Phase transitions with bounded index:
Parallels to De Giorgi’s conjecture

Enric Florit-Simon

ABSTRACT. A well-known conjecture of De Giorgi—motivated by analogy with the Bernstein problem for minimal
surfaces—asserts the rigidity of monotone solutions to the Allen-Cahn equation in R4+, with d < 7.

We establish close parallels to De Giorgi’s conjecture for general solutions of bounded Morse index, far stronger
than the minimal surface analogy would suggest: Namely, any finite index solution to the Allen—-Cahn equation with
bounded energy density in R* is one-dimensional, and—conditionally on the classification of stable solutions—the
same holds for all 4 <n < 7.

As a geometric application, phase transitions with bounded energy and index in closed four-manifolds have smooth
transition layers which behave like minimal hypersurfaces.

Consequently, phase transitions exhibit a remarkably rigid behaviour in higher dimensions. This is in stark
contrast with the 3D case, in which a wealth of nontrivial entire solutions with finite index (and energy density)
is conversely known to exist, by work pioneered by Del Pino-Kowalczyk-Wei. The authors conjectured that any
such solution must have parallel ends which are either planar or catenoidal, suggesting it as a parallel to De Giorgi’s
conjecture in this framework. We confirm this picture under the bounded energy density assumption.
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1 Introduction

1.1 Minimal surfaces and phase transitions

Minimal surfaces are the critical points of the area functional, and one of the most fundamental models of
geometric optimisation. Accordingly, a central problem in variational analysis and geometry concerns their existence,
regularity and behaviour.

A closely related model is the Allen-Cahn (A—C) functional, introduced in the 1970s as a phase-field model for
binary alloys [AC72]. Let
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where u : @ — R, Q C R" is open and 0,1 is defined in (11). We work with the explicit double-well potential
W (u) = 1(1 —u?)? in this article.

Critical points u. of £ solve the Allen-Cahn equation:

1
*EAUE + EW/(UE) =0. (2)

As a general philosophy, one expects the transition layers {|u.| < 0.9} to limit to minimal hypersurfaces as ¢ — 0,
possibly in a generalised sense. This deep connection lies at the heart of a well known conjecture of De Giorgi
[Gio78]—a parallel to Bernstein’s conjecture on minimal graphs in this setting—and its relevance in the development
of the modern theories of the calculus of variations, phase transitions and I'-convergence is hard to overstate:

Conjecture A (De Giorgi). Let 3 <n <7, and let u : R"*! — [—1,1] be a solution to the Allen-Cahn equation

satisfying Oy, ,u > 0. Then, u is one-dimensional.

The case n = 2 was obtained in the works [GG98; AC00].

The goal of the present article is to study and clarify part of the conjectural picture—reviewed in Section 1.2—
regarding the connection with minimal surfaces.

We record our main results in Section 1.3. While we confirm some long expected analogies, we also provide the
strongest instances so far of divergence from minimal surface theory in this setting, especially in higher dimensions.
Based on this new evidence, we propose in Section 1.3 a unifying “finite index De Giorgi conjecture”—a significant
strengthening of De Giorgi’s original conjecture in dimensions 4 to 7 which we believe plausibly true.

In order to motivate our results, several prominent developments are worth highlighting.

e The theory started from the perspective of energy minimisers and I'-convergence, with work of Modica—Mortola
as one of the first examples [MM77]. More recently, and motivated by De Giorgi’s influential conjecture [Gio78],
by work of Caffarelli-Cérdoba and Savin the regularity of energy minimisers has been shown to replicate that
of area-minimising hypersurfaces in dimension up to 7 [CC95; CCO06; Sav09]. The negative counterpart to the
rigidity of minimisers in dimension 8 was established by Pacard-Wei and Liu—Wang-Wei [PW13; LWW17]
via the use of gluing constructions. Related techniques led to a negative result for De Giorgi’s conjecture in
dimension 9, by work of Del Pino-Kowalczyk—Wei [PKW11], as well to many other examples of global solutions
[PKW13].

e Another highlight of the early theory is Modica’s discovery of a monotonicity formula for general critical points
[Mod85a; Mod87]. A deep connection with the theory of generalised minimal surfaces, i.e. stationary integral
varifolds, has been subsequently established by Hutchinson, Tonegawa and Wickramasekera [Hut86; HTO0O;
Ton05; TW12], exploiting fundamental breakthroughs in the regularity theory for the area [Wicl4].

e From the geometric point of view, there has been a recent explosion of research based around Yau’s conjecture
(on the existence of minimal hypersurfaces in closed manifolds), starting from the remarkably simple con-
structions by Gaspar and Guaraco of min-max solutions—which naturally satisfy bounds on their energies and
Morse indices—at the Allen—Cahn level [Gual8; GG18; GG19]. One of the most pressing issues is then a finer
understanding of such solutions, with fundamental developments by Wang—Wei and Chodosh—Mantouldis in
[WW19a; WW19b; CM20], and more recent work by Serra and the author in [FS25].

The present article is very much motivated by these latter developments, and it uses the full power of the methods
in [WW19a; WW19b; CM20]. An additional common theme in our results (outlined in Section 1.4) is to go beyond
the regime of scaling-invariant estimates, in order to harness the interplay (and, in some cases, the mismatch)
between the natural scalings of minimal hypersurfaces and of solutions to the so-called Toda system (which governs



the interactions between transition layers). This allows us to break through some fundamental obstructions exclusive
to Allen—-Cahn theory—some of which were already identified in [F'S25].
1.2 The conjectural picture

We review several influential conjectures and the progress towards them, emphasising throughout the link with
minimal surface theory.
We recall that the Morse indez of a solution u. to (2) in € is

sup {dim E : E C C}(Q) is a linear subspace, and Q(n,n) < 0 for all n € E\ {0}},

where

Qn,n) =
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As we will explain now, stable solutions—i.e. those with zero index—are expected to be highly rigid, at least in
low dimensions; on the other hand, solutions with infinite index are wildly flexible, as their zero level sets can have
compact connected components of any topology [EP16]. One expects the Morse index then to be an appropriate
measure of complexity.

Unless otherwise stated, we will always consider a solution u : R™ — [—1,1] to the Allen-Cahn equation with
e =1 (and denote & instead of £! for its energy):

—Au+W'(u)=0. (4)

A long-standing conjecture (see [Wan2l, Problem 6] and [PKW09; PKW12; CW18]), in analogy with by now
classical results in the theory of minimal hypersurfaces ([CSZ97; LW02)), is:

On—1

Conjecture B (Finite index implies finite ends). Let n > 3, and let u : R® — [-1,1] be a finite Morse index
solution to the Allen—Cahn equation. Then, u has finitely many ends, in the sense that there is some Ry > 0 such
that {u = 0} has finitely many connected components in R™ \ Bg,.

1

The case' n =2 is a theorem instead by now, obtained in the remarkable article [WW19a].

Remark (Yau’s conjecture). The methods developed in the 2D case have already found further far-reaching appli-
cations, illustrating the interest behind the resolution of Conjecture B. As a highlight, one of the main steps in the
proof in [WW19a] is a precise description for stable solutions under appropriate sheeting assumptions. Chodosh
and Mantoulidis strengthened and extended it to three dimensions in the breakthrough article [CM20], with which
they first solved the multiplicity one and Morse index conjectures of Marques—Neves for Allen—Cahn approximations
of minimal surfaces. This yields—in a generic setting—a strong form of Yau’s pivotal conjecture on the existence
of infinitely many minimal surfaces in closed three-dimensional manifolds [Yau82]. See the works [MN16; IMN18;
LMN18; Zho20; Son23] and the references therein for an account of the developments which led to the full resolution
of Yau’s conjecture.

In the minimal hypersurface case, much more is actually known. Denote points in R”~! by 2, so that points
in R™ are of the form x = (2/,z,). Building on [SSY75; SS81] and [Sch83; And84], the work of [Tys89] shows (see
additionally [Fis85] for the case n = 3):

Theorem C. Let 3 < n < 7. Let ¥ C R" be an embedded minimal hypersurface with finite index, satisfying
Area(X N Bgr) < CR" ! for some C and all R > 0. Then, there exist some Ry > 0 and N € N, as well as constants
b;,c; for every i =1,..., N, such that: Up to a rotation, we can write

N
b)) \ (?% X [7R0, R0]> = U graph fl y (5)

where f1 < ... < fn. Moreover, if n = 3 we have
fi=bi+ciloglyl+O(y| ™),
whereas if 4 < n <7 we have
fi=bi+aly>~" +O(ly>™).

Mn [Wan21] it is claimed that, assuming the rigidity of stable solutions in R3, the techniques in [WW19a; GWW20] can be used to
prove Conjecture B (i.e. the finiteness of ends) also for n = 3. On the other hand, it is also explained in [Wan21] that these techniques
cannot be applied in higher dimensions.




Remark (Area density bounds). The area growth condition is often satisfied in common applications. Nevertheless, it
was shown to actually be redundant in the “classical” case n = 3 via [CP79; FS80; Pog81] and [Gul86; Fis85; Oss6].
Much more recently, this has been established—together with the stable Bernstein comjecture, i.e. the classification
of entire stable minimal hypersurfaces in R™ as hyperplanes—also for n = 4,5,6 in [CL2/; CLMS; Maz24] (see also
[CL23; CMR24]).

It is worth remarking that the classification of stable entire solutions to Allen—Cahn—commonly known as the
stable (or strong) De Giorgi conjecture, and which in particular would imply De Giorgi’s original conjecture in one
extra dimension by [JMO0J; Sav09]—is instead wide open already for n = 3. See however [FS20; CFFS25] for a
positive result for some closely related variants of the problem.

It is natural to consider whether an appropriate analogue of Theorem C might hold in the Allen—Cahn case.
For instance, we record conjecture (1) in [PKW13, p. 127], suggested by the authors as a parallel to De Giorgi’s
conjecture in this framework (see also [PKW09; PKW12]):

Conjecture D (Del Pino-Kowalczyk-Wei). If u [a solution to Allen—Cahn in R3] has finite Morse index and
Vu(z) # 0 outside a bounded set, then, outside a large ball, each level set of w must have a finite number of
components, each of them asymptotic either to a plane or to a catenoid. After a rotation of the coordinate system,
all these components are graphs of functions of the same two variables.

1.3 Main results

Our first result is a full parallel to De Giorgi’s conjecture in four dimensions, thus breaking the analogy with
minimal hypersurfaces.

Theorem 1.1 (Classification in R*). Let u : R* — [~1,1] be a finite index solution to the Allen-Cahn equation,
with &(u, Br) < CR? for some constant C and all R > 0. Then u is one-dimensional.

In other words, u is either identically =1 or of the form tanh (%) for some unit vector e € S® and sy € R.

In fact, we obtain a sharp conditional result in dimensions 4 < n < T7:

Theorem 1.2 (Conditional classification). Fizn € N with 4 <n <7, and assume that (x) below is true in R™. Let
u:R™ — [—1,1] be a finite index solution to the Allen—Cahn equation, with €(u, Br) < CR™™! for some constant C
and all R > 0. Then u is one-dimensional.

Let u: R™ — [~1,1] be a stable solution to the Allen—Cahn equation, with &(u, Bp) < CR™™!

for some constant C and all R > 0. Then u is one-dimensional.

(%)

The classification result in (%) holds for n < 3 by [AACO01; AC00]. The recent article [FS25] by Serra and the
author confirms (%) also for n = 4, thus showing Theorem 1.1 from Theorem 1.2.

Based on this evidence, we believe it is not far-fetched to propose:

Conjecture E (Finite index De Giorgi conjecture). Let 4 <n <7, and let u : R™ — [=1,1] be a finite Morse index
solution to the Allen—Cahn equation. Then, u is one-dimensional.

To our knowledge, this conjecture has never been formulated in the literature, unlike more modest variants such
as Conjecture B. We may highlight, nevertheless, two additional existing results which may be seen as compelling
evidence towards it, and which are especially relevant to the present paper:

e In dimension 3, many finite index examples of minimal surfaces (and of associated Allen—Cahn solutions
[PKW13; APW15; GLW17]) are known by now. On the other hand, in dimensions n > 4 there are re-
markably few examples of minimal hypersurfaces already; among those with finite index, we highlight the
higher-dimensional catenoid (which is axially symmetric) and the Fakhi-Pacard examples [FP00] obtained via
gluing methods.

In the phase transition setting, the article [APW16] constructs axially symmetric solutions to Allen—Cahn
whose zero level set is a logarithmic perturbation of the higher-dimensional catenoid. However, these solutions
are shown to have infinite index instead in dimensions 4 < n < 10.

e In [GWW20], the authors study general axially symmetric solutions to the Allen-Cahn equation in R™, with
3 < n < 10. Natural examples include then the catenoidal solutions constructed in the articles mentioned
above—we recall that, in the case of minimal hypersurfaces, the only complete, connected, embedded minimal
hypersurface with axial symmetry is precisely the (generalised) catenoid.



The results in [GWW20] confirm that the behaviour found in all such examples extends—in the finite index
case—to the class of axially symmetric solutions: Indeed, in the 3D case, the authors show that such solutions
only have finitely many ends, and in dimensions 4 < n < 10 they show that any such solution must be one-
dimensional. This confirms, in particular, Conjectures B and E up to dimension 10 in the axially symmetric
case. Let us emphasise that, at least for Conjecture E, the restriction n < 7 is necessary in general: for
instance, there are energy-minimising (thus, in particular, finite index) solutions to Allen—Cahn in R® whose
transition level sets are asymptotic to a leaf of the Bombieri-De Giorgi—Giusti foliation of the Simons cone
[Sim68; BDGG69], see [PW13; LWW17].
A geometric application
We record a direct application of Theorem 1.1, and which would seem hopeless in the three-dimensional case.
Morally, it says that the transition layers of solutions with bounded energy and index? in four dimensions invariably
behave like smooth minimal hypersurfaces.

Corollary 1.3 (Behaviour in closed 4-manifolds). Let M* be a closed®, four-dimensional Riemmanian manifold.
Let u. be a solution to the e-Allen—Cahn equation on M, with

1 1
e uett) = —— [ (Svup+ b)) < 5

On—1

and Morse index bounded by Iy.
Then, there exists g = eo(M, Eo, Ip) > 0 such that: If € < eq, then

{us =t} is a smooth hypersurface for every |t| <0.9.

In fact, there is some ¢ = ¢(M, Ey, Iy) > 0 such that [Vu.| > £ in {|uc| < 0.9}.
Additionally, given A > 1, up to making £g smaller—depending now also on A—the following hold:

e Slow curvature degeneration: We have A, < 5= in {|uc| < 0.9}.

e Sheet separation: For every p € {|uc| < 0.9}, letting t = u.(p) the set {u. =t} N Ba:(p) consists of a single
connected graph in normal coordinates.

The first bullet above shows that the only possible model of curvature concentration (“bubble”), for a sequence
of u. as in the corollary with e — 0, is a minimal hypersurface of bounded index in R*. It would be interesting
to investigate whether further geometric consequences can be derived from this; for instance, a natural question is
whether the topology of the level sets can be controlled in terms of the energy and index of the solutions, mirroring
[CKM17] or [BS18].

The three-dimensional case

As discussed above, the higher-dimensional behaviour from the previous results represents not only a drastic
deviation from minimal hypersurface theory, but also from three-dimensional Allen—Cahn theory itself—in which a
wealth of solutions with finite index and density have been constructed via gluing methods.

In fact, given any complete, nondegenerate, embedded minimal surface in R? with finite index, there exists an
entire Allen—Cahn solution with the same index and whose zero level set is a logarithmic perturbation of it, by
[PKW13]. In particular, all such examples have finitely many parallel ends, which are asymptotic either to a plane
or to a catenoid by construction, leading the authors to put forward Conjecture D (see also the surveys [PKWO09;
PKW12]).

Our final result confirms this conjecture for solutions with quadratic energy growth, validating the analogy with
minimal surfaces and showing a much closer analogue of Theorem C for n = 3.

Theorem 1.4 (Structure in R3). Let u : R® — [—1,1] be a finite index solution to the Allen—Cahn equation, with
E(u, Br) < CR? for some constant C and all R > 0. Then u has finitely many parallel ends, which are either planar
or catenoidal. More precisely, there exist some Ry > 0 and N € N, as well as constants b;,c; for everyi=1,...,N,
such that: Up to a rotation, we can write

N

fu=01\ (BR, x [=Ro Ro]) = | graph fi, (6)

i=1

where f1 < ... < fn,

fi=bi+cilogl|z'|+O(z'|~%) for some a>0,
and |cii1 — ci| > /2 for everyi=1,...,N — 1.

2 As for instance those constructed in [Gual8; GG18].
3Meaning compact and without boundary.




A well-known related question—see [GLW17; PKW12] and conjecture (2) in [PKW13, p. 127]—and which we do
not address here, is to show that solutions in R? with two “regular” ends (or with index one) are axially symmetric,
by analogy with [Sch83]. We hope that the results in our article might provide a starting point for its study.

1.4 Overview of the proofs

We focus on explaining why we can conclude Theorems 1.2 and 1.4 despite the optimality of Theorem 2.10 as
stated.

Consider a stable solution to Allen—-Cahn in Br C R™ with bounded energy density, and assume that its zero
level set decomposes into several almost-parallel layers I';, with

1. .
\HpJ:O(E) in Bg/s; (7)

this is known to always hold if n < 7 and (%) is true in R™.
An important part of the work in [WW19b] consists in showing that, letting H; denote the mean curvature of T';,
and letting dr, r,,, denote an appropriate (signed) distance function, one has the Toda-type system

1
H; = ko ((fﬂdri*ri—l - e_‘/idri*rﬂrl) + Err, where Err= O(ﬁ) (8)

This additive error is optimal in general. Via sheet separation estimates, the final conclusion in [WW19b] is that
eV, ri + eV ri — O(%) as well.
Hence, at this point, working with the equation
1
H = 0(45) (9)
instead is just equivalent to (8), and optimal as stated. In particular, the interaction information between different
components—which we were reading off (8)—is lost beyond this point.

A main realisation from this is that arguing by using the estimates provided by stability, such as (9), merely on
balls centered away from the origin—as is customary in these kinds of problems—cannot possibly allow us then to
conclude* the surprising rigidity result for finite index solutions in dimensions 4 < n < 7 (nor the precise asymptotics
in Theorem 1.4)! With this in mind, here is a brief overview of how we will nevertheless obtain our results:

o Let u: R® — [~1,1], n < 7, be an entire solution with finite index, with £(u, Bg) < CR™"! for all R > 0,
and assume that (x) holds. The finite index condition is equivalent to stability far away from the origin, which
then leads to (9) for the zero level set of w in balls away from the origin.

e Simons’ classification [Sim68]—applied to blow-down rescalings of {u = 0}, which are stable minimal cones—
yields then flatness on large scales for {u = 0}.

e Via an improvement of flatness iteration in annuli (for the PDE (9)), we establish then the uniqueness of

such blow-downs, and a decomposition of {u = 0} (away from a large ball) as a union of graphs of functions
f1 < ... < fn over a single hyperplane.
This simple—yet powerful—idea can be applied to a wide range of problems, but we have not found it elsewhere
in the literature: indeed, the author first heard about it from X. Ferndndez-Real and J. Serra in relation to
[CFFS25]. For this reason, a general version of this technique will be given in [FFS]; still, for the purpose of
the present article, we develop this result (with a related, but different, iteration-type proof) for the PDE (9)
in the self-contained Section 3.

e This iteration gives moreover strong sublinear bounds on the growth of the f;; namely, that the f; have growth
O(|z|?) for any § > 0. This is essentially optimal just from (9), yet still far from the desired behaviour.

e However, we can bootstrap this—via the C* mean curvature estimates in [WW19bl—to [[If,—oy| < |z]0=2,
which improves the curvature estimates from (7) by almost a full power. Remarkably, this estimate escapes
the “scaling-invariant” regime.

All of the above can, however, also be obtained in the minimal hypersurface setting; in fact, with much stronger
consequences, since we have been forced to argue with the restrictive condition (9) for now. This is therefore just a
starting point, in preparation for the use of pure Allen—Cahn theory:

e Revisiting carefully the gluing arguments® in [WW19b; WW19a], the improved curvature estimates on {u = 0}

4For instance, there are examples of nontrivial minimal hypersurfaces of finite index in R4, such as the higher-dimensional catenoid.
5Fortunately for us, a fair number of the modifications required in [WW19b; WW19a] have already been outlined—in the axially
symmetric case—in [GWW20].



show that u can be better approximated by an “Ansatz solution”—built as a superposition of 1D Allen—Cahn
solutions—than what is optimal in a general, “scaling-invariant” situation.

e The full power of the argumentation in [WW19b] leads then in this setting to
Af; ~ H; = kg (e_\/i(fi_fi—l) _ e_\/i(fH»l_fi)) + Err’ |

where Err’ = O(W) is now genuinely of lower order—and not only that, but we obtain moreover an asso-

ciated stability condition, also up to a lower order error, for this PDE system. In other words, the interaction
between layers becomes leading again. This is the main result in Section 4.

1

After reaching this point, our goal is now to beat the natural scaling Af; ~ gk for solutions of the system above.

We argue differently depending on the value of n.

|z

e In the case 4 < n <7, we argue as follows:

— It is known that the Liouville equation Av = e~ does not admit solutions in dimensions 3 to 9 which
are stable outside of a ball [DF09]. Thanks to the graphicality and the improved errors (which are “lower
order”), letting v = f; 11 — f; instead the same proof of Dancer—Farina can be replicated here, giving a
contradiction in case there were more than one end (i.e. if N > 1).

— Therefore, necessarily N = 1. On the other hand, this easily implies then that u has energy density 1 at
infinity. We conclude that u must be 1D by Wang’s Allard-type theorem (see [Wanl7] or Theorem 2.5).

e In the case n = 3, we argue as follows instead:

— Testing stability with a linear cutoff supported in a large annulus B, \ Bg% and letting R — oo gives that
/ e—\/i(fH»l_f'i) <C. (10)
RA B R,

— Fixi € {1,..., N}; by the Toda system we find then that Af; € L'(R?\ Bjp,)- This may seem like a really
minor improvement from |Af;| < %; on the other hand, we have already broken the natural scaling of

the equation.

— We can define then the “Ansatz” potential

1
Fw= g [ ogly— 2|~ loglel) Afi(a) s
m Rnfl\BéRO

This “renormalisation trick” can be found, for instance, in [CLI1]. Letting ¢¢ := i fR"fl\B’i Af; €R,
2R

it follows easily that
fir=(cf +0(1))loglyl as |y| —oco.

— Setting f? := f; — f#, we see then that Af? = 0. A priori, f* could be just any harmonic function; on the
other hand, it additionally has sublinear growth (since both f; and f# do).

— An enhanced version of the improvement of flatness iteration in annuli® then shows that actually
f7 =00+ loglyl + O(ly| ™) as [y| = o0
for every 8 € (0,1).

— Since f; = f®+ f?, this shows the asymptotics claimed in Theorem 1.4 up to improving the expansion for
f&. For this, we need to go back to studying the interactions between different layers.

— As a starting point, we immediately see that |c; 11 —c;| > /2, just by the integrability of the interactions in
(10). To conclude, we need to show that the inequality is strict: then, the integrability of the interactions
improves by an algebraic rate, which easily yields the precise expansion for the f{.

— Finally, the fact that |c;11 — ¢ = V2 can indeed never occur is obtained by a careful inspection of
the structure of the Toda system and of the integral defining f{* in this setting. A key idea is that the
uppermost and lowermost layers are “special”: they are respectively sub- and superharmonic, since they
satisfy (by (8)) equations with opposite signs, which in effect “compresses” all intermediate layers and
ends up preventing the critical interaction.
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2 Previous results from the literature

2.1 Some general results on critical points
Lemma 2.1 (Modica inequality, [Mod85a]). Let u : R™ — R be a bounded A—C solution on all of R™. Then, |u| <1,

and the inequality is strict unless u = +1. Moreover,
|Vul?(2)
2

Throughout this article, unless otherwise indicated we assume that u : R™ — (—1,1) is a solution to A—C on all
of R", to make use of the Modica inequality. Set

< W(u(z)).

1
Op_1 = wn_l/ V2W (s)ds, where w,_1 is the volume of the unit ball in R L. (11)
-1
We define the energy density on balls of radius » > 0 by
M, (u) :== Tn_lé'(u, B,). (12)

We will more generally denote M,.(u, zg) := M, (u(- — zg)), and we omit u from the notation whenever it is clear
from the context.

Remark 2.2. For a solution u of e-A-C instead, we naturally set M&(u) := —1€°(u, B;) = M, /.(u(ez)). Unless
otherwise stated, we will always work with ¢ = 1.

Lemma 2.3 (Monotonicity formula, [Mod85b]). Let u : R™ — [—1,1] be an A-C solution on all of R™. Then, M,
is monotone nondecreasing in r. More precisely,

%Mr(u): ! /B L [W(u)— |v2u|1 dx+rn1+1/a L (e Vu)? dH " @), (13)

™ JB, On—1 B, On—1

We say that u has bounded energy density if Moo (u) := lim, o, M,.(u) < co. In particular, the energy growth
assumptions in Theorems 1.1, 1.2 and 1.4 amount precisely to having bounded energy density.

Definition 2.4 (Monotone 1D solution). Define g : R — R by
() = tanh (as) (14)

Wang developed an analogue of Allard’s regularity theory for stationary varifolds in the Allen—-Cahn case. In
particular, he obtained the following theorem, which allows to give a new proof of Savin’s result [Sav09].

Theorem 2.5 ([Wanl7], Allard-type theorem for A-C). Let u : R™ — [—1,1] be a solution to A-C. Then, there is
§ = 8(n) > 0 such that if Moo (u) < 1+ 6, then u is either &1 or of the form g(a -z +b) for some a € S"™' and
beR.

Throughout the paper we adopt the following notations: Given a point z € R™, we write 2’ € R*~! for its first
n — 1 coordinates, so that # = (2, z,). Moreover, given a set @ C R"~! and a function g : Q@ — R, we denote by
graph g the set of points in  x R satisfying z,, = g(z’). Set Cr := B}y x [—R, R], where Bj, C R"~%.

Finally, we recall the following standard lemma:

Lemma 2.6 (Exponential decay). Let u: R™ — R be an A-C solution, and assume that

{Ju| < 0.85} NCugr C {|z,| < IR},

where § < % Then, there are dimensional constants C' and cy > 0 such that
\V4 2
sup [l Y + W(u)} < Qe R, (15)
Connf{lzn|>26R} L 2



2.2 Curvature estimates for stable solutions
Let

1/2

and A(u) = (A*(u))

|D?u|?~|V|Vu||? :
A2 (u) = { o b (16)

0 otherwise ;

It is easy to see that if Vu(z) # 0 then A?(u)(x) = [Ljyey(z)}|*(x) + |VT log [Vul|?(z), where T,y ()} is the second
fundamental form of the level set {u = u(x)} and V7 denotes the gradient in the directions tangent to {u = u(z)}.
The following (weaker) form of the stability inequality is well known:

Proposition 2.7 (Sternberg—Zumbrun inequality, [SZ98]). Let u : @ C R™ — R be a stable solution to A-C, and let
n € CLQ). Then,

/ A2 |Vul? < / V2 [Vuf? (17)
Q Q

Definition 2.8 (Sheeting assumptions). Let u : B — (—1,1) be a stable e-A-C solution. We say that u satisfies
the sheeting assumptions in Br (with constant C; > 0) if

1
e|Vu| > o and R|A,| <C; in {|u| 0.9} N Bg. (18)
1

Since A controls the curvatures of the level sets, one has the following standard lemma:

Lemma 2.9. In the setting of Definition 2.8, assume that u(0) = t € [—0.9,0.9]. There are § € (0,1) and Cs,
depending on C1 and n, such that—after choosing a suitable Euclidean coordinate frame—the following holds:

Let {T' ivzl denote the connected components of {u = t} N Csr intersecting Bszr. Then there are fI < ... < fk,
[l € C=(Bjg), such that

I't = graph f{ in Csp and |fo|+R|D2ff|§C2.

Wang and Wei showed that a-priori C? bounds can be upgraded to C%*Y bounds, obtaining moreover improved
separation and mean curvature estimates.

Theorem 2.10 (C? implies C>?, [WW19b]). Let u : Bg C R® — (—1,1) be a stable e-A-C solution, and assume
the sheeting assumptions hold in By for some Ci. In particular, the conclusion of Lemma 2.9 holds.
Then, for every ¥ € (0,1) there are Co and 69 > 0 depending additionally on ¥ such that if & < &g, then

C

ID2f =+ [D*ffleo < 2 (19)
urthermore, letting = div(—====) denote the mean curvature operator,
Furth letting H[f] := di \/% d h
€C2
| LAl + [HIF] oo < T2 (20)
Additionally, the separation between layers satisfies

149 R

R R (E> (21)

Remark 2.11. We emphasise that we will consider € = 1 in the vast majority of the article.

Theorem 2.10 is an a-priori result. However, assuming additionally (%), local sheeting assumptions for stable
solutions hold indeed. It is worth emphasising that, unlike for minimal hypersurfaces, this fact is highly nontrivial
and its proof requires using Theorem 2.10 itself.

Theorem 2.12 (Stability conjecture and sheeting). Fiz n € N, with n < 7. Assume that (%) is true in R™. Then,
the following holds:

Let u: Bgp — (—1,1) be a stable e-A—-C solution, with Mg < Cy. Then, there are Cy and §y > 0, depending only
on Co, such that if 5 < do then u satisfies the sheeting assumptions in Br, with constant Cf.

Proof. See the proofs of [FS25, Theorem 1.4] or [WW19b, Corollary 1.3]. O



2.3 Wang—Wei in a flat setting

For convenience, we rewrite Theorem 2.10 in a flat, large-scale setting.

Theorem 2.13 ([WW19b] in a flat setting). Let n < 10. Let u: Br — (—1,1) be a stable A-C solution, and assume
the sheeting assumptions hold in Bg for some Cy. Let §; > 0 and 0 € (0,1). Then, there exist Ca, Ry and ¢y > 0,
depending on C1,0, such that the following hold.

Assume additionally that

{u=0} C {len - 2| <62R} in Bg
for some 93 € (0,¢p) and R > Ry. Then, there is some N € N such that:
e There are C™ graphs f; : B’%R — [-R/8,R/8], f1 < ... < fn, such that {u =0} NCsp = Uf;l graph f;.
o The estimates (19)—(21) hold for the f;.
Proof. Immediate from Lemma 2.9 and Theorem 2.10, by making J5 > 0 sufficiently small. O

We also collect some useful additional properties.

Lemma 2.14 (Additional properties). Let 61 > 0. In the setting of Theorem 2.13, up to making 62 > 0 smaller and
Ry larger depending also on 1, the following additionally hold:

o The graphs satisfy ||V fillLe < 1.

e There holds {|u| < 0.9} C {len - | < 02R+ Ca} in Cgys.

e We have [Mp/s(u) — N| < 01N.

Proof. See [FS25, Lemma 4.9] for the short proof. O

3 Annular improvement of flatness for hypersurfaces

This section builds an improvement of flatness result for the PDE (9). As described in Section 1.4, a general
version for minimal hypersurfaces is developed in [FFS]; we develop here a related yet different proof strategy, based
on an iterative statement on nested exterior domains (see Proposition 3.6).

3.1 Setting and main result
To simplify the notation, the general framework we assume in the whole of the present section is the following:
Definition 3.1 (Standing assumptions). We are given:
e An integer n > 3.
e Positive constants Cy, Ry.
e A nonempty, embedded hypersurface ¥ C R™ \ Bp, /2, with £\ ¥ C dBg, /2, such that
||| + [=*[Hs| < Co. (22)

Given E C R™ and e € S~ 1, R.(E) will denote the image of E under the rotation bringing e, to e.
Our main result in this section is the following:

Proposition 3.2 (Main result). There exists some €g > 0, depending on n, Cy, such that the following holds. Assume
that for every R > S8Ry there is some er € S*~! with

>N (BgR\BR/g) C {‘63'l‘| < EoR}.

Then, there is some EO > 16Ry, depending on n,Cy, Ry, as well as some eso € S* 1, N € N, and smooth functions
fi iR\ Bp — R fori=1,..,N, such that

N
Re D)\ (Bl x [~FRo, Fo]) = | grah f;
=1

Additionally, given o € (0,1), there is C,, depending on n,Cy, Ry, a such that
|fi(@")] + |2"||V fi] < Cala’|*. (23)
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3.2 Reduction to an iterative result

We start with a simple lemma that says that having controlled curvatures and small height in a larger annulus
implies graphicality over a smaller annulus. We will use this repeatedly.

Lemma 3.3 (Graphicality lemma). Let 1 < Ry < Rs < R3 and Cy. Then, there is eg = €9(R1, Ro, R3,Co,n) > 0,
with Re + €9 < R3, such that the following holds.

Assume that % is an embedded hypersurface with (E\ 3)N (Bg, \ BR;I) =10,
‘II§| SCO m BR3\BR;1,

and

XN (BR3 \BR3—1) C {|(En‘ < 60}.
Then
20 (Br, \ Brt) € (B, \ Bj_1) x [~<0,e0

and there are some N € N and some smooth f; : By, \ B_._, — [0, 0] such that
2
~ L N
xnN ((BEQ\B;%?) X [—50,50}) = Ulgraph fi.

Proof. Step 1. Inclusion.
We can directly see that XN (Bg, \ Bg-1) C (Bg, \ Bj,-1) x [=€0, 0], just by taking
1 2

1
co <min{y/R;? — R;?, 5 (Rs = Ra)}.

Indeed, if z € ¥ N (Bg, \BRl—l) then |z| > Ry, and moreover |z,| < g9 < y/R;? — Ry ? by assumption; we can

then compute
2] = V2] = o] = \/ 1= (VR - Ry =Ryt
Step 2. Graphicality.

Exactly as in Lemma 2.9, by the second fundamental form bound there is ¢ = co(R1, Ra, R3,Co,n) > 0,
with Ry + g9 + 2¢9 < R3 and RQ_1 — 2¢c9 > Rg_l, such that: Given z € ¥ N (Bfez \ B’ _1) x [—¢€0,€0]—s0 that
2

B, (2) C (Bpgs \@)—We can write all of the components of 3 intersecting Be, () as a finite union of graphs
with respect to some direction e,. Note that the finiteness just comes from the fact that having infinitely many
components locally would contradict embeddedness.

Now, by the gg-flatness assumption, up to making €y > 0 small enough depending on ¢y we immediately see that
we can actually take e, = e, above. Moreover, just by interpolation, we can make the graphs have slope less than
any 0 > 0 arbitrary up to making ¢ smaller.

Take the union over x € X N (Bj, \fgl) X [—eo,ep] of these graphs. Considering the maximal domains of

definition €; C (Bj, \B}c—l) we obtain associated f; : Q; — [—¢eg, 0] such that
2

N
20 ((Br, \Bj_.) [~20.20]) = [ graph f:.

i=1

We claim that ; = (Bj, \ B’,_,) for each i = 1,..., N. But indeed, this just follows from connectedness of

Ry"
(Bg, \ B,-1): the maximal set of definition of each f; in (B, \ B7,_) is both open (by embeddedness of X and the
2 o 2
fact that |V f;] <) and closed (since (X \ ¥) N (Bg, \BR;) =0). O

We can immediately deduce the following modest but important step, which says that ¥ cannot “fold” back and
forth between dyadic scales:

Lemma 3.4 (go-flatness implies finite spiral ends). There exists some €9 > 0, depending on n,Cy, such that the
following holds. Assume that for every R > 8Ry there is some er € S*~! with

XN (BSR\BR/g) C{ler x| <eoR}.

11



Then, the following hold:
e Finiteness of ends: ¥ N (R™\ Biggr,) = UZI\; Y, for some N € N, where the ¥; are connected.

e Spiral structure: For every R > 16Ry, ¥; N OBg is nonempty. Moreover, ¥; N (Bagr \ Bry2) is a single
graphical sheet, in the sense that:

— ReR(Z‘) n (BQR \ BR/Q) C (BéR \ B;%/4) X [—E()R, EQR].
— There is some smooth f; : Bhp \ BR/4 [—eoR, eoR] such that

Ren(20) N ((Bog \ Bry) x [e0R, 20F]) = graph f;.
Proof. We directly see that
Ren(8) N (Bar \ Bry2) C (Byg \ By,y) x [~eoR,€0R]
just by considering Ypi= %RER(E), applying Lemma 3.3 (for instance with Ry = 2, Ry = 4, R3 = 8, and using (22)
to bound [l [ < 8Co in Bs \ Bys), and then scaling back.

Moreover—assuming that ¥ N (Bag \ Br /2) # (P—this also gives some N € N, which is finite but which may
depend on R at this point, and smooth f; : By \ BR/4 [—eoR, eoR] for every i =1, .., Ng, such that

Nr
Re(2) 0 ((Bon \ Brya) x [~oR.coR]) = | eraph fi.

It remains to connect the different scales. If ¥\ Bigr, were empty the Lemma is trivially true; assume therefore
that ¥\ Bigr, # 0, so that in particular there is some R > 16R, such that ¥ N OBj # 0. We can now see that in
fact ¥ N dBg is nonempty for every R > 16 Ry:

Assume for contradiction that this failed for some R > R, and let R* be the infimum among such radii. Since

L\XC 0Bp, /2, we see that ¥ N OBg+~ # (). By our argument above,
YXN9IBg C XN (BQR* \BR*/Q) (BQR* \B/ */4) [—260R*, QEQR*] ,

and we can write

Repn X0 ((BZR* \ By ) % [-220R", 220 R*])

as a union of graphs over B)p. \ B R+ /a° But such graphs are connected, and they trivially also contain some z € X

with [z| > 2R*. This shows that XN JdBg # 0 for all R € [R*, 2R*], contradiction the definition of R* as an infimum.
The same proof works—up to making g small enough—for 16 Ry < R < R, up to considering a supremum instead.

Finally, observe that we naturally must have matching decompositions on any pair of overlapping, local graphical
decompositions, which allows us to identify different sheets across scales; this shows that the Ni above is continuous
in R, and therefore constant and equal to some N € N. We can then identify each of the local graphs as pieces of
some globally defined connected components {¥;} ;. The two bullets in the lemma follow directly from our previous
discussion. O

For simplicity, we assume that ¥ is connected from now on, which we can do by Lemma 3.4 up to considering
one of the ¥; and 16 Ry instead of ¥ and Ry.

We do not yet know the global graphicality of ¥ away from a ball, as the er could rotate for now; we therefore
work with extrinsic statements until the end. Proposition 3.2 will follow in a straightforward manner from the
following:

Proposition 3.5 (¢g-flatness implies decay). Given « € (0, 1), there exists some g9 > 0, depending on n, Coy, Ry, «
such that the following holds. Assume that for every k € N with 251 > Ry there is some ey € S"~1 with

30 (Bykss \ Bar-s) C {lex -z < 292°}.
Then, there are C > 0 and some €, € S*~! for every k € N such that
¥ N (Byrts \ Bar—s) C {[ex - x| < Ceg2°F}.
Now, to obtain this result, we will in turn reduce it to another extrinsic statement, which is the technical core of

the proof: an “improvement of flatness”-type iteration. Finding the right statement is rather tricky, as one needs to
update different information about different scales at each step.

12



Proposition 3.6 (Main iteration). Given « € (0,1), there are ko, K € N, and g9 > 0, all depending on n and «
such that the following holds. Set § = 2%~1. Assume we are given:

e Some base scale k1 € N, with k1 > K.
e Some “best flatness” € > 0, with 2(@~DkF1 < ¢ < g,
o Some vectors e, € S*7L for all k > ki — ko, such that the following hold:
— FEzxcess decay between ki — ko and ky:
|z - e < 68 *1e2¥ for all 2 € £ N (Boksr \ Bai—1), ki —ko <k <k .
— Preservation of best flatness:
|z - ex] < €28 for all 2 € £ N (Borss \ Byra), ki +1<k.
Then, we have the following:
o Set the new base scale ki := ki1 + 1 € N, which satisfies ki > K.
e Set the new “best flatness” ¢’ = de > 0, which satisfies 2la—Dk < of < €g.
e Then, there are some new vectors ej, € S"~! for all k > ki — ko, such that the following hold:
— Excess decay between ki — ko and k:
|z - ef,| < F TR for all x € BN (Byeir \ Bav1), Ky —ko <k <k}.
— Preservation of best flatness:
|z - e}| <28 for allz € 2N (Bokr \ Box—1), ki +1<k.
Remark 3.7. In words, every time we have a large block of scales where flatness decays, and assuming moreover
that the best flatness then remains for all scales up to infinity, then flatness decays up to an extra scale, and

moreover this improved flatness also propagates to all further scales up to infinity. In particular, if the assumptions
of Proposition 3.6 hold for some initial flatness and scale, then it can actually be iterated as many times as wanted.

Proposition 3.6 will be proved in the next section. For now, we show how Proposition 3.5 is implied by Proposi-
tion 3.6, and how Proposition 3.2 is implied by Proposition 3.5.

Proof of Proposition 3.5, assuming Proposition 3.6. Fix o € (0,1). Let kg, K € N and g9 > 0 be given by Proposi-
tion 3.6, and set § = 29~ 1. By assumption (in Proposition 3.5), we have

¥ N (Bakrs \ Bar—s) C {Jeg - x| < €928} for every k> [log, Ro] . (24)
It is clear now how to proceed:
e Set ky := max{K, ko + [logy Ro1}, so that k; > K.
e Up to making k; larger, we also have 2@~k < g
e Since (by definition) k1 — kg > [logy Ro], by (24) we have
|z -er| <eo2% forall € XN (Byssi \Bye1) and k> ki —ko.
— Since this includes the range k1 + 1 < k, we have the “preservation of best flatness” condition.

— Moreover, since this includes the range k1 — kg < k < k1, we obviously also have the “excess decay”
condition, i.e. |z - ey| < 0¥ 7F1g¢2", simply since §¥7*1 > 1 in this range.

This means that the hypotheses of Proposition 3.6 are satisfied. Iterating the proposition, setting k1 := k1 +{ and
g := dleg, | €N, the “preservation of best flatness” part gives—at the I-th iteration—a vector €k, , such that

|2 €y, | < @281t = 6leg2Mt forall € BN (Byky 1 \ Byry 1)
Letting C := § ¥y, which does not depend on [, we can rewrite this as
|-k, ,| < C8FL12F0 for all @ € N (Byky 1 \ Byey 1),
or (since § = 2°71)
|2 €y, | < C2°%10 forall o € XN (Byry 1 \ Byer,-1),

which clearly proves Proposition 3.5. O
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Proof of Proposition 3.2, assuming Proposition 3.5. By assumption, there are €, € S*~! such that for every k € N
with 25 > 8Ry, we have

YN (Bak+s \ Bor-3) C {|ex - z| < 06020‘]6} . (25)
Recall that, by Lemma 3.4, up to arguing with each X; separately it suffices to prove Proposition 3.2 in the case

in which ¥ is a single connected piece, i.e. satisfying the second bullet there.
A remark is in order: To be precise, this will show the existence of some e ; satisfying the thesis of Proposition 3.2

with 3; in place of ¥, with the only caveat that e, ; could a priori depend on i. However, we then immediately see
that the e ; need in fact to be all equal just by embeddedness.

Step 1. Summing the coefficients.
Applying (25) with k and k + 1 we deduce in particular that
YN (Bgitr \ Bap—1) C {|&k - 2| < Ce02°%} N {|Epy1 - 2] < Cegp20+}, (26)

Then, the local graphicality (coming from Lemma 3.4) of ¥ and the triangle inequality easily give that

~ - C20k
[ex+1 — €ex| < oh = c2le—1k

Then, given ko € N with 250 > 8 R, we find that
Z |€k+1 — €x| < Z C2e=bk < ¢, 2laDko
k>ko k>ko

and in particular the sequence ¢, is Cauchy. This shows the existence of some e, € S*~! with

leoo = Ehol < D 1 — k| < Ca2" k0 thus £ (Byrsa \ Byr-a) C {lea - 2] < CCa2°%}. (27)
k>ko

In other words, {es - = 0} is the (unique) blow-down tangent of .

Step 2. Graphicality.
Thanks to (27), we can now just apply Lemma 3.4 but with the constant direction €, (in place of the egr). This

shows that R.__(X) \ (B;§ x [~ R, JN%OD is the graph of some f: R"~! \ B — R. Moreover, combining (25) and
0 0
(27) we see that
Re (X) N (Barss \ Bor—s) C {|zn]| < CCL2%%Y, thus |f(2))| < CCul2'|*. (28)

Finally, combining (28) and standard elliptic estimates for the minimal graph equation (using |z|?|Hs| < Cpy) we can
upgrade (28) to

I+ 2|V ] < Cala’|
as desired. O

3.3 Establishing the iterative result — Proof of Proposition 3.6

We need the following simple lemma for a function which is almost harmonic on a large annulus and has controlled
growth.

Lemma 3.8 (Harmonic approximation). Fiz A\,« € (0,1). There exists §y € (0, ], depending on A\, «,n, such that
the following holds. Let v : B% \ Bs, C R"™1 — R satisfy:
0

o |Tr(A(z')D?v)| < &, where ||A —Id||Loo(B%\Bféo) < do.

* ”UHLOO(sz\Bip) < p27a7 for1<p< %
° ||UHLoo(BQP\Bj) < p%, for oo < p<1.

Then there exists a € R"™1 such that ||v — a - “T”LOO(BL\B*A) <A
A

Proof. We argue by contradiction. If no such 6y > 0 exists, considering the sequence 6y ; = % — 0 there need to be
associated v; as in the hypotheses of the theorem but such that

no a € S"! satisfies ||v; —a- xHLm(Bz\m) <X for any ¢ in the sequence. (29)
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For i large enough, the v; satisfy C.»*(R2\ {0}) bounds, by the standard Cordes-Nirenberg estimates [Cor56; Nir54].

loc
By Ascoli-Arzela, a subsequence converges locally to some limit vy, in C1*, which is a—viscosity, thanks to the C? .
convergence, and hence strong—solution to the Laplace equation on R"~1\ {0}. Moreover, v, grows less than |z|®
as |z| — 0 and less than |z|>~® as |z| — co.

By the usual Liouville theorem for harmonic functions in R™ \ {0}, which follows for instance by separation of
variables, the growth assumptions imply that v, = a -z for some a € S*~!. Indeed, the fundamental solution of
the Laplacian in R® ™! cannot be a term in v since it blows up at 0, and quadratic or higher order terms cannot
contribute to v, either since they grow faster than ||~ at infinity.

But then, the uniform convergence in By \ By /3 t0 v gives a contradiction with (29) for dg; small enough. [

Preliminaries: Rescaling and local graphicality
For convenience, we start by considering ¥ := 2%12.
Remark 3.9. The original hypotheses—in scales from —ky to co now—become:
o [alllig| < C
o [2P|HE) <270
e We have
— Excess decay between —kg and 0:
|z - 8| < 672" for all z € £ N (Boss1 \ Bar—1), —ko <k<O0. (30)
— Preservation of best flatness:
|z - €| < 2" for all 2 € &N (Byiss \ Bor1), 1<k. (31)

Lemma 3.10 (Local graphicality lemma). There exist some co > 0 and Cs, depending only on n, ko and Cy, such

that the following holds. Assume that € < co. Then, there is some f: By, \ By, .1 — R such that

Reo(£) 0 (Bjrgs \ By rger)  [-2571,25071]) = graph £, (2)
with
f(@') < Coela|* for 27FFl <|2/| <1
and
(@) < Cocl2!|log(|2’| + 1) for 1< |2'| <2m~ T,
Moreover,

Rz, (Z) n (BQkO—l \Bz—k0+2) C (B;ko,l \ Bé,kOJrl) X [_2]@071’ 2k071] .

Proof. Without loss of generality ey = e,.
We first consider —kg + 1 < k < 0. Applying (30) with (kK — 1) and k, we deduce in particular that

SN (Bo \ Bar—1) C {|Er_1 - | < 6* 1e2b" 1Y N {|e), - | < 6%e2FY. (33)
Then, the local graphicality (coming from Lemma 3.4) of 3 and the triangle inequality easily give that
~ _ Coke2k
lerr1 —ex| < oh = Céke, —ko<k<O.
Similarly one obtains
Ce2k

|€kt1 — €| < o =Ce, 1<k.

Then, using that |z - | < |z - €x| + |z||éx — €o|, summing the corresponding geometric series to bound |ey — €| we
deduce that

|z | < C6%e2* forall z€ XN (Byr\Byir) and —ky<k<0, (34)

|z - | < Cek2® forall z€ XN (Boy \Bar1) and 1<k, (35)

Having fixed ko and all other parameters, the graphicality claim (32) and the corresponding inclusion are proved
just via Lemma 3.3, up to making £y > 0 small enough (recall that ¢ < g by assumption). Finally, (34)—(35) give
exactly the growth conditions for f. O
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Proof of the iteration
We can finally give:

Proof of Proposition 3.6. As above, we consider Y= 2%12 in place of X3, which satisfies the hypotheses in Remark 3.9.

After a rotation, we moreover can (and do) assume that for k = 0 we have €y = e,,.
By Lemma 3.10, as long as g > 0 is small enough there is some f: BJ, _, \ B, . — R such that

S0 (Bl \ By rgrr) x [-2071,2%71]) = graph £, (36)

with
f(2') < Coela’|* for 27FoFl < |2/| <1 (37)

and
f(z') < Caela’|log|z’| < Chela’|>~® for 1< |2f| <2k, (38)

Let A > 0, the (universal) choice of which will be given at the end. Let 69 = do(\, 0, 3,n) € (0, ] be given by
Lemma 3.8.
We argue in several steps.
Step 1. Linearisation.

By the uniform curvature bound assumption, up to making ey smaller (in terms of dg,n, ko, Cp), a standard
interpolation with (37)—(38) shows that |V f| < §p in 27%0+2 < |2/| < 2F0—2, Note that

H[S|(2', f(2)) = div <\/1_wa> (¢") = Te(A(z")D?f),
where A(2') is the n x n matrix with components
dij  0ifo;f
VIHIVIE  (L+[VIPR)?2
Up to making €y even smaller, by the bound on V f we see that
|A(z) —1d| < 8y in 27 Fo+2 < |af| < 2k0—2,

Aj(2') =

Define the vertical scaling v(z') = féf;), so that (by the estimate for H[¥] in Remark 3.9) we get

|Tr(A(x’)D2v)| = Cre < Coam: < C(ko) —

H[i](x’,f(x’))‘ P 27

Using the assumption ¢ > 208=1%1 we can then bound

|Tr(A(2")D?v)| < C(ko)2~Fr.
f

We want to apply Lemma 3.8 to v. Observe that, since v(z') = (@) (37)—(38) transform into

Cac
v(a') <|2'|* for 27kt < 2| <1 (39)
and
v(x') < |2']27* for 1< |z’| <2kt (40)

Set ko := [|logy do|] + 2; in particular, 27%0+2 < §; < % < 2F0=2_ Choose then K large enough—depending also
on ky—so that C(kg)2~PK < §y, so that (since k; > K by assumption) we obtain
’TI‘(A(J?/)D2’U)‘ <. (41)

Combining all of the above we see that the hypotheses of Lemma 3.8 are satisfied, hence we get a € R"~! such that
[v—a-2'|| w5, \Br) < A Equivalently:
X

lf—a- xIHLw(BL\BT) < Coe)  for some a € R™L (42)
Py

Step 2. Updating the coefficients.
We will choose A < 1/4, thus (by the choices in Step 1) also §p < A < 1/4 and kg = [|log, do|] +2 > 4.
Definition of e;c,lz Since (by (37)-(38)) we have |f(2')| < 16Cs¢e in 1 < [2/| < 4, we immediately see that |a| < Cse.

/. (=a1)
Let ey = 11
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Now, by Lemma 3.10, we have YN (B4 \ Bi4) C graph f. But then, we can bound
—a,1

o ely | = (!, £(a)) - 1—2dL

Step 3. Excess decay between kj — ko and k.

[(=a,1)]
Recall that we set &} = k; + 1 and ¢’ = ¢. Choosing finally A = min{26C;*,1/4}, and recalling that ¥ = ok1y,
we find that

| <|f(a') —a@-2') < Coeh forany z €3N (By\Bia). (43)

|- el | < (£26)2% = &'2%1 for all z € £ N (Byry 41 \ Byig—1) - (44)

Now, for k < k} — 1 instead, we choose to just keep e}, := e,. Using (44) for k = k{, and simply using the excess
decay assumption in Proposition 3.6 for scales kj — kg < k < k] — 1, we find that

|- €| < C'6" 1’2" for all & € £ N (Borsr \ Boe1), k) —ko < k < K.

This means precisely that we have shown the excess decay between scales k] — ko and k], as desired.
Step 4. Preservation of best flatness.
Take any ki > ki + 1.
Claim. The hypotheses of Proposition 3.6 hold with the same ¢ and e but with &} in place of k;.
Indeed:

e We have ¥ > k1 +1> K.
e We also have 2(@— Dk < 2Dk < o < g,
e The same e;, € S"~ 1, with k > kY — ko now, satisfy:
— Excess decay between kf — ko and kf:
|2 - e < 67 F1e2k < §F M g2k for all w € N (Bogrss \ Baro1), K —ko <k <K/ .
— Preservation of best flatness:
|z -ep| <e2F for all 2 € XN (Bgesr \ Bax1), K/ +1<k.

But then, this means that we can apply Steps 1 to 3 above again, just with &} in place of k;. The conclusion of Step
3 gives then the existence of some new 6;6'1’ 41 € S™~! such that

|2 €] < 2" for all z € BN (Byryn \ Byry 1) -
Since k{ > k1 +1 was arbitrary, this gives precisely the preservation of the best flatness £’ that we needed to conclude

the proof of Proposition 3.6. O

4 Structure of finite index Allen—Cahn solutions

4.1 Graphicality

The main result of this section is:

Proposition 4.1. Let 3 < n < 7. Let u: R" — [—1,1] be a finite index solution to A-C, with bounded energy
density. Assume that (x) is true in R™.
Then, there are some Ry > 0,e € S~ and N € N, all depending on u, such that the following holds:

There exist N smooth functions f; : R*~! \B}io =R, f1 <...< fn, such that
Re({u=0}) = Jgraph fi in R™\ (Bf, x [~Ro, Ro]).
Additionally, given a > 0, there is C' depending also on a such that
|fil + |zl Dfil + |2?|D? fi] < Clal®. (45)

In Section 4.2 we will then use the second-order flatness of {4 = 0}—given by (45)—to show that w itself is well
approximated by a superposition of 1D Allen—Cahn solutions, leading to an elliptic system (Toda) for the f; with
small error.

Allen—Cahn setting.

Lemma 4.2. In the setting of Proposition 4.1, there are C1 and Ry, as well as a modulus of continuity w, such that
the following hold:
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Stability.

u is a stable solution to A-C in R™ \ Bp, .

Density bound.

Mpg(u) < Cy for every R >0. (46)
e Sheeting assumptions.
Al(z) < |C; and |Vl > c% in {lul <0.9)\ B . (47)
e Large-scale flatness.
Rep({u=0})N(Bsr \ Brys) C {|zn| <w(R™')R} for some er€S"', given R>Ry. (48)

Density lower bound.

Moo - w(Ril) < Mw(R—l)R(y) < Moc fOT’ all Yy € {ER X = 0} n (BSR \ BR/8)7 with ER from (48) (49)

Proof. The finite index condition implies that there is some Ry such that u is stable in R" \ Bg,: Otherwise, for
every i € N we would find some 7; € C1(R" \ By:) such that, in the notation of (3), Q(n;,1;) < 0. Then—since the
7; have compact support—we would find an infinite subsequence 7;, such that all of their supports are disjoint and
QMiy»mi,) < 0. This easily shows that Q(n,n) < 0 for any n obtained as a nontrivial, finite linear combination of
the 7;, , giving a contradiction.

The second bullet holds since M, (u) < oo and we have the monotonicity formula (Lemma 2.3).

Then, Theorem 2.12 shows that the sheeting assumptions hold in any large enough ball away from the origin,
which—up to making Ry larger and choosing C; accordingly—gives the third bullet.

The large-scale flatness property (48) is obtained by arguing by contradiction: Assume the existence of a sequence
Rj, — oo such that (48) does not hold for R = Ry. Consider uy(z) := u(Rgx), which are solutions to e;-A-C with
€L = R%C' By Theorem 2.10, applied away from the origin, the level sets {1, = 0} satisfy—locally—uniform area and
C?? estimates. Then, the Arzela-Ascoli theorem gives their subsequential, local C? convergence in R" \ {0} to a
limit submanifold ioo, which is minimal by (20). By monotonicity of Mg (u), we easily see that Yo has constant
area density equal to My, (u), thus it is a cone. Moreover, passing (17) to the limit, we deduce that it is actually
stable away from the origin. Then, Simons’ classification [Sim68] shows that f)oo is actually a hyperplane; since the
{ur = 0} converge in Big \ By/16 to f)oo, letting er, be the normal vector to this hyperplane and scaling back we
reach a contradiction.

Finally, (49) follows by the same contradiction argument plus a simple comparison; see the proof of [FS25,
Proposition 3.10] for full details. O

Let {X;}ier be an enumeration of the (possibly countably infinite) connected components of {u = 0} in R™\ Bg, /2,
and let ¥ := {J;c; X

Lemma 4.3. Assume that My (u) > 0. Then, 3 satisfies the assumptions in Definition 3.1. Moreover, given g9 > 0,
up to making Ry larger the following holds: Given R > Ry, there is some egr € S~ with

N (Bsr \ Brys) C {ler - 2| < coR}. (50)

Proof. By the implicit function theorem, which we can apply due to (47), X is relatively closed in R" \ Bg, 5 and
embedded.

Moreover, since u satisfies the sheeting assumptions (again by (47)), Theorem 2.10 gives some Cj such that the
(second fundamental form and) mean curvature bounds in (22) hold for X.

The nonemptiness is immediate from, for example, a simple application of the third bullet in Lemma 2.14 together
with the assumption My, (u) > 0.

Finally, (50) follows directly from (48). O

Proof of Proposition 4.1. If My (u) = 0 then u = %1, by the monotonicity formula, and the statement is trivial.
Otherwise, by Lemma 4.3 we can apply Proposition 3.2 to . We deduce that the ¥; are a finite collection 31, ..., X,
and there is some fixed e € S"~! such that the graphicality claim holds. Moreover, given a > 0 there is C' depending
also on « such that

[fiz")l + 2’| Dfi] < Cla’|™.
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The second derivative bound then follows from this, via standard Schauder-type bootstrap estimates for the minimal
graph equation plus the Hélder bound for H[f;] given by Theorem 2.10 (see (20)). O

Remark 4.4. Combining Lemma 2.14 and (49) also shows that N is finite; in fact, together with the sublinear
growth in (45), they give that N = Mo (u).

4.2 Improvement of gluing approximation

In all of this section we assume that we are in the setting of Proposition 4.1. We remark that the constant Ry > 0
will be made as large as needed and possibly changing from line to line.

Main result. This section is devoted to showing (see [WW19b; GWW20] for the precise value of the universal
constant rg):

Proposition 4.5 (Toda system and stability). The {f;}}., from Proposition 4.1 solve the Toda-type system
Afi = ko (ef\/zfﬁfifl) _ efﬂo*mffi)) +0 (\Z'H*%) in R\ B, (51)

where we interpret e~ V2(i=fo) = 0 gnd e~ V2Un+1-IN) =0,
Moreover, they satisfy the following associated stability condition: Let i € {2,..., N} and n € C°(R"1 \Bj%).
Then,

2\@/{0/ 67\/§(fi7fi*1)772 dz' < (1 + C’Raé) / |Vn|? da’ + C/ 172|o:'|727% dr'. (52)
Rr—1\B7, R?=1\Bp R"=1\Bp

Improved curvature estimates. Let II; denote the second fundamental form of I'; := graph f;. From Propo-
sition 4.1, it follows in particular” that

IL(z)| < Cl'|73/% V|a'| > Ry, (53)

In other words, we have improved the Wang—Wei curvature bound (which had a power —1) to a stronger decay,
breaking scaling invariance. In fact, we can upgrade this to the same bound for the full A-C second fundamental
form and higher derivatives as well:

Lemma 4.6. We have A+ |VA| < Clz|=%/% in {Ju| < 0.9} \ Br,, and in particular [IL;| + |VIL;| < Clx|73/2.

Here VA denotes the usual gradient of the function A (recall (16)), and VII; denotes the intrinsic covariant
derivative of the tensor II; over the hypersurface I'; where it is defined.

Proof. Step 1. Allen—Cahn second fundamental form.
We first upgrade (53) to a bound on the A—C second fundamental form, i.e.

A<Clz|™% in {|u| <0.9}\ Bg, . (54)
Let z € {|Ju| < 0.9} \ Bg,, and let R = |z|/2. We argue in the fixed ball Bg(x), in which—up to making Ry larger—
we know (53).

Now, by the estimates in [WW19b] (using only the bound (47), i.e. the sheeting assumptions, for now) we know
that u = g« + ¢, where g, is an Ansatz approximate solution and

Illo2e < Cla| 2.

We can now compute Vu and V?u on the transition layers {|u| < 0.9}, by arguing as in® the two-dimensional
case in [WW17, page 45]. To be precise, consider Fermi coordinates with respect to the layers I';, exactly as in
[WW17], so that yi (with & = 1,...,n — 1) parametrise one of the I';, and z parametrises the normal direction to
T'; instead—we note that, for convenience of the reader, the entire Fermi coordinate setting will be reworked and

reviewed in full detail after the proof of this Lemma. Up to considering 6‘9 for k=1,. — 1 in place of a% (since
we are working in arbitrary dimension) in the computation in [WW17, page 45|, we get
Vu=(-1)% 82 +0(|z]™%) and V?u= g ® 82 +(=1)'g} % +0(|z|7%),

where g/ and g/’ are suitable translations of the derivatives of the one-dimensional Allen-Cahn solution g, essentially
centered at the I';.

"In fact, we get that |II;(z')| < Calz’| 2T for any a > 0, but we work with the fixed power |2/|~3/2 in what follows for concreteness.
8We follow the arXiv version here instead of [WW19a] since it contains full details for this argument.
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Now, thanks to the improved bound in (53), with the corresponding notation from [WW17] we can estimate

iy, 2)| < ClILi(y, 0)] < Cla| =/ and

v(,f‘ < ClIL(y, )] < Cle| .

This is the only real modification with respect to the argument in [WW17], which just uses the scale-invariant
estimate |IL;(y,0)| < C|y|~! instead.
We then find

o 0
2=’ L o Y ~3/2
Viu =g o= ® o+ 0|« ~*?),

which by the above leads to
_ VPP = VIVl

2
A Wk

O(||~%)

as desired.
Step 2. Higher order bound.

We argue similarly to [WW19a, Lemma 8.1]. By (47), v = % is well defined and smooth in {|u| < 0.9} \ Bg,.

Define B := Vv, i.e. the differential matrix of the vector field v; with this notation, we have then |B| = A.
We want to find an equation satisfied by B, in order to upgrade the estimate from (54) to higher derivatives as
well. Now, by direct calculation, we have

—div(|Vu*Vv) = |[Vu?|Vv|?v. (55)
Differentiating the equation gives the following Simons-type equation:
—div(|Vu|*VB) = |Vul>| BI?B + |Vu|?’V|B|* @ v + |B*V|Vu]* @ v + |Vu|?*V? log |Vu|* - B. (56)
Now, observe that |Vu| has positive lower and upper bounds in {|u| < 0.9} \ Bg,, as well as uniformly bounded
derivatives of any order. We immediately see then that all the terms in the right hand side of (56) can be bounded
(in norm) by O(|B|) = O(A), thus (by (54)) we have
|div(|Vu?VB)| < Clz|™*% in {|u| <0.9}\ Bg, . (57)
Combining (54) and (57), standard interior gradient estimates—on balls of small but fixed radius—give then that
VB < Cla| ™% in {u=0}\Ban, (58)

as well, up to making R, large enough.
Finally, to bound |V1I| instead, it suffices to realise that

VI < [VB|+ [l B, (59)

and then combine this with (58) and the bound from Step 1.
To be precise, here VII denotes the intrinsic covariant derivative of the tensor II over a level set, and VB denotes
the Euclidean differential of B, just as before. One has then—as long as Vu does not vanish—the formula

(V2D(X,Y) = (V2B)(X,Y) + 11(Z, X)B(,Y),
which is simple to check from the standard definition of covariant derivative of a tensor, and then (59) follows. [

Fermi coordinates. We introduce Fermi coordinates with respect to I';. It will be convenient to follow the
notation in [WW19b] for them; hence, in the present section, (y,z) with y € R"~! and z € R will always denote
Fermi coordinates with respect to I';. Given & € R™ in a neighborhood of T';, it is written in these coordinates as
(y, z) precisely if:

e y € R"!is such that (y, fi(y)) € I'; is the nearest point projection of x. Notice that this is different from the

previously defined z’, which we recall denotes the projection of any x € R™ onto the first n — 1 coordinates.

e 2 is the signed distance of x to I';, with positive sign above T';.

Now, since T'; is the graph of f;, we will use y — (v, fi(y)) as a parametrisation of I';. The upward unit normal
vector of T'; at (y, fi(y)) is

1

VI+IVi(y)?

Perhaps more concisely, but equivalently, the correspondence between x and (y, z) is then just x = (y, fi(y)) +
zN;(y).

Ni(y) := (—=Vfi(y), 1).
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Now, simply by (53), i.e. the curvature estimates, these coordinates are well defined in the open set {(y, z) : || <
crlyl, |yl > Ro} for some cp > 0.

For each z, I'? will denote the smooth hypersurface consisting of all points with signed distance to I'; identical
to z. By slight abuse of notation, we denote its second fundamental form by II;(z,t), and its mean curvature by
H;(z,t). Arguing as in [WW19b, p. 11-13], we have:

e Mean curvature expansion:

e Laplacian in Fermi coordinates: Denoting by A, , the Laplace(-Beltrami) operator over I'7,

A= Ai,z - Hz(% Z)az + 8zz-

e Laplacian over I'?: Let ¢ be a C? function of y only; then
|82 0(y) = Aiop(y)] < CLAILT (IV20(w)] + [Vey)]) < Clyl=>22 (IV2ew)l + Vo)) . (60)

Notation for distances

e Given x with |2'| > R, let d; denote the distance to T';.

o We set M; := {|d;| < |d;—1] and |d;] < |dit1]}-
Moreover,

e For |y| > R, let DE(y) be the distance of (y, fi(y)) € T'; to Ty respectively.

e Denote D;(y) := min{D; (y), D; (y)}.

e Set M(y) := max; maxj|>|y| e~ V2Di(®),

By the bounds on f; and Vf; in (45), T'; and T';;1 are rather close in height and almost parallel. By a simple
comparison, see for instance [WW19a, Lemma 8.3], we get:

Lemma 4.7. For any |z| > Ry,

{D?(y) = fira(y) = fily) + O(ly| =),
Dy (y) = fi(y) — fi—1(y) + O(ly| /).
Optimal approximation

This is taken exactly from [GWW20].

Recall the definition of g in (14); we need a truncated version. Fix a cutoff function ¢ € C*(-2,2), with ( =1 in
(—=1,1) and |¢’|+1¢"| < 16. For all |y| large, let (to ease notation, dependence on |y| will be omitted when convenient)

g(t) = ¢(8(log[y|)t)g(t) + [1 — C(8(log [y))t)] sgn(t), ¢ € (=00, +00).
In particular, g =1 in (161og |y|, +o0) and § = —1 in (—o0, —161log |y|).
Then, g is an approximate solution to the one-dimensional Allen—Cahn equation, in the sense that
g'(t)=W'(g(t) +£(t),
where spt(§) C {8log |y| < [t| < 16log|yl}, and [¢] + [£'| + €| < Cly|~*.

In the following we assume for convenience that u has the same sign as (—1)* between I'; and I';;;. Exactly as
in [GWW20, Lemma 4.3], we have:

Lemma 4.8. For any y € R"~! with |y| > Ry (perhaps after enlarging Ry) and i € {1,..., N}, there exists a unique
hi(y) : R = R such that in the Fermi coordinates with respect to T';,

+oo
/ u(y, 2) — . (4, 2)1g (= — ha(y)) dz = 0,

— 00

where for each i, in M; we define

i—1 N
9, 2) =g+ > [g; — (7] + Y [g;+ (=1)4],
Jj=1 j=i+1

and in the Fermi coordinates (y,t) with respect to I';,

9i(y:2) = g((=1) [z = h; (y)]).
Moreover, for any i € {1,..., N}, we have

fim (Ih: )| + VR ()| + [V2hi(y)| + [V ha(y)]) = 0
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likewise, defining the approximation error ¢ := u — g., we have

i sup (j0u(v. 2)] + [Vr(w. 2) + V2640, 2) + [V°0u(v. 2)]) = 0

In Fermi coordinates with respect to I';, the equation for ¢ can be written as
Ai,z¢ - Hi(?/v Z)az(lS + azz¢ = I/V”(g*)(l5 + N(¢) +71+ (_1>ig£Ri,1 - gz/‘/Ri,Q
+D (=1 giRi1 — g Ry2) = D&,
J

J#i
where

N(¢) = Wl(g* +¢) — Wl(g*) - W//(g*)(b = O((bz)

and
T=W(g.) =3 W),

while for each j, in the Fermi coordinates with respect to I';,

&i(y,2) = E((=1) (= — h;(»))),

and
Rj,l(ya Z) = Hj (y7 Z) + Aj,zhj (y) y Rj,?(yv Z) = |vjhj (y)|2 .
As in [WW19b, Lemma 4.6], since © = 0 on I';, h; can be controlled by ¢ in the following way.

Lemma 4.9. For each i and R > Ry, we have

[ hillczare(qysry) < C (18llo21/2(gy>ry) + M(R)),

as well as the improved tangential derivative bound
IVhillors iy < € (IVybllerseqysry + B/ M(R)).

The Toda system
By [WW19b, Section 5], we get the following Toda system:

H; + Ajohi = Ko (e_\/iD; — e_ﬁD:r) + Erry, (61)

where kg is a universal constant and Err; is a higher order error term. More precisely, [WW19b, Lemma 5.1] in our
setting becomes:

Lemma 4.10. For any |y| > Ry,

s _z 7
|Erri(y)| < C[\yl ®+ [y~ = M{(Jy| — 1001og |y|) + M (Jy| — 100logy|)®
2 2
+ max (115 + As.0hsl1Z1/2((5 . 15 i-10010g oty + 191220735 < a15101-100108 1)) |
Naturally, we are using once again that we have the improved bound from Lemma 4.6 to obtain the O(|y|~3) term.

Estimates on ¢.
Arguing exactly in the same way as in [WW19b, Section 6], we have the following.

Lemma 4.11. There exist two constants C' such that for all R large,

max || Hi + Aiohill g gy ryy T 19llcz2y>ry

1
= 5(“1?’( i + Aiohill i/ (g1y)> r-100 108 RY)

+ H(ZSH02’1/2({|y\>R710010gR})) + CM(R — 10010gR) + CR_S.

The constant 1/2 in front of the first term on the right-hand side of this inequality allows us to iterate for a finite
number of dyadic scales and conclude that, up to making Ry larger, we have

[H;(y) + Aiohi()| + |9l c2are g - g1s1ey < C [lyl™ + M(Jyl — 1001og [y])]  ¥[y| > Ro. (62)
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The separation error, by the bound in [WW19b, Proposition 10.1], satisfies M(|y|) < C|y|~2. Then, applying
(62) with Ry large enough gives
|H;(y) + Aiohi )| + ¢l o2z - g1s10) < Clyl >
Moreover, we can get a better bound for the horizontal derivatives of ¢, by [WW19b, Proposition 7.1]:

IVydllorare iz sy < Clyl =277 (63)
In view of Lemma 4.9, (63) gives an upgrade for h too:
IV yhillorrig « gy < Clyl =717

This bounds, in particular, the size of the Laplacian of h. Substituting into (61), and using Lemma 4.7 to compare
the layer separations, we reach

Vi V(i i) _ gV f) ~2-3
V( :/fo(e imhi-1) e it+1 )—I—O(\y| 8).
V1+ |Vfi2>

Since div (Jlfj;ﬁ) = Af; + O(|V£i?||D?fi]), using (45) we finally obtain

Af; = ko (e—\/i(fi—fvz—ﬂ _ e—ﬂ(fiﬂ—fqt)) +0 <|y|—2—§) .

This shows (51). The stability condition in (52) then follows as in [WW19b, Proposition 8.1], using the improve-
ments that we have already derived. This concludes the proof of Proposition 4.5 and of the present section.

5 Proofs of the main results

5.1 Rigidity for 4 <n <7 — Proof of Theorems 1.1 and 1.2

Theorem 1.1 will follow directly from Theorem 1.2, since the main result in [FS25] asserts precisely that (x) holds
for n = 4.

It remains to prove Theorem 1.2. Fix n € N with 4 < n < 7, and assume that (x) is true in R™. Let u : R" —
[~1,1] be a finite index solution to the Allen-Cahn equation, with £(u, Bg) < CR"~! for some constant C' and all
R > 0.

We keep the same setting and notation as in Sections 4.1-4.2. In particular, we have Propositions 4.1 and 4.5.

It is easy to conclude if N =1 (we will show this at the end of the proof). Assume then for now that there are
at least two ends of u, i.e. N > 2—we want to show that this leads to a contradiction.

Farina’s integral estimate

Consider two adjacent ends I'; and T';_1, i € {2,..., N}. Let v; := f; — fi_1, which depends on y € R"~!. Applying

(51) with ¢ and 4 — 1, and substracting, we get the inequality

Av;(y) < 2ge” V2UiW) 4 O(ly|">Y®) inR" '\ Bpg,.
In terms of V; := e*ﬁ“i, this gives
—AV; <2v260V7 =V VYR 4+ O(ly| > 5)V in R*1\ Bg,.

We argue as in [Far07] (see also [DF09; Wan19; GWW20]) and obtain an integral estimate for the interactions:
Let ¢ > 0 and € C§°(R" !\ Bg,). Multiplying the equation for V; by Vi2q71172 and integrating by parts we find

(29— 1)/ V2ITVVi Pty + 2/ VIV, - Viy)dy < 2\/%0/ VAP dy
R"_l\BRO ]R"_l\BRO Rn_l\BRO
*/ V2RV PPdy + C/ VR ly T Ry,

]Rn—l\BRO Rn,fl\BRO
Integrating by parts in the second integral, and collecting terms,

2q/ - Vvi2q—2|vvvi|2n2dy < 2\/5:‘60 / - Vvi2q+1,,72dy
R"~1\Br, R»—1\Bp,

+C VIV + Dl 4 |2 . (64)
Rn—l\BRO
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On the other hand, substituting V77 as a test function into (52):

22k / V2 hPdy < o (14 CRg ¥ / V22 OV 2y
Rn—l\BRU ]R”*l\BRO

+C V2 [[Vnf 4+ nly| =25 ay. (65)

Rn—l\BRO
Combining (64) and (65) we find
[2q_q2 (1—|—CR07§>} / qu_QWViIQnQdy
]Rnfl\BRO

<C V219912 4 0l D2n) + Pl 7275 ay.

Rn—l\BRO

If ¢ < 2, up to making Ry large enough we find some C(q) < 400 such that

/ V2 Vil dy
]Rn—l\BRo

< C(q)/ V2 [IVnI2 +n|D%n| + n2|y|_2‘1/8} dy .
R»~1\Br,
Combining this back with (65),
/ V2t indy < C(Q)/ V2 [IW\Q +7|D%n| + nzlyI*Q’l/ﬂ dy. (66)
Rn—l\BRO Rn—l\BRO

Assume 0 < 1 < 1. We can then replace n by n™, for some m > 5; applying Holder’s inequality to (66), we get

27%{»1
2q+1 a
[ vEtpasc@( [ [t ) (67)
Rn—l\BRO Rn—l\BRO

For any R > 2Ry, take ng € C°(Ry,2R) such that 0 < nr < 1, ng = 1 in (2R, R), and |Vng|?>+|D*nr| < CR™2
in (Ro,2R). Substituting ng(|z|) into (67), we get

/ ‘/;2q+1dy S C + CR(n_l)_2(2q+1)~
Rn_l\BgRO

Thanks to our assumptions on n, we can take ¢ € (0,2) such that 2¢ +1 = (n — 1)/2. After letting R — +oc0 in
the inequality, we arrive at

/ ‘/i("—l)/zdy < C.
Rnfl\ﬁRo

We emphasise that this integrability estimate breaks the natural scaling V; = O(|z|~?) for the Toda system.
Contradiction from N > 2.
From the above estimate, we deduce in particular that given § > 0, there is some R such that

/ Vinmdy <9.
Rnfl\BiRé

Then, as in Dancer—Farina [DF09], a Harnack-type inequality (from [Ser64; Tru67], and applied to the differential
inequality satisfied by V;) readily implies that |y|?V;(y) < C§ for all |y| large enough. Since § > 0 is arbitrary, this
shows that

e~ V20ily) = o(ly|™?) as y— oc.
This then leads to a contradiction as in [DF09]:
e The bound e~ V2" (¥ = o(|y|~2) implies—since Av; < e=V2%®) 4 O(|y|~2~1/8)—that Av; < o(|y|~2) too.
e This shows then—for the radially averaged function v;—by integrating along rays that
v < Slogly| + Cs(1+ [yl ™" ?),
for any § > 0.
e But then e~ V2% > cs|y| =%, which choosing § < 2 clearly gives a contradiction with

e~ V20i(y) < max }e_\/ivi(z) < Cly|~2.
{z:|2|=|y|
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Classification with N = 1.

The previous arguments confirm that u only has one end indeed, i.e. N = 1. The one-dimensional symmetry of
u is then obtained for example as follows: by the discussion in Remark 4.4 we deduce then that My (u) = 1. But
then, Wang’s Allard-type result (recorded in Theorem 2.5) shows that w is one-dimensional as desired.

5.2 Behaviour in closed 4-manifolds — Proof of Corollary 1.3

We recall first that there is a local monotonicity formula (with a controlled error) for solutions to A—C in the
Riemannian setting, see [Gual8, Appendix B|. In particular, it shows that there is some A—depending only on M
and the energy bound Ey—such that M, (u.,,p) = = fBT(p) i [e|Vue, |> + W (u, )] < A for every p € M and
r > 0. This will allow us to perform rescaling arguments while ensuring a bound on the energy densities at all scales
of interest.

Step 1. Lower bound for the gradient .
Assume, for contradiction, that there were a subsequence ¢; — 0 and some p; € M such that

1
lue,[(pi) 0.9 and  [Vu.,|(pi) < e (68)

/

Let g denote the metric of M, and consider the rescaled manifolds ]\Z = (M, g;), where g; := si_l 2 g. In Riemannian

normal coordinates, centered at p; (or any sequence of points, for that matter), the metrics of the M; are converging—
in Clkoc, for any k € N—to the Euclidean metric on all of R™.

Let u; denote the functions u.,, viewed over Z\Z; they are now solutions to A—C with parameter 1. Moreover,
M., (ii;, p;) < A as well, again interpreted over M; now. Additionally, by (68) we have |i;|(p;) < 0.9 and |Va;|(p;) < 1
Now, since |u;| < 1, and they all satisfy (4), we obtain uniform C?® bounds for the u; (by standard C? bootstrap
estimates for semilinear elliptic equations). Then, up to passing to Riemannian normal coordinates around p;, the
Arzela-Ascoli theorem provides a subsequence converging in C2 (R™) to %o, a bounded solution to A-C on all of
R™, such that
Moo (Uoo) = lim lim M, (u;,p;) < A yet [iso|(0) < 0.9 and |Vius|(0)=0.

7—00 1—00

Finally, it is easy to see that ., has finite Morse index, in fact bounded by Cy just as the u;. Then, by Theorem 1.4—
together with the fact that |t |(0) < 0.9 < 1—we deduce that Uy, = g(a-x +b) for some appropriate a,b. But then
|V |(0) = ¢'(b) # 0, which gives a contradiction.

Step 2. Proof of the bound for A,,_.

Since we want to prove an asymptotic in ; small, we can assume that £; — 0. Now, by Step 1, we know then in
particular that {u., = t} is smooth as long as |t| < 0.9 and i is large enough. Assume, by contradiction, that there
were a subsequence (not relabeled) of solutions for which the asymptotic fails. This means that for some ¢ > 0 there
are p; € {|u;| < 0.9} with gifu., (pi) — oo.

We consider then again the rescaled manifolds ]\Ajz = (M,e; L/ 2g) from Step 1, with associated wu; satisfying
Az, (pi) > 6. Passing to a limit—in Riemannian normal coordinates centered at p,—via Arzela—Ascoli, we obtain a
solution %y to A—C in all of R™. Moreover, it has bounded index and energy density since the u; do. As in Step 1,
then %o, = g(a-x +b) for some appropriate a,b. On the other hand, it necessarily satisfies Az_(0) > §, which since
Ay = 0 yields a contradiction.

Step 3. Proof of the sheet separation.
Given A > 1, by the previous steps there is 9 > 0 such that given ¢ < gy and t € [—0.9,0.9], the following holds:
Given p € {u. = t}, the level set {u. =t} decomposes into several parallel graphs in normal coordinates in Bap.(p).

Arguing via a rescaling argument once again, just as in the previous steps, we then deduce that—up to making
g0 small enough—in fact only a single graph can pass through Ba.(p), since {g(a -z + b) = t} C R™ consists of a
single hyperplane.

5.3 Structure for n =3 — Proof of Theorem 1.4

We keep once again the setting and notation from Sections 4.2 and 5.1, restricting now to n = 3.

If N =1, then u is actually one-dimensional, just as in the end of the proof of Theorem 1.2. Therefore, we assume
N > 2.

Integrability of layer interaction

Let R > 4Ry. We start by testing stability (i.e. (52)) with a standard linear cutoff ng € C(Bag\ Bg, ), satisfying
nr = 1in Bg \ Bag, and |Vngr| < CR™!. This shows that, for any i € {2,..., N},

1
[ eiace|  aeef priasc,
BR\B;g, B3r\BR, B3r\Bh,

25




where C' is independent from R. Sending R — oo, we conclude then that

/ e V2Uimfi) o) < € for every i=2,..,N. (69)
R2\B}

Fix i € {1,..., N} now. Integrating in (51) with this fixed value of 4, and using (69) and the integrability of |y|~2~%
in R2, we conclude that

Afi=h;  forsome h; € (L' N L®)(R" ™"\ Bl ). (70)

It is hard to obtain any more information from stability. Nevertheless, the preceding information about the f; will
already strongly constrain their structure.

Structure of single layers

The first idea, which is inspired by [CLI1], is to split f; = v¢ + v} with

1
a —
vi (y) = o /RZ\BéR
0
and v = f; — %,

Observe that [log|z|h(z)dz is “just a renormalisation constant”. On the other hand, it could very well be
infinite—the integral defining v¢ is only seen to be convergent (using the integrability assumptions for h, and the

(log |y — 2| —log |z[)|h(2) dz

fact that |log|y — z| —log |z|| < C% < C for |z| > 2|y|) upon considering its integrand as a whole.

It is simple to see that, setting c{ := % fRQ\T h € R, we have
2R

v (y) = (cf +o(1))logly| as |yl — occ.

This is still far from the type of asymptotics desired in Section 5.3. However, at this point we can obtain more
precise asymptotics for v?. Observe that v? = f — v? satisfies Av? = 0, i.e. it is harmonic, thus it is not limited
by the Laplacian bound anymore. A priori, vf could be any harmonic function; on the other hand, by the growth
bound for v and the asymptotics for v, we additionally know that [v?(y)| < C|y|'/2.

Via the improvement of flatness in annuli strategy, we will show:

Proposition 5.1. Let w : R?\ Bjp, — R be a harmonic function satisfying [w(y)| < Cly|'/2.
Then, there are b,c € R such that w = b+ clog |y| + O(|Jy| ™) for every « € (0,1).

We will prove Proposition 5.1 at the end of the section. For now, we show how to conclude from this:

b

7
vi(y) = b7 + ¢} logly| + O(ly| ). (71)

It remains to improve the asymptotics for v?. Let ¢; := c? + ¢%; we want to show that ¢; 11 —¢; > V2.

Separation bounds

Since e~ V2(vit1=vi) jg integrable, and

First, applying Proposition 5.1 to w = v?, we deduce the existence of b, cé’ € R such that

efﬂ(viﬂfvi) _ e*ﬁ(CiH*CiJrO(l))lOglyl ,
we directly see that ¢;41 —c¢; > V2.
Assume for contradiction that the strict bound were false for at least one pair of consecutive layers, and let
i1 =min{i : ¢;1 1 — ¢; = v2} and ip = min{i > 4 : ¢;11 — ¢; > v/2}. These layers satisfy then
em Wi v 1) — O(ly|7>™*) and e~ Wint1—Viz) — O(ly|~27*) forsome o« >0, (72)
and ¢;41 — ¢; = V2 for every i € {iy,...,i5 — 1}.

We claim we have the one-sided bounds
vi (y) = ciy logly[ = € and v, (y) < ¢, log ly| + C'.
Indeed, observe that—by (51) and (72)—the top layer f;, satisfies A f;, = roe™V2(Fia=fia=1) 4 O(|y|=2~%), which has
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positive leading term on the right. Write
1
viy (y) = 5= (logly — 2| — log|z]) Avi, dz
21 Rz\BéRO

ly — 2|
yl| |

1 1
o log |y| Av;, dz + — log Av;, dz

RA\Bj . 2m RA\Bj

1 _
ol + o0 [ ol [en At 4 oy dza
2m R:\B} lyllz]

IN

1 —
cq, log y| + —/ log v =2 roe V22— fia-1) gz 4 O
2m R:\B ., lyllz|

We can assume that Ry > 2, so that we only need to consider |z|,|y| > 2. But then, arguing as in [Lin98, Lemma
2.1], we can bound
= _ o+l _ el _
lyl|] lyllzl -~ lyll=|

L,

and therefore log | —2| < 0, which shows that

y
yllz

v (y) < cfloglyl+C, or v, <cy,loglyl+C

as desired. The lower bound for v;, follows similarly.

We proceed with the contradiction argument:
Define Err;(y) via v;(y) = ¢;log |y| + Err;(y). The one-sided bounds show that

Err,, <C and Err, > -C. (73)
On the other hand, by (69) we see that, for any i € {i1,...,i2 — 1},

+00 >/ e~ V2(vit1—vi) :/ e~ V2l(cit1—ci) log ly|+(Erriy1—Erri)]
R2\Br, R2\Brg

— / Lef\/i(ET’Ti+17ET’I"i) .
B\Bry Y[

Define the measure p(A) := [, ﬁ, A C R?\ Bg,. Very much in particular, the above shows that, for any M > 0,
we have

p{y : (Brrigs = Brrg)(y) < M}) = p(a s {emV2Ema=Brml0) > ¢=vay)
S e\/§M/ Lef\/i(ET’l"i+1fE’l’Ti)
B2\Bry Y1
< 0.
By a union bound then

w{y: (Errigr — Erry)(y) <M for some @ € {iy,....,50 — 1}}) < oo as well;

since ﬁ is not integrable in R? \ Bpg,, or equivalently u(R? \ Bg,) = oo,

given M >0 thereexists y € R?*\ Bg, with (Erriy —Err)(y) > M Vi€ {i1,...,ia — 1}.

This means, in particular, that for this y we have
ia—1
(Erry, — Erry, )(y) = Z (Erriz1 — Erry)(y) > M.
=11
But then, since (by (73)) we had the uniform bound Err;, — Err;, < C, the fact that M > 0 can be taken arbitrarily
large yields a contradiction.
Improvement of v}
Now that we know that ¢;;1 — ¢; > /2 for every i € {1,...,N — 1}, by the asymptotics for the v; we conclude
that e~ V2(®it1=v) = O(|y[~2~%) for some a > 0. Then, from (51) and the integral defining v® we easily deduce that

v = b¢ + log|z| + O(ly| =),
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which—letting b; := b + b?—together with the claimed asymptotics for the Uﬁ»’ shows Theorem 1.4.
A catenoidal improvement of flatness
It remains to prove Proposition 5.1. The main idea is to run an enhanced version of the improvement of flatness
in annuli iteration from Section 3, which allows for the presence of logarithms (and constant functions) at each scale.
Our full decay statement takes the following form in this case:

Proposition 5.2 (Sublinearity implies decay). Let v : R? \BéRO — R be harmonic. Let € > 0, and assume that
lv(z")| < el2’| in R? \WRO
Given o € (0,1) there is C = C(a, Ry) > 0, as well as some ax € R? and gk,Ek € R for every k € N with 2 > 4R,
such that
(') — @y, - @ — by, — G log |o'|| < Ce27F in Byrrr \ Boro .
As in Section 3, we will reduce this result to an “improvement of flatness”-type iteration.

Proposition 5.3 (Main iteration). Given « € (0,1), there are ko, K € N depending on n and « such that the
following holds. Set § = 27%~1. Assume we are given:
e Some base scale k1 € N, with k1 > K.
o Some “best flatness” € > 0, with 2=~k < ¢,
o Some ai, € R? and b,c € R for all k > ky — kg, such that the following hold:
— Faxcess decay between ki — ko and ky:
lv(z') — ay - ' — by — cx log |2'|| < FF1e2¥ for all 2’ € Borsr \ Bos—1, k1 —ko <k <kj.
— Preservation of best flatness:
lv(z') — ay, - ' — by — cxlog |2'|| < e2F for all ¥’ € Byrir \ Byr—1, k1 +1<k.
Then, we have the following:
o Set the new base scale k} := k1 + 1 € N, which satisfies k} > K.
o Set the new “best flatness” € = e > 0, which satisfies 20>~k < ¢’
e Then, there are some new aj, € R? and b, ¢}, € R for all k >k} — ko, such that the following hold:
— Excess decay between ky — ko and K :
lv(z') — a, - o’ — b}, — ¢} log |2'|| < 6" F1&’2% for all 2’ € Borss \ Bos—1, k) —ko <k <k|.
— Preservation of best flatness:
lv(z') — a}, - ' — b}, — ¢} log |2'|| < €'2% for all &' € Boksr \ Bor—1, Ky +1<k.

We first show how Proposition 5.2 is implied by Proposition 5.3, and how Proposition 5.1 is implied by Proposi-
tion 5.2.

Proof of Proposition 5.2, assuming Proposition 5.3. Fix a € (0,1). Let ko, K € N be given by Proposition 5.3, and
set § = 27271, By assumption (in Proposition 5.2), we have
lv(z)| <e2¥ in (Bgk41 \ Bar—1) for every k> [logy Ro] . (74)
It is clear now how to proceed:
e Set k1 := max{K, ko + [log, Ro]}, so that k1 > K.
e Up to making k; larger, we also have 2(@=Dk < ¢,

o Just set a, b, i equal to 0. Since (by definition) k; — kg > [logy Ro], by (74) it is immediate to see that the
excess decay for k1 — ko < k < k; and preservation of best flatness for k1 + 1 < k hold (with best flatness €).

This means that the hypotheses of Proposition 5.3 are satisfied. Iterating the proposition, setting k1 ; := k1 + 1 and
g := d0le, | € N, the “preservation of best flatness” part gives—at the I-th iteration—coefficients ay,, € R? and

Ekl,pgkl)l € R such that
[o(2) =, -2’ 7’5’“11l — Chy,, log|a']] < g2kt = gtk in Byiy i1\ By -1 .
Letting C := 6 %1, which does not depend on [, we can rewrite this as

|’U(l‘/) — akl,l . I/ —fgklyl - ,Cvku log |l‘/|| S O&dkl’Zle’l in B2k171+1 \B2ku—1 y
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or (since § = 27«71
lv(z') —ag, , -2’ —ngu — Cky, log la']| < Ce2~ %1t ip By 1\ Byry -1,
which clearly proves Proposition 5.2. O

Proof of Proposition 5.1, assuming Proposition 5.2. The condition |v(z")| < C|’|'/? obviously implies that there is
Ro such that |v(2)| < |2'| in R? \ Bg,.
Then, Proposition 5.2 gives a3 € R? and by, ¢x € R for every k € N such that

lv(a@') — Gy - &’ — by — rlog|2|| < C27%% in  Bgisr \ Bor1. (75)

Step 1. Coefficient comparison.
We will show that

lagsr — ap] < C20 VE1og 2k by —bi| < C27%log 28 | |eppy — c] < 27, (76)
To see this, consider two consecutive scales in (75). The triangle inequality gives then
(@rt1 — k) - @' + (g1 — b) + (Ghgr — ) log [2/|| < C27°F in Byx \ By . (77)
In particular, we find that
(i1 — be) + (@rpr — @) log |2/|| < C27°% in {(@pyr — ax) -2’ = 0} N (Bor \ Bar-1)
thus (testing with 2’ in the inner and outer boundaries of the domain) we find
|(bps1 — bi) + (Gror — &) 10g 2] < C27°% and  |(bpgr — b)) + (Coy1 — cx) log 2871 < C27F
Combining both conditions we see that
|Ges1 — el <C27°% and | (bpy1 — bi)| < €27 log 2~ . (78)

Finally, testing (77) with some x’ € Box \ Bor-1 satistying (ax41 —ax) -2’ = |ag+1 — agl|2’| and using (78), we deduce
the bound for |ax11 — ag| as well, concluding the proof of (76).
Step 2. Summing the coefficients.

By (76), given kg € N,

Z |Ek+1 — Ek‘ < Ca27ak0 .
k>ko
Let @ = max{a/2,1 — 2(1 — «)}; the point is simply that & < « but still @ — 1 as @ — 1. We can bound then
Gpy1 — ag| < Co2078 VR and  |bpyy — bi| < €27 log 28 < €27
which gives

Z |Zi}€+1 —Ek| < Ca2(_a_1)k° and Z |gk+1 _gk| < Ca2_&k° .
kzk‘o kzko

Now, the above show in particular that the sequences Ek,gk,fk are Cauchy. This shows the existence of some
Goo € R? and b, oo € R with
e — k| < Ca2707DF 1 by —br| < Ca27%F |G — G| < Ca27F. (79)
Substituting into (75), we deduce that
[0(2') = oo -+ &' — boo — Goo log |2'|| < €27 in Byrss \ Boros .
This means precisely that v = Geo - 2/ 4 boo + Coo l0g |#'| + O(|2’|~%). Since we are assuming that |v(z')| < Cla/|*/2,

we immediately see that actually ., = 0. Finally, since @ — 1 as @ — 1, up to changing the value of a we conclude
the proof. O

Proof of Proposition 5.3.
We next show Proposition 5.3. First, the analog of Lemma 3.8 is:

Lemma 5.4 (Harmonic approximation). Let A > 0 and « € (0,1). There exists dg > 0, depending on A, «, 3, such
that the following holds. Let v : B% \ Bs, C R? — R satisfy:
0

e v is harmonic.

o (vl poe (o) S P for 1< p < o
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o |[vll ey By S P77 fordo < p <1
Then there exist a € R? and b,c € R such that |v —a -z —b— clog |x|||L°°(Bz\T/2) <A

Proof. Following the same argument as in the proof of Lemma 3.8, we reduce the lemma to classifying a harmonic
function ve : R?\ {0} — R satisfying the same growth conditions as v. The difference now is in the application of the
Liouville-type classification for harmonic functions in R? \ {0} which satisfy the present growth assumptions—which
follows e.g. by separation of variables—since it gives that voo = a -z + b+ clog|z| for some suitable a,b,c. The
difference with respect to Lemma 3.8 is that constant functions and log |z| are harmonic functions in R? \ {0} which
grow slower than |z|~ as |z| — 0, making them admissible now in the expansion of V. O

Preliminaries: Rescaling
For convenience, we start by considering the new function v := 2%111(2’“137).

Remark 5.5. The original hypotheses—in scales from —ky to co now—become, for some suitable new coefficients
g, by, Ck:
e Excess decay between —ky and 0:
[0(a') — g - 2’ — by, — & log |2']| < 6%€2¥ in Bows \ Bos—1, —ko <k <0. (80)
e Preservation of best flatness:
[5(a') — @y - &’ — by, — log |2'|| < €2 in Boiss \ Borr, 1<k. (81)
Lemma 5.6. Let f: Box, \ By—xo — R be defined by
fla') :==0(a') — Go - 2’ — by — Golog|2'|, (82)

which is also harmonic.
There is Cy depending on ko such that

F(@') < Coela!|" 2" for 270 < || <1 (83)

and
f(@') < Coela’|log?(|2'| +1)  for 1< |a’| <2k, (84)
Proof. Let o, = 1+7°‘ > «. Then, arguing exactly as in the proof where we showed that Proposition 5.1 holds

(assuming that Proposition 5.2 does), we obtain:
|ap —ag| < C,e2(—o-—1k , |go 7,5k| < Cpe2 %k [co — Ck] < Coe2™ % forevery —ko<k<0,
and
|ap —ax| < C'aslog2 2k |Zo —5k| < Che2klog 2k [co —¢x| < Cne2F  for every 1<k.
Substituting into (80)—(81), we deduce that
lv(z') — Go - 2’ — by — T log |#'|| < C2o2™*F in Boesr \ Bor—1
and
lu(a') — o - 2’ — by — Golog |#'|| < Ceg2¥log? 2% in  Byrsr \ Boios .
Recalling the definition of f, we immediately conclude (83)—(84). O

We can finally give:

Proof of Proposition 5.3. As above, we consider v(z) := 2%111(2’“133) in place of v, which satisfies the hypotheses in
Remark 5.5. Let f: B, \ B,_,, — R be defined by
f(@) :==0(2') —do -2’ — by — Golog|2'] .
By Lemma 5.6,
F@) < Coela!|73% for 27F0 <|a/| <1 (85)
and
f(z') < Cyla!|log?(2'| +1) < Cg|x’|1+HTa for 1< |z| <2k, (86)
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Define the vertical scaling F(z') = f(gz;), which is also harmonic. We want to apply Lemma 5.4 to F. Observe

that (85)—(86) transform into

F(@)<|o/|” =" for 270 <|2/|<1
and
lta
2

F(a') < Ja'['*

Let A > 0 to be chosen. Let §g = dp(A, o, 8, n) € (0, A] be given by Lemma 5.4.

for 1< |a/| <20,

Set ko := [log, do]; in particular, 270 < §y < % < 2k Note that the hypotheses of Lemma 5.4 are satisfied

(e.g. with HT"‘ in place of «). Hence, we get appropriate a,b, ¢ such that |FF —a -2’ —b— clog |:E’|||L(,<,(B1 \Br) S A
X

Equivalently:

||f—d.gg’—B—Elog\m'\\|Lm<Bl\§)SCQE)\ for some a € R* and b,¢ € R.
X

Recall that we set k} = k; + 1 and ¢’ = . Choosing A = min{26C; !, 4} in the previous step, and recalling the
definitions of f and v(z), we find that

/

’ / ’ ’ - ki _ 1ok} / 2 / /
v —aj; - &' = by — ¢y log |z |HL°°(B4\B%) < (€26)2" =¢2" for some new aj, € R and by, , ¢, € R.

Now, for k < k} —1 instead, we choose to just keep (a}, b, ¢}) := (ax, bx, ¢x). This shows the excess decay condition
for k] — ko < k < k7, and we then conclude the preservation of best flatness part for k > k7 + 1 just by applying the
same reasoning but with k{ := k in place of k1, exactly as in the last step of the proof of Proposition 3.6. O
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