
LECTURE 4
Exercise

. We the HandbodyDecompositionThi to prove the Marrification of compact unface. Exercise
.

A twisted sphere S(A) = D"vaD" is diffeomorphic to $"

it and only if A : $""-ig' extende to a diffeomorphism D"-D".
Exercise

.

Relatesurgery on a (K-1-sphere and handle attachment of a k-handle
.

Note : The Ummot Lemma is not true if DID " instead of DOD"
- 19

& HANDLE CALCULUS See Wall 55. The condition &IODV is equivalent to A being uniotted
"

whereas D&D" is equivalent to A being "dice". ↑ A is isotopic
Amb to a smallFor of isty .

- Isotopy Lemma- If 4:: SD
**- ON are isotopic =1

.
2. For example :Imany A :SS it

.

A FU but A is slice sphere
Ext then NUeh" are hiffeomorphic i = 1

.
2.

19 . 8-5 linachart

- Unknot Lemma- for It A :SON bounds a dien Als"") = OX",
It N : =Duch" and A-4gSOD"bounds a dim

,

Als"") = 0* then Nuch" = NGE
then N is a D""-bundle over a smooth manifold homeomorphic to $". h

=
E

where E-SIA) is a D"Gundle
.

proof. Puch the interiorof into D"es 6D" OD=Als"
.

Then H" can be viewed as a
an a N

tubnGhd Us:x D
**

ED" Then: N = Drugh = (XD")v (D"XD**
Now

,
the projections DD"*-D" glue together

$14189
- Upride Down Zomma -

For every handle decomposition of (W.dW .

O.
W) there is

along (OD' + D""to a well-defined map N - (D"vAD') · Wall 5
.3 . 4 an "upside-down" decomposition of (W.

&W
,
GW) with

-
which is a fire bundle with fife D"* ver Lenna Gelow D handles of index n-K attached along the belt spheres of

k-handles of the original decomposition.

def. For a diffeomorphism A :S= define the smooth manifold SIA) := D"vaD"
proof .

FACT : Every handle decomposition corresponds to aMorse function ,
call it h.

Lemma
.
SIA) is always homeomorphic toS" Then-h yields a decomposition of the upside-down cobordin.

We just observe that turning ahandle upside-down turns its

proof. Define E huneomorphin D"VAD" i D"vid" = S self region into the attacking region.

where : D"-D F(r
, v = (r

, Alvl) is a honeomorphism extending A radially.I
To, YSK1 ↓ .

NOTE : SIA) is not diffeomorphic to $" in general .

It it called a "twisted Sphere". ..........

We will see :

Smale's h-cobordium thm => Every exotic sphere ofdim5 is afuieted here.
w .......

"
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- Reordering Lemma - It kee then (NUe
.
/vertic = (NUehl vehe Example. n= 3

,
k= e= 1

Wall 5 . 2 . 1 for some inotunic attaching map *** ,

with imt = ON,

- -
·

A

and I, has the same image as en l l m hay j ·D D
-.......... .............

proof. Denote Az : the attacking sphere of he
,
By= the self sphere of he · on

Tur [Thun] If A : M-N a smooth map and BEN a compactrusmanifold - Cancellation Lemma - It AchB,
= <ph then (Nuh) ven he

*

EN .
then there is all ambient isotopy ofN, taking A to Al Wall 5. 4

.3 -
We say that he and he are

such that A'hB
.

Moreover
,
the isotopy can be assured KosMSki7. 2

in a geometrically cancelling position.

toce the identity outside of any open rond of B.
Or he goes over he geometrically once.

k-1 n -k- 1

Anuing this ,
we have As B i

.

e . dAi(Ts"+ dBITS ToINuh) proof.

Since As and B
, interest transversely ,

and UBNuh ,
can ce identified

for every a
,
b e .

t. Aila) = B16). However
,

since with thefelt region D"oD""- Oh" we can assume i
dimBn + dimAz = n - b- 1 + k- 1 = (n -1 + (k- 2)- n - 1 = dmd(Nuh) Ac10hE D"x < ph (the fire of UBNu ,

at peB).
we must have AinB = 0. We can isotope further ,

to that Az" &N li .
e.wayfrsim Then Cy for of Uninot Lemma for

By the Ambient Isotory Exterm true we have e(D" 1) = ON. N : = NUch and A := An and D :=AnnONA
Thus

,

the two handles can be attached in any order (or simultaneously). Is we have differs :

NINGE)NGEuhENKD = N
.

since imtdE nince D"
"

- E-S/A1
and he gened on to Az &E

metch proof ofThim'sThe :
which is a section of E

. B

Firstly , find a tubular rohd UB of B contained in the given open set UzB.
-

Then apply to E = UB-B the following : Example. n = 3

Lem
. I f : M+ E is mooth and EF-Na smooth rector bandle, ·

De Dedthen there exist a section 1 :N-E mem that frs .
Thus

,

there is an obvious isotopy from B to e(B) = VBEU and we can

~ Dis E

extend itby Id on N - V. ~
on

~
on

N
ON

To prove the Leuma ,

are Morse-SaidTurn to get the result for trivial bundles,
N

and extend to all bundles wing that all ventor bundles have stable inverses .
1. Note : We can reverse the argument to show that a cancelling pair can be added

.
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