
LECTURE 9010
the idea as the Silenberg swindle in algebra : There define

Tenne . Any projective R-module A is stably free.
:RBtproof .
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AGB = F free
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Then /AdB)(AdB)o ...

= Fo

= A (BA) (B ...) = AFP m where g is a humeomaphism e
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Next
,

we remove the condition that there is a standard spot. Note that h is a uneomorphim from Rd+
to an open Molet of Red+

and that :

Thm [Morre 1960]
For any

d > 1 and a bicollared embedding F : S& [
.

1) Rate hoF : St(
,
1) - R

*
- B- CER

*

d+ 1

there exists a self-hoeomorphism hiR= and an Eso so that Ul VI VI VI
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has a standard spot. F(D) # DID - F(D
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proof.
We fix pend Kay , northpole) and include $* (1

,
17 = R

*"
so that p = 01 Turn

, hoFly = Ide
Let D = SX/-1

,
1) be a small round ball around p.

We can assume F(p ,
o) = o cRd+

lotherwise
,
translate). If we now restrict F to $

*

x[-E
,
9] suctuat : Dx 73

,
37 = F(D)

· Jet BER
**

Ge a standard round ball in Rd" centered at p, then we will have a standard spot. D
.

such that : DE B

B = F(s*(- 1
,
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· Let C : = F" (B) = S

%
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.

for
. Top Saorflies Conjecture is true in all dimensions.

F(So proof. By Connery every loc flat sphere has a collar.

8 By More we can find a collar F: St[-3
,
3) - Rd+
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are humeomorphic to Dd+

f ↑ Q+
1 P By Mazar

,
the dowres of the complement of hoF/sdo

[Rd+ Rd+

Rd+ Precomposing those homeomorpheus with a we get derived result.
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Jn order to get a feeling for topological manifold we prove the following result YU
-

the proof relies in a standard tool called the push-pull argument. Noh(Xi)
/mmm

THM
.

Let X and Y be compact top , manifold.

If XXIR is honeomorphic to YxIR ,
then XXS" is homomormic to Yxg!

u(X -

u ·M

Yo
cold mush : Mull :

us

proof. Fix h : XxIREYxIR. u(Xr)
=a

↑

storage Weword. etd coord.

Denote :

Xt : = Xx4th and XAn7 : = Xx (t
,
u]

,

tuER

mmm
on YXIR

YVegeYa : = Yx(a) and Y abi
: = Yx 19

,
b] a < bEIR

.

Ya

Step 1
. There exist <e and a <b

such that

h(Xr) = Y Sa
,
b

Steps .
Hi = PohlxXx(i YxR

h(X) = Y (b
,
c has H(xx(r)) = H(Xx(x))

Yb = h(X /r,) to descends to a continuous map

Namely : Fix + arbitrary ,
XxS - Y x S

then by compactions of X ,Y find a I c . +
.

h(Xr) n Y20
,
az

= &

then - Il- 6 > a 1 . +
.
h(Xr) - Y16

.

%
= @

are.t. Ye = h(X(r
,
27) This is a bijection (we wit the proof).

26 1 . + .

h(X) e Y( ,
a) = 9 Its inverse is continuous by

Step2. Contract a homeomorphem N : YxIR - YxR
"Antirmovemak from from compact to Hausdaf is closed.

I

e .
t .

Pl
YI-Caci)

= Id and 4/h(X) = translate of h(Xr)

&
in the usual YxR coordinate.



& OTHER APPLICATIONS OF PUSH-PULL

- Push-pull technique was used by Brown in his proof of Collar and Bicollar Theorems
. (1962)

- Armstrong To used it toehow that (bil collars are unique up to inotoy.

- Kister used it to prove the Stretching Jenna-thie is the keystep for his theorem :

KISTER's THEOREM
. Every topological n-manifold admits an R"-fifreoundle R-TEM

withetructuregroup
Homeo

.
R and an embedding esta c MXM

creto a neighbourhood of Dm =MxM
I

l . t . the following commute M
-In-M

(TM
,
<

,p) fitting into this diagram for 1 = 0-section I Le II
↳is called a tangent microbundle. M- MxM =M

Moreover
,

each Im is unique up to isomorphem.

def .
Suma fire bundle TM-M is called the topological taugent bundle of M.

Proposition. The tangent vestor bundle of asmooth manifold is a top , tangent bundle in this sense
.
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S4-MANIFOLDS

We saw: Smale's hbordio theorem + arden-Mazur Stallings I-cobordin theorem

apply to cobordins W with dimW = 6.

For dimW = 5 we could prove the Normal Form Lemma
,

but could not

proceed further since the Whitney trich fails.
all finite groups

e .g.
all Abelian groups

Thm [Freedman 1982] - e-cobordiumTheorem in dim 5- &vey
If (W&W

,

0
,
W) is an h-cobordin with dimW > 6

and trivial Whiteheadtorsion Wh(W
.

OW)eWECW) and W is agoodgroup.
then W is topologically trivial,

i. e
.

there is a homeomorphism (W..W
,

DW) = (8WX10
,
17

.
%WX 103

·

8
.
Wx(13).

proof. As before (ree Jecture 6) : Step Remove 0- and 5-handles Jemma
-

need to revisit the proof

Step1 NormalForm Jemma (wing HandleTrading Jennal .

S to see it all works.

Step2 Algebraically cancelling pare.on
with du represented by the identity matries

luring Wh/W .
d

.
W) = 0 and Handle Slides).

=> In the middle level Wie := 0
. (W =2) where W=

= 0.W = 50
,
1) ~2-handles

we have the feltspheres B.
,

. ...
Br : S2-Wi of 2-handles (102xS = D 3)

and the attackingspheres A
. . . ...
Ar : S-Wi of 3-handles 15-103 = D3xD'

so that :

- each /Bil and (Aj] is a collection of pairwise disjoint , framed ,
embeddedspheres

- ElAjnBil= =4 + z(twe]

WANT : Isotope Aj so that there intersection musters are realized geometrically ,

so that we can cancel each pair of handles
,

i = 1, .
. .

.
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