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Fix 120
.
Let R:= &It . . . - . tu) ER" : tr303 the upper half-space. Exercise

. Any continuous injective map M- N from a compact to anymanifoldNote : Ro = Map (0 .

1) = (x-R3 =[pth and R = 0. is a top embedding.
note: Not true in general , for example R

- 7

5 Top However
,
we have the following fundamental result.

Hatter 2B
.

detttoological maparacompaawdafttopological
ena Thm [Brouwer 1910] - Invariance of Domain -

z

It VER is open and f : U ->R continuous and injective,

- open
then f(U) = Rh is open .

Moreover
, f is a top, embedding.

Inen the interior of N is IntN := [xEN : JUN
.

ceU
.

W = Rn]
and the Goundary of N is ON = N-IntN. Cor. It N is a top . n-manifold ,

then ON is a top . In-a-manifold without boundary .
If ON= we say N is a manifold without boundary.

It N is compact and without boundary ,
we say it is a closed manifold. note : Inv. of Domain followe from the following fundamental results

non-compact-1--1-an open manifold.
Denote by Top the category whose objects are top Manifolds, and morptions are cte . maps .

Thm [Brower 1910] - Jordan-Brower SeparationThm-
note : AutN = Homeo (N) . If : Sh- Sh is continuous and injective then S"fS") has two components.

Recall : - top space is Hausdaft if any two points have disjoint open nonde.

-top space is paracompact if any open cover has a locally finite refinement. Q : Are closures of both of these components homeomorphic to the n-disDr ?

Fact : Hausdorff + paracompact =>
- a map iXyoftopopencoverhaha partnona

-

Thm [Schonflies] For n= 2 : yes. &
- a map f : X-Y of top spaces is a top, embedding of f : X- f(x)
is a homeomorphism. We write f : x EY. Counterexample for n= 3 (Alexander Horned Sphere ,

1924)
This is an embedding $2*$3 mm that $2-f(5 = DirG

Examples. O ,
IR"

,
SYRPY, CP"IR*D"curfaces , products ,

knot complements where G has infinitely generated fundamentalgroup and GES is not a manifold.

openmbeet of a manifold , e .g. GL(n .

1)

keyThm [Brown 1960, Mazur1959 + Morre1960] - Top SchonfliesTum-

Thmfree Munkresa For
any 131

and a locally flat embedding Sign
topological n-manifold emlede intoR" for some n .

Cure partof unity) thedowe of each component of the complement is homeomorphic to D.
In fact. n = 2n suffices .

Chard!
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note : We will define loc
. flat emleddings later on. def . A map f : M- N between smooth manifolds is smooth

This is a natural condition to avoid wild phenomena (line Alexander Horned Sphere). if Fa
. B et . f(Ua) -Ve we have to (VaEU<

> Ve FoPs(o) is emooth.
It implies that each dome is a top. manifold. - It additionally f has a wooth inverse , we call it a diffeomorphiemtiM=-N.
Another natural additional structure that eliminates wildness : mooth.

- A top embedding f : M -N of mmooth manifolds which

SDIFF
at every point ceM has injective derivative is called a smooth unledding.

def. Denote by Diff the category of smooth manifolds with morphiems emooth mape.

def .

A smooth n-manifold is a paracompact Hausdorff top space N note : AutN =Diff(N)
together with the data of aemoothstructure , defined as a maximal keyThm [Cor of Sude1962] - Diff SchonfliesTum-
collection [(Us

.
Pa :xI] of pairwise smoothly compatible charts that cover N. For

any 131 .
N + 4 and a smooth embedding Sign

thedowe of each component of the complement is diffeomorphic to D".
CHART : (U..Yal where U:E N open and : U

:
< 1" or R top embedding

(Ua
.

Ya) and (Up
.
Ye) SMOOTHLY COMPATIBLE If EIRM

4D Schonflies Conjecture Diff Schonflies holde for n= 4. will open !
[IRM

VanUp# * = YoY : YalUaUp)- VanUs-4p(VanWa) is smooth

(recall : smooth = infinitely differentiable =& ,
and Rat means locally a restriction of R***R note : the first step in the proof of Diff Schonflies is to show

MAXiMAL : if (V ,
4) smoothly compatible with every (Va.Ya) ,

then Fael (V.4)= (Used)· that any of the two closures , call it Tiis a smooth manifold,that is homotopy equivalent to D" esay A is a homotopy D"
Remarks. - YooY] are called transition maps

- Clearly , N is a smoothn-manifold => N is a top . n-manifold. Strategy : AvoD" is a homotopy sphere .

Is it differmorphic to $" ?
-There are analogous definitions of C"n-manifolds : It yes , we would be done by Palais:Thm (1960].

replace smoothly by C-compatible ,

transition mape are -differentiable.
-However

, by a theorem of Whitney every C"-structure for 13
Q :Is every humotiy isn /smooth n-manifold homotopy equivalent to $4)

containe a smooth structure. We will study only smooth ones. diffeomorphic to $2 ?

Exercise
.

Check that in the above list all examples have asmooth structure keyTum [Cor. of Smale 1962] - Top Generalized Poincare Conjecture-
Any smooth manifold homotopy equivalent to "S" is homeomorphic to it.

Exercise. The boundary of a mooth n-manifold is a smooth (n-1-manifold .
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Thm [Milnor 1957, Kerraine - Milnor 1962
,
Hill-Hopkins -Ravenel 2009] def. A cobordin (W.W,,W) is an h-cobordium

For MANY n= 1 there exists a smoothn-manifold homotopy equivalent to $2 if the inclusio &W-Ware homotopy equivalences.

but that is not diffeomorphic to it. For example , all odd n > 61. It is an e-cobordium if they are simple homotopy equivalences.

Thm[Smale 1961) -cobordiumTheorem-
[Barden

.

Mazur
, Stallings 1963]

vey 1 -

Cor
. [of these two thm] J non-diffeomorphic smooth structures on S". Assume (W

.

DoW
,

0
,
W) is a simply connected h-cobordin with dimW>. S.

(Those different from the standard one are called exotic .) Then it is smoothly trivial , i. e
.

there is a diffeomorphism
IWW,W) = (8WX10

,
17

.
%WX 103

·

8
.
Wx(13)

Milnor's Conjecture. For 125 smooth structure on $" unique off n= 5, 6 ,
12
,
56

,
61
. For the proof we will need :

&

note
:
( known

,
and> known for nodd.

submanifolds , traniversalityhandle decompilation ,
handaa

4) Smooth Poincare Conjecture :

I "has a unique mooth structure.

note : thiswould be compared to the following : (see Gompf-Stipsicz , Chapterg)

Thm [Stallinge 1961 , Kirby-Siebenmann 1970 .

Carson 1973
, Gompt 1985. Taubes 1987 ...

R" has a uniquesooth structure for every n + 4.

R" has uncountably many exotic structures.

note : we will prove Diff Schonflies andTop Poincare

us:keyTumm19-hobordinand More push-pull
Finally , we will discus 4-manifolds.
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