
LECTURE 3
& VECTOR FiELDS - See Wall S1. 451 . 5 Exercise. Boundary of a smooth manifold admits a collar,

i. e .

ONEN has a wond diffeomorphic to ONX[0
.
1)

,

with ON identified with ONX101.

def .

A lsmoothl vector field on N is a (emooth) section of TN - N. -Hint : Construct a Vector field X on Ne . t
. TNION = TION) X.

that is
,
a(smooth) map X: N-TN with To X = ide . Write Xp := /P.

Thin [no critical points => cylinder] We call such (N
.

D
.
N

.

&
,
N)aordium.

Exercise
.Ina car Naroun smooth functiona

Assume N compact and ON = &
.
NrO

.
N for some smooth manifolds ON.

Let f : N-IR smooth with f"(i) = OiN
·
for i = 1

.

2.

It has no critical points (i . e . depto XpeN)
Thin [Integration of a vector field L then N = 0

.
NX10 .

1) land in particular &N =&, N).

If N is asmooth n-manifold with ON = 0 and X :N-TN is a smooth rector field,
then there is a continuous map 2 : N-(0

,

3)
, p + Ep (Wall 1 . 5

.
47

and a unique map

Lemma
(N ,
N

,
ONL a compact cobordin.

u : [lpHeNxR : It < ep3- N
. (pt) + Ep(t) is a retur field on N 1 .t . 3 points inward on DoN,

rucu that UpEN Up : Esp . 3p)- N 3 points outward on ON

L
entities Uplo = p and (d(p) + (%+) = X5p(t)

. f : N +Re.+
. 3(fico OpeN

Then
& Idea : solve a system of ordinary differential equations IODEd N = DoNx[0

,
17

and glue solutions together using a partition of unity .

Apply twie to 3 =If defined as the v. field that corresponds to of

Example.Poreome-N

under T
*NETN given by a Riem.

" ⑪ &Idea : top in particular pedoN have fol

metric.

in local coordinates : Therefore : the map G : doNx10
.
1] - N

. (PH + Upl) is well-defined and smooth,

example with boundary :
x= ↑

↑ max
It =&gij and has aemooth inverte p - (4p1-f(p)) · f(p)).

D
Xf=0

. z

Es

⑧ C

42+ min

where g= gij daid Q : What happens when there are critical points ?

A : More theory : study how topology changes when passing through a critical point
us a handle is attached

, finitely many possibilities.

p7



myTHM [Smale
,

Wallace
,

around 1960] - Handle DecompositionTheorem-

For any cobordium (W
.

CoW
.
OW) there exiets a sequence ofmooth cobordium

&W x (0
,
1) = W..

= Wo =
..
.. Wm = W

sucht that Wi is obtained from Wie by attacking a collection of i handles
K

to its top boundary : Wi = Wie v hir ... hi ↑
index of a handle

Note : Contam &W= 0.W= so W is a smooth manifold without boundary.
Then theorem says W decomposes into a unio of handles.

&Idea :

Wt - in a chart : ·m) A

- Pick a function f : W- R f (GiW) = i for i = 0
,
2

is
a half-tub.

O
core

S word of A

and denote Wee : = f (to
,
e]) for some atte. We

in We ·

B

- We already saw WasWet if thas no critical values in Se .+ ] = IR h

- If pef"((e ,
+7) is a unique crit. point for some [e.

+] = R

O ⑨ m) ·

A e - belt region

b

WANT: P non-degenerate i
.
e . det (ocl) * 0 (Herian of fatpie nondegenerate ·

core

w)

Ws ~ We

Stept .

There excite a More function h:W-R with Gl = We j = 0
.
1.

meaning ,
critical values of hare distinct and

Note : We is obtained from We byeurgery on thesphere A.
critical points are non-degenerate ,

i . e
. detaili 0

def . indp(h) := the number of neg. eigenvalues of the Hesian.
this means take out wond ofAgiven Cy e : S' *We)

Step2
.

- Morre Lemma-
and glue in D*is"" (the seit

region?
"

For a critical point peW of hot index 1
,

there exists a chart (V
,

e)
1 .

t
.

hole" (h
, .. ,n) = - x? -

...
- x* + xiH +... +x

Steps .

- Passing a Critical Point Jeune-

It We.t] contains asingle crit. point peW of G
,

and indp(h) = 1,

thenWet in obtained from Was Cy attacking a handle of index k.

&Idea :

can reparametizeh so that Wit - Was contained in a chart (V
.

2) -p

po



1 =
4- 1S HOW To (DE) CONSTRUCT MANIFOLDS so handle attachment : N = N

.
N= V

def (GLUE) Given twommooth manifolds with dimN = dimNz = n V: SKxRM1 - &N
.

Ve :SKxRMSDUDExD"D"

a rank (m-n) Gundle E-Y over ammooth m-manifold
,

men

Define :

and neat tub .
nonds U : E < N of neat momanifolds U:(Y).

Examples.
= 0

F
=

Ne N2 : = Nick(Y) Na-E(Y)/w= refree(iv)
.

Free N O-handle

where new : 10
,
3) - 10

,
0) is an creutation revering diffeomorphism. k=1

&

&

T

- ·-
N

-Er
k =2

-&
2-naidle

Note : For Vi : E < &Ni can still define Nev.#vaN2.
N

We can first glue the boundants : &Nic v
,

ON k= 3 this is boundary connected even with D3 (no not possible for N= SxD2)
IlBut then we have to make sure we can put N,

and N Gas in
"

NOTE : We emplify by thinking of handle attachment as just NUph" = NutriD"
K

and still have a mooth structure .

We can do this using where hi=D
"

xpn
- 1

is the handle of index 1 (k-handle
"half-tubular" neighbourhoods I

S

T : = F : SKxD** ON is the attaching region

core(ED"
THM .

This operation yidds a well-defined smooth manifold ,
which up to differmorphism

- Y cocore(E Dn)
does not depend on new and depends only on V: up to isotopy. attacking att regint :it

Selt sphere BE gn- ·Some special cases : umere -
M -

-

10 connected en N
,
#N2 for Y = pt .

E = R" Vi :RintNi
AES-o & felt region (DES") 3-dim 2-handle 2

20 boundary connected um N. N2 for Y = pt
.

E =R : : RON:

3-dim 1-handle hi

NOTE : The usual def" of Nvsh" as the gling of top space
THM [Palain] is aprisi not a smooth manifold ,

but our deth NF
,

D"is !

Any two DPcN ,
either both orient preserving or reversing ,

are ambiently isotopic .

Hence, connected a boundary connected ou are welldefined and intep ofAl chooses
.

4o
magery along a sphere : N = N

,
Nz = S* Y = Sr. SRON

.
V :Ri

:

pg


