
LECTURE 5
& S-COBORDISM THEOREM

-Remove o-handles Lemma- (Cor of Cancellation
It W is connected

,
then any handle decomp . of (W,W,

d
.
W) neyThm[Smale 1961) - e-cobordiumTheorem-

can be modified to one in which either there are no -handles (if %W=)
·

If (W
.

&W
,

OW) is an s-cobordin with dimW > S,

or there is precisely one o-handle (if &W= %). then it is smoothly trivial,
i. e

.

there is a diffeomorphism (W
.

&W
,

DW) = (8WX10
,
17

.
%WX 103

·
8Wx(13).

proof. If doW + 0
,

then for any o-handle 2 of W there must be a thandle t

that attaches both to li and DoW ; otherwise
.

W would be disconnected metch of proof. Dian a handle decomposition of (W.

O
.
W

,

a
.
W.

las handles of index2 have connected aft regions). But then h and ht Thanks to Remove o-and n-handles Jenne
,

we can assure No - and n-handles.

are in cancelling position : Ant Bro = Epth so we can remove both

It &W=0
, first attach one o-handle and then apply the care &W+ Q

.

D
Step1 .

- Normal Form Jenna-
-

for every h-cobordium of dimension n = 6 and any 2 = 1-h-3

-Remove n-handles Lemma-
there is a handle decomposition of the form

&Wo~
It W is connected

,
then any handle decomp . of (W,W,

d
.
W)

using : HandleTrading Zemma (that uses Whitney Trich Lena
can be modified to one in which either there are non-handles (if &W=)
or there is precisely one n-handle (if W= %). Step2. Put handles into algebraically cancelling position:

proof .

Turn the handle decomposition upside down and appy
-Removehander Luna os

ung :

He (WoT;) is compared by the Morse chain complex
& He(WO;) = 0 since dW-W is a homotopy equivalence

Now recall: a WhlW
,
dW) = o since d

.W-W is a simple he

neyThm[Smale 1961) - h-cobordiumTheorem- a Handle Slides

Any simply connected hobordin/WOWOWLWithdmWirT
amW = 6

In the caseWE,
(O

:W) is not trivial, ->
this befores scobordin Step 3. Cancele mig WhitneyTrickJenna crucial

~> improves algebraically concelling into

weneed toadditionally amNaplehomotya
geometrically cancelling.

that will be explained later. Wh(WoW)eWasW) D .



handlesNotATioN : Given a handle decomposition of (W.

O
.
W.W) let W*

=
&Wr

of index K. The is clearly an ieomorphism for all I
,

so we just need to check that differentials agree,

Then W = "

is a cobordium from DWE"= doW to &W= i
.
e . fr((H) = GW(f, (H)

II II

def .

- More can complex-
&AinBil · fr (H!" Gi

=
A

Given a handle decomposition [hS of a cobardine (W
.

&
.
W

.
&

.
W) we define

1(j = Vk-1

* = [deg lig"And X* quote = S") .c
1[jEVk-

a chain complex (C over I as followe : Indeed
,
the degree of a map can be computed as the run of local degrees at points of a preimage sets

for OkIn let Cm= &H·....Hi] (the free ab .jp on Vis generature deg (guot. All = [sodeg of quotofiata =2 locdegot protilraya - (uoto A !7(o)
2j ats"" 6Eigh-k

and Sm : -Ch by (H)= [InBi · H -
p = Ai(a) = B,(8)

↳ at AirCalegrot"Sol

where A:SW= k- 1

is att. Sphere of ! T E) atS"
,

6 +gh Oloxp(-1) Ai(a) = Bi(6) where pr: UBjcWEK > By bundle projection D.

[k- 1

BES&W is felt sphere of h (Note : 11 + -k = n - 1 = dim & W(k- 1).
-

ICAB) : = Esp -> I is the interestion number
,

where : Let W-W the universal cover ofW .
&W : = p"(0W) the induced cover of dW

peARB

Ep = [1 i dAdBTTWa p = AB ThenWecompe andwehave analagea
X

.

# and

otherwise.

is the abdian group generated by all lifte g.C of cell cof (X
,

X= to X.

Example. I(AhBi)= 1 - 1 = 0 It admits an action ofT=
.
X (by decutransformations)

,
which makes it into

...... :
I (A2nB2) = 1

the free [T] - modele generated by some fixed lifte, 15.

Note : We fixed anoreutation on R for all ko
,

so also on D" and S"= OD"
E

the free action group generated by the let It

and true on the core
,

att. and belt spheres of the K-handle h" = D"xD" ?

Note : For ve Cin we can write J(v) = IMV for ,
- matricIM= CoHi

1[i[U

Thm - Equivariant More chain complex -

Thm
.

This defines a chain complex whose homology in H(CM He (W.W :2). The Eli]-chain complex (C) defined by : C=4gH: gett, 1[i]

(ghi) : = [I(gingBgH
proof. Recall that for a CW-complex X with K-1 keleton X

*"
= X

.
#x(X

,
X**) can be computes Hx(W, ;2) = H

+
(W

,
W ; (3). gett, 15j1Tk-1

computed as homology of (C&W) defined byC= Hi. (X** X
*"

;)= free alelian on 12-cell

and GH
,

(X*X***)= H
, ,

(x***H(X* X***)
. proof . Analogously to the preceding proof. define fr CW.W)- Ci" (X,X)

> Zenma
. Collapsing handles to cores is a deformation retraction ofWon a CW complexX. gH? g.? D

.

Let fi /W..W- C,/X
,

X*) sendH to the cell ci-the core of hiC
Exercise.


