
LECTURE 4
& S-COBORDISM THEOREM

-Remove o-handles Lemma- (Cor of Cancellation)
It W is connected

,
then any handle decomp . of (W, &W

,

&
.
W) Thm(Small 1961] - --cobordinTheorem -key

can be modified to one in which either there are no o-haubles (if %W10) If (W
.

OW
,

&W is an s-cobordin with dimW-6,
/

or there is precisely oneo-handle (it %W= x). then it issmoothly trivial,

i. e. there is a differ morphism (W,%W
,

&W) = ( %W x10
,
17

.
%Wx104

.

%
.
Wx44).

proof. If %W + 0
,

then for any o-hauble hi of I there most be a handle hi

that attaches both to hi and OW ; otherwise. W would be disconnected metch of proof .
Pia a handle decomposition of (W.

O
.
W, &

.
W).

las handles of index > 2 have connected aft. regions). But then hi and hi Thanks to Remove o-and n-handles Jeme
,

we can assume No o- and n-handles.

are in conselling position : Aft Bro = <pt3 no we can remove both.

It %W=0
, first attach one o-handle and then apply the care OW+ 0. A

Step1 -

- Normal Form Zemma-
For eI very h-cobardium of dimension n = 6 and any 2 = - => n - 3

2

-Remove n-handles Lemma-
there is a handle decomposition of the form

·Wxli) n in h
if= 1 j

It W is connected
,

then any handle decomp . of (W, &W
,

&
.
W)

using : HandleTrading Lemma
can be modified to one in which either there are no n-haubles (if OW10)
or there is precisely one n-handle (if OW= 4). Step2. Put handles into algebraically cancelling position :

proof .

Turn the handle decomposition upside down and appy
- Remove o-handles Jenna - is

wing :

He (WOW ;E is computed by the Morse chain complex/

-

a Hx(WOW ; ) = 0 since doW-W is a homotopy egeivalence
Now recall: a WalW

.
&W = 0 since doW-W is a simple he

Thm(Small 1961] - h-cobordinTheorem - & Handle Slideskey
Amy simply connected h-cobordin (WOW &W with dimW-6 is trivial.

·⑩\

↑
means Oil<W are homotopy equivalences .

dimW > 6
In the care TWE i.

(OiN) is not trivial , ->
this defores scobordin Step 3. Causel · Let ungen WhitneyTrickJemma crucial

we need to additionally ame diN -Ware simple homotory eg..
m improves algebraically cancelling into

This is measured by an invariant called the Whitehead toreion geometrically cancelling.
that will be explained later. Wh(WoW) -Wa(π,W) B .



handlesNOTATION : Given a handle decomposition of (W.

GW
.

&W) let We
=
&Wr

of index 1K .

The in clearly an ieomorphin for all 1, so we just need to chea that differentials agree,

Then W=" is a cobardian from %W
: "

= doW to &W
= "

. i
.
2 . fix)dim (H,")) = 5,W(fi(H)

II II

def .

- Morre chan complex-
[I)AYNB) . fH disci

[K-1
11 j = Nk- [K-1 /I K-/ snot Cj I K- 1

-
> [K-1Given a handle decomposition <hi). sh of a cobordina (W

.

&W
.
&W we define

↑C E deg)'s Ock
=

Al

& - = S(c
= Tk 1[jVk-

X cit

a chain complex (c) over I as followe : Indeed
,
the degree of a map can be competed as the rm of local degrees at points of a preimage set :

for OLKI let C : = IGH"
.

. . ..
Hirk} (the free ab -gp on li generature deg (got Ali) =E Locdeg of quotofiata == Locdeg of proAilrasi :

a -> (geoto A !" (0)
c
j

a+SK"
,

6Eigh-
A

and Su : C-Chi by 54Hi :=[ I(A Bi . A* -
p = A "(a) = B", (b)

L at $""A"(a)Egrot"(d)

where A : S" &W
= K- 1

isaft - Sphere of h"
1jkVk-

E at""
,

6fight Oloxppkl A (a) = BY (E) where pr: UBjcW =K > By Gradle projection D
.

B" S" &W
[K- I

is belt sphere of his (Note : K+ + 1-K = 1-1 = dim & WIK-1)
.

-I (A!N B") := ES -> I is the intersection number
,

where : EntPWtheuverealcoverofWow
g

= p (OW) the induced cover of W
PEARB

-
ously *· and

<p
:=

+ 1
, if dAYCTisk"a dB(TBN), T (0

,
Will

p
at p = Ala = BE

civ(π
,
X : ) = C+ (X .

X : 2(π])LU CW LO

- 1
,

otherwise.

is the abelian group generated by all litte g.c of cell cof (X
.

X**) to X.

Example. EARNBi= It admits anction of T=MX (by decitransformations)
,

which makes it into

........ "toa b B ..
T the free EI-module generated by some fixed lifte " ,

12 Tc.

Note : We fixed anoneutation on H for all
,

so also on D" and $"= OD"
&

the free aliagroup generated by the e T
.

and time on the core
,

att
.

and felt spheres of the k-handle &" ED"xDP-

Note : For ve C We can write 5 (v) = In V for * T. -matrixIn= Co (Hill
, in

Thm-Egeivariant Murre chain complex -

Thm
.

This refines a chain complex whose humology in He)(M= He(W
.

W : ). The 21TT-chain complex (C
.

GM) defined by : C := 24gHY : GETT,
11 < ri]

d(gHil : = E IlgEkn giB, l g'H"
LK Lo

/ Iproof .
Recall that for a CW-complex X with K-1keleton X = X. Hx))

(
/ : can be competes HelW ,

G ;
) = H1)W

,
%W ; E(i]). g'Eπ , 1jTk- 1

Ch
L
↳K

/ (computed as homology of (CN,
JCW) defined by CK : = His)/

,

)
= *

"I =free alerian on -we
N

[k- !

and jow. H)x******E* H .
(X

=** E ** Hi(X
.

x=**: 2)
. proof. Analogously to the preceding proof , define fix : C* (W

.

O
.
M-c"(X,X.

~ Jemma
. Collapsing handles to cores is a deformation retraction ofWon a CW complexX . gH" g. D

.

Yet fi Ci/W .

&W)- CW/X
,

x send Hi to the cell c : - the core of hiC
Exercise.



- Handle Slides Zemma-
+ 1

The change of Garis #it It Flor Fig) in C for some 178 ri
, GETT.g

can be realized geometrically on the handle decomposition. More precisely ,
the att. sphere

/ +1
~

gF"in Cof hi""can be icotuped to that the resulting (K+R-handle corresponds to H+
j -

proof
We can attach handles of the same index in any order

,
no consider (Whi hi

KHIIn & (WikGil we have a puch-off of Aj .

which bounds a dien = puch off of the cor of hj
Then we can form an ambient connected run

#A;
= (Aj-U(pt) ~ r(wiw .Wil ~ (A, -Wipt) where [N = ge iLj Ju

- Wij = path from Aj

Co
N 1
O Co3O Aj#ge Aj

to the barepoint
( ·

i

& zi
Wi Wj

Dig ⑭
Since AteU(pt) is isotopic rel boundary to Ulpt) ,

via C
,

we have inotopies

Af# Af = A ur(WW .Wil ~Upt) = Al
-

- -

Co O Co Co↳ 3 ↳

KA #As A A A A
W

On the other hased
,

we clearly have that a handle attached to Aj# Aj
K K K+1
t I Dcorresponds to Hi

+

q t
+

I to get -gHj use oppositely crested AG) .

6 j


