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LECTURE 2 On uxn matrices with dete 4-1 . 1.

Let N be a mooth n-manifold. Example : E = BXF tre trivial Gandle
# is ammooth Vector bundle

Key feature of DIFF : tangent vector Gundle Example : F = R"
,
GEGLnIR) mi of rank n.

Example : TN : = W ToN andT: TN - N

5 DIFF : TANGENT BUNDLE See Wall 51 PEN
up + P

Exercise : How this is a smooth Vector bundle

def.
A tangent vector at peN is a derivation in of Fp : = <f :WAR : peU=M mark ] Call it the tangent bundle of N.
This means : mp : Fp- R satisfies (i) Implantatanfal = anmp(fe) + azkp(fa) ,

dieth
.

fie 5p Exercise : the total space of asmooth fire bundle with

(ii) Emp(fofal = Emp(fil-falp) + tilph . Epitz) , fie 5p Fan m-manifold and N an n-manifold is a mooth (m + n)-manifold.

Note : Tangent resture at p form a rector space TpN I have am + accept def. Asmooth rector bundle is orientable if can reduce to

Example : Given W : IRAN
.

Vol = p ,
have for : R-RR so can define GL)EGLu(t)

.

Denote Ep= +=
mp(f) :=for. It admits a Riemannian metric if can reduce to

O(n) = GLn(R).

Example : Given 4 : U- R" chart of N
.

41p) = 0
,

have for" I"- R to can define
Denote Zip=cilzo zip(f) := Gil(for). det. For F: MAN have dF : TM - TN a smooth map of v. Sandise

x= 0 defined by dFlip)(f) := Ep(foF),
THM 11

.
2

.
6 in Wall) The tangent venturecilo for i = 1

,

2, ...
m form a basic of TpN. and called the differential of

F.

IDEA : faugent bundle TN = ETNp-N is a smooth vector bundle ⑰ Example : W.R-NudWTR-TN drig = d
fiN-1R us df : TN-TI dflip) = mp(fL

det. A map: E-N is a moth fire bandle with a fibre F ,
for B

,

F smooth manifold Locally have doi (TpN = Hom(TpN .
R) dolo= dij

and structure group G =D(F) of there is a cover B = &UL e
.

+.

UaxFa
(i) JUL Sit.

prix
u,

d -

(ii) (UUUUe F
, gaptG

It we can choose i so that gab t G'1 G we eary the structure group can be reduced to G

Such a choice is called a reduction.
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Finally,
we have

Need : & SUBMANIFOLDS a TRANSVERSALITY Thm
.

(Cor· of Implicit FunctionTheorem]
Use :

If YENION is a regular value of a mmooth map f
:M-N

.

and of floM
def .

A mooth map f: M - N is an immersion if DflTMs -TNes then +"(g) is a next emooth euomanifold of M.

isve for every sM .
At smooth embedding is a top embedding Moreover

,
codim(f" (y)

,
M) = dimN

which is an immersion . A smooth embedding is neat if
10 f(M) nON = f(OM) def. An inotuy is a emooth map f : Mx[0

.
1) - N

2 FpedN F(V .
e : UtRi) e .

UnM = y"(ox ..xuxRmiRt
.

S. Utelo ,
1] fe : Mt. N is a smooth embedding.

Anambientcotuly of N is a smooth map F : NX[0
.
D - N

def .

Aneat momanifold is a closed moret M &N s
.
t

. the inclusion map
- e . t

. Ute(o1] Ft : N =N is a differmophis.
is aneat) smooth embedding. We define codim (M

.
N) : = dimN-dim M. Given aniotoy fo :M-N we say that FtiN - N is

an ambient extension of fe if UteCo
,
1 Fofo-fe.

Examples, foM"
⑨ M = D? N = D2

·
f(m)

defslintMi fo
,

+z
,
ty are smooth embeddings Example :

Path trough regular values gives an ieotopy of preimages.
& fo in neat

time fzMl

oo

N Turn (Cert1961
,

Palais 1960] - Ambient Isotory Extermin - (Walle .4.
27

If M is compact ,
then any friM N admits an subject extension

.

def .

Let f : M - N emooth. We call Je N a regular value if
dfor : TMx-TNec is eurjective for all ocef" (3) and Note : This is useful when we want to "more" not only
dfal : TOMI - TNep isejective for all ecef"lindM. amsmanifold but also its tubular wond.

Nx3
def .

Twommooth mape f: M
.
-N and g

: McN are traurase
, fig .

def Let - : N-R smooth
.

·C= max(f)
· if (ceMe ,

seMa) +(2 =g(k) =: y => df (TM
,( + (g) TMax= TNy

Point peN for which dtp = 0 are critical points. --
· 2

f

Image of a critical point is a critical value. -21 In particular :

NOTE : Values of f that are not critical are regular.
EIR3 FeIR

·= min (f : dimM+ dimMc < dimN then fig if f(Mil ng(Mzl =@

20 dimM+ dimMc = dimN then fig off +(x =g(x => df (TM) @dg(TMcdETNy.
30 dimN = 2dimM then falf iff +l = flxd &x#x = df (TM,c) @df(TMcd =TNe

409 : <93 -N then f ↓ dys off y is a regular value of f.
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5 NORMAL BUNDLES & TUB
.

NEIGHBORHOODS Walls2.352 .5 def. We say that two tubnonds 4 : Un-N and Y : UnicN
are equivalent if there exiets a map of fitre bundles

Thm
.

For amooth manifold N there is a neighbourhood U of NETN (zero-rection Um Fe Win
and a mooth map 5: Ux[o

.

17 - N e . t . for VEU and ste %0
,
1 : ↓

id ↓
1) Ur(d=(r)

,
Erd = v E : To

,

17 - N M -> M

2) Fir(t) = Writ dri(%+)
.

= v much that yot is ambiently isotopic to 4.
Moreover

, if N is compact one can take U = TN. via an aubieut isotyly that fixes MEN .

We then define exp : U-N by explo = Ur(1).

THM (Wall 2
. 5.

57
I

det. The normal bundle Unam of a mooth momanifold M2 N I N is asmooth menfold ,

and MIN is a compact
is the quotient bundle TNIM/TM. utmanifold

,
then any two tub .

Honds ofM are equivalent.
If we fixt a Riemannian metric on TN then UNEM = (TM)+= TN.

- THM [Palain] (Wall 2.
5

.
6]

Thm
.

There is a neighbourhood of M=UMEN on which esp : TN - N Any two D"cN ,
either both orient. preserving or reversing,

(Wall23.%] is an emledding.

Thus
, JUMN ,

M = Um and UM-M are ambiently isotopic
have aetructure of a bundle with fire Damn-dmM

,
with associated v .

Gundle VMEN,
and UMnON-OM is a fire bundle with associated v .

Gamble VOMION & CORNERS Wall 52 .6
.

det
.

Such Un is called a neat tubular neighbourhood. N

UM Want: DD - pre
MUM

ON doffeomorphism away from the corner (OD"(x(OD3).

Note : A normal vector field is a rection of the bundle UNEM-N O M
and allows us to create "parallel push-offs" of eubmanifolds : N N M

Exercise
.

We saw for f: M-N ,

seN regular value : MP= f
" (3) Mrsmanifold.

Show that &MEM is a trivial bundle and has a canonical trivialisation.
- ON ON

OX

Note :
- For MEN if two out of TM

,
UMEN

,

TN are oriented
,

then is also the third
.
Via : Whenever N has a corner

,

there is a straightening map :

TMAUMEN = TNIm .

a homeomorphism to a mooth manifold with Soundary
that is a differmophiem away from the cornere.
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