properties

(1) 9 is convex
(2) ¥(z) = ¢(-=)
(3) ¥(x) > |z| and limy_ oo L&) =1,

T

then there exists a real number o as well as a probability measure X on Ry such
that

P(x) =a+ A max(|x|,a) A(da).

Proof of lemma 6.4. The proof of this is a slight adaptation of the representation
theorem for convex functions, see e.g. [RY], appendix. For completeness we give
a sketch. The convexity relation 1 (y) — ¥ (x) > ¢/ (x)(y — x) yields the following.
We fix x, divide by y and let y tend to —oo. This gives —1 < 4/ () for all w.
Now we divide by  and let = tend to —oo. This gives that lim¢’, (z) < —1.
Le. lim, . _ ¢/ (z) = —1 . The function +(z) + x is decreasing for  tending to
—oo and is bounded below by 0 (because of the hypothesis). Let the limit be a.
All this allows us to write ¢¥)(x) = a — x + g(x), where g is convex, nonnegative,
tends to 0 for z — —oo. Furthermore the measures ¢" and ¢” coincide. Write now
16



=/ (_oo.2) 9+ (u) du, substitute g’y (u) = i) (o] ), apply Fubini’s theorem
to get
w<w>=a—x+/( ) /¢"dy vyt

An analysis of the behaviour of ¢ near +oco yields a similar result and this gives
the existence of a number b such that

¢(w):b+x+/

[, +00)

QWMw@—x%=/¢W@My—@ﬁ
R
Adding the two expressions yields the existence of a number ¢ such that

wie) =+ [ o=yl

Until now we did not use the symmetry of the function 1) and the analysis could have
been given for convex functions, having linear behaviour at +£00. The symmetry of
1 now gives that

lz—yl+|v+y

wie) = e+ [ 5ot A

lz—y|+|z+yl _
54 = max (

Furthermore |z|, |y|) and by symmetry

6@ = ety [ o max el ) = et [ 0 (g ma (al )+ 4 (0D el
Since 9" (R) = ¢'(+00) — ¢'(—00) = 2, we rewrite this as
wle) =+ [ Ady)max (ol ).

where )\ is a probability measure on R;. [

Before we can solve the main technical difficulty in the optimisation problem, we
need one more lemma, which is an easy application of elementary analysis. We do
not aim for the most general form of this lemma.

Lemma 6.5. Let f:R; — R be a continuous function that is everywhere differen-
tiable on the open interval |0, 00[. Suppose that

(1) limy 00 f(z) =0
(2) for z bzg enough we have that f(z) >
)

(3) £(0) =

(4) there is at most one yo €]0,00[ such that f'(yo) =0
then f(x) >0 for all x > 0.

Proof of lemma 6.5. We extend the function f to the closed interval [0,00] by

putting f(oco) = 0. By compactness there is at least one point zg where f attains its

minimum, of course f(zg) < 0. If 2z is either 0 or oo then clearly f(z) > f(z0) >0

for all z € R. So we may suppose that zy €]0,00[. Since f is differentiable we get

that f'(z9) = 0. Let now z; be a point where f attains its maximum on [zg, 00).
17



Since f(z) > 0 for z big enough, we may suppose that z; # oo. If z1 = =z,
then clearly f(z9) = f(z1) > 0, implying that f is equal to zero on [zp, 0], a
contradiction to item 4. If on the contrary z; # 2y then by differentiability of f we
have that z; is a second point where f’(z1) = 0, again a contradiction. [

Remark. A careful inspection of the proof shows that under the same hypothesis
as in lemma 6.5, the extra assumptions that f(z) > 0 for all z big enough, yields
that f(z) > 0 for all z > 0.
Lemma 6.6. If ¢:R — R satisfies

(1) v is convez,

(2) ¥(z) = ¢(-=),

(3) ¥(z) > |z and limy_ oo Y2 =1,

xT

then for all x > 0, t > 0, s > 0 we have that

E[¢ ((s = 2)S; = s)] <E[Y ((s + 2)5; — s)]

Proof of lemma 6.6. Since there is equality if x = 0 we may, from now on, suppose
that x > 0. As in the proof of lemma 6.2 we distinguish two cases.
case 1: x > s. The inequality is an easy consequence of convexity. Indeed

E[)((s —2)S; — )] = E[y((x — 5)5; + 5)]
=E[)(z+ (z —5)(5: — 1))]

< E[Y(z+ (x+5s)(S;—1))] + <1 —

x+ s

L) vte)
<E[W(x+ (x+s)(S:t —1))] by Jensen’s inequality
<E[Y((z+5)S; — s)]

case 2: 0 < x < s. This is the non-trivial case. Of course, by the representation
lemma 6.4, we only have to treat the case 1 (r) = max(|x|,a). We define two
functions on R :

(a7

=E| (s + )5 — s])]
=E (a,|(s —

[ (s = )5 — s[)] -

Clearly these two functions are convex and Lipschitz. For a > s we furthermore
have that

max
max

0 < max (a,|(s + z)S; — s|) — max (a,|(s — z)S; — s|) < 2xStlst2aT+s.

This implies that for a > s we have that ¢(+,a) — ¢(—,a) > 0 and by Lebesgue’s
dominated convergence theorem we get lim,_, + o ¢(+,a) —d(—,a) = 0. A straight-
forward application of Lebesgue’s theorem again, allows us to calculate the deriva-
tive of ¢(+,a) — ¢(—,a) > 0 by passing under the integral sign. This yields:

W =P[|(s +2)S; — 5| < d
W — P[|(s —2)S; — 5| < d]

18



For a > s we know that

{I(s +2)5; = s] < a} S {l(s — 2)S: — s| <a},

and hence we get that d(¢(+’azi;¢(_’a)) < 0. This also means that the difference
d(+,a) — ¢(—, a) decreases to zero for a > s. For a < s we proceed as follows.

{I(s+2)St —s|<a}={-a<(s+x)S: —s<a}

{s—a <5, < s—i—a}
s+x s+x

— 1
:{—t+ln<8 a)SWtS—t+ln<S+a>}
2 s+x 2 s+x

{{(s=x)St —s|<a} ={-a<(s—x)S; —s<a}

{s—a <5 < 3+a}
sS—x sS—

—_

I
—
AN
+
=)
VR
® | ®»
L] ]
&
N———
(VAN
(VAN
DO | =
~+
+
=
VR
VAR V)
|+
SIS
N———
——

These equalities imply that

1 s+a 1 s—a
— s < = < — — < —
P[|(s+ z)S; — s| < d] P{Wt_2t+1n(8+x)} Pth_2t+1n(8+m)} and
1 s+a 1 s—a
Pll(s—x)St —s| <a]=P|W; < -t+1n —P|Wy < =t+1In
2 s—x 2 s—x

Substituting into the expression for the derivatives we get

d((b(—i—,a)—(b(—,a))zp W<1t+]n<s+a> —-P W<lt—|—ln(8_a)
da 1= st FT 2 st
2 s— 2 s—
:P[Wt§1t+ln<s+a>} —P{Wtﬁlt—l—ln(s—'—a)]
2 s+x 2 s—x

(e[ g (55)] 2 s aom (5)))

=-PW, e L]+P[W; € I5],

S—T

where I(resp. I3) is an interval of length In <S+$> with endpoint %t + In (i—;)

S—XT

(resp. %t—Hn (5_“>). But because W; is normally distributed this can only happen
in two cases

(1) either Iy = I i.e. %t +In <s+g> = %t +In <s_g) implying a = 0,

S— S—

2) or I; and I are symmetric, i.e. 1t 4+1In (22 ) = — (Lt +1n(2=2)). The
2 s+x 2 S—x

latter yields that In(s? — a?) = —t + In(s? — 2?) which eventually leads to
a? =5%(1—et) + e ta?
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d(o(+,a)—¢(=,a))
da

a =0and a = \/s2(1 —e?)+etz2 This allows us to apply the elementary
lemma 6.5 above to the function f(a) = ¢(+,a) — ¢(—,a). By lemma 6.2 we indeed
have that f(0) > 0. The proof of lemma 6.6 is now complete. [J

In any case the derivative can only be zero in two points, namely

Proof of Theorem 6.1. We now have all the necessary material to complete the
proof of the theorem 6.1. We put ¢;(z) = ¥i(x,s). From lemma 6.3, it follows
that 1, has all the properties of lemma 6.6. This will be used in the series of
inequalities below. Let x > 0 for simplicity of notation. The measure Q is defined
as dQ = S; dP.

E U (z + s(S; — 1), 55;)]
=E [Sithy (257" + s — 557 1)]
=Eq [¢r (z + (z = 5)(S; ' = 1))]
=E [t (z+ (x — s)(S; — 1))] because of equality in law
< E [V (x + (z + s)(S; — 1))] because of lemma 6.6
< Egq [vr (z+ (z+ s)(S;t — 1))] because of equality in law
<E[Setor (z+ (xz+5)(S; ' = 1))]
<E [V (z—s(S: —1),s5)].

The dynamic programming principle or a simple reasoning by induction now com-
pletes the proof. [

7. THE CoNTINUOUS TIME OPTIMAL PROBLEM

In this section we will show how to derive the price of the passport option. The
price will be obtained as a limit over discrete time optimization problems. We
will also discuss the relation with optimal control theory. Throughout this section
the process S will be defined on [0,t] x €2, where t5 < co. As in section 6, we
suppose that S is a geometric Brownian motion, i.e. S; = exp (Bt — %t), where B
is a Brownian motion with respect to a filtration (.7-})0990. The price problem
consists in calculating for given =z € R,

_|_
sup< E (a: +/ Q¢ dSt> | |¢| <1 and predictable
[07t0}

As observed in section 2, this is equivalent to calculating the quantity

sup{ E a:+/ qi dS
[O,to]

We first will give a solution in the case x = 0. Since the piecewise constant strate-
gies, i.e. the predictable integrands ¢, are dense, we can reduce the problem to a
discrete time problem amd then pass to the limit. More precisely we introduce the
sets, defined for n € N:

] | |¢| <1 and predictable} )

kto (k+ 1)to

Pn = {q | Ig| < 1,q constant on the intervals } o om } and predictable} .

20



It is easily seen that U, P, is dense in the set Po, = {q | |¢| < 1 and predictable},
for the topology of convergence in measure with respect to dm ® dIP, where m is
Lebesgue measure. By the dominated convergence theorem for stochastic integrals,
or simply because S is an H! martingale, we deduce that

Sup{E / qtdSt] |q€77n}
L [07t0]
sup{E / q: dSy \quOO}.
[O,to] ]

For each n € N, the optimal strategy is described by theorem 6.1 of section 6. The
convergence result of lemma 5.2 in section 5 then implies that

sup{E / qtdSt]\qepoo}:E{supSt—l].
[O,to] t<to

The distribution of sup, ., S; is easily calculated from the distribution of the supre-
mum of a Brownian motion with drift. See [RY] page 70, Exercise 3.14 as well as
p-320, exercise 1.21, for details. The case of x # 0 is treated as follows. The
optimal strategies in discrete time all start (according to theorem 6.1) with the
strategy ¢ = —sign(z 4+ Sy — 1). The distribution of the hitting time of this process
with zero is known since it is the hitting time of a Brownian motion with drift (see
again [RY] page 70, Exercise 3.14 as well as p.320, exercise 1.21). Once arrived
at the point 0, the above obtained expression then gives the optimal value. For
details of these calculations we refer to the papers [AAB], [HLP], where closed form
expressions are given. These expressions can be derived from our expressions using
a straightforward calculation. We omit the details.

We will now discuss the existence of an optimal strategy, for simplicity, we again
assume that x = 0. The problem of finding an optimal strategy is closely related
to the problem mentioned in the proof of theorem 5.1. It turns out that except in
special cases (where the filtration F is big enough) there is no optimal strategy.
For a given strategy, i.e. a predictable process ¢ such that |¢| < 1, we look at the
equation dX; = q; dS; = ¢;S; dB;, where S is a geometric Brownian motion. We
want to optimise E[|(q - S)¢,|]. By the measure change dQ = S;, dP (already used
in section 6) we write this as Eq [|Yy,]], where Y = X/S and by It6’s lemma, it
follows the differential equation:

converges to

d}/t = (_}/t + Qt) th7

where according to Girsanov’s theorem W is a Brownian motion under Q. Stochas-
tic control theory then shows that the optimal solution is given by

q: = —sign(Y;) = —sign(Xy).
We therefore have a look at the equation

4Y; = — sign(¥y) (V3] +1) dW.
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The above transformations are quite standard and are present in one way or another
in most of the papers ([AAB], [HLP], [Na], ...). In [Na] the discretisation is done at
the level of the stochastic differential equation of the process Y. There is a subtle
difference between this procedure and our discretisation. It is not clear whether
the results of section 6 can be derived from the ones in [Na].

We now substitute Z; = f(Y;) where f is the function f(y) = sign(y)log(|y| + 1).
the function f is continuously differentiable and its second derivative is still a locally
integrable function, namely f”(y) = (S‘;g'rjr(f)é.
We obtain

We can therefore apply Ito’s lemma.

1 1

A measure change dK = exp (%Bto — %0) dP then leads us to the equation
dZt = — sign(Zt) th,

where R; = B; — % is a Brownian motion under the measure K. This equation is
nothing else (provided we replace R by —R) but Tanaka’s equation, see [RY] p. 358,
exercise 1.19. It is known that if F is the filtration F%, generated by R, or which is
the same, by B, then this equation has no strong solution. As a corollary we obtain
that in this case there is no optimal strateqy for the passport option. However the
equation has a unique weak solution. If the filtration is big enough to host the
process Z, then we can give an explicit form to the optimal process X. Indeed by
transforming back, taking into account that sign(X) = sign(Y) = sign(Z), we get
that .

X =Y. S = sign(Xy) (exp (| Z¢]) — 1) exp (Bt — §t) .
Exactly as before we can rewrite this expression using the local time of Z, or what
is the same, the one sided maximal function of R. This gives

’Zt| = _Rt + SupRs>

s<t

which leads to the expression

X, = sign(X) (exp (Sup RS) — exp (Rt)> .

s<t

Taking absolute values gives us that

| X¢| = exp (sup RS) —exp (R¢) = sup S5 — S¢.

s<t s<t

The filtration generated by the process |X| is the same as the filtration generated
by the starting Brownian motion B. The filtration generated by X requires extra
randomness, which is given by the sign of the excursions of Z. Let us recall that
by taking expected values, we find again the expression

E[X:]=E {sup 5’8} -1
s<t
22



The reader could ask whether the sequence of discrete time optimal strategies con-
verges to the optimal solution in the continuous time case. The answer is no. Indeed
this convergence would imply that the optimal solution would be predictable for
the original filtration and hence would lead to the existence of a strong solution of
Tanaka’s equation. Also taking weak™® limit points of the sequence of discrete time
optimal solutions is leading nowhere. Such a weak* limit point might even be zero
and the stochastic integrals are certainly not continuous with respect to the weak*
topology. Taking convex combinations would therefore bring nothing useful. That
the weak*-limit process is zero is something we did not check, although when the
value process is starting at zero there is good evidence that this is indeed the case.
So we are faced with the problem that there is no optimal strategy, but that nev-
ertheless we can calculate the value function of the optimisation problem through
either the discrete time approximation or through the concept of weak solution.
Such a situation is quite general and in the case of Markov processes, Nisio, [Ni],
showed that, under some regularity conditions, the value function in the continuous
time case is the limit of the value functions of the discrete time approximations.

8. AN EXTENSION TO THE CASE WHERE INTEREST RATE IS NONZERO.

As mentioned in section 2, one variant of the passport option leads to the optimi-

sation problem
to
/ gse 1% dS,
0

sup {E |

This problem can be solved exactly as in the case where f = 0. Indeed the reasoning
in sections 5 and 6 can be copied without any problem. The application of local
time and Skorohod’s lemma then yields that the quantity we have to calculate is

¢ 1
E {sup/ e /% exp (BS — —s) st} .
t<to JO 2

To facilitate the calculations we introduce the notations

} | lg| <1 and predictable} )

v=—f— %
G (t) = exp (B + vt)

t
NY = / G, (s) dB,
0

) = sup N,
s<t

as well as the family of hitting times, defined for a > 0:
H") = int {t | N > a} .

Clearly we have that {HC(LV) < t} = {Eﬁ”) > a}. Also

to
sup {E{/ gse 1% dS,
0

} | lg| <1 and predictable} =E [ng)] .
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We were not able to give a closed expression of this integral, neither could we find
a better description of the law of EEV). But using an auxiliary exponential time we
obtain an expression of the Laplace transform. More precisely we will calculate for
each A > 0, the integral

/OOO E [zg”)} Nexp (—\t) dt = E [25;3] ,

where o) is a random variable, independent of F,, and exponentially distributed
with parameter A > 0. In order to define such variable we might have to enlarge the
probability space 2. This is of course a standard procedure. The case v = —1/2 is
treated in section 7 and the law of Eg_l/ 2 is given by the law of the supremum of a
Brownian motion with drift —1/2. As said before, there is a closed form description

of this law. The general case v # —1/2 is harder. The result is given by:

Theorem 8.1. The Laplace transform (with respect to \) of the tail P [Zgy) > a} ,

s given by:

E [exp (—)\HC(L”)H =P [Zg’;) > a} = )\/OOO dt e NP [Eﬁ”) > a}

1 M (a2 132

(a+ 1) M (o;2u + 1;2v + 1)’

where

=2+ v?
a=pu—v>0

and where
1
M(z;y;2) = / dte* 71 (1 — t)y_x_l ,
0

is the confluent hypergeometric function with parameters x > 0 andy > x. If we put
nil’) =E Egl’)], then we have for all X > 0 (in case v < —1/2) and for A\ > 24t
(in case v > —1/2) that:

- oo 1 Ma—1:2u+1:20+1
E [25,”) =E [ng”)] :/ n,g e M dt = (o pot oyt ),
A A 0 p+v+1 M(a;2u+1;2v+1)

The proof is given through a series of transformations. The basic idea is to see the
process G, as a time transformed Bessel process (Lamperti’s identity). The same
transformation then transforms the process N®) into a Brownian motion. This
will eventually transform the problem into a problem of finding the distribution of
the first time a Bessel process hits a square root boundary. The details follow the
same line of reasoning as in the case of Asian options, see [GY], [GY92], [Yor92],
[Yor92a]. For a discussion of the confluent hypergeometric functions and the Bessel
functions we refer to [W] and [Leb]. Confluent hypergeometric functions play an
24



important role in martingale theory as can be seen from the papers see [Dav],
[Nov71], [Nov7la] and [Shepp], where the authors determine the best constants in
inequalities relating the p** moment of a stopped Brownian Motion Wy with the
(p/2)*" moment of the stopping time 7.

Before starting the proof of Theorem 8.1, let us first give some remarks and relations
with known results. We will restrict our attention to the case v < 0, which is for
us the most relevant.

Corollary 8.2. Let § = —2v > 0. Then one has

1 _ 2u+1)t 1
P [Z(”) - ] 1 Jo dtt’~texp <( at1 > JoThdtt?Lexp ((2v + 1))
o >al = = .
(@+1)° [Fdtt0=Vexp (20 +1)t) [y dtt?=Lexp ((2v + 1))

Therefore
(v () 1
oo Uw)

where UY) is a random variable with density

L,

PlU € at] = dit’Texp (v + )1 ooy
oy dtto=texp ((2v +1)t)

In the literature the distribution of U™ is known as a truncated gamma distribution.

Proof. If in Theorem 8.1, we let A tend to zero (which is the same as o) tending
to infinity), we find the required equality. The second equality is obtained by
substituting (2v + 1)t = u in the integral in the numerator. The equality in law is
a restatement of this equality. [J

We can also identify the distribution of 2&2) in another way. This is the subject of

Corollary 8.3. If -1/2 < v < 0, § = —2v, (and hence 0 < § < 2) there is an
identity in law:
s (2w ¢

(20)
Xm,,,l/Z

Y

where ¢ denotes a standard exponential distribution, independent of the denominator
(20)
me,1/27
1/2 and starting from a truncated gamma distribution with density, defined for
t9—1

0<t<(2v+1), by p,(dt) = %, the number m,, being a suitable normalisation
constant. Consequently we have

which s the value of a BES(Q) process, with dimension 260, taken at time

(26)
U(l/) (lgv) Xml/71/2

(20)
42_'_ me,1/2

Proof. 1f X is a BESQ process of dimension 26 and starting at =, then the Laplace
transform (with respect to a) of X5 is given by

E [exp (—aXi/)] = (1 +a) " exp (ff‘;) :
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see the discussion after Corollary 1.3, Chap XI of [RY]. The result now follows by
calculus.

Remark. If we take v = —1/2 in the equality of the above corollary 8.2, we find the
well known fact that

aw ]_
w(-1/2) (law) 1
oo U Y

where U is a [0, 1]-uniformly distributed random variable. The latter equality is
easily proved using that G(—1/?) is a martingale, starting at 1 and tending to 0 at
infinity. In corollary 8.3, we see that

s(—1/2) (aw) 1 (law) ¢
oo U Y Y

where Y is a BESQ process of dimension 2, starting at 0 (since 2v + 1 = 0) and
taken at time 1/2. Since Y is a standard exponential, the result can also be verified
directly.

Remark. 1f0 > v > —1/2 then the variable Eg’;) is no longer integrable. This means
that the martingale N () is no longer in H'. This can be seen by calculating the qua-
dratic variation of N*). Indeed [;°exp (2B, +2vu) du > [, exp (2B, — u) du.
The latter term is the quadratic variation when v = —1/2 and from Davis’ the-
orem on H' and the non integrability of Eg 1/2) (the easy case), the statement
follows. For v > 0 it is easily seen that the quadratic variation is oo and hence also
2&2) = 4-o00.

The proof of Theorem 8.1 will be given in the next two sections.

8.1 ON FIRST HITTING TIMES OF SQUARE
ROOT BOUNDARIES FOR BESSEL PROCESSES.

The material in this section comes from [Yor84|, see also [Shepp] for the case of
Brownian motion instead of Bessel processes. For completeness, we give details.
The reader not interested in the technicalities can skip the proofs.

Let R be a Bessel processes starting at the point p and of dimension § = 2(n+1) > 0.
The law, on the space of all continuous functions, of this process is denoted by P}
For ¢ > p, we also define two stopping times

T} =inf{u| Ry =cvV1+u}
T, =inf{u| R, =cV1—u}.

It is well known and easily seen that both stopping times are finite. Since the
dimension § > 2 we also have that the Bessel process is defined up to time co. The
distribution of the stopping times and more specifically from the hitting point is
described by the following theorem:

Theorem 8.4. We have the following expressions for the negative moments of the
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hitting points R+ :

I i M(m;n—i—l, )

EZ ! om | — 21mEZ 1+ m | = 21m 022
(Res) AT A M (mint 15 5)
| ] I 1 M(m;n—f—l,—p—)
B | | = 2B | e | =
(RT_> c _(1—TC) | ¢ M (m;n+1;—-%)

Proof of theorem 8.4. As explained in [Yor84], the main idea is to adapt Shepp’s
method, [Shepp], originally developed for the Brownian motion, to the case of Bessel
processes. This is done using the fundamental martingales:

5 2 —n 2
I, (6R,)exp (_07u> = (6];“) I, (6R,)exp (—0%) and

R 2 -n 2
Jn (OR,) exp (97u> = (9%) Jy (ORy) exp (GTU) ,

where the I, and J,, are the standard Bessel functions, whence:

+oo

= (2/2)*"
I(z) = kzz()l“(k+1)1“(k+n+1) and

“+o0

Zo (- (z/2)*
Inlz) = kZ:()F(k+1)F(k+n+1)

Since before times 7. and T, respectively, the martingales are bounded (see [Leb]
e.g. for the necessary estimates on the behaviour of I and J), we may apply the
optional sampling theorems at these times. We get that

E! {in (0ev/1+TF) exp (—?Tj)] =1, (6p)
B! {J,, (&:ﬁ) exp (92—2T—>] = J, (6p).

We now integrate both sides, on R, , with respect to the measure exp <—§) 0P do

and we get, after the obvious changes of variables

6/ = em and 9// = 0@7

the expressions



where

/O a0 exp (-%) 0P I(0c) = uy(c)

/OOO 40 exp <_§) 67 J(6c) = vy (c)

Looking up the representation of these functions, see [W], p 384-394 or [GR],

formula 6.631 in the 5th edition, gives us that for m = 1#:

__T'(m)
up(c) = T+ 1

vple) = %M (m;n+ L _702) 2m1,

M ; 1, — ) 2™~
1 (min+ 155 )

The proof of theorem 8.4 is therefore completed. [J

8.2 THE PrRoOOF OF THEOREM 8.1.

We now have the necessary ingredients to complete the proof of theorem 8.1. As
stated in the beginning of section 8, we will time transform the process N*) and
G into resp. a Brownian motion and a Bessel process. First, by It6’s rule, we
write the stochastic differential equation for G*):

. ) WAl [ t wil [
G§)21+Nt()+%/ dng”):1+/ G dB, + V2+ /dngy)-
0 0 0

We therefore introduce the time transform function

AW = /0 s <G§”)>2 .

Clearly, we can now write N*) as a time transformed Brownian motion, more
precisely we have that

Nt(’/) — IYAEV)7

where 7 is a Brownian motion. At the same time, i.e. using the same time trans-
form, we write

G = g

where R is a Bessel process of dimension § = 2(1 + v), starting at 1 and given
by the equation

2v+1 du

du:du
R Yu + 5 R,

The inverse time transformation C{”) = inf {t | Agy) > u} will also play its role. It

CcW = / ’ <d$>2.
0 Rg”)
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In case the index v < 0, the dimension of the Bessel process R is stricly smaller
than 2 and hence the Bessel process hits 0. So let us define TO(V) = inf{t | R,EV) = 0}.
For v < 0, we then have that TO(V) < 00, almost surely. But this does not pose
problems since Ai”) < Téy) for all t < oco. More precisely we have that Agé) = TO(V),
a fact that led the second author to a proof of Dufresne’s identification of the
distribution of Ag’é):
A(,,) lgv 1
0o 2,

where 7, denotes a gamma distributed random variable, [Dufr],[Yor92], [Yor92a].

Also we can see that C’(TV()V) = 00.
0

For v > 0, we do not have such problems. In the sequel, the reader can check that
all expressions we need, are not influenced by the fact that the Bessel processes can
hit 0. Roughly speaking, we are only using the part of the trajectories before time
T,

Step 1. We have the following equality

P [Eg’;) > a] =E [exp (—AC}Z)H ,
where T = inf{u | v, > a}.
By definition we have that

£ = 5% ) where v} = sup;
t

s<u

We therefore get that
{Efﬁ > a} = {72§V> > a} = {C’;}) < t} and C:(r? = H,.

We now get

P [EE;Q > a] - /0 T dtaeNp [2§”> > a}

[ aese e <] -m o (k)]

0 @

Step 2. If, for each n, P} denotes the law of the Bessel process Rgﬁ) of index n
and starting at r, we have, for any stopping time of the ”coordinate” process R:

A\
Rr ’
where = 2\ + 12 > 0.

The proof of this equality can be found (at least for v > 0) in [Yor], page 77,
formula 6.20. We include a sketch just for completeness, this proof is also valid in
the case v < 0. We replace the stopping time 71" by the stopping times

R 1
Tn = min (T,inf{u!— < _N}>
r
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Afterwards we take the limit for N — oo. For the stopping times Ty we have to

show that
o / N qu r \"7"
xp | — — —_— .
P 0 R% RTN

This is an immediate consequence of Girsanov’s theorem. We introduce a new
probability measure, say Q, defined as

TN « TN o 2
dQ = exp / —dy, — 1 2/ (—) du | dP.
< 0 Ru / 0 Ru

Here o = v/2\ + v2 — v, a constant that also later will play a role. The reader can
check, that because we stopped the Bessel process before it hit the level 1/N, this
indeed defines a new probability measure. We can then write

TN du,
P _/ R2
0 u
N du, N o a \?
— — — —dy, +1/2 | — d .
exp( /0 Ri)exp( /0 R, Yu + / <Ru) U

Under the measure Q, the process « is turned into a Brownian motion with drift,

ie. dy, =dvy, + O‘R—‘h‘, with 4" a Q Brownian motion (all processes stopped at Ty ).

Using It0’s lemma, we can then rewrite the right hand side as:

()]

If we now take the limit for N — oo, we find on the left hand side

— EM®

T

E)

E")

Eff‘)

E") [exp (=AC7T)].

On the right hand side we may interchange the limit and the integral sign. To see

2p
this, look at the process ( RLu) which is a local martingale under P (see [RY] p.

426, discussion about the speed measure). This martingale tends to zero at infinity
(since pr > 0). This yields an estimate on the maximum function of z-. Using this

T

Rry

nw—v
we see that the sequence ( ) is uniformly integrable. The details are left to

the reader.

Remark. There is a second choice for the parameter o that gives a similar relation.
If we put @« = —pu — v, then the same proof, together with a, justified, change of
limit and integral, yields the following result:
Ry ptv
()]

/ T du
exp | — —
o R
Remark that now the right hand side is an integral for a Bessel process that starts
at r, but is of negative index (for big A even of negative dimension). Such a process
necessary hits zero, since —p < 0. Since the exponent is positive, this does not do

any harm. The case p = 0 is of no interest since then necessarily A = v = 0.
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Step 3. Reduction to a hitting time for a Bessel process

The preceding two steps allowed us to reduce the proof of theorem 8.1 to a calcula-

") Here R is a Bessel process of index

tion of negative moments of the variable R ()

«,B
W starting at r and the stopping time T(“ ) is defined as

(H) (1)
T, {u|R >a+ﬁ/ R(”)}

The case of interest is where the starting point and the different parameters are
givenbyr=1a=a+1, 0 =c¢ = 2”;'1. The parameter 3 can be positive or
negative and we will have to distinguish these two cases.

Step 4. Reduction to a square root boundary.

The idea is to time transform the process in such a way that the integral fo (M)

becomes the new time. This is done using the following lemma, which is taken from
[RY], Chap XI, proposition (1.11).

Lemma. There is a Bessel process RCW, defined on the same probability space, of
index 2 starting at 24/7, such that

/2 1 .
(n) _ (2m)
(R“ > QRJ“ ‘fi>'

Consequently we get that

- ()

where the stopping time Ta’g 18 deﬁned as
T, p = inf {u | R =2,/a + ﬁu} :

Step 5. Putting together the equalities.

In the previous step we reduced the problem to a hitting time of a Bessel process
of index 2u with a square root boundary. We will now compare the stopping
time of step 4 with the ones introduced in step 2. In order to do this we put

R, = 18 |R‘g| By the scaling property of Bessel processes (see [RY], property

1.10, page 427), the process R’ is still a Bessel process of index 2y, but starting at
the point % If we put ¢ = 24/|3|, then it follows that

L =ValBIR, it §>0

= Val| R} if 8 <0.
This finally yields that

2
rW @ [ pew where R — 9 /7‘\5|
Teon —alp) U 5

The results of step 2 now give us that, in case a > r, u > 0 and for arbitrary :

. | M (m,2u+15202)
(Rr,,)"| o™ M(m.2u+1;20)
Ifweputr=1,a=a+1and f=¢, = 2”—2“, we get theorem 8.1.
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Step 6. The calculation of the Laplace transform of ny .

This step is pure calculus. From the expression in theorem 8.1, we deduce that

B[] = [ dam [

© g M (a; 2u+ 1; 2@”:3)
_/0 (a+1)* M (a; 2+ 1;2v 4+ 1)

where o = 4 — v. Hence

1 ! >*  da (2v + 1)t
= dtt* (1 —t 2“‘“/ — —
M(a;2u—|—1;2y+1)/0 (1-1) o (et P\ e

which we write as

1 ! > db (2v 4 1)t
= dtt* 11—t 2#—&/ ad
M(a;2,u+1;2u+1)/0 (1-1) , banp( b

or by putting b = tu in the last integral

1 ! > du (2v+1)
— dt (1 — )2+« e T
M(a;2u+1;2v+1)/o -9 /1/t u® eXp( u

here we assumed that « > 1 which is equivalent to A > z”T’Ll, a condition that is

automatically satisfied if v < —1/2 and A > 0. The expression can then be changed
into

1 1 b du
= dt (1 —t)r+v 2w+ 1
M (a;2p+ 1;2v + 1) /0 ( ) /0 p2-o exp ((2v + 1)v)

1 /1 dv ((2 + 1) )/1 dt (1 t)M-HJ
M (;2u+ 1;2v+1) Jy 02— P v
1 1 bodv
— 2 1 1— ptv+1
M(a;2u+1;2u+1)u+u+1/0 po—a &P (2 + Do) (1 =)
B 1 M(a—1;2p+1;2v 4+ 1)
Coptv+1l M(a;2u+1;20+1)
Remark. The reader can check that in the case v = —1/2, the expression of section

7 is found back. We omit the straightforward but unpleasant calculation.
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