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Abstract

We introduce nonlocal minimal surfaces on closed manifolds and establish a far-reaching Yau-type
result: in every closed, n-dimensional Riemannian manifold we construct infinitely many nonlocal s-
minimal surfaces. We prove that, when s € (0,1) is sufficiently close to 1, the constructed surfaces are
smooth for n = 3 and n = 4, while for n > 5 they are smooth outside of a closed set of dimension n — 5.

Moreover, we prove surprisingly strong regularity and rigidity properties of finite Morse index s-
minimal surfaces such as a “finite Morse index Bernstein-type result”. These properties make nonlocal
minimal surfaces ideal objects on which to apply min-max variational methods.
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1 Introduction

1.1 The “classical” Yau conjecture

The existence and regularity of minimal hypersurfaces in closed manifolds is one of the central questions
in Riemannian geometry. Yau’s conjecture (raised in 1982 by S.-T. Yau [101]) is a particularly famous and
archetypal problem. It states that every closed three dimensional manifold must contain infinitely many
smooth minimal surfaces. This problem exposes the enormous difficulties in applying variational methods
to the area functional defined on the class of “surfaces”.

Yau'’s conjecture was recently established by K. Irie, F. C. Marques, and A. Neves [71] (in the case of
generic metrics) and by A. Song [96] (in full generality):

Theorem 1.1 ([71, 96]). Let (M",g) be a closed Riemannian manifold of dimension 3 < n < 7. Then, there exists
an infinite number of smooth, closed, minimal hypersurfaces in M.

To construct an infinite number of minimal surfaces, one must consider non-stable critical points of the
area functional (since generic closed 3-manifolds contain only a finite number of stable minimal surfaces).
These surfaces are naturally constructed using min-max (i.e., mountain-pass type) methods. The use of
min-max methods for the area functional goes back to Almgren [3, 4] and afterwards Pitts [83] in the
1960s.

Several essential difficulties arise when trying to construct minimal surfaces employing a min-max
scheme. The principal underlying issue is that, in the case of the area functional for surfaces, min-max
sequences can be extremely noncompact, unless we work with very weak notions of convergence.

Indeed, suppose we are given a sequence of minimal surfaces with uniformly bounded Morse index.
This is only a best case scenario, as the accumulation points of min-max sequences, if they exist, will
be finite index minimal surfaces. A concrete instance of this best case scenario would be a sequence of
shrinking catenoids that converge to a hyperplane (with multiplicity two). In this example the sequence
does convergence in some weak sense (namely, in the sense of varifolds). However, the limitting object,
a “double hyperplane”, has arguably very few things in common with the catenoids that approximate
it (e.g. their topologies or their total curvatures are completely different!). More generally, it is possible
to guarantee that every sequence of minimal surfaces with uniformly bounded index and area will have
converging subsequences, provided one chooses a weak enough notion of convergence. However, as in



the example of the catenoid, weak convergence has undesired side effects: different sequences of minimal
surfaces with “interesting topologies” may yield, in the limit, the same object with a loss of topology (with
an integer multiplicity).

We emphasize that, as the example of the catenoid shows, there is no way to avoid the side effects:
they must come with any convergence weak enough to guarantee compactness. Hence, a crucial difficulty
in the proof of Theorem 1.1 is the extraordinary difficulty to ensure that multiple minimal surfaces, with
bigger and bigger areas, constructed via a min-max method are distinct (and not the same one counted
multiple times). Another very delicate question is the control on the topology of the minimal surfaces
constructed via min-max (e.g. to construct minimal spheres in a given manifold). Such issues have only
been solved, in particular cases, through a huge effort in several outstanding works, including: Almgren
[2, 3, 4], Pitts [83], Schoen-Simon [92], Marques-Neves [76, 77, 78, 79], Irie-Marques-Neves [71] and Song
[96]; or Simon-Smith [95], Haslhofer-Ketover [70] and Wang-Zhou [99], to cite a few.

1.2 Purpose of the paper

In this paper we introduce nonlocal minimal (hyper)surfaces —in the spirit of Caffarelli-Roquejoffre-Savin
[25]— on closed Riemannian manifolds.

We must develop the theory of these new geometric objects from the beginning, starting by their most
fundamental properties such as a monotonicity formula for stationary surfaces, the definition of surfaces
with Morse index bounded by m and how it implies (almost!) stability in one out of m + 1 disjoint
domains, etc.

We obtain surprisingly strong estimates applying to finite Morse index nonlocal minimal surfaces, that
do not hold for classical minimal surfaces. These estimates confer finite Morse index nonlocal minimal
surfaces exceptional compactness and regularity properties, thanks to which we establish far-reaching
existence and regularity results including a nonlocal analog of Theorem 1.1. Let us give a quick selec-
tion/highlights of our results here:

(i) Any closed manifold of dimension n > 3 must contain infinitely many nonlocal minimal (hy-
per)surfaces (that is, the nonlocal analog of Yau’s conjecture). More precisely, given s € (0,1), for
every p € IN there exist an s-minimal surface with Morse index < p and energy comparable to p*/".
These surfaces are smooth in low dimensions, and smooth away from a closed lower dimensional
set in every dimension.

(ii) For n € {3,4} and s € (0,1) sufficiently close to 1 (the limit case s = 1 formally corresponds to
classical minimal surfaces), the following holds:

- Any smooth (embedded) s-minimal hypersurface of finite Morse index in R” must be a hyper-
plane.

- In a closed n-dimensional manifold M", any sequence of smooth s-minimal (hyper)surfaces
with uniformly bounded Morse index automatically satisfies uniform curvature and sheet sep-
aration estimates. As a consequence, any such sequence has a subsequence that converges
smoothly and with multiplicity one to a (smooth) submanifold. In particular, if all the ele-
ments of the sequence are homeomorphic to the same topological space X then the limit is also
homeomorphic to X.

A main purpose of this paper is to demonstrate that nonlocal minimal surfaces are an ideal class on
which to apply min-max methods, as they seem to prevent almost every pathology that arises for classical
minimal surfaces (multiplicity, loss of topology). Thanks to their exceptional compactness and regularity
properties, Morse theory for nonlocal minimal surfaces is in some sense as “flawless” as finite-dimensional
Morse theory, at least from the functional analysis (i.e. compactness) perspective. It goes without saying
that this is in striking contrast with the situation for classical minimal surfaces for the area functional.

For the reader interested in classical minimal surfaces, let us emphasize that nonlocal minimal surfaces
approximate classical minimal surfaces (as the fractional parameter s € (0, 1) converges to 1). So, in com-
bination with the recent results in [36], which describe how stable nonlocal s-minimal surfaces converge



towards classical minimal surfaces as s 1 1, the results in the present paper give a powerful new method
to construct classical minimal surfaces. This method resembles in many aspects the Allen-Cahn approxi-
mation in [67, 60, 61, 38], but presents several advantages (some of which are discussed in [36], and some
of which will become evident this work).

Since we think that the paper can be of interest to readers who do not necessarily have any previous
knowledge on nonlocal elliptic equations, we try give an accessible and mostly self-contained presentation.
In particular we avoid non-essential cross references to the “nonlocal PDEs” literature. Moreover, we have
spared no efforts in trying to make our proofs as efficient as possible.

1.3 Nonlocal minimal (hyper)surfaces on a closed Riemannian manifold

Nonlocal minimal (hyper)surfaces in R” were first introduced and studied in [25]. In this section we define
nonlocal minimal (hyper)surfaces on a closed Riemannian manifold, emphasizing the “canonical nature”
of these new geometric objects.

Let (M",g) be an n-dimensional, closed Riemannian manifold, with n > 2. Let us start by giving
a canonical definition of the fractional Sobolev seminorm H*/2(M). This can be done in at least three
equivalent ways:

(i) Using the heat kernel' Hy(t, p,q) of M, we can put

Ks(p,q) := /Ooo Hum(p.q,t) tl_il—:/z- O]
We then define
W = [ (000) = 0(@)*Kelpq) AV, G, @
The kernel K;(p, q) will be shown to be comparable to W, and they coincide in the case M = R"
(up to a constant factor).
(ii) Following a spectral approach, we can set
[”]%qs/z(M) = Z Ai/z<u, 4’k>%2(M) 3)

k>1

where { @y} is an orthonormal basis of eigenfunctions of the Laplace-Beltrami operator (—A,) and

{Ak}x are the corresponding eigenvalues. For s = 2 this gives the usual [u]%, , . seminorm.

(M)

(iii) Considering a Caffarelli-Silvestre type extension (cf. [28, 9]), namely, a degenerate-harmonic extension
problem in one extra dimension, we can set

[u}%ls/z(M)—inf{ / AU (p, 2)PdVydz st U(x,O)—u(x)}.
MX]R+

Here V denotes the Riemannian gradient of the manifold M = M x R, with respect natural product
metric § = ¢+ dz ® dz, and the infimum is taken over all U belonging to the weighted Hilbert space
H'(M) (see Definition 2.18 for the precise definition of this space, and we refer to Section 2 in general for
all the basic properties of this extension characterization).

We will prove that (i)-(iii) define the same norm (not merely equivalent norms), up to explicit multi-
plicative constants. We emphasize that this gives a canonical definition of the H*/>(M) seminorm on a
closed manifold.

The fractional perimeter on the whole closed manifold M is defined as follows.

1 As customary, by heat kernel here we mean the fundamental solution of the heat equation 9;u = Au on M, where A denotes the
Laplace-Beltrami operator on M.



Definition 1.2. Givens € (0,1) and a (measurable) set E C M, we define the s-perimeter of E as

1
Pers(E) = Dxelnqu = glte — x5 Bz = 2 [ [ Kelp )V, @
where x is the characteristic function of E, E¢ := M \ E and leqs 20m) is defined by (2).

From the estimates that we will prove for Ks, one can see that for every set E C M with smooth
boundary, one has that (1 — s)Pers(E) — Per(E) as s T 1 (up to a multiplicative dimensional constant, see
[14] and also [42, 31, 6] for further details on the computation in the case of IR").

Moreover, it is convenient to define localized or relative versions of the fractional perimeter, somewhat
analogous to the classical relative perimeter.

Definition 1.3. Given a bounded open set () C M (with Lipchitz boundary), a relative s-perimeter in Q) is a
functional denoted by Per;( -, 2) and satisfying the following two properties:

(I) Pers(E,Q)) — Pers(F,Q)) = Pers(E) — Pers(F) for all (measurable) sets E and F that coincide outside
Q and Per,(F) < oco.

(II) Pers(E,Q)) < oo if E is a smooth submanifold in a neighbourhood of the compact set Q.

Throughout the paper we fix a relative s-perimeter defined similarly as in [25] (there for the case of the
Euclidean space R"). We define the relative s-perimeter of E in () as

Per,(E, Q) i // (xe(p) — x£(0)*Ks(p, q)dVpdV,,
(Mx M)\ (Qex Q)

where Q¢ := M\ Q) is the complement of (). With this definition, one can easily check that properties (I)
and (II) above holds. Moreover, it follows directly from its definition that the previous notion of relative
s-perimeter satisfies the following properties.

* Pers(E, Q) = Pers(ES, Q) for every (measurable) E C M.

e If E C Qor E° C Q then Pers(E,Q)) = Pers(E), where Pers(E) is the s-perimeter on the whole
manifold M defined in (4).

o Let O, 0y C M with |Q; N Q| = 0. Then Pers(E, Q) U Q) > Pers(E, Q) + Pers(E, ().
e Let El,Ez C M with ‘El N Ez‘ = 0. Then Pers(El U Ez, Q) S Pers(El,Q) +Per5(E2, Q)

Remark 1.4. Notice that there would be other possibilities to define a relative s-perimeter. For example, in
view of the ”spectral definition” (3) of the fractional perimeter, we could have defined a different relative

perimeter by Pers(E, Q) = Y1 /\2/ 2(xE q)k)%z(m. It is easy to check that this satisfes properties (I)-(II)
above as well.

In this work we will denote by X(U{) the space of smooth vector fields in &/ C M, by spt(X) the support
of X and X.(U) the space of smooth vector fields with compact support in /.

Definition 1.5. Let (M, g) be a closed Riemannian manifold. Given s € (0,1), the boundary JE of a set
E C M is said to be an s-minimal surface if Pers(E) < oo and, for every X € X(M), we have

d , B
dt tZOPEYS(IPx(E)) =0,

where ¢, : M x R — M denotes the flow of X at time t.

The previous definition admits a natural local version.



Definition 1.6. Let (M, g) be a closed Riemannian manifold. Given &/ C M open, the boundary oE of a
set E C M is said to be an s-minimal surface in U if for every Lipchitz domain () with compact closure
such that Q) C U we have Pers(E, Q) < oo, and for every smooth and compactly supported vector field
X € Xc(U) with spt(X) C O we have

d t —
7 t:OPers(ng(E),Q) =0.

Definition 1.7 (Morse index and stability). Let (M, g) be a closed Riemannian manifold and JE be an
s-minimal surface in &/ C M open (as in Definition 1.6). Then, JE is said to have Morse index at most m in
U if for every Lipchitz domain ) with compact closure such that QO C U, for every (m + 1) vector fields
Xo, ..., Xm € Xc(U) with U ;spt(X;) C Q C U we have Pers(E,Q) < oo and there exists some linear
combination X = a¢Xp + ... + au X with a% + a% +...a2, = 1 such that

2

- ¢ S
dtz tZOPers(l/)X(E)/ Q) = 0.

In the particular case m = 0, we say that JE is stable in U.

Remark 1.8. As we prove2 in Lemma 2.16 and Lemma 2.17, if Pers(E, Q)) < oo and X € X (U) is such that
spt(X) C Q then the map t — Pers(y4 (E), Q)) is well-defined for all t and of class C*. Thus, the previous
definitions are meaningful.

1.4 Main results

As explained before, one of the main goals of this paper is to establish the existence of infinitely many
s-minimal surfaces on every closed manifold:

Theorem 1.9 (Fractional Yau-type result). Let (M", ) be an n-dimensional, closed Riemannian manifold, with
n > 2. Then, for every natural number p > 1, there exists an s-minimal surface X¥ = 0EP with Morse index at
most p —in the sense of Definition 1.7— and fractional perimeter

C~1p*/" < (1 —s)Pers(EP) < Cp*/", (5)

for some C = C(M) > 1. In particular, M contains infinitely many s-minimal surfaces. Moreover, these surfaces
are viscosity solutions to the NMS (i.e. Nonlocal Minimal Surface) equation (see Proposition 3.26), and satisfy the
structural properties (17)-(19) in Proposition 1.30.

The regularity of the constructed surfaces depends on the classification of stable s-minimal cones (An
open subset E C IR" is said to be a cone if E is an open set and AE = E for all A > 0).

Definition 1.10. Given s € (0,1), we define the critical dimension 1} as the minimum dimension n > 3
such that there exists a smooth and stable s-minimal cone in R” \ {0} which is not a hyperplane.

By [20] and [36], n} > 5 for all s € (sp, 1], where sy € (0,1) is a universal constant. It is conjectured
that in fact n} = 7 for all s sufficiently close to 1. For n = 8 the Simons cone E = {x +x3 + xJ + x3 <
x2 +x2 + x%2 4+ x2} C R8, which is a minimizer in the classical case s = 1, is easily shown to be stable for

all s € (s, 1), for some sy < 1 sufficiently close to 1, so that n} < 8 in this case®.

We now state a regularity result for the constructed surfaces, which will be proved in Section 4.5.

Theorem 1.11 (Size of the singular set). For n > 3, the surfaces {¥P},cN of Theorem 1.9 are smooth sub-
manifolds outside of a closed set sing(XP) of Hausdorff dimension at most n — n}. In particular, sing(XP) = & if
n < n} (and this holds for n = 3,4 and s close to 1, since n; > 5). Moreover, in the case n = n} the set sing(%XP)
is discrete.

2Notice that for functions taking values in {+1} the potential part of the energy vanishes and the Sobolev part of the energy gives
the fractional perimeter.

3More generally, the natural generalization of the Simons cone to higher (even) n has been shown in [50] to be stable in dimension
n > 14 for any s € (0,1). In particular, n} < 14 for any s € (0,1).



The surfaces in Theorem 1.9 will be constructed as limits as ¢ — 0" of solutions to the fractional Allen-
Cahn equation on M. We emphasize that —in sharp contrast to the case of classical minimal surfaces—
the Allen-Cahn approximation does not really play a crucial role in our construction. We just use it so
that we are able to apply standard min-max existence results of critical points (like those in the book by
Ghossoub [62]). What really makes our construction easier, in comparison with the classical case s = 1,
are the very strong a priori estimates satisfied by finite Morse index s-minimal surfaces for s < 1, see
Remark 1.18. Corresponding analog estimates are satisfied by Allen-Cahn solutions with bounded index,
which allows us to send ¢ — 0 without problems. In contrast, in the classical case this passage to the
limit is really delicate: one is forced to use varifold convergence, and then multiplicity and neck pinching
situations need to be ruled out. This requires generic metric assumptions and has only been done for
n =3 in [38].

Definition 1.12 (Fractional Allen-Cahn energy). Lets € (0,2) and &€ > 0. Given v : M — R, we define the
fractional Allen-Cahn (abbr. A-C) energy of v on the open set (3 C M as

Ea(v) = E5°(0) + £ (), 6)
where

= [ o O DK )iy, @) = [ Weo)a,

and W(v) = 1(1 —v?)? is the standard quartic double-well potential with wells at £1. We will sometimes
denote £q by £5 or & if we want to stress the dependence of the energy from ¢ and/or s.

Note that, with this definition of the Allen-Cahn energy, we have

Ea(xe — xEe) = EXP(xE — xEe) = Pers(E, Q),
and
Eﬂlu 02 ('U) S 501 (U) + 502 ('U) :

The double-well potential penalizes functions which are not identical to 1, and that is why one expects
to find nonlocal s-minimal surfaces as the limits of critical points of this energy when ¢ — 0.

A function u : M — R is a critical point of £q if and only if it solves the fractional Allen-Cahn equation
(=A)?u+e W' (u) =0 in Q. )

Here (—A)®/? is the fractional Laplacian on (M, g), and it can be represented as (see Section 2 for details)
(=8)"2u(p) = /M(M(P) —u(9))Ks(p,q) dVy. ®)

We also have a definition of Morse index, related to the second variation of the energy.

Proposition 1.13 (Second variation). Let QO C M be an open set. Let u € H*/2(M) be a critical point of £q.
Then, given & € CL(Q), the second variation of Eq at u is given by

" _1 _ 2 -5 1" 2
B =g [ E0) @K avavy e [ WwEav. o)

Definition 1.14 (Morse index). Let O C M an open set, and let u € H*/2(M) be a critical point of q.
The Morse index of u in (), denoted by mq(u), is defined as the maximum dimension among all linear
subspaces £ C CL(Q) C H*/?(M) such that £ (u) is negative definite on £. Moreover, we say that u is
stable in Q) if mn(u) = 0.

For 3 < n < n}, we prove a strong regularity and separation result for s-minimal surfaces which are
limits of Allen-Cahn solutions with bounded index (as in our case), and which will be proved in Section
4.4.



Definition 1.15 (Family of Allen-Cahn limits). A surface ¥ C M is said to belong to the class A, (M)
if ¥ = JE and there exists a sequence of functions u; : M — (—1,1) which are solutions to the Allen-
Cahn equation (7) on M, with Morse index m(u]-) < m for all j, and parameters ¢; — 0, such that

Uj — Uy := X — XEc in Ll(M).

Theorem 1.16 (Uniform regularity and separation). Let s € (0,1) and 3 < n < n}. Let (M",g) be an
n-dimensional, closed Riemannian manifold satisfying the flatness assumption FAz(M, g, p,1, ¢) around p (see
Definition 1.21). Assume that OE € A, (M) is an Allen-Cahn limit (see Definition 1.15).

Then OF is a CY* hypersurface for some a € (0,1), with uniform regularity and separation estimates around p.
That is, there exists a radius R = R(n,s,m) > 0 such that, after a rotation, 9~*(9E) N (BE1(0) x [-R,R]) is
the graph of a single function f : By (0) x {0} — [—R, R] inside the chart, and

Hchl""(B;_lx{O}) < C(Vl,S,m) .

As an immediate application of Theorem (1.16) and Arzela-Ascoli we obtain:

Corollary 1.17. Let (M",g) be a closed Riemannian manifold, and let s € (0,1) and 3 < n < n}. Then,
every sequence Xy = 0E; € Ay (M) admits a subsequence converging to some Yoo in the strongest possible sense
of convergence for submanifolds. In particular, if all elements Xy of the sequence are homeomorphic to the same
topological space X, then the limit Lo is also homeomorphic to X.

We now make an important remark.

Remark 1.18. Define the class A}, (M) consisting of surfaces £ = dE C M such that there exists a sequence
of s-minimal surfaces X; = JE; of class C?, with Morse index at most m for all j, such that Ej — Ein LY (M).
Then, the result of Theorem 1.16 would also hold for surfaces in A/, (M) (and in particular for surfaces
which are a priori known to be C?), with a similar proof but with several technical modifications.

We conclude this section with a technical remark about dimension n = 2, which can be skipped on a
first reading.

Remark 1.19. In dimension n = 2, the same regularity results would hold for limits of stable solutions of
the Allen-Cahn equation (or for stable s-minimal surfaces which are of class C?). Instead of arguing using
the classification of stable cones in the proofs, one would argue that Lemma 4.16 is also true in the case
when n = 2 and E C R? is a cone which is the limit of stable Allen-Cahn solutions (for n > 3, the extra
dimensions in the proof of Lemma 4.16 are used to reduce to an almost-stable case; for n = 2 if we assume
stability the proof still goes through).

1.5 Other highlighted results and overview of the paper
1.5.1 Existence of min-max solutions to Allen-Cahn.

In Section 3.1 we exhibit in a simple manner the existence of critical points of the Allen-Cahn energy (6)
on M, employing a min-max theorem as in [60]. Then, we prove lower and upper bounds for the energies
of the constructed solutions. The complete statement of our result is the following.

Theorem 1.20 (Existence of min-max Allen-Cahn solutions). Let (M",g) be an n-dimensional, closed Rie-
mannian manifold, and fix sy € (0,1). Let p > 1 be a natural number (the number of min-max parameters) and
s € (s, 1). Then, there exists e, > 0 (depending on M, s and p) such that for all € € (0, €y, ), there exists a solution
Ugp to the Allen-Cahn equation (7) on M with Morse index m(ugp) < p. Moreover, there exists C > 1 depending
only on M and sy such that

Clp¥/" < (1—s) €3 (tep) < Cp™/" (10)

After proving this result, our main goal will be to show that, for fixed p, as ¢ — 0 a subsequence of the
Ug p converges in a strong sense to a fractional minimal surface £ = 0EP C M, meaning in particular that

Pers(Ep) = lil}r(l) 5;}15(ug,p) .



Together with the bound given by (10), we get for every p € IN a fractional minimal surface £ = 0EP
with fractional perimeter Pers(E?) ~ p®/". This perimeter growth shows that the family of surfaces
{ZP},en necessarily forms an infinite set, thus proving the fractional Yau’s conjecture.

For this reason, a large portion of the article is devoted to studying the properties of solutions to the
Allen-Cahn equation with a uniform upper bound on their Morse index. We now state and explain the
main results of Sections 3.2 and 3.3.

1.5.2 Estimates for finite Morse index solutions to Allen-Cahn

In Section 3.2, we prove several estimates for finite Morse index solutions to the Allen-Cahn equation.

In order to precisely quantify the dependence of the constants in the estimates on the geometry of the
ambient manifold, the notion of “local flatness assumption” will be very useful (this quantification will be
important when we perform blow-up arguments). Let us introduce it below.

Here, as in the rest of the paper, Br(0) denotes the Euclidean ball of radius R centered at 0 of R", and
Br(p) denotes the metric ball on M of radius R and center p.

Definition 1.21 (Local flatness assumption). Let (M", ¢) be an n-dimensional Riemannian manifold and
p € M. For R > 0, we say that (M, g) satisfies the ¢-th order flatness assumption at scale R around the point
p, with parametrization ¢, abbreviated as FA,(M, g, R, p, ¢), whenever there exists an open neighborhood V
of p and a diffeomorphism

¢:Br(0) —V, with ¢(0)=p,

such that, letting g;; = ¢ (q)* ( %) , P+ (%)) be the representation of the metric g in the coordinates ¢!,

we have o
(1—- 11m)|v|2 < gij(x)v'0 < (1+ 11@) o> VoveR"and Vx e Bg(0), (11)
and
91 g;5(x)
Rl W < g5 Va multi-index with 1 < |a| < ¢, and Vx € Bg(0). (12)

Remark 1.22. Notice that for any smooth closed Riemannian manifold (M, g), given ¢ > 0, there exists
Rg > 0 for which FA/(M, g, Ro, p, ¢p) is satisfied for all p € M, where ¢, can be chosen to be the restriction
of the exponential map*(of M) at p to the (normal) ball Bg,(0) C T,M = R".

Remark 1.23. The notion above of local flatness is used in our results to stress the fact that, once the local
geometry of the manifold is controlled in the sense of Definition 1.21, then our estimates are independent
of M. Interestingly, this makes our estimates of local nature even though the equation we deal with is
nonlocal.

Remark 1.24. Throughout the paper the following scaling properties will be used several times.

(a) Given M = (M,g) and r > 0, we can consider the “rescaled manifold” M = (M,r%g). When
performing this rescaling, the new heat kernel H; satisfies

Hyg(p,q.t) = r "Hu(p,q,t/7%) .

As a consequence, the “rescaled kernel” K; defining the s-perimeter on M satisfies

Ks(p,q) = r~ 9K (p,q).

(b) Concerning the flatness assumption, it is easy to show that FA;(M, g, R, p, ¢) = FA,(M, g, R, p, ¢)
forall R < Rand FA;/(M, g, R, p, ¢) < FA,(M, 12, R/r,p, (r+)).

(c) Similarly, if FA;/(M,g,R,p,¢) holds, and q € ¢(Bg(0)) is such that By(¢~'(g)) C Bg(0), then
FA((M,1%8,0/7,q, 9 4-1(y),,) holds, where @y, p := ¢(x +p ).

4That is ¢, = (expp oi) ‘BRO(O) for any isometric identification of i : R" — TM,
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One of the main results in the present work is the following estimate, to be proved in Section 3.2.3.

Theorem 1.25 (BV estimate). Let M be a closed n-dimensional Riemannian manifold for which FA;(M, g, R, p, ¢)
holds —see Definition 1.21. Let s € (0,1) and u : Bg(p) — (—1,1) be a solution of the Allen-Cahn equation (7) in
Br(p) C M with parameter &, and with Morse index mp, (1) < m. Then

/ |Vuldx < CR" 1,
Br/a(p)

for some C = C(n,s, m).

Note that u the BV estimate above holds uniformly in the Allen-Cahn parameter e. The nomenclature
of “BV” is to be read as “bounded variation”.

Remark 1.26. Our proof of Theorem 1.25 gives a control on the behaviour of the constant C(n,s,m) ass 1 1.
More precisely, for fixed s, € (0,1) we have C(n,s,m) < C(n,s,,m)/(1—s)foralls € (so,1). In view of the
results from [36], the sharp asymptotic for s close to 1 is expected to be C(n,s, m) < C(n,so,m)/(1—s)/2.

Another important result is a bound on the Sobolev and Potential parts of the energies, obtained in
Section 3.2.5:

Theorem 1.27 (Energy estimate). Let 1 : M — (—1,1) be a solution of (7) in Br(p) C M with parameter € and
Morse index mp(,)(u) < m. Suppose that FA2(M, g, R, p, ¢) holds —see Definition 1.21. Then

5 (1) < CR™, (13

and there exists eg = eg(n,s, m) such that for e < g

Pot € ﬁ n—s
et ) < C(5) R, (14)

where C = C(n,s,m) and B := min (152,5) > 0.

Section 3.2.4 will prove the following result, and which will give, among other things, that the level sets
of Allen-Cahn solutions converge to the limit (hyper)surfaces in the Hausdorff distance of sets.

Proposition 1.28 (Density estimates). Let u : M — (—1,1) be a solution of (7) in Br(p) C M with Morse
index mp, () (1) < m, and suppose that FA2(M, g, R, p, @) holds —see Definition 1.21. Then, there exist positive
constants wy, Cy and €y, depending only on n, s, and m, such that the following holds: whenever ¢ < gy, R > Cpe
and

R_"/ |1+ ue|dx < wy <respectively, R_"/ 11— ue|dx < w()) , (15)
Br(p) Br(p)

then
{ue > =45} N Brya(p) =@ (respectively, {ue < 5} NBrpa(p) = @). (16)

1.5.3 Convergence results

In Section 3.3, these estimates that we have just stated are used to show the convergence, as ¢ — 0, of
solutions of (7) to a limit interface.

Remark 1.29. We will use many times the fact that, for a set of finite perimeter, we can replace E by
a representative (that is, equivalent up to a negligible set) E such that all the points in the topological
boundary JE have density different from zero or one.

The complete statement of our convergence result is the following.
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Theorem 1.30. (Convergence as ¢ — 07). Fix s € (0,1). Let ue; be a sequence of solutions of (7) on M with
parameters €; — 0 and Morse index m(ugj) < m. Then, there exist a subsequence, still denoted by Uej, and a
nonlocal s-minimal surface ¥ = oE with Morse index at most m in the weak sense, such that

Hs/2
u;_]. — Ug = XE — XE¢-

In particular E35° (ue;) — Pers(E) = EP (ug). Moreover, Eyt(ue,) — 0 = E4PH(up).

In addition, up to changing E in a set of measure zero, we have

. e ENB(p)|

int(E) 2 {pe M : limine ERRI = 1}, (17)
T T [ENB,(p)| _

M\E 2 {p eEM : hn:isoup B = 0} , (18)
Y = {p eEM : 7‘@5’;5)' €lc,1—¢] Vre(0,r5(p)), forsome ro(p) > 0} , (19)

where ¥ = OE represents the topological boundary of E as usual. Also, for all given ¢ € (—1,1)
du({ue; > ¢}, E) =0, asj— oo, (20)

where dy(X,Y) =inf{p >0 : X C Uyey Bo(y) and Y C Uyex Bo(x)} denotes the standard Hausdorff distance
between subsets of M.

As explained in Section 1.5.1, this result combined with Theorem 1.20 will give Theorem 1.9.

1.5.4 Regularity in low dimensions

Sections 4.1-4.5 are devoted to proving the uniform regularity and separation estimate in low dimensions
of Theorem 1.16, as well as the result of Theorem 1.11 on the size of the singular set in higher dimensions.

First, Sections 4.1 and 4.2 define and describe the properties of blow-ups of s-minimal surfaces, in
particular when they are the limits of Allen-Cahn solutions with bounded index.

Then, in Section 4.3 it is shown that such blow-ups converge to a single hyperplane in R", under
the assumption that stable s-minimal cones in IR” are flat; that is, when n < nj is less than the critical
dimension of Definition 1.10. This classification result for blow-ups is used in Section 4.4 to prove Theorem
1.16. The proof is done by a blow-up and contradiction strategy to show that the surfaces are flat at some
fixed scale, and an improvement of flatness theorem® which holds for all nonlocal minimal surfaces which
are viscosity solutions of the zero nonlocal mean curvature equation, a criticality condition much weaker
than minimality.

Finally, a dimension-reduction argument combined with the previous strategy allows to prove Theorem
1.11 for all n.

1.5.5 Bernstein and De Giorgi type results

Section 4.6 establishes the validity of the “finite Morse index versions” of the nonlocal De Giorgi and
Bernstein conjectures, once again under the assumption of the classification of stable cones. This represents
a remarkable departure from the behavior of classical minimal surfaces, and of solutions to the classical
(local) Allen-Cahn equation, with bounded index.

The proof of both results uses the same strategy as the proof, in Section 4.3, of the fact that blow-up
limits of s-minimal surfaces satisfying a certain list of properties, which were in particular satisfied by
limits of Allen-Cahn, need to be half-spaces.

5This improvement of flatness theorem was proved on IR” in the seminal article [25] which first defined nonlocal minimal surfaces,
and the version of it on manifolds has been recently proved in [81].
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The Bernstein conjecture (today theorem) states that graphical complete minimal hypersurfaces must
be hyperplanes in low dimensions. See [2, 11, 37, 48, 58, 84, 94] for related generalizations to the classes
of minimizing and stable hypersurfaces.

In Section 4.6 we establish:
Theorem 1.31 (Finite index nonlocal Bernstein-type result). Let s € (0,1) and 3 < n < n}, where n} is the
critical dimension (see Definition 1.10).

Then, any finite Morse index s-minimal surface in R™ of class C? is a half-space.

Under the assumption of stability (Morse index zero) the previous theorem was established in [19] and
in the case of minimizers if follows from [25].

The De Giorgi conjecture is a famous related statement about certain entire solutions to the Allen-
Cahn equation being one-dimensional, or equivalently about their level sets being hyperplanes in low
dimensions. See [1, 5, 52, 64, 87, 88, 89, 19] for related previous results in the minimizing and stable cases.
In Section 4.6, we show:

Theorem 1.32 (Finite index nonlocal De Giorgi-type result). Let s € (0,1) and 3 < n < n¥, where n} is the
critical dimension (see Definition 1.10).

Then, every finite Morse index solution u of (—A)*/?u +W'(u) = 0 in R" is a 1D layer solution, namely,
u(x) = ¢(e - x) for some e € S" 1 and increasing function ¢ : R — (—1,1).

Under the assumption of stability (Morse index zero) the previous theorem was established in [19] and
for minimizers it followed from [25, 47].

Remark 1.33. Recall that nf > 5 for s € (sp,1) for some universal constant sy € (0,1). In particular,
Theorems 1.31 and 1.32 hold for n = 3,4 and s € (so, 1).

2 The fractional setting on manifolds

Throughout the paper (unless otherwise stated) (M, g) will be a closed (i.e. compact and without bound-
ary) Riemannian manifold of dimension #.

2.1 The fractional Laplacian on (M, g)

Taking inspiration from the case of R" in [25], in this section we give several equivalent definitions for the
fractional Laplacian on a closed Riemannian manifold (M, g). It is natural here to define the fractional
powers (—A)*/2 for any s € (0,2). On the other hand, in the rest of the paper we will always restrict to
s € (0,1): the norm H*/2(M) used to define the fractional perimeter is only considered with s € (0,1)
since the H'/2 energy of a characteristic function is infinite.

2.1.1 Spectral and singular integral definitions

The fractional Laplacian (—A)%/2 can be define as the s/2-th power (in the sense of spectral theory) of the
usual Laplace-Beltrami operator on a Riemannian manifold, through Bochner’s subordination.

Given A > 0 and s € (0,2), the following numerical formula holds:

1 dt
/2 _ —At
AS _r<_s/2)/0 (M =1) 775 (21)

Formally applying the above relation to the operator L = (—A) in place of A, one obtains the following
definition for the fractional Laplacian.

12



Definition 2.1 (Spectral definition). Let s € (0,2). The fractional Laplacian (—A)*/? is the operator that
acts on regular functions u by

1 *© dt
(—A)s/z u = m /O (etAu - u)t1+—s/2 . (22)

Here, the expression e*u is to be understood as the solution of the heat equation on M at time t and with

initial datum u —we refer to [72] for details.

Remark 2.2. On a closed Riemannian manifold a closely related definition of the fractional Laplacian is
available: if {¢}%, is an L2(M) orthonormal basis of eigenfunctions for (—A) with eigenvalues

0< A <Ay <. <A 22%% 1oo

and u € L?(M) then

()

(=0)"2u = kZ A2, i) 2 (o) P -
=1
Since the solution to the heat equation on M with initial datum an eigenfunction ¢y is given by e'¢; =
e~ My, the above definition is easily shown to be identical to (22) by first observing that they coincide
for eigenfunctions (thanks to (21)), and then extending the result by approximation. In [97] all the details
of this equivalence are carried out in the case of certain positive second order operators with discrete
spectrum on a domain () C R". In our case of (—A) on a closed Riemannian manifold, the proof is then
completely analogous. Nevertheless, this characterization will not be used in what follows and is given
only as complementary information.

The second definition for the fractional Laplacian, closely related to the spectral one, expresses it as a
singular integral. It will be our working definition in a substantial portion of the article.

s/2

Definition 2.3 (Singular integral definition). The fractional Laplacian (—A)*/“ of order (of differentiation)

s € (0,2) is the operator that acts on a regular function u by

(=) "2u(p) = [ (u(p) = ulg))Ks(p, ) Y5, @)

where Ks(p,q) : M x M — R is given by®

s/2 0 dt
Ks(p.q) = m/{) HM(Prq,f)tH—s/z, (24)

and where Hys : M X M x (0,00) — R denotes the usual heat kernel on M.

Remark 2.4. If the compact manifold M is replaced by the Euclidean space R” then

B s/2 o0 a s/2 o0 1 _ -y a Kps
Ks(xy) = I'(l1—s/2) /0 Hien (., 1) ti+s/2  T(1—5/2) /0 <(47rt)% ¢ ) HAs/2  |x —y|nts’

where

2T (25%) 52071 (14
s = R e~ T /2 (25)

Hence we recover the usual form of the fractional Laplacian on IR".

6 1 __s/2
Note that F(=s/2)] = Ts/2)"
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The equivalence’ between the two definitions (22) and (23) is immediately seen by expressing the
solution e*u to the heat equation in terms of the initial datum u as

(€u)(p) = [ ulg)Hu(p.a,04Y,
M

using [, Hum(p,q,t)dV; = 1 and changing the order of integration. Note that, on a noncompact Rie-
mannian manifold, the mass preservation property [,, Hyv(p,q,t) dg = 1 may fail leading to undesired
phenomena such as the fractional Laplacian of a constant being different from zero. It is thus natural to
assume that M is stochastically complete (although actually the local estimates of this paper do not need
such an assumption).

2.1.2 Properties of the kernel

This section gives important estimates on the singular kernel Ks(p, q).

Several times in the paper we will need to compare locally the heat kernel Hy(p,q,t) or the singular
kernel Ks(p, q) with the standard ones on R”. A first result is the following:

Lemma 2.5. Let ¢ be a smooth metric on R" such that # < gi]-(x)vivf < 4|v|? and |Dg;j(x)| < 1 for all
x,v € R™. Denote M := (R", ) and let K be defined by (24). Then, there exists positive constants c¢; = c;(n) for
1 <i < 6 such that

o1 =y ca =y
tn}ze cof gHM(x,y,t)gtnize al

and N N
n,s n,s
C5|x_y|n+s §K5<x1y) §C6|x_y‘n+sr
forall (x,y,t) € R" x R" x [0, 0).

Proof. The two sided estimates for the heat kernel H), follows directly from the classical parabolic esti-
mates of Aronson [8]. The second inequality follows by integrating the first one, from the definition (24)
of Ks(x,y). O

In all the section we will use the (standard) multi-index notation for derivatives. A multi-index a« =
(a1, a2, ..., a,) will be an n-tuple of nonnegative integers (in other words & € IN"). We define

|| == a1 +ap + - - -+ ap.
For a function f : R” — R is of class C’ we shall use the notation

a\a| aa1+a2+~~~anf

9x%” " (9x1)m(9x2)2 - - - (Qx™)n

For & = 0, we put a‘O‘f = f.

9x0

The first property concerns the behaviour of the kernel around a point satisfying flatness assumptions.
Proposition 2.6. Let (M, g) be a Riemannian n-manifold, not necessarily closed, s € (0,2) and let p € M. Assume
FA,(M, g, R, p, @) holds and denote K(x,y) := Ks(¢(x), p(y)).

Given x € Bg(0), let A(x) denote the positive symmetric square root of the matrix (g;;(x)) —g;j being the
metric in coordinates ¢ ~'— and, for x,z € By /5(0), define

det(A(x))

k(x,z):=K(x,x+z) and k(x,z):=k(x,z)— an,SW'

7With our choice of constants, this is an equality and not only an equivalence.
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Then
C(n,s)
|Z‘n+s—l

\E(x,z)| <R7! forall x,z € Bg,4(0), (26)
and, for every multi-indices «, B with |a| + |B| < ¢, we have

olal glAl C(n,s,0)
R <L~ 7 T 7
axlx azﬁk(xrz)‘ — ‘Z|n+s+“3‘

forall x,z € Br4(0). (27)

Moreover, for all x € Bg4(0) and for all g € M\ ¢(Br(0)) we have

ol C(n, ¢
Sektotn| < S, e8)
and ]
ol Cn, b)
—K ,a)|dV, < , 29
/M\sowR(o» s (9(%) q)‘ =R (29)

for every multi-index o with |a| < /.

To prove Proposition 2.6 we will need several preliminary lemmas with properties of the heat kernel of
M. Their proofs are rather standard and are included in the appendix for the convenience of the reader.

Lemma 2.7 (Appendix A). Let (M, g) be a Riemannian n-manifold, p € M, and assume FAq(M, g,1, p, ¢) holds.
Then

1—Cexp(—c/t) < / Hym(p,q,t)dVy; <1, forallt >0,
¢(B1/2(0))

with C,c > 0 depending only on n.
Lemma 2.8 (Appendix A). Under the same assumptions as in Proposition 2.6, for all g € M \ ¢(B1(0)) we have

w
’%HM(?D(X)/‘%”’ < Cexp(—c/t), for (x,t) € By2(0) x [0, 00) (30)

and for every multi-index « with |a| < £, with C,c > 0 depending only on n and £.

Lemma 2.9 (Appendix A). Under the same assumptions as in Proposition 2.6. We have

/M\<P(B1(0))

and for every multi-index « with |a| < £, with C,c > 0 depending only on n and .

olal
oxw

HM((p(x),q,t)’qu < Cexp(—c/t), for (x,t) € B1;2(0) x [0, 00) (31)

Lemma 2.10 (Appendix A). Let (M,g) and (M’,g’) be two Riemannian n-manifolds. Assume that both M
and M’ satisfy the flatness assumptions FAy(M, g, 1, p, ¢) and FA,(M’, ¢,1, p’, ¢') respectively, and suppose that
8ij = gjj in B1(0) in the coordinates induced by ¢ Land (¢')7 L.

Then, letting H(x,y,t) := Hym(@(x), (y),t) and H' (x,y,t) := Hpp (¢’ (x), ¢'(y), t), we have that the differ-
ence (H— H')(x,y,t) is of class C' in By /2(0) x By ,2(0) x [0,00) and

olal gl

3% 9y H—H')(x,y,t)| < Cexp(—c/t) for (x,y,t) € By2(0) x By,2(0) x [0,00),

whenever « and P are multi-indexes satisfying |a| + |B| < £, with C,c > 0 depending only on n and £.

As a first consequence of Lemma 2.10 we have that the following “local version” of Lemma 2.5 above
also holds.
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Lemma 2.11. Let 5o € (0,2) and s € (so,2). Let (M, g) be a Riemannian n-manifold and p € M. Assume that
FA1(M, g, p,1, @) holds. Then

Kyns

Kys
C7m < Ks(g(x), 9(y)) < CSW/

forall x,y € By ,2(0), where cz7,cg > 0 depends on n and s.

Proof. Take 17 € C°(B1(0)) with x5, ,0) < 17 < X5, (0) and let glfj := gij + (1 —n)d;;. This is a metric on
R" with gl’j = gij in B1/2(0). Denote by Ks, K¢ and H, H' the singular kernels and heat kernels of (M, g)

and (R", g’) respectively. Then, by Lemma 2.10 applied to the manifolds (M, g) and (R",g’) we have, for
X,y € B1/4(0):

Ke(p(), 0(0) = Ki) | < gy [ 1H(0G0, 000, = H )55

Cs o0 dt
< - —c/t_® < —
< 1,(1_5/2)/0 s < C(2—-s),

for some dimensional C = C(n). Then, the result follows directly by Lemma 2.5 (and the explicit formula
(25) for ays) for x,y € By,4(0), and the conclusion also holds for x,y € B;,,(0) by a standard covering
argument. (|

Proposition 2.12 (Appendix A). Assume that M = (R", ) with g = (g;j(x)) satisfying

olal

Jid < (gij) <2id  and 372 8 <1 forall|a| </, (32)

for some £ > 1. Let H(x,y,t) be heat kernel of M.

For x € R" let A(x) denote the (unique) positive definite symmetric square root of the matrix g(x) = (gij(x)),
and define h(z, x, t) by the identity

H(x,y,t) = tnl/z h(%\/y}—x)’x, t).

Define also:
1 L2 ~
ho(x, z, t) = ho(Z) = (47_[)1/1/26 |Z| /4 and He=h— ho-

Then, there are positive dimensional C and c such that

7| < Cmin(1,VE)e = forall (x,z,t) € R" x R" x (0, ).

Morever, we have

‘ 2

olal alﬂlh -
ox¥ 9z | =

e—c\z

forall (x,z,t) € R" x R" x (0,1) and a,  with |a| + |B] < ¢,

for positive constants C and c depending only on n and (.
Now, we have all the ingredients to give the proof of Proposition 2.6.

Proof of Proposition 2.6. Note that the statement is scaling invariant. Hence, with no loss of generality, we
assume that R = 1. Moreover, it suffices to consider the case M = (R",g), p = 0, ¢ = id, and g;; satisfying
the assumptions of Proposition 2.12:

Indeed, similarly to the proof of Corollary 2.11, in the general case we can fix a radially nonincreasing
cutoff function y € CP(Bj) such that # = 1 in B;,g and consider the “extended” metric gl’j = g +
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d;j(1 —1). Observe that (M, g) and (R",g’) the assumptions of Lemma 2.10 with M’ = R" and ¢’ =
Let H(x,y,t) and H'(x,y, t) be defined as in Lemma 2.10.

Recall that, by definition, for all x,y € B1(0)

dt *© dt
K(-x/y) :K5<(P / HM y) )tl+s/2 :CS/O H(x/ylt)m/ (33)

where ¢ = ( Let likewise

/2)

*© dt
K/(x,y) = CS/O H’(x,y, t)tl+—5/2

Now, thanks to Lemma 2.10 we obtain, for all x,y € By /,:

o | glal 5Bl
o oyf

olal glBl , dt < dt
ﬁw(K—K)(x/y,f)}<Cs/o t1+5/2*CS/O e * ez = C

So, as claimed, we are left to proving the estimate for the M = (R",g), p = 0, ¢ = id, and g;; satisfying
the assumptions of Proposition 2.12.
Recalling (33), notice that

dt o0 A(x)z dt
k(x,z) = K(x,x+z) —cs/ H(x,x+z, t)t1+s/2 CS/O h( (x) ,x,t) TErTRTE (34)

—H)(x,y,t)

Also, recalling that ho(z) := (47r)’”/ze’|z|2/4, we have

= ¢ /OOOE(AEZ)Z,x, t) tn/2j—lf+s/2’

Therefore using the heat kernel estimates from Proposition 2.12 (and noticing |A(x)z| > % |z| for all

x,z by assumption) we obtain

k(x,z)| < CS/O E(AE;?Z,x,t>

This proves (26). Similarly, the estimates (27) follow diferentating (34) and using the corresponding esti-
mates for derivatives of the heat kernel from 2.12.

Finally, (28) and (29) follow analogously integrating the heat kernel estimates in Lemmas 2.8 and 2.9,
respectively. O

dt ~ dt 1-n—s
n/2+1+s/2 < CS/O \/ZeXp(—C\ZI/\/f)m = C|z| .

The next property concerns the behaviour of the kernel when the two points p and g are separated from
each other.

Proposition 2.13. Let (M, g) be a Riemannian n-manifold and s € (0,2). Assume that for some p,q € M both
FA/(M,g,1,p, ¢p) and FA((M, g, 1,4, ¢q) hold, and suppose that ¢,(B1(0)) N ¢4(B1(0)) = @. Put Kpy(x,y) :=
Ks(@p(x), 9q(y)). Then

olal 9lAl

o oyF Kpg(x,y)| < C(n,£) forall |x| < Yand|y| <1,

whenever |a| + |B| < L.
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Proof of Propositon 2.13. Let H«(x,y,t) := Hm(@p(x), ¢4(y), t). It follows from Lemma 2.8 that

olal

wH*(x,y, t)| < Cexp(—c/t)

for all |x| < 2 and |y| < 3, where C and ¢ depend only on 1, and |«|.
We now use that (by symmetry of the heat kernel in p and g), for each x € By, fixed, the function

u(y,t) = %H*(x, y,t) is solution of the heat equation u; = Lu, in the ball |y| < 1, where L denotes

the Laplace-Beltrami (with respect to y, in local coordinates). Since |u| < Cexp(—c/t) in Bs/4 x (0,0),
reasoning exactly as in the proof of Lemma 2.8 (only that now the spatial variables are y instead of x) we
obtain

o8l
’ < Cexp(—c/t),

W“(%t)

for some new positive constants C and ¢ depending only on 7, and |B|. This shows:

] gl
9",
ox® ayﬁ

*(x,y,t)‘ < Cexp(—c/t)

Then the proposition follows immediately after noticing that, by definition,
s/2 e dt
Kpg(x,y) = T —s/2) /0 H.(x,y, t)tH—s/z/

and hence

olal glAl s/2 o glal glpl dr
oyt = e [ S et Vi

*© dt
SCS/O eXp(—C/t)mSC,

for some constant C > 0 that depends only on 7 and ¢, and this concludes the proof. O

We next study how the Allen-Cahn energy behaves under inner variations. For this, we need to first
study how the singular kernel Ks behaves when translating its arguments under the flow of a vector field.

Proposition 2.14. Let (M, g) be a closed n-dimensional Riemannian manifold and s € (0,2). Consider any smooth
vector field X € X(M), and fix points p,q € M. Writing ' for the flow of X at time t, then the kernel satisfies

i

T Ks(¥'(p), ¥'(q))| < C(1+Ks(p,q)). (35)

t=0

for some constant C = C(M, s, £, maXg<j<y HVkXHLw(M))-

Proof. This follows from the estimates of Proposition 2.6, in particular by (27) and (28). We prove the
result just for £ = 1, as the general case just follows by induction by the very same arguments. Let
R = R(M) > 0 be such that the flatness assumption FA,(M, g, 16R, p, ¢;,) holds for every p € M; such an
R exists by Remark 1.22. We split in two cases.

Case 1: g € ¢, (B4r(0)).
In this case, denoting K(x,y) := Ks(¢p(x), ¢p(v)) and k(x, z) := K(x, x + z) as in Proposition 2.6, we have
that
Ks(' 0 pp(x), 9" 0 9p(y)) = K9, (x), ¥,(y)) = k(3 (x), 9 () — ¢ (x)),
where 1/)2 is the flow of { = (¢p)*X, i.e. the vector field { = ¢, € X(Bi6r(0)) such that X o ¢, = (¢;)«C.
Then, for all x,y € Byr(0) we have:

L1 K@) = T k0, 9hy) — 9 ()
=0 =0

t t

= e 0 = D)+ el = D) -8 0),
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where sum over repeated indices is to be understood. Hence, by (27) of Proposition 2.6 we get

d t t C C
| K040 < =Sl + g rmrlDElisly -+
C
<— <
S y=ap = CK(x,y)

for some C = C(n, s, ||¢||co1), where in the last line we have also used Lemma 2.11. Finally, evaluating this
inequality at x =0 and y = (prjl(q) we obtain

FOK(%(O),IP;}@)) < CK(0,y) = CKs(p,9),

as wanted.

Case 2: q ¢ ¢p(Bsr(0)). Then FA/(M, g, R,q, ¢;) holds and the sets ¢,(Br(0)) and ¢4(Br(0)) are
disjoint. Hence, by Proposition 2.13 the kernel Ky;(x,y) := Ks(¢p(x), 94(y)) is smooth (with uniform
estimates on all derivatives) in the domain Bg/,(0) x Bg/2(0). Hence

dt

d
K00 (1), 9o 0a(0) = | Ko 0), wh(0)
t=0 t=0

_ aqu

oK
= S G + S EW)

Using Proposition 2.13 to bound the derivatives of K,;, and then evaluating at (x,y) = (0,0) gives

K ()4 )] < e

dt],_g

for some C = C(n,s, [|Gp ||, [|Eqll)-

Putting together the two cases above we get

| K@) <cat k),
t=0

for some C = C(M, n,s, || X||c1(p)) and conclude the proof.

We also record a version of Proposition 2.14 which depends only on local quantities:

Proposition 2.15. Let (M, g) be a closed n-dimensional Riemannian manifold and s € (0,2). Assume that the
flatness assumption FA;(M, g, R, p, ¢) holds, and let X € X(M) be a smooth vector field supported on ¢(Bgr,s).
Writing ' for the flow of X at time t, then for every x,y € Br,4(0) we have

d(
E

Ks("l’t(qv(X)),lPt((P(y)))} < CKs(o(x), 9(y)) < Cﬁ%, (36)
t=0 ¥

or some constant C = C(n,s, || X|| ¢ . Moreover, given T > 0 we have that, forall 0 <t < T,
C!(¢(Bg)) 8

dZ

SR (9(0), 1) | < Crks(p(),9) < Cri e, @

where Ct = Cr(n,s, T, HXHCé((P(BRM))).
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Proof. By scaling we can assume R = 1. The second inequality in both (36) and (37) then follows from
Lemma 2.11. As for the first inequality of (36), it follows from the proof of Case 1 in Proposition 2.14,
since it only depends on local estimates for X. Finally, (37) can be deduced from (36). Indeed, note that
foralll <k</land 0<t<T,

k
% K™ (@(x)), " (9(y)))| < CoKs(¢' ((x)), 9" (9(y))), (38)

r=0

k
SR (9(0), ¥ (9(1)))

with Co = Co(n, s, [|X||ce(p(5,)))- Thus, we are only left with proving that

Ks(#'((x)), ¢'(¢(y))) < CrKs(@(x), 9 (1))

for some Cr = Cr(n,5, T, || X||ce(p(5,)))- But this follows itself from (38), with k = 1, since we can write
the inequality as

ek (g p(x)) 9! pl))] <O,

and integrating we find that

Ks(9' (9(x)), 9" (9(y))) < e“TKs((x), 9())
forevery 0 <t <T. O

Proposition 2.14 is used to bound time derivatives of the energy of “flown objects” by their energy at
time zero.

Lemma 2.16. Let s € (0,2) and v € H*/2(M) be a function with |v| < 1. Let X € X(M) be a smooth vector field
and vt := v o P!, where ' is the flow of X at time t. Then, for all T > O there holds

d(

WgM(Ut)

sup <C(1+Em(v)),

0<t<T

for some constant C = C(M, s, ¢, T, maXo<x</ Hka||L°°(M))-

Proof. Let C denote a constant that depends only on M, s, ¢, T and maxo<z< || VX|| Lo (M)
The idea of the proof is to change variables using the flow ¢’ in the corresponding integrals defining

the Allen-Cahn energy, and after that to exchange integration and differentiation.
Let us start with the Sobolev part of the energy. We have:

d’ o -
T o) = o // fo( — (™! (@) PKs(p, ) 4V, 4V,

dtf//|v —0(q)PKs(9' (p), v (9)) Je(p)J1(q) AV, dVy
é
//'” —o(g dt/ [K (tpt(r’),wt(q))It(p)h(q)}dvpdvq. (39)

Since 0 < t < T, the derivatives in time of the Jacobians J; can of course be bounded by a constant C with
the right dependencies. What remains in order to bound (39) by C(1 + 5P (v)) is to control the first k-th
derivatives in time of Ks(¢'(p), ¢'(9)) by C(1+ Ks(p,q)), for all 0 < + < T. The main bound is given by
Proposition 2.14, which gives for all 1 <k < ¢:

dk } dk

% < CL+Ks(¥'(p). ¥' () - (40)

Ky (p), 9" (q))

r=0

ﬁKs(t/f(p),wt(q)) =

Now, integrating this inequality for k = 1 similarly to how we proceeded in the proof of Lemma 2.15, we
conclude that
Ks(9'(p), ¥'(9)) < C(1+Ks(p,q)), forall0<t<T. (41)
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We can now go back to (39) and apply the bounds that we just derived. We get that

= [ 1ot ~o(q \Zdt/[ S ()Y @) B )|V, v,

< C//|v —0(q)P(1+Ks(p,q)) dV,dV,
= C(1+£5°(0))

for all 0 < t < T, where C has the right dependencies.

The potential part of the energy is simpler to deal with. Indeed, we have

o - - d’
L) = 5 [ W nav, = [ W) S pav, 2)
from which we directly conclude that
Pot < Pot
L ersi(on)| < ce(o)
finishing the proof. O

Lemma 2.16 has a local version, which comes from applying local estimates for the kernel instead.

Lemma 2.17. Let M satisfy the flatness assumptions FA;(N,g,p, R, ¢). Let s € (0,2) and v € H/?(M) be a
function with [v| < 1. Let X € X(M) be a smooth vector field supported on ¢(Bg /2), and put vy := v o 5", where
@l is the flow of X at time t. Then, for all T > 0 there holds

¢
d &

sup 410 C9(Bry2) (vr)

<C(1+ 5‘P(BR/2) (v)),
0<t<T

for some constant C = C(s, £, T, maxp<k<y HkaHLoo((P(BR/Z))).

Proof. We modify the proof of Lemma 2.16 accordingly. First, by scaling, it suffices to prove the Lemma in
the case R = 1. Since X is supported on ¢(B;,), the integrand in (39) is supported then on

(N X N)\ (@(B12)° x 9(B1/2)) = [(9(Basa) x @(Basa)) \ (@(Br2) x p(By12)°)|U
U [(9(B12) x (N\ 9(B23))) U((N\ @(Bays)) x 9(B12)) |

so that

SOb k E’S()b )
dt‘( (F(E1/2)< )

’dtk

dk ¢
= v(p)—v p Ji(p)J av,dyv,
}//(fP(BZ/s)XfP(Bz/s))\(fP(Bl/z)”XfP(Bl/z)”) (7) mF dtk[ () gy () (p) t(‘?)} P

5 d*
+2//¢(BI/Z)X(NW(BZ/3))v(P)—v(q) dtk[ (¥ (p), )]t(p)] v, dv,

Sc//(gz/sxgz/s)\w o(p(1)) ()| [K (o), 0¥ 0 o) ()] |

1/2%Bi,2)

wfl s v<(p<x>>—v<q>|2\jfk{ Ko, )] | dx ;.
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Bounding the derivatives in time of the Jacobians by a constant with the right dependencies, using (36)
to bound the kernel in the first double integral, and using (29) to bound the integral in g in the second
double integral by a constant, we conclude that

dk Sob ( )

Sob
ﬁEfP(Bl/z) < CA+E505,,) (@)

@(B1/2)

Regarding the potential part of the energy, from the computation in (42) we readily find that

l
d_ EPot (Ut)

P
Al e(Biy2) CE4 (B, (0) (43)

= ~%9(Bi1/2)

where C has the right dependencies, which completes the proof.

2.1.3 Caffarelli-Silvestre type extension
Definition 2.18. We define the weighted Sobolev space

H'(R" x (0,00)) = H'(R" x (0,00),z' *dxdz)
as the completion of CX(R" x [0, o)) with the norm

U = U T2 g |DU|IZ

(0,00),z1—5dxdz) + ‘ R"x (0,00),z1~5dxdz)

where DU = ( ST aaTLﬂ, %—g) denotes the Euclidean gradient in R"t1. This is a Hilbert space with the
natural inner product that induces the norm above. It is a known fact that any U € H'(R" x (0, 0)) has
a well defined trace in L?(IR") that we denote by U(x, ).

The following essential result by Caffarelli and Silvestre shows that fractional powers of the Laplacian
on IR” can be realized as a Dirichlet-to-Neumann map via an extension problem.

Theorem 2.19 ([28]). Let s € (0,2) and u € H*/2(R"). Then, there is a unique solution U = U(x,z) :
R" x [0, +00) — R among functions in H' (R" x (0, 00)) to the problem

2 _
AU+ ZY + 12280 =0, on R"x (0,00) (44)
U(x,0) = u(x) for x € R,
and it verifies that
u
y 1—s _ s/2 4
tim 2158 () -t (o), »

where Ay denotes the standard Laplacian on R" and B is a positive constant that depends only on s.

In [28] three different proofs of this fact are presented, but each of these proofs relies on some additive
structure of the base space. To prove that the extension procedure produces the fractional power of the
Laplacian also on a Riemannian manifold, which is the setting we are interested in, one has to rely on
different ideas. It was proved by P.R. Stinga in [97] that the unique solution to (44) verifying (45) admits
the explicit representation

U(x,z) = z /oo e®u(x) e*% _ar (46)
251"(5/2) tl+s/27
expressing U in terms of the solution to the heat equation e'*u. The proof of this fact does not rely on the
additive structure of R” and can be carried out in the same way on closed Riemannian manifolds.
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Theorem 2.20. Let (M",g) be a closed Riemannian manifold, let s € (0,2) and u € H*/2(M). Consider the
product manifold M = M x (0, +c0) endowed with the natural product metric®. Then, there is a unique solution
U: M x (0,00) — R among functions in H' (M) to

div(z!SVU) =0 in M,
_ (47)
U(p,0) =u(p) for peoM =M,
and it verifies that
ou
. ]75_ — -1 _ s/2
Jim 2777 (p,z) = =B (—2) ulp), (48)
where r(1—s/2)
—s
Ps = 15 2) )

and the fractional Laplacian on the right-hand side is defined by either (22) or (23).

Proof. The fact that a solution among functions in H' (M) exists and is unique follows by direct minimiza-
tion of the associated energy v — [; |Vo|?z! 5dVdz over H'(M). Moreover, as briefly mentioned above,

the explicit representation (46) of the unique such solution U € H'(M) in terms of the solution to the
heat equation holds also on any closed Riemannian manifold with the same proof, see [32] for the details.
Then, (48) can be shown with this formula exactly as in [97]. O

2.1.4 Modifications of definitions for the Euclidean space and other noncompact manifolds

We observe that (4) can also be used to define the fractional perimeter for any (possibly noncompact)
complete manifold N for which a fractional Hilbert norm H/?(N) is defined.?

Definition (i) of the H%/? norm generalizes well to noncompact M. We refer to the survey [65] for the
construction and properties of the heat kernel on complete, non-compact Riemannian manifolds. In the
case of the Euclidean space IR", this viewpoint is consistent (i.e. coincides) with the original definition by
Caffarelli, Roquejoffre, and Savin in [25] (see also Remark 2.4).

Notice that Definition (ii) of the H%/2 norm does not generalize well to the case of non-compact M.
(Although in very particular cases of highly symmetric manifolds such as the Euclidean space IR" o the
hyperbolic space H", one could possibly replace the Fourier series by Fourier transform.) However,
definition (iii), via the extension property, also generalizes well to the case of non-compact manifolds.
Still, some extra assumptions are needed in order to establish the equivalence between (i) and (iii) —see
[9] for a related discussion concerning the definition of the fractional Laplacian on noncompact manifolds.

In any case, it is worth emphasizing that the equivalence between (i) and (iii) can be verified for many
noncompact manifolds —including Euclidean space, the hyperbolic space, etc..— with (essentially) the
same proof as the one given here for compact manifolds. We also notice that Definitions 1.6 and 1.7 make
complete sense even when M is replaced by any of these non-compact manifolds.

It will be clear from our proofs that, in the case of noncompact manifolds for which the equivalence
of (i) and (iii) can be established, s-minimal surfaces will enjoy the same (local) properties as the ones
established here in the case of compact manifolds (e.g. the monotonicity formula), with almost identical
proofs.

2.2 The fractional Sobolev energy

We define the fractional Sobolev seminorm [u] /2 (m) fors € (0,2) as

[u]%{s/z(M) = Z/MM(—A)S/ZudV, (50)

8That is, the metric defined by g ((Cl, z1), (&2, zz)) = g(¢1,&2) + 2122, and where div and V denote the divergence and Riemannian
gradient with respect to this product metric respectively.
9 At least when E is bounded with smooth boundary.
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where (—A)%/?u is defined by (23). Then, the associated functional space H*/2(M) is

H2(M) = {u € L2(M) : [u)?

Hs/2(M) < OO}, (51)

and is called the fractional Sobolev space of order s/2. This is a Hilbert space with norm given by

[|lu HHs/Z M) = H”H%Z(M) + [”]%qs/z(My

The equivalent formulas for the fractional Laplacian given in Section 2.1 show that the fractional
Sobolev seminorm can be expressed also in the following forms.

Proposition 2.21. The fractional Sobolev seminorm (50) is equal to both

Hs/z //M y ‘7)) Ks(p,q) dVpdV, (52)
X
and
[u]%JS/Z(M) = Bs ellLII}fM) {/N |Vo|22' = dVdz : v(g,0) = u(q)}. (53)

Moreover, this infimum is attained by the unique U € H'(M) given by Theorem 2.20, and hence also

[uﬁ-[s/Z(M) = ﬁS /~ ‘6u|22175 dVer (54)
M

where Bs is defined in (49).

Proof. Formula (52) is easily seen to be equal to (50) just by expanding the square and using that the total
mass of the heat kernel Hj; is equal to one for all times. Then, (53) and (54) follow by Theorem 2.20 and
its proof. O

We end this section by recalling the following simple interpolation result. After a finite covering argu-
ment, it implies in particular that the characteristic function xg of any set of finite perimeter E C M is in
H*/2(M), as long as s € (0,1).

Proposition 2.22. Let s € (0,1), and let u : By C R" — [—1,1] be a function of bounded variation. Then,
Ju(x) —u(y)? C(n)
< X 7
Joy, e e = Gl i
Proof. See for instance Proposition 4.2 in [15]. O

2.3 Monotonicity formula for stationary points of semilinear elliptic functionals and
s-minimal surfaces

The monotonicity formula for s-minimal surfaces has been obtained, to our knowledge, only for mini-
mizers'? and on R” in the article [25]. Here we prove the analogous (local) monotonicity formula on a
Riemannian manifold, with a proof that holds simultaneously for any s-minimal surface, that is for any
stationary point of the fractional perimeter regardless of second variation or regularity, and also for any
stationary point of a semilinear elliptic functional with a nonnegative potential term, hence including the
fractional Allen-Cahn energy. For ¥ > 0 and p € M denote

(p)={g9€M:dg(qp) <r},
( p,0) = {(q,2) € M : dg((q,2), (p,0)) <},
9B/ (p,0) = 9 (B (p,0))
0B, (p,0) = 9B,  (p,0) N {z > 0}.

(55)

101t is pointed out in [19] that the proof in [25] also implies the monotonicity formula for smooth stable s-minimal surfaces on R".
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In all this section, since there will be no possible ambiguity, we will use V instead of V to denote the
gradient in M with respect to the product metric.

Theorem 2.23 (Monotonicity formula). Let (M", g) be an n-dimensional, closed Riemannian manifold. Let
s € (0,2) and

£(0) = [ofipan + [ F@) AV,

where F is any smooth nonnegative function. Let u : M — R be stationary for £ under inner variations, meaning
that £ (u) < oo and for any smooth vector field X on M there holds 4 |, o€ (woyl) = 0, where Y is the flow of

X at time t. For (po,0) € M define

- 1 1-s 2
B(R) 1= s <5s /g;@o,o)z VU(p,2)| dv,,dz+/ F(u)dV),

Br(po)

where U is the unique solution given by Theorem 2.20. Then, there exist constants C = C(n) and Rmax =
Rmax(M, po) > 0 with the following property: whenever Ro < Rmax and K is an upper bound for all the sectional
curvatures of M in Br_(p.), then

R — CD(R)eC‘/ER is nondecreasing for R < Ro,
and the inequality

N 26, : _
®'(R) > ~CVKD(R —i—L/ F(u)dV + / 21 7(VU, Vd) d &
(R) R+ g [, PV gz [ 2ou )

holds for all R < Ro, with d(-) = dg((p.,0), - ) the distance function on M from the point (po,0).

Moreover, in the particular case where M = R", F =0, s € (0,1), and u = xg — xgc is a stationary set for the
fractional s-perimeter, there holds

&'(R) = zfjs/ (YU, V) dxdz > 0,
R 3B (po)0)

which shows that ® is nondecreasing and that it is constant if and only if E is a cone.

Remark 2.24. It will follow from the proof that the radius Rmax in Theorem 2.23 can be taken to be Rmax =
inj,;(po)/4. Moreover, since M is compact Rmax is uniformly bounded below as Rmax(M, po) > inj,,/4,
for all p, € M.

Proof of Theorem 2.23. Since during the entire proof the point p, € M will be fixed, we will not specify the
center of the balls in what follows, as this will always be (p,,0) for balls inside M and p, for balls on M.
We divide the proof into two steps.

Step 1. First, we show that if u is stationary for the energy &£ (v) = [v}lzqs T Jy F(v) under inner
variations, then its Caffarelli-Silvestre extension U is stationary for the energy

U Bs /~ zlfswuﬁdwzm/ F(U|pm)dV,
M M

under inner variations on M given by vector fields Y on M such that Y| is tangent to M.

Recall that the Caffarelli-Silvestre extension of u given by (47).

Let Y be a vector field on M such that Y|y is tangent to M, and let !, denote its flow at time £. Let
also V; be the Caffarelli-Silvestre extension of u o 1/)§,|M, for any ¢t € R. By the minimality of the extension
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in the energy space we have

d 1 B By
i [PV e = lim (e [ vUR g [ v en) )

0

gnml <5/ zl—S\qu—/ss/ zl—svvﬁ)
t—0 t M M

[u}%{sﬁ(M) - [M © ng/}%{s/Z(M)

= lim
t—0 t

d —112
= EL:O[M © let}Hs/Z(M)/

and likewise

d 1
E’tzoﬁS/ 275V (Uoyy!)[? = lim (ﬁs/MﬂS|V(uo¢yf)|2_ﬁsAzzls|vu2>

M —0
zliml (ﬁ/ 21*5|VV_t\2—ﬂs/ zlSVU|2>
t—0 t M M
T [u Olp;t]%{s/Z(M) - [u]%_[s/Z(M)
= lim
t—0 t

d -2
= ﬁ’t:o[u © lPYt]Hs/Z(M) .

Hence

d s . d )
O p [ AV = & o s

2
Hs/2

U is stationary for the energy U — B [;2z' *|VU|*dVdz + [, F(U|pm)dV under inner variations on M,
with vector fields Y as above, and this concludes the first step.

Since u is stationary for the energy £(v) = [v] o) T Ja E(v) dV under inner variations, this shows that

Step 2. We now compute such an inner variation for a suitably chosen Y. First, the variation of the
potential part of the energy is

d _ d
E‘t:o/MF(uolet)dvz EL:O/MF(u)h(p) dv,
:/ F(u)divg(Y\M)dV. (56)
M

The quantity dive (Y|ar) will be estimated later. We now focus on computing the variation for the Sobolev
part of the energy. Once again, we change variables in the integral using the flow ¢}, obtaining

/~ 2V (Uoyy )P dViz = /~<zo¢§>1*S\V<UO¢;t>IZowtyk(nz) dVpdz. (57)
M M

Now we choose the vector field Y. We take Y = 7(d)dVd, where d = dz((po,0), - ) is the distance on M
from the point (po,0) and n = 7, is a single variable smooth function with # = 1 on [0, R], decreasing
to zero on [R,R+ 4], and 7 = 0 on [R + 6, +0). Since the distance dz((po,0), - ) restricts to the distance

dg(po, -) on M when computed on points on M with z = 0, clearly Y|y is tangent to M. We want to
exchange the order of derivation and integration in (57), hence we compute separately the three terms
that will appear in doing so. For the first term, using dé(( p.z),(po,0)) = d;( P, po) +z* and the definition

of Y we see that

% —oZ° P = (L —s)z 7y (d)z = (1 —s)z'“n(d).
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As for the second term that will appear, a simple computation —see for example the lines after Lemma

3.1 in [59]— shows that
d

il VU NPy (x)) = —2(VouY, VU) .

Moreover, we also have
(VeuY, VU) = (Vyu(y(d)dvd), vU)
=(VU,Vy(d))dvd,vVU) + n(d){Vyy(dVvd), vU)
=14'(d)(VU,Vd)(dVd,VU)+y(d)(Vyy(dVd), VU)
= dy'(d)(VU, Vd)|> +1(d)(Vyu(dVd), VU) .

Notice that K is also an upper bound for all the sectional curvatures on M in Bg_(p.,0), and that
injy;(po) = injg(po,0). Thus, by Lemma C.1 applied to V = VU,

(VyuY, VU) = dy (@)[{VU, Vd) >+ (d)(1+ O(VKR))|VU[*

for all R < min {RO, # } Lastly, for the remaining factor in the integral, Lemma (C.2) gives that

&= @(Y) =/ @I VaP + (@) div(d )
— dy'(d) + () (n+1) 1+ O(VKR)),
in Bgr(po), for R < min {Ro, #}

Now, analogously applying Lemma (C.2) on M instead of M to (56), we already find an estimation for
the potential energy:

%‘t_O/MF(uot/)Yt)dV—/ F(u)(dy'(d) + (d)n(1+ O(VKR)))dV .

M
Moreover, it follows from (the local version of) Bonnet-Myers’ theorem that Ro < Rmax := injy,(po)/4 <

min {inj M(po), ﬁ }, and this will be our final choice of Rmax for the statement. From now on, we always

consider R < Ro < Rmax = injy,(po) /4.
Regarding the Sobolev part of the energy, exchanging differentiation and integration and substituting the
estimates we have obtained so far gives:

Gl [ A v ey
= [ (4= 92 n@IVUP +275(~ 200/ (@) (VU V) P 2(d) 1+ O(KR)) [VUP)
+/le—S\VU|2(d17’<d)+n(d)(n+1)<1+0(\/ER)))dde

:(rz—s)(lJFO(\/ER))/~+ zl_s\VU|217(d)+/N+ N+zl—5d;7'(d)(\vuﬁ—2\<vu,w>\2).

BR+5 BR+5 BR

Adding the expressions for the potential and Sobolev parts of the energy, we get

(8 [ vwenrs [ puoyr)
— (n-3)(1+ O(VRR))B: |

dt
() VU

R+6

HB [ @2 (VUR - 2(VU, Vi)
BR+5\BR

+n(1+ O(\/KR))/

Brys

WOFW+ [ @Fw.

Br+s\Br
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By stationarity of u and Step 1 we know that the left-hand side is equal to O for every Y, thus the right-
hand side vanishes for all 7 = 7; defined as above. Since this holds for all > 0, we now let § ™\, 0 so that
115 converges to the characteristic function of [0, R]. This gives (for a.e. R € (0, Ro))

0 =(n —s)(1+ O(VER))Bs /§+ 15| VU - Rp, /a§+ 2175V U + 2R, /B%(avu)2

R

+n(1+O(\/KR))/B F(u)—R/BB F(u).

Rearranging the terms and multiplying by R~"+5~1, we deduce that

_(n—s) 1-s 2 1 1-s 2
) (55 /EEZ vul +/BRF(u)> + <ﬁs /BEEZ vul +/BBRP<u)>

CVK 1— 2 2Bs 1- 2 5
> s s _5
> Y8 (ﬁs /ggz vul —|—/BRP(u)> v /Mgz (VU VP /BRF(u),

for some absolute constant C > 0. In other words,

! 2,35 / 1-s 2 5 /
> R
q)(R) C\/fq)(R)—i—Rn 5 a+§gz <VU,Vd> + pra—— By P(u)d[/,

and this implies in particular that

4

= (ec‘/KRCD(R)) >0 forall R< R..

Lastly, in the case where M = R", F =0, s € (0,1) and u = xg — X is a stationary set for the fractional
s-perimeter, instead of the two bounds used above

(Vyu(dvd), VU) = (1+O(VKR))|VU[?,
div(dVd) = (n +1)(1+ O(VKR)),
given respectively by Lemma (C.1) and (C.2), one has the equalities

<Vvu<dVd), vu>]Rn+l - \VU|2,
divga (dAVd) =n+1,

where U is the extension of u = xg — xc. Thus, following the proof one finds the exact expression

®'(R) = 2ij/ B Z175(VU, Vd)? dxdz > 0.
R B (po)0)

In particular, ® is constant if and only if (VU, Vd) = 0, that is, if and only if E is dilation-invariant for
dilations with center at p, € R”. With this we conclude the proof. O

3 Existence of min-max solutions to Allen-Cahn and convergence to a
limit nonlocal minimal surface

3.1 Existence results — Proof of Theorem 1.20
In what follows, (M", ¢) will be an arbitrary closed, n-dimensional Riemannian manifold, and sy € (0,1)

will be fixed. Moreover, we will use the notation £35,(v) for the Allen-Cahn energy from (6) to make the
parameter ¢ explicit in the notation.
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3.1.1 Min-max procedure

The solutions in Theorem 1.20 are obtained using an equivariant min-max procedure, based on the con-
struction in [60] and the min-max theorems of [62], [63] and [73]. Since the topology of HS/ 2(M) is trivial,
this is done by exploiting the Z,-symmetry of the functional £5,. Indeed, we consider the family 7, of all

sets A C H3/2(M)\{0} which are continuous odd images of p-spheres:

Foi={A=f(S) : feCUSH/AM)\(0}) and f(-x) = —f(x) ¥ x € SP}.

Remark 3.1. This min-max family has been chosen for simplicity, but other min-max families can be
considered; see the seminal article [73] by Lazer-Solimini, as well as the discussion in Remark 3.7 of [60].
In particular, one can obtain solutions in Theorem 1.20 which also satisfy lower bounds for their (extended)
Morse indices. We nevertheless remark that a growth for the (proper!) index of the solutions is already
implied in our case, by combining the lower energy bound in Theorem 1.20 with the upper energy bounds
in Theorem 1.27 (which will be proved later).

For fixed ¢, the min-max value of the family F, is defined as

Cep := Inf sup E(u). (58)
oF AeFy ueg M< )
Note that, defining T(u#) := max{—1, min{u, +1}} the truncation of u between the values +1, we have

that |T(u)|(x) < 1forall x € Mand £5,(T(u)) < E5,(u). Hence

cep = Inf sup &y(u) = inf sup Ey(u),
AeFp ucA AeFyucA

where _
Fo={Ae€Fy:|ul <1 forall uc A}.

This shows that we can consider, in the arguments that follows, that the functions in the min-max sets
have absolute values pointwise bounded by one. The proof of Theorem 1.20 relies on the existence result
given by the min-max scheme and the following bound on the min-max values.

Theorem 3.2. Let (M", g) be a compact Riemannian manifold, sy € (0,1) and s € (so, 1). Then, for every p € N
there exists e, > 0, depending on M, s and p, such that the min-max values (58) satisfy

c! C
EPS/" < Ce,p < Eps/”, for all € € (0, Sp), (59)
for some constant C = C(M, sp).

Proof. The proof of this is contained in subsections 3.1.2 and 3.1.3 below, which deal with the lower bound
and upper bound respectively. O

To apply the existence result we need the energy &3, to satisfy the Palais-Smale condition along appro-
priately bounded sequences, and this is addressed by the next lemma.

Lemma 3.3. Let ¢ > 0 and s € (0,1). Suppose that (uy)y C H¥/?(M) is a sequence of functions satisfying
lug| < 1, [E5(up)| < C, and dE&(uy) — O strongly in H*/>(M). Then, there is a subsequence of ()i
converging strongly in H*/2(M).

Proof. The proof is an adaptation of Proposition 2.25 in [16]. We just prove the statement for ¢ = 1, as

exactly the same proof works for every fixed ¢ > 0. The boundedness of the energies (1) gives the
convergence

LZ HS/2
up —u and up ——u
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of a subsequence, that we do not relabel, to some u € H*/2(M). To upgrade the convergence to be in the
strong sense, we use the particular form of the functional. First, note that given v € H%/?(M) we have

ag5i0lel = ¢ [[ (wp) ~ 1)) (0(p) — o(0)) Ks(p,) dVidVy + [ W (wpoav
= tim 5 ] )~ 10)) (0p) ~ 0(@) Kilp ) AV + [ Wm0y

k—o0

= lim d&};(ug)[v] =0,
k—o0

where we used |uy| < 1 to pass to the limit in the term [ W’ (uy)v. In other words, u is a critical point of
&}y From this we deduce that

0= Jim (A€ () [ — ] — AE§ ()] — )
89 (e — u) + / (W (1) — W' () (1, — ) dV,

and since the second term tends to zero, the first term must do so as well. This proves that u; — u strongly
in H*/2(M) and concludes the proof. O

Theorem 3.4. For every p € IN, there exists e, > 0 such that: for all e € (0,¢p,) there exists ue, € H*/2(M)
which is a critical point of £, with E5(ue,p) = cep and Morse index m(ue,) < p (see Definition 1.14).

Proof. Since &5, satisfies the Palais-Smale condition along appropriately bounded sequences (see Lemma
3.3 above) and since d2&; is a Fredholm operator at critical points, the min-max theorems in [62] imply
that there exists a critical point ue, for £, at energy level c¢ ), and with Morse index m (i) < p. To be
precise, there is one detail that we have to address. The min-max theorem in [62] needs to be applied
on a complete, connected Banach manifold X on which Z, acts freely, and apparently, we are applying
it to the punctured space X = H*/2(M) \ {0}, which is not complete. Nevertheless, for every ¢ > 0 the
min-max value c, , is defined and, as we will prove in Subsection 3.1.3, the upper bound (59) for ¢, holds
independently of €. Since the energy of the zero function tends to infinity as £ \, 0, this shows that there
is e, > 0 such that, for all ¢ € (0,¢y), every min-max sequence is uniformly separated from 0 € H*/2(M),
hence the min-max theorem can be applied and this concludes the proof of existence. O

Hence, to obtain Theorem 1.20 we are only left with proving the lower and upper bounds in (59).
The analog bounds in the case of min-max families of hypersurfaces and their areas were first proved by
Gromov in [66]. In [68], Guth gave an elegant new proof of the result by Gromov on which the proof of our
bounds is based. See also [76] for an adaptation of the proof by Guth to the setting of closed manifolds, as
well as [60] for the adaptation to the classical Allen-Cahn case. Nevertheless, our proof of the bounds is
closer to (and also simpler than) those in [68] or [76], thanks to the fact that sets of finite perimeter embed
naturally'! in the same function space H*/%(M) as their fractional Allen-Cahn approximations, as long as
s€(0,1).

3.1.2 Lower bound

In the proofs of both the upper and lower bounds, we will make use of the following simple fact.

Lemma 3.5. Let (M",g) be a closed, n-dimensional Riemannian manifold. Then, there exist positive constants
Co, Cy, Cy depending only on M such that: for every p € IN there exist N disjoint balls B,(q1), ... B;(qxn) with

Cip<N<(Gy,

r=Cop /",
and
U B3r<qi) =M.
i<N

Via functions of the form xp — xge.
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Proof. Since M is compact, by a comparison argument there exists a constant ¢ = ¢(M) > 1 such that
Lyt < H™(B,(q)) < cr", forallge M, r < inj(M). (60)

We claim that, for Cy = inj(M) /3, the statement holds. Indeed, with this choice r = Cop~!/" < inj(M)/3
for all p € IN. Consider the cover Ugcp Br(q) of M, and let B(q1),..., B-(qn) be a maximal disjoint
collection. Then, by maximality (J;<x Bss(g;) = M. Moreover, comparing volumes

¢ "N < Y H"(B(g:)) < Vol(M) < Y H"(Bs(q:)) < 3"r"'N,
i<N i<N

which by the choice of r implies

Vol(M) cVol(M)
= <N ——p= .
b= g PENS T =iCop

The proof of the lower bound depends on the next two lemmas.

Lemma 3.6. Let {B,(ql) 1 be a family of p balls on M. Then, given any A € Fy, there exists some u € A such
that

/ u=0 forall i=1,...,p.
(q:)

Proof. This is simply a consequence of the Borsuk-Ulam theorem. Indeed, let A be the continuous odd
image of f:SP — H%/2(M) \ {0}. Define the (odd) function

g:H2(M) - RP by g(u):= (/ u,...,/ u).
B (1) By (qp)

Then go f : S — RP is an odd, continuous map, and by the Borsuk-Ulam theorem there exists a € S¥
with g o f(a) = 0. Hence, taking u = f(a) finishes the proof. O

For the next lemma it will be convenient to define the local part of the Sobolev energy as follows. Recall

SSOb( ) - 1//]\/IXA/I\QCXQc(v(p) - v(q))sz(p’ q)dvlﬂdv‘i

//Q Q 0(9))*Ks(p, q)dVpdVy + //QxQC 0(9))*Ks(p,q)dVydV, .

£5% oy ( //Q ) 0(9))2Ks(p, q)dV,dV,
X

Moreover, we also denote by

Then, we set

Pers\Q(E) = ESOb|Q(XE—XEc) (61)
the local part of the nonlocal perimeter.
We stress that Pers|(E) < Pers(E,Q)), with equality iff ENQ =Qor EENQ = Q.

With this notation, let us recall the fractional isoperimetric inequality (which is implied, actually equiv-
alent, to the fractional Sobolev inequality for example in [56]).

Lets € (0,1). Then is cj5, = cjso(n,5) > 0 such that for every E C B;

3 ‘ ‘ | 1\ | n’;s
rS‘Bl( )_ 150 1 {Bll |B]| 7 (62)

"'=(n,s) .

and actually if s € (s, 1) then c;5, > 15
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Lemma 3.7. Let sy € (0,1). Then, there exists a constant ¢y = co(n,sg) > 0 such that the following holds:

Let q € M, and assume that the flatness hypothesis FA1(M, g,q,2Ro, ¢) holds. Given s € (sp,1), there exists
eo = eo(n,8) > 0 such that: for every r < Rq and & < egr, given any u € H*/?(M) with |u| < 1 and fBr(q) u=20
there holds

Co —
gﬁ‘Br(q)(u) > 1_5771 s

Proof. Let i : Br,(;) — R" be normal coordinates at ¢, and let g;; denote the metric in these coordinates.
It is not difficult to show that FA1(M, g,4,2Ry, ¢) implies

%id < (gl-j) (x) <Cid in Bg,

for some C > 1 depending only on #.
Let v = u o p~!. By assumption we have I, vV/Igldx =0, and |o| < 1. This implies

—1+1/cg][ v < 41-1/C.

r

By Lemma 2.11

o s lo(x) —o(y)? S (g /S
ESb|Br(q)(u)—|—s 5 W(u)dv > = <//,xBr \x—y\’”s dxdy +r—°(e/r) /B,W(v)dx) (63)

—5, provided ¢/r < gy(n,s), where ¢;s,

is the constant in the fractional isoperimetric inequality (62).

To prove this lower bound, by scaling invariance we may assume without loss of generality r = 1.
We argue by contradiction. Suppose there exist sequences ¢; | 0 and vy € H*/?(By) with |v;] < 1,
3(31 v € [-1+1/C, 1—1/C], but such that

‘vk ( )‘ / Ciso
dxd W(vy)d 4
//leBl |x—y|”+5 xy+sk (vk) x<4C (64)

In particular, Hka%{S s2(p, 18 uniformly bounded in k and |, 5, W(vk) — 0. Hence, up to subsequences (that

(B1)
we do not relabel) we have that v; — ve weakly in H*/2(B;) and vy — v almost everywhere. Then, by

Fatou’s Lemma, |, 5, W(veo) = 0 and therefore |ve| = 1 almost everywhere. Moreover

][ Ve € [~1+1/C,1-1/C].

By

This implies that veo = Xg — X£c for some set E C B; with |é—1| min{|E|, [B; \ E|} > s. By the lower-
semicontinuity of the Sobolev seminorm, the fractional isoperimetric inequality (62) and (64) we get

Ciso ‘Uk — vk( ) ‘ Ciso
= <P —lm f dxdy < =
oc < FPersls (E) < zlimin //BB \x—y\”*s I =ac

k—o0

a contradiction.

Going back to (63), we have therefore proved that there exists €9 = ¢o(n,s) > 0 such that, for every
e < gorand every u as in the statement

e Ciso _n—s
& |Br(q)(u) > r .

/
Since the constant c;5, = ¢jso(11,s) for the fractional isoperimetric inequality satisfies that c;5, > % for
some ¢ = ¢’(n,sg) > 0, we conclude the desired result. O
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We can now give the proof of the lower bound.

Proof of Theorem 3.2 (part 1). The lower bound in (59) follows, in a simple manner, from the lemmas above:
Given p € N, by Lemma 3.5 find N > Cyp disjoint balls {B,(q;)}}, in M with radius r = Cop~1/".
Moreover, up to taking C; bigger and Cy smaller, we can also assume that r < Ry, where Ry is such that
FA1(M, g,q,2Ry, ) holds for all g € M (see Remark 1.22). Given any A € F;,, by Lemma 3.6 there exists
u € A such that

/ u=0 forall i=1,...,N.
Br(q:)

Then, by Lemma 3.7, for € < gy we have

€ n— ,
Epyq () = =" forall i=1,...N,

which by the choice of r implies

&t > N &t >N €0 n—s > C s/n
M) = ) Ep (g () = Ng—r TP
i=1

for some constant C that depends only on M and s,. Since we have found such a u € A givenany A € F),
we deduce the desired lower bound. O

3.1.3 Upper bound

While the lower bound required finding a function with high energy inside every admissible set A € F,
the upper bound requires finding a single admissible set A such that all its elements have “low” energy.
We will explicitly construct a continuous odd map f : S? — H*/2(M) \ {0} so that all the elements in
A = f(SP) have controlled energy. These functions will be of the form xr — xgc, for some set E C M, and
our task is then to bound the fractional perimeter of these sets.

The proof of the upper bound in (59) goes as follows.

Proof of Theorem 3.2 (part 2). By Lemma 3.5 (with p replaced by k), for every k > 1 there exist N < Cpk
disjoint balls Br(q1), ..., B-(qn) of radius r = Cok~!/" and with U;<y Bs(9;) = M. Moreover, recalling the
proof of Lemma 3.5, the bounds (60) hold for such an r.

Now, given (ag,ay,...,ap) € SP consider the polynomial P,(z) = ag+ ajz+ ...+ apz” and name
{a1, ..., a4} its real roots in increasing order, so that £ < p. In R"” consider the set

N
E:=J B5(3r(2i+1),0,...,0);

i=1
these are N aligned balls, tangent to each other, with centers on the xj-axis. Now we split the set E
into two disjoint subsets E = ET UE~. Given the real roots {ay,...,a,}, assign the set EN{x; < a7}
to ET if Py(z) > 0 for all z € (—oo,a7], and else assign it to E~ if Py(z) < 0 for all z € (—o0,ay].
Then, analogously assign EN{a; < x; < ap} to ET if Py(z) > 0 for all z € (ay,a,], and assign it to
E~ if Py(z) < O for z € (ag,a;]. Repeat this procedure until E is divided into the two subsets E* and
E~. Note that there are at most p transitions!? between ET and E—, and thus E'1 has perimeter at most
|0E*| < NJ9Bs,| + (6r)"'p. Now, basically we want to do the same on the balls {Bs(q:)}Y, on M
identifying Bs,(g;) with Bs,(3r(2i 4+ 1),0,...,0) via the exponential map, that we consider as a map

equl_ : B3r(31’(21 + 1),0, .. ,0) — B3r(qi) .

In order to do so, we first have to make the covering {Bs,(g;)}; of M disjoint. For this purpose, for all

1 <i < N we consider
Qi:=Ba(q:)\ U B3, (q),
j<i—1

12This corresponds to the case when P,(z) has p distinct real roots in the interval (0,6rN).
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and note that {Q;} , is a disjoint partition of M with Q; C Bs,(g;). Let us : M — {+1, —1} be defined as

@ +1 if g€ Q;and (equ,)*l(q) € EY,
Uy = !
1 -1 if g€ Q;and (equi)*l(q) €E".

Set X, := o{u, = 1}. By interpolation (use for example Proposition 2.22 applied to a covering of M with
small enough balls) there exists C = C(M, sp) so that

o 1
glé/lb(uﬂ) = Z[”ahzqs/Z(M) = Pers<{ua = 1})
< T H ) Vol({ue = 1)) < 7 W ()" (65)
Moreover, by (60) we have
HH(Z,) (N[9Bs,| + " 1p)

<C
< C(krnfl _‘_prnfl) — C(kl/n +pk71+l/n) ,

for all k > 1, with C that depends only on M. Clearly, the optimal value of the right hand side is attained
for k = p and gives H"~1(X,) < Cp'/". This, together with (65), implies

£ () < 1"/, (66)
for all a € S?, with C depending only on M and s.

Now, from the definition of E* it is clear that u_,(x) = —u,(x). The map S* > a + u, € H/2(M) \ {0}
is then a continuous, odd map, and thus defines an element of F,,. Together with the bound (66), which
holds for all a € SP, this concludes the proof. O

One should compare the simplicity of this construction, with the one in [60] for the classical Allen-Cahn
equation and the classical perimeter, In that case, to define the p-sweepouts with the correct interface one
has to consider functions which are compositions of:

(i) The solution to the 1-dimensional Allen-Cahn equation with parameter ¢ > 0.

(i) A “modified” distance function, measuring the distance to hyperplanes {x; < ¢} (which play a
similar role to those in our construction) but also accounting for the complex parts of the roots of
the polynomials in order to smooth out the cancellations of the leaves.

Using this composition of functions is necessary in the classical Allen-Cahn case in order to regularize the
construction, as characteristic functions of sets of finite perimeter do not belong to H'(M), while they do
belong to H*/?(M) for s < 1.

Remark 3.8. Notice that, for every fixed p, both the proofs of the lower bound and the upper bound in
(59) rely on the fact that there is the same “critical scale” r = Cp~!/" in the construction. This is given by
dividing M in N ~ p disjoint patches of volume of order ~ 1/p. The lower bound shows that, given any
A € F,, there is one element of A that has zero average - see Lemma 3.6 - in each of these patches, and
in particular this element has energy uniformly bounded from below of order p*/”. On the other hand,
the upper bound shows that this configuration, i.e. making the transitions take place in N ~ p disjoint
patches that cover M, is also (of the order of) the best that one can achieve.

As a consequence of the results above, we deduce our complete existence result.

Proof of Theorem 1.20. The statement follows from combining the existence result of Theorem 3.4 and the
bounds on the min-max values given by Theorem 3.2. O
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3.2 Estimates for Allen-Cahn solutions with bounded Morse index
By Theorem 2.20, notice that u is a solution to the Allen-Cahn equation
(=A)*?u+eW' (1) =0 on M,

if and only if the Caffarelli-Silvestre extension U, i.e. the unique solution to (47), solves

div(z'*VU) =0, in M (67)
lim z! 75U, (-,z) = B; e *W'(u(-)), on M. (68)
z—0+

Recall the definition of finite Morse index solutions of Definition 1.14.

3.2.1 Finite Morse index and almost stability

For critical points of local functionals, it is well known that having Morse index bounded by m implies
stability in one out of every m + 1 disjoint open sets. In the nonlocal case this is not the case anymore, but
in one of the sets we will be able to obtain a weaker, quantitative lower bound on the second derivative
which we will refer to as almost stability.

Definition 3.9 (Almost stability). Let O C M open and u : M — (—1,1) be a critical point of £n. Given
A € R, we say that u is A-almost stable in () if

EBW(E,E > ~AlEl2g VEECHQ).

Lemma 3.10 (Finite Morse index and almost stability). Let u : M — (—1,1) be a solution of the Allen-Cahn
equation (—A)*/?u + e SW'(u) = 0 on M with Morse index at most m (see Definition 1.14, with Q = M).
Consider a collection Uy, . .., Uy+1 of (n + 1) disjoint open subsets of M, and set

A :=mmax sup K(p,q).
17&] Z/{iXU]‘

Then, there is (at least) one set Uy among Uy, . .., Uy, 41 such that u is A-almost stable in Uy, that is
£"W)[6,8 = ~AllRg,, VEeCH U,

Proof. We prove the Lemma just for m = 1 for the sake of clarity, the proof goes on exactly the same for
general m. Let {1 € C®(Uy) and & € CP(U,). Testing the second variation of the Allen-Cahn energy,
explicited in (9), with linear combinations of ¢; and ¢, gives

E"(u)[ag1 + bda] = aE" (u)[E1, 61] + b*E" (u) (82, 62] — 20117//0[ » ¢1(p)&a(q)K(p,q) -

Since K(p,q) < A for all (p,q) € Uy x Uy, the interaction term can be bounded as

—21117//ulxu2 S1(P)S2(q)K(p, q) < 2abA[|G1ll 11411821111 @)

< ‘12AH‘§1H%1(1/{1) + bzA\|§2H%1(L{2).

Hence

E" (u)[ag1 +b&) < a(£"(w)[E1, &)+ AlG I gy ) + 82 (€7 e ) + Al gy ) ©9)
=:F (&) =:F({2)

We want to show that either F;(¢1) > 0 for all {1 € C®(Uy) or F(&) > 0 for all § € C®(Uy). Suppose
neither of these two held, then there would exist {3 € C®(Uy), § € CP(Uy) such that Fi(&;) < 0 and
F,(&2) < 0. This would imply, however, that (69) is negative for all (a,b) # (0,0), thus contradicting that
the Morse index of u is at most one. O
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3.2.2 Control of £F° by £5°P
For the next results, recall the notation for balls in the extended manifold (55).

Lemma 3.11. Let R € (0, 1], and assume M satisfies flatness assumption FAy(M, g,2R, p, ¢). Lete > 0,5 € (0,1)
and u : M — (—1,1) be a solution of the Allen-Cahn equation

(=A)2u+ W' (u) =0 (70)

in Br(p), that is A-almost stable in Bg(p), in the sense of Definition 3.9, for A € (0, Ao/ R"*°]. Then, there exists
a positive constant C = C(n, Ag) such that, for all a € (0,1]

Rsfnsggjz(p)(u) <C <%RH/§;(%O) 2175 VU 4 a + (e/R)SRS”EgI‘;Ep)(u)> : (71)

In particular, since |u| < 1 for a = 1 we have

s—n cPot s—n 1-sv777/12
R 531(:/2(17)<u) <C <ﬁsR /Ejg(p,o)z VUl + 1) . (72)

Proof. Notice that, as € > 0 is arbitrary, the statement is scaling invariant. Indeed, if u : Bgr(p) — (—1,1)
is a A-almost stable solution of (70) with parameter ¢ and A, then, on the rescaled manifold (M, R‘zg),
u is an (R"*°A)-almost stable solution of (70) with parameter ¢ replaced by ¢/R, and A replaced by
R"™SA < Ag since R < 1 by hypothesis. Hence, we can assume R = 1.

In what follows, C denotes a general constant that depends only on #n. To compare the potential energies
on M with the Sobolev energies in the extended manifold, we need a well chosen cutoff function 7 defined

on the extended manifold M. To this aim, let 77 solve

div(z!=*Vij) =0 in Bf(p,0),
=0 on 9™ By(p,0), (73)
17=1o on Bi(p) x {0},
where 17790 = ¢ o € C2(B1(p)) and 7 is a fixed cutoff function with 7 = 1 in B,,3(0) and 7 = 0 outside
Bs,4(0). First, since FAy(M, 8,2, p, ¢) holds, by the estimates of Lemma B.4 we have for all ¢ € Bi(p)

Bs

(~72:7)(@,07)<C and g [ AERC,
B (p.0)

for some dimensional constant C = C(n). Note also that |7j| < 1. Then

—S —S

gPot :f_/ 1—u22<8— 1 — 12)22
Bu2(p) 4 31/2(17)( )y = 4 Bl(P)( S0

1 <es Rl ¢ —u2)3;75> — 24y,
4 Bi(p) Bi(p) 4
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On the one hand by (70) and the divergence theorem
= [ emra-td= [ syt
(r) Bi(p)
—pe [ i (=) (-, 07)
Bi(p)
= ,BS/N div(z' SVU Uj?)
By (p.0)
= ,BS/N Z (VU PR + 27U Vi - VU)
B (p0)
< ﬁs/N zls((1 + b vu? +au2|€;7|2>
B (p0)
< %/~ Z175| VU + Ca,
@ JB{(p0)
where B; is the constant defined in (49) (see also Proposition 2.21) and we have used (67), (68) and Young's

inequality in the second to last line.

On the other hand, since W” (1) = 1 — 3u? and u is A-almost stable

J= s_s(l—3u2—|—2u2)((1—u2)170)2
Bi(p)
2
<51§pr)((1—“2)770)+/\( / \(1—u2>;70\) Y
Bi(p)
<B [ aRa-wnPac [ a-wgeal
B (p0) B1(p)

= =2
Here we have bounded £5°°((1 — u?)1) by J; since the former is the infimum of % [ 25|V V]? over all
the extensions V of (1 — u?)#, and (1 — U?)#g is one such extension. Now, since 77 = 0 on 9* B{(p,0) and
div(z!=*V7) = 0 we have

h:&/

215 (4UZ?UI2172 +IV(A-U»?) -V + (1 - UZ)ZIWIZ)
(p0)

4 B (p,
= %(4/~ 2P VU - / 275 (1 — u?) 007+
B (p0) Bi(p)
[ - [ a-uRee)
B{ (p.0) B (p.0)

—Cpe [ AUNVUPR S [ (1P (— B RuA) (-, 07)
B (p0) Bi(p)

<C / 2 S|VUP + CEERL
ﬁS Ef(p,o) ‘ | Bi(p)

and also
]:/ 1—M222§C855P0t )
2 Bl(p)( ) Bi(p)
Thus
J=n+cp+arsc(B [ agup e, ),
@ JB{ (p0) 1(p
for some C = C(n, Ag). Putting together the estimates above gives the result. n
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3.2.3 BV estimate — Proof of Theorem 1.25
The aim of this subsection is to prove Theorem 1.25.

Lemma 3.12. Assume M satisfies the local flatness assumption FA;(M, g,1,p, ¢). Let X be a vector field with
spt X C Bayy(p), and denote by & : B1(0) — R the pull back & := ¢*X of X via the chart ¢~ 1. Let ¢ > 0,
€ (0,1) and u : M — (—1,1) be a solution of the Allen-Cahn equation (—A)*/?u + e~ *W'(u) = 0 in By(p).

Then
EM(w)[Vxu, Vxu] < C(ﬁs/

Wqul—scldeJr/
B3, (p.0)

e_sW(u)dV) , (74)
Bs/4(p)

where C = C(n, ||¢]|c2(p,)) and U is the extension of u.

Proof. Denote by ) the flow of X at time t and u; := u o 9y, then by definition

2
dt2

£ () = lim E(ur) + E(u_y) —2&(u) '

1
E"(u)[Vxu, Vxu] = B lim 2

(75)

Let X be any smooth extension of X in B3 14(p,0) with support compactly contained in B3 ,4(p,0), in
other words X vanishes in a neighborhood of 3+ B 14(p,0), and such that X"*1 = 0. This last condition
implies, if ¢ is the flow of X, that ¢ leaves invariant the z-component in the extended manifold M.

To bound the above we split the energy & in its Sobolev part and potential part. For the Sobolev part,
by the minimality of the extension in the energy space

E5P (1) = %/N 2178\ Viig|? dvdz < %/~ 2175 | VU dvidz,
M M

where S; is the constant in Theorem 2.20. Here 1 is the extension of u; and Uy := U o {/)V*t. We errlphasize
that, with our current notation, U; is not the extension of u;, but instead the translation of U via gbt in the
extended manifold M. Denote

)= /~ VU 22 dVidz.
M

We then have

Sob Sob Sob
i E50 (1) + €50 (u_y) — 26 <ﬁ_(hm ) 21(0)>
t—0 2 4 \+—0
Ed_
) \V —s
%ﬁ /~+\vut|2z1 dvidz,

Now, since M satisfies local flatness assumption FA;(M, g, 1,p, ¢), setting ¢(x,z) = (¢(x),z), Q =
q)’l(B;M( 0)), ¢t := ¢ Logto@ and U:= U o §, we have

I(t) = /5;/4(%0) IV(Uo ¢ )22 5dVdz = /ﬁgﬁai(ﬁo¢,t)aj(ﬁo¢,t)zl—s\/gdxdz (76)
= [ @@ 0 g-2ig" (@1l o 939" =1 Igl di
= /4] @(akm Q) (?faiqb"tajqblt g) o pr(pf ) T dgt Ao Adgp !

= /Q (3l (3,U)z! (?f (0i¢* 10,9, g) o ¢t |Depy| dxdz
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Hence
2 rkl

1”(0)_/f)(aku)(alu)zlsaai (0,x,z)dxdz,

where
(L, ) = (?‘faiq>k_tajq>l_m/|g~) o 91 |Dgy.

Since ¢ : [0,00) x O — R™*! is the flow of (¢,0), together with the flatness assumption, a direct computa-

tion shows that

92k

—7(0,)
ot?

< C(n 1¢llc2my))-
L=(0)

Thus

n+1 _
1"o)y<c [ Y |9z S dxdz < c/~ |VU?z' 5 dVdz,
Q k=1 B;/4(P,0)

where C = C(n,[|¢]|c2(p,)) and we have used the flatness assumption to compare the Euclidean metric on
R™*1 to the one on M.

Similarly, for the potential part of the energy

) 5Pot(ut) _‘_(c/‘Pot(uit) _ZgPot(u) B d2 Pot
jirg 12 =gt ).

Arguing as in the last part of the proof of Lemma 2.16 (the one regarding the potential part of the energy,

with £ = 2) we have
2

d Pot Pot _ —s
Wg o (Mt) < CEB:M(P) (M) =C 33/4(p)8 W(u) dV,

where C > 0 depends only on |[¢[|2 (5, since by direct computation for the Jacobian

82
I3z (Visiowr) 0] < clidles,)-

This, together with (75) and the bound for I”(0), concludes the proof. O

Proposition 3.13 (Almost stability = BV). Let p € M, sp € (0,1), s € (so, 1) and assume that M satisfies the
flatness assumption FAy(M, g,1,p, @) Let u : M — (—1,1) be a solution of (—A)*/?u + e W' (u) = 0 which is
A-almost stable in B1(p) C M (see Definition 3.9).

Then, there exist constants Ao and C, depending only on n and s, such that: if A < A then

/ Vuldv < S
B1/4(p) -

Remark 3.14. We emphasize that, in Theorem 3.13 above, the constant C on the right hand side is com-
pletely independent of the potential e *W. In particular, C does not depend on .

Remark 3.15. The blow up rate (1 —s)~! as s 1 is not expected to be sharp, but (1 —s)~1/2 is; see
Remark 2.3 in [19].

To prove Proposition 3.13 we will need the following lemma.

Lemma 3.16. Let n > 2, p € M, sp € (0,1), s € (so,1) and assume that M satisfies the flatness assumption
FA»(M, g, R, p, ¢). Then, there exist Ay and Cy, depending only on n and sy, such that the following property
holds. Let u : M — (—1,1) be a solution of (—A)*/?u + e =*W’(u) = 0 which is A-almost stable in Bg(p) C M
for A < Ag/R"™ (see Definition 3.9). Then, for every § > 0

Rl—"/ |Vu|dV < G +5R1—”/ |Vu|dV .
Brya(p) (1-5)d Br(p)
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Proof. Since the statement is scaling invariant, as the constant C does not depend on ¢, we can assume
R = 1. See the beginning of the proof of Lemma 3.11 for details on the scaling.

We show that there exists a constant Cy = Cy(n,s9) > 0 such that, for any given § > 0, there holds

C

IVl .0 = G55

+0lVulla g, (p)) -

In particular, this C does not depend on .

Let X be a vector field compactly supported in B3,4(p) to be chosen later, and let us denote B := B;(p)
during this proof. Testing the almost stability inequality with § = |V xu| gives

0 < E§() |V xul, 1V ] + AVl
On the other hand,
IV xul, [Vl = EFTae, V=4 [ [ (T () (Vi) (@)Kl )aVilVy,
thus we find that

4 [ [ (V)4 () (Vi) @K )aVidVy < E§() [V, Vxa) + AVl (77)

Moreover, by Lemma 3.12 and Lemma 3.11 respectively, we have

£5(u)[Vxu, V] < C <l3s L.

33/4(p,0)

C </35/N VU2 =dVdz + 1) ,
B (p.0)

for some C = C(n, [|¢]lc2(5,(0)) Ao), where & = X'o ¢ and Ag will be chosen shortly depending only on
n and sy. Hence

VU2 ~*dVdz + 55;}4@)(@)

IN

4[] x0T @K paviy < € (b [ 1FUPSavitz +1) + AVl

Now, since by Lemma 2.11 there holds Ks(p,q) > co > 0 for all (p,q) € B x B, for some constant
co = co(n,s9) > 0, we have

(7300l | (T30l = [ [ (T ) (T ) - (@)aViaVy

< o [ [(Tx)- () (T @K (p)avavy.
Also
(750l = IV x)- sy = | Vv = [ (Fu,3)av
_ /B div(uX) — udiv(X) dV = /a (X, N) do - /B udiv(X)dV,

where N is the outer unit normal vector field to dB. Then, since |u| <1

15+ liagay = 10V x0) sy | < DXy + 19V OO o) < € (elleyson) O

40



Hence, we get
) 2
1Vl ) = (1) 11 gy + 10V x20) 1))
2
= (109 x)+ lagey — 10T )+ 41T x) a9 x) L
< Cﬁs/~ |VU[*2'~*dVdz + C + AHquII%l(B)-
B+ o
Thus, for A < % =: Ao we obtain
0

||vxu|\§1(3) < CBs /§+ VU2 dVdz + C.

We can now conclude Step 1 in the proof of Proposition 3.13. By Lemma B.3 with R = 1, k = 0 we have

~ C
ﬁs/~ VU Pz 2dVdz < —— (14 |Vl 11 (p)) -
B+ 1-s

Thus, for every 6 > 0 by Young's inequality

1
IVt oy < C+ Cyf s 1+ 1l )
C
< m +5HVM||L1(B) .
Now, let 7 be a smooth cutoff compactly supported in B3,4(p) and with # = 1 on By 5(p). Making the
particular choice X = 17% above and summing up from i = 1 to i = n, together with (11), gives

C
IViles s, o = =55 +oIVHl ) - @)

for some C = C(n,sp), and this concludes the proof.

Before giving the proof of Proposition 3.13, we recall a useful covering lemma by L. Simon [93].

Lemma 3.17 ([93]). Let f € R, My > 0,0 > 0and S : B — [0, +00) be a nonnegative function defined on the
family B of open balls contained in the Euclidean ball B,(0) C R" that is subadditive for finite unions, meaning
that whenever B C \J; B; a finite union then S(B) < Y_; S(B;). Then, there exists a constant 6 = 6(n,6,p) > 0
such that, if

rPS(Bg,(x0)) < 6rPS(By(x0)) + My whenever B,(xg) C B,(0),
then

S(By/2(0)) < CMo,

for some constant C = C(n, B,p) > 0.

We can now give the proof of Proposition 3.13.

Proof of Proposition 3.13 . Let Ag and Cy be the constants given by Lemma 3.16. Fix any Euclidean ball
B,(x) C Bs;4(0). Consider the subadditive function (defined on the family of Euclidean balls contained

in 83/4<0))
S(B,(x)) = / V| dV.
¢(Br(x))
Notice that FAy(M, g,1, p, ¢) implies By, 5(¢(x)) C @(Br(x)) and ¢(B1,8(x)) C B,5(¢(x)). Hence, by
Lemma 3.16 applied with R = 4r/5, for every 6 > 0 and B,(x) C Bj,4(0) we have

C

rS(Bys(x)) < oS (Br0) + =gy
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for some C = C(n,sp) > 0. Using Lemma 3.17, taking ¢ the one given by the lemma with § = 1 —n,
p=23/4,0 =1/8, we find that

C
S(BysO) = [ |Vulav < 1=,
¢(B3/s(0)) S

where C depends only on 7 and sy. In particular, since By /4(p) C ¢(Bj3,5(0)) this concludes the proof. [

Now we will prove the full BV estimate, by iteratively reducing to the almost-stable case thanks to a
covering lemma which is inspired by the proof of Proposition 2.6 in [54].

In the following lemma we denote by Q,(x) C R" the (hyper)cube of center x and side r.

Lemma 3.18. Letn>1,m > 0,60 € (0,1), Dg > 0and B > 0. Let S : B — [0, +00) be a subadditivel3functi0n
defined on the family B of the (hyper)cubes contained in Q1(0) C R", such that

(i) sup  S(9:(x)) >0 asr—0.
{x: Qr(x)eB}

(i) Whenever Q(xo), Qr(x1),..., Qr(xm) C ©Q1(0) are (m + 1) disjoint cubes of the same side at pairwise
distance at least Dyr, then

3ie{0,1,...,m} suchthat S(Qg(x;)) < rPMy.

Then
S§(Q1/2(0)) < CMy,

for some C = C(n,60,m, B, Dgy) > 0.

Proof. Let p = 27, for a fixed integer k > 1, and consider the regular partition of Q;(0) into 2" cubes of
sidelength ¢. Let us call § := {Q}} the family of cubes in this partition. In this way, clearly #3; < p~"
. Let xi1 denote the center of the cube Q} and, for every A > 0 and cube Q of side 7, let AQ be the cube
with the same center and side Ar.

Now, we split the family §; as §1 = &1 U B into the families of good and bad cubes as follows. Start by
considering 0! if there holds

S(6Q1) < Mopf (80)
then it is considered a good cube, we assign it to &; and we remove it from §;. On the other hand, if
Q% does not satisfy (80), then we assign it to the bad cubes 9B, and remove it from §;. Moreover, if this
happens, also all the cubes at distance less than Dop from Q1 are considered bad as well, so they are

assigned to B; and removed from §;. Clearly, there are at most (2Dg + 3/n)" such cubes. We continue
this procedure of splitting §; in good cubes and bad cubes until there are no cubes left.

By property (ii), we may have assigned cubes to the bad set B; at most at m steps. Since at each of
these steps we removed at most (2Dg + 3/n)" cubes, this means that #8; < m(2Dy + 3/n)" =: Ny.

Regarding the good set 1, we know it contains at most #3; < p~" cubes, since this is just the total

number of cubes in the cover. Moreover, by construction in every Q € &; we have
Hence

S(Qe(0)) < ) S(6Q)+ ), S(0Q) < MopP ™"+ } S(6Q).

Qe Qe®B, QeEB,

The argument continues iteratively under the same scheme, on the union of the at most Ny bad cubes
that are in 9. Consider the partition §, := {Q?} of the cubes in B obtained splitting each cube into 2"

13Meaning subadditive for finite unions of (hyper)cubes.
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smaller cubes of side p?. Notice that and #3, < Npp~". Now assign cubes in § to the good cubes &, or
bad cubes B, as before; starting from Q? assign it to &, if

S(09Q3) < Mgp??, (81)

and remove it from §; if this happens. Else, if this is not the case we assign Q3 to the bad cubes B, and
remove it, together with all the cubes in F, at distance less than Dgp? from it. Continue the procedure
until there are no cubes left in §,. By property (ii) again, exactly the same argument as in the first part
shows that §, contains at most Ny = m (2D + 31/n)" cubes assigned to the bad set, that is #8, < Ny. This
produces a partition §, = &, U B,, and we get

Y, S(0Q) < Y S(0Q)+ Y, S(6Q) < NoMop?P ™"+ Y S(6Q).
QG‘Bl QG@Q QG%Q QG‘BQ

Iterating this argument, after k steps we have always #B; < Ny, and in particular by (i) and subadditivity
S(Br) < ), S(Q) —o0,

Qe‘Bk

since each Q € B has side p* — 0. Thus, the set of the points belonging to infinitely many bad families
is S-negligible. Hence'

S(Q4(0)) < MopP ™" + NoMop* ™" + NoMop*P ™" + ...

_ ; Ny
< NoMopP ™"y pP = ————— M. (82)
Jg pr(p~P 1)

Now notice that Q;,,(0) can be covered, for some ¢ = ¢, dimensional constant, by &,6~" many cubes of
side /10 such that the cube with the same center and side 1/10 still is contained in Q;(0). Since property
(ii) is translation invariant, covering Q7 ,,(0) in such a way gives

&0~ " Np _ Ea0"m(2Dg + 3v/n)"
n(p—P Mo = n(p—P
pt(p=P —1) p'(p=P—1)

and as this holds for every p = 27, just choosing any fixed k gives the desired estimate.

S§(91/2(0)) < My,

O

Theorem 3.19. Suppose that M satisfies the flatness assumption FAy(M, g, 1, p, ), in the sense of Definition 1.21.
Let so € (0,1),s € (so,1) and u : M — (—1,1) be a solution of the Allen-Cahn equation (7) in By(p) C M with
parameter ¢, and with Morse index mp, (,)(u) < m. Then

/ |Vuldx < L,
B1/2(p) 1-s

for some constant C = C(n,sg, m).

Proof. For a set E C R" denote by AE := {Ay : y € E}. Consider the subadditive function!®

5(0) ::/ o [vulav,
‘P(mQ)
defined on the cubes Q C Q1(0).

Claim. S satisfies properties (i) and (ii) of Lemma 3.18 with My = C/(1—s),=n—1,0 =1/8, and
Dy depending only on 7, sy and m.

4Note that we could also have stopped the exhaustion process when the error in the tail of (82) is less than the constant on the
right-hand side, and we would have obtained the estimate with two times this constant.
5The factor ﬁ inside (p(ﬁ Q) is needed to have ﬁ Q C By/2(0) for @ C Q4(0) in order to apply Lemma 2.11.
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Proof of the claim. The first property is clear from the definition of S. The second property is a consequence
of the Morse index of u being at most m.

Indeed, let Q,(xp), Qr(x1),..., Qr(xm) C Q1(0) be (m + 1) disjoint cubes of the same side at pairwise
distance at least Dyr, and let g; := ¢(x;). Then, since B, ,5(x;) C Q,(x;) by Lemma 3.10 and Lemma 2.11
for at least one ¢ € {1,...m}, the inequality

C]H’l
E"(u)[g, ¢ > _WHNU (B, 2(a0)) (83)
holds for all § € C®(B,,2(q¢)), for some C; = Ci(n,sp). Thatis, u is a A-almost stable solution (in the

sense of Definition 3.9) in B, 5(q,) with A = Note that, in this case, on the re-scaled manifold

M := (M, (2/7)2g) we have that u is a A(r/2)"*5-almost stable solution of (—A)%/2u + (2¢/r) W' (1) = 0
in §1<b]g), and the flatness assumption FA, (M, (2/r)2g, 1,4y, (ng,r/2) holds.

Let Ag be the constant given by Proposition 3.13. Then, there exists Dy = Dy(n,s9,m) > 0 so that
u is a A-almost stable solution of the Allen-Cahn equation in El(qg) with A = % < Ay, for Dy
sufficiently large. Hence, by Proposition 3.13 we get

/A |Vu|ng < <
By,4(qr) 1—s’

and, since q)(Q% (x¢)) C B,/s(qr), scaling back this inequality on M gives

6y/n
S(Qus(x) < [ -
Br/S(W)
for some C = C(n,sp, m), and this concludes the proof of the claim.
Hence, by Lemma 3.18
C
S(Qi2000) = | Vulav < .
2(2 1 (0)) =S
4/n
Now, the fact that the BV estimate holds in By 5(p) follows by FA,(M, g,1, p, ¢) and a standard covering
argument, and this concludes the proof. O

As a corollary, simply by scaling we immediately get Theorem 1.25.

Proof of Theorem 1.25. Since FAy(M, g, R, p, ¢) holds, then the rescaled manifold M := (M, R~2g) satisfies
FA,(M,R2g,1,p, ¢o r). Hence, Theorem 3.19 gives

/ |Vu|ng§ c
By/a(p) 1—s’

for some C = C(n,sg, m). Scaling back this inequality on M gives the result.

3.2.4 Density estimates

Proof of Proposition 1.28. Since the statement is scaling invariant, we prove the result just for R = 1. We
argue by contradiction, suppose that fBl |1+ ue|dV < wp and that {ue > ——} N By,2(p) # O, for some

1 > Cpe; the constant Cy that will be chosen during the proof, depending only on n, s, and m. First, by
continuity of 1, and by taking wy < |By,2(p)|, there will be a point g € By2(p) for which |uc(q)| < 15

Now, we claim that there exists a small constant a = a(n,s) such that [ue]ce(p, ,(5) < Ce™* for all
¢ < 1/10. Indeed, let 7 € C°(B2(0)) be a cutoff function with xp, ,0) < 7 < Xp,(0)- Then, the function
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i(x) := ue(p(¢p~1(q) + ex))n(x) is well defined on the whole R”", since i depends only on the values of
ue in @(Bae(971(q))) C @(B1). Now, by the flatness assumption FA;(M, g, 1, p, ¢) we have that i satisfies
|Lii] < C in B;(0), for some C = C(#n,s), where the kernel of L satisfies (137) by Proposition 2.6 — see in
particular inequality (26). Hence, by Lemma B.5 we have that [it]c« (g, ,(0)) < C, for some C = C(n,s) > 0,

thus [ue]cu(p, ,(q)) < Ce™* as desired.

q

Then, there is e = ¢1(n

n,s) < 1/10 sufficiently small such that, for all ¢ < &1, we have |ug| < % in the
ball B¢(q). Using that W(u) =

1(1—u2)?, we deduce

e e W(ue)dV >6>0
Be(q)

for some positive absolute constant 6.

Let now U be the s-extension of 1, in M = M x [0,00). The previous lower bound on the potential
energy in B¢(g) leads to

£TE(U) =" <&/~ 2| VU P dVdz 4+ ¢7°
2 JB!(30) Be(q)

Applying the monotonicity formula of Theorem 2.23, we deduce that
P "EH(U) > 8/Cy, foralle < p < Rmon, (84)

W (ue) dV) >0.

for some C; = Cy(n), where Rmon is the radius given by the monotonicity formula and can be taken to
be Rmon = injy,(q)/4 — see Remark 2.24 — and thus by hypothesis is Rmon > 1/8. In particular, for all

e < p <1/8,by Lemma 3.11 with a = 4co;c1 we have

0 ~
_ < s—n

< %p*”/+ 1= S\VU|2dde+Ca+C£Sp7”EPOt( Ug)

B;,
:c:psfn/ 15| VUPR dVidz + Cetp "€ (1) +
B+ 4C1

2p

0
< Cps‘”/ 2! 75| VU 2 dVdz 4 Ce* 4+ —
g;) 4Cy’
where in the last line we have used again Lemma 3.11 with a = 1.

. 1
Hence, for all € < &g := min {e;, (%) /s

of gg), by Lemma B.3 with k = 1 we have

0
2C;

} depending only on 1 and s (and this will be our final choice

< Cp*™ "/ !SI VU 2 dVdz
B

4p

C 1—-s s
<ol [ prud) (e[ vwd)
r B4rp(q) B4rp(q)

for all r > 1 provided 4rp < 1/2. Now, at this point choose r = (&)71/5 and p such that 4rp = 1/2,
and note that this is allowed as long as 1 = 8rp > 8re =: Cpe, where Cy = Cy(n,s). This gives

9 S
2 < ngS(/ |w£|> ,
4G B1/2(9)

and by the BV estimate of Theorem 1.25 we reach contradiction if the density wy is too small. This
concludes the proof of the first part of the proposition.
O
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From the proof we can extract an additional auxiliary result.

Proposition 3.20. Let u : M — (—1,1) be a solution of (7) in Br(p) C M with Morse index mg(,y(u) < m,
and suppose that M satisfies the flatness assumption FAy(M, g, R, p, ¢). Then, there exist positive constants Cy
and e, depending only on n, s, and m, such that the following holds: whenever ¢ < g9 and R > Cyg, if for some
g € Bro(p) we have |ug(q)| < % then

/ |Vite| dV > coR" 1, (85)
Br/2(q

for some cq = co(n,s,m). This fact will be useful in the proof of Proposition 3.22 below.

Proof. It follows by simply repeating the proof of Proposition 1.28 above, from when we found a point
q € Bya(p) with [ue(q)] < 3 to the very last line, and using that |ue| < 1 to estimate the density

I} By»(0) |1 + u,| from above instead of using the bound wy. 0

3.2.5 Decay of £ — Proof of Theorem 1.27

Lemma 3.21. Let s € (0,1), p € M, and assume that FAy(M, g, p, R, ¢) holds; recall Definition (1.21). Let
ug : M — (—1,1) be a solution of (7) in Br(p). Then, there exist positive constants C = C(n, s) such that, ife < 1
and 1 — |ug| < {5 in ¢(Br(0)), then

0<1—|ue|] <C(e/R)* in ¢(Brs2(0)).

Proof. Since the statement is scaling invariant, let us assume w.l.o.g. R = 1. Suppose in addition that
19—0 < ue < 1in ¢(B1(0)); the case —1 < u, < —% can be reduced to the previous by the even symmetry
of W (i.e. replacing u. by —u.). Then, the function v := 1 — u, satisfies

(~8)% = ~¢ue(l — ue) < 370 in p(By(0)). (36)

Fix now a smooth function ¢ € C*(R") such that xp, 15000 < 1 =8 < Xp,(0) and consider the function

¢ := ¢ o ¢! defined on M, considered identically one outside ¢(51(0)). Then , since FA>(M, g, p,1, )
holds, by Lemma 2.9 for every q € ¢(B;,,(0)) we have

_ A\S/2% =z =
[(=A)% |(9) S/Mlé(q) é(P)Ks(PIq)deS/MW(BM(O))Ks(PIq)deSCof

for some constant Cy > 1 that depends only on 7 and s. Consider now w := 2¢ + 2Cpe®, we have in
¢(B1(0)) that

1 1
(—8) /2w 2 ~Co = ~2Coe - 5™ = — 2w,

Hence, recalling (86) and since w > 2 > v in M \ ¢(B;(0)) we get, by the maximum principle, that w > v
on M. Hence, using that ¢ = 0in ¢(B;,,(0)), we have shown that 2Cpe® > v in ¢(B;,,(0)), as desired. O

The following proposition shows the quantitative convergence to zero, as € \, 0, of the potential energy
of finite index solutions to the A-C equation (7). The statement and proof are inspired by the ones of
Proposition 6.2 in [20], which deals with stable solutions of the fractional Allen-Cahn equation in R"”. We
moreover simplify the proof in [20], by using the lower bound (85) on the BV norm that we have obtained
as a byproduct of (the proof of) Proposition 1.28.

Proposition 3.22. Let s € (0,1), p € M, and assume that the flatness assumption FAy(M, g, p, R, ¢) holds. Let
ue : M — (—1,1) be a solution of (7) in Br(p) C M with Morse index mp () (ue) < m. Then, there exist
constants C and e, depending only on n, s, and m, such that for all ¢ < g:

e’s/ W(ue)dV < CR"*(e/R)P,
Br/2(p)
where B := min (15%,5) > 0.
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Proof. Given q € Br/2(p), let
rq := max(min (4%, 3dist(q, {|u| < £5})), Coe),

where Cy > 0 is a large enough constant, depending only on # and s, to be chosen later. Note that if
R/16 < Cye, then

/ (e/R)~*W(ug)dV < (16Co)*(max;_; W) |Bga(p)| < CR" < CCE(e/R)PRY.
Bgsa(p)

Thus, we may (and do) assume that R/16 > Cye. In particular, r; € [Coe, R/16] for all g € Br/2(p). Now,
we claim that

/B : |[Viug| > c(rq)”*1 whenever r; < R/16, (87)
4rg q

for some constant ¢ = c(n,s,m). Indeed, if r; < R/16 then there exists q' € {|u¢| < {5} N Bor/16(p) such
that dist(q,q") < 2r,. Then, choosing ¢y small and Cy big (depending only on 7,s and m) according to the
constants in Proposition 1.28, by (85) we have

J

We now produce a covering of Bg/2(p) by some of the balls {B;, (q)}quR/z(

Vite| > / Vite| > c(2ry)" 1,
q Barg ('

4rg

as desired.
p) s follows. Given k < —5,
let Xy := {q € Brya(p) : r4 € (2R, 2*1R]} and let {q;-(}]‘ejk be a maximal subset of X} with the property

that the balls B, i, 4(q;‘) are disjoint, where r(q;‘) := 7y It then follows, by the very definition of X, that
j j

Xk C U B q])
j€Jk
and that the family of quadruple balls
k
{B4r(q;.<) (q] ) }jejk

has (dimensional) finite overlapping.'® Note also that since R/16 > Cye we have |log,(Coe/R)| < —5
and, by construction, the union of the sets X; when k runs on {|log,(Coe/R)| < k < —5} covers all of

Br/a(p)-

Now, on the one hand, by the BV estimate of Theorem 1.25 we have f |V | < CR"! and this

y Bar/a(p)
yelds
#J, < C2 kn=1) (88)

for all k < —5. Indeed, this follows using that the balls {B (4] kY }]. < 7, have finite overlapping and are
all contained in Bz /4g(p).

On the other hand, we claim that Lemma 3.21 yields

/ (e/R) W (ue)dV < C/ (e/R)™5(1— |ug|)?dV < C(S/R)*S(i)“rz
By, (x) By, (x) re

for any given & € [0,2s]. Indeed, note that if r; = Cpe the previous estimate is trivial, while if r; > Coe
then ry < 1dist(q, {|u| < 10}) and hence we may apply Lemma 3.21 (recall that r; > Cope > «).

16That is, every point g € {B (q j ) }]. i belongs to at most N = N(n) of these balls. This is easy to check: if g belongs to N

of such balls, we would have the ex1stence of N points q;‘ in By pok1(p) such that the balls B; Rzk(q;‘() are disjoint and contained in
i
By gk (p). Then, comparing the volumes and using that FA>(M, g, p, R, ¢) holds gives a dimension bound on N.
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Therefore, choosing & := min (%, 2s) € (0,1) we obtain —using (88)— that

-5
/ (/R)-Wu)dv<c Yy Y (/R) W (ue) dV
Br/2(p) k=|log,(Coe/R) | j€Ti B,(q]k,>(q§)
-5 "
sc Y LERTE(E)T
k=|log, (Coe/R) | jE€ Tk qr
-5

& o
<C Y (e/R) (5= ) @'R)"#7,
k=1log,(Coe/R)] (2 R)
-5
<C 2 (S/R)astnzk(nﬂx)sz(nfl)
k=[logs(Coe/R)|

< CRn(S/R)afs Z <2k)17¢x

k=—o0
< CR"(¢/R)P,
as we wanted to show. O
With the above estimates at hand, the proof of Theorem 1.27 is straightfoward.

Proof of Theorem 1.27. The bound on the Sobolev part of the energy is a direct consequence of the BV
estimate of Theorem 1.25 and the interpolation inequality Proposition 2.22, and the bound on the Potential
part is exactly the statement of Proposition 3.22 above. O

3.3 Strong convergence to a limit interface — Proof of Theorem 1.30
With the estimates for Allen-Cahn solutions of Section 3.2 at hand, we can finally prove Theorem 1.30.
Proof of Theorem 1.30. We split the proof according to the different statements in the Theorem.

Step 1. Convergence in H%/2(M).

Since M is compact, there is a small radius R = R(M) > 0 so that the flatness assumption FAy(M, g, R, p, ¢)
holds for every p € M; see Remark 1.22. We can then apply the BV estimate of Theorem 1.25 to get a
bound on the BV norm [u¢ |y (3, 1»(p)) independently of p € M. For any ¢ € (0,1), the interpolation result

of Proposition 2.22 together with the comparability between Ky (¢p,(x), ¢p(y)) and W (see Lemma
2.11) gives then the bound

Il e, (p) — e, () Ko (p,9) AV, 4Vy < C(n, ),
Bgr/2(p)xBr2(p)

valid for any p € M. Combining this with (29) of Proposition 2.6 (with & = 0), we see that
Il () = s, () PKepa) Y, ¥y < Cln,0),
Brya(p)xM

which after covering M with finitely many such balls of radius R/4 shows that
It | gor2 a1y < C(M, ). (89)

In particular, we can choose some fixed ¢ > s. Then, the (standard) compactness of the inclusion!”

H/2(M) < H*/?(M) shows that a subsequence converges strongly in H*/2(M) to a limit function ug €

7The compactness of this inclusion is well known on balls of R". This immediately gives one way of showing it for compact
manifolds as well, after covering them with a finite number of small coordinate balls and using the same estimations for the kernel
as in the present proof.
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H*/2(M). Moreover, after extracting a further subsequence (that we do not relabel), we also assume that
the convergence holds almost everywhere on M.

Step 2. Convergence of the Potential energies EII\)/ft(ugj) to zero and structure of uy.

Again as in Step 1, covering M with a finite number of balls of radius R so that FA;(M, g, R, p, ¢p) holds
for all p € M, applying Proposition 3.22 to each ball of the covering we get (for j large) that

Rt (ue,) < C(M,s,m)ef,

j (90)

which shows that EyP*(ue;) — 0 as j — co (since then ¢; — 0).
The fact that the limit function is of the form uy = )(E — Xge for a set E C M follows: since we just
proved that ¢;° Jp W(ue;) — 0as j — oo, of course [y, W(ue;) — 0 as well. By Fatou’s Lemma we deduce

that [, W M uo =0, Wthh shows that the limit 1 can only take the values +1. Hence uy = xg — xgc for
some measurable set E C M, which is actually a set of finite perimeter since the ue; satisfy uniform BV
estimates. The fact that (17)-(19) hold, after choosing the representative of E for which every point of E
with density 1 belongs to its interior and every point of density 0 belongs to its complement, follows from
the convergence in L! (M) and the density estimate of Proposition 1.28.

Step 3. Convergence of the level sets to dE in the Hausdorff distance.

This is a direct consequence of Lemma 3.21 and the density estimate in Proposition 1.28. Fix ¢ € (—1,1).
Arguing by contradiction, assume one could find points p; € {u; > c} and q; € E with d(pj,q;) > r >0
and B, >(pj) NE = @, for some small r > 0. By compactness for a subsequence there is po such that
pj — Po, and in particular B,/4(po) C E°. This implies (up to subsequences, that we do not relabel)

that lim; .o ue; = —1 a.e. in B,/4(po). By the density estimate of Proposition 1.28 then ue, < —% in
B, s(po) for all j sufficiently large, and with Lemma 3.21 this implies ue; < —1+ C(¢;/7)*. This contradicts
ue;(pj) = ¢ > —1 for j large, and concludes the proof.

Step 4. The limit set E is stationary for the fractional perimeter.

Claim: Let X be a vector field of class C* on M, and let ¢ := 9% denote its flow at time t. Putting
eyt (p) 1= 1t (91 (p)), then

dt dt

T ES () > T Per,(3!(E)) and A 6Pt ) 50, asj s oo, 1)

drt™M

Proof of the claim. The change of variables in (39) gives that

4 4
8 ye) = [[ () = 0y 0) P K ) w4 0)) B )] @V, v,

and likewise

d(

e, (9(£)) = (] o) — o) - [0 o), ) R )] 5 ;.

We can rewrite the former as

LKW (), ' @) 1P ()]
Ks(p,q)

¢
e

278 (e,0) = [[ Iy (9) = s (0) PRt ) 4V, dv,.

Since ug; — ug in H/2(M) by Step 1, we immediately see that

Aj = |ug;(p) — ue; () PKs(p,q) = [uo(p) — uo(q)PKs(p,q) =t A in L'(M x M).
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2 KW @ @) 1) Ha)
On the other hand, (40) and (41) show that the fixed function B := XG0

L®(M x M). Therefore, A;B — AB in L'(M x M) as well, which gives the first part of the claim.
For the second part of the claim, the fact that

belongs to

¢
%Eﬁ’t(ue}.,t) —0 asj— o

follows from combining (43) and (90). O

Now that we have shown the claim, the fact that E is stationary for the fractional perimeter follows
from considering a vector field X of class C* on M, and applying the claim (with / = 1 and ¢ = 0) and the
stationarity of Ue; for the Allen-Cahn energy:

Step 5. E has Morse index at most m (recall Definition 1.7).

To check this, consider (m + 1) vector fields Xy, ..., Xy of class C* on M.
Letting a := (ag, a1, ...,am) € R"*+1 and X[a] = aoXo + ... + am X, we can define the quadratic form
&
QSj(a) Ca W
the polarization identity for a quadratic form, it is immediate to see that Qé‘]l — Qfl as j — oo, where
2

Qo(a) := % t:OPers(lp;qa](E)) = le”kﬂl-
Now, since the u¢; have Morse index < m, by definition we know that for every j there must exist some
al € S™ such that

t*05<u€j o 1p;<[tﬂ]), which we can write as ng(a) = Q’g}l,akal for some ay, a;. From (91) and

; d? -
Qe;(a) = e tzog(ugj olpx[fa].]) >0; (92)

the convergence of the coefficients Q’g}l to Q’él then immediately shows that Qy(a) > 0 for some a € S" as

well.
O

The rest of this section is devoted to proving that the sets constructed as limits of solutions to the Allen-
Cahn equation (and which were shown to be critical points of the the fractional perimeter under inner
variations) are actually viscosity solutions to the NMS equation.

Lemma 3.23 (Palatucci-Savin-Valdinoci [82]). There exists a unique increasing function v, : R — (—1,1) with
05(0) = 0 that solves (—A)*(vo) + W' (v,) =0in R.

Remark 3.24. Let A be any symmetric positive definite matrix with A;, = d;,, 1 < i < n. Defining
Ve,(x) = vo(e71(xn — T)) (where v, is the function from Lemma 3.23) we have

(ve,c(x) = ve2(y)) —sTA7 _
lxn,s /Bg ‘A(X—y)|"+s ‘A‘d]/—FEI] W(US,T) _OI

where |A| denotes the determinant of A

Remark 3.25. We will implicitly use many times the following fact. Let ¢ : B,,(0) — M is a diffeomor-
phism onto its image with ¢(0) = p, and let F C M be a measurable set. Then, the limit

lim (Xr — xre)(q)K(p,q)dVy
10 JM\B,(p)
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exists if and only if the limit

lim (xr — xre)(9)K(p,q)dVy
0 J M\ g(B(0))

exists, and if they do exist they coincide. This is not due to cancellations and can be seen as follows: for
r < 1, sufficiently small, by Lemma 2.11 we can estimate

\ [ e e @K v, - [ (tr — 1) (@)K(p, ) Y,
M\B:(p) M\¢(B:(0))
1 C
gc/ 4V, < ——Vol(B,(q) Ap(B,(0))) — 0
B, (q)A(B,(0)) A(q, p)nts T = gt (Br(a) S (B:(0)))

as r — 07, since there holds Vol (B (q) Ag(B,(0))) = O(r"+2) for small r.

Proposition 3.26. Assume that ue; are solutions to the A-C equation (7) on M, with parameters ¢; — 0 and

Morse index m(ug;) < m, and that moreover ue; — g := Xg — Xge in H*/2(M). Then 9E is a viscosity solution

of the NMS equation in the following sense: whenever p € JE, and ¢ : B, (0) — V is a diffeomorphism from
By, to an open neighborhood V. C M of p satisfying ¢(0) = p and V* := @(B) C E (where we denote

B := B, N {x, > 0}) we have

tim [ G- xe) @K(p) AV, <0, for F=V*U(E\ V), 93)
r40 M\B:(p)

Proof. We suppose by contradiction that for some p and ¢ : B,, — V as in the statement of the proposition
we had

lim (xr—xr)(@)K(p,q)dVg>26 >0, for F=VTU(E\V). (94)
r10 JM\B:(p)

Our goal is now to obtain a contradiction.

Let us make the following useful observation that we will use several times throughout the proof. Let
¥ := By — W C V be another diffeomorphism with (0) = p such that ¢(B;) "W C y(B;). Put

G = 9(B) U(E\ 9(B,); then,

(xc — xc)(q) > (xr — xrc)(q) forallg € M.

Hence, the integral (94) only grows when replacing F by G. In particular, this applies to “restrictions of
domain”, such as ¢ = ¢|, for any p < go.

Step 1. Let us first observe that (setting x = (x/, x,)) we can replace F by
F = ¢({x € By, : 2y > t|X'|’}) U(E\ V)

in (94), for t > 0 sufficiently small, provided we also replace 25 by J. Indeed, it is easy to see (using the
local bounds for K in Lemma 2.11) that

f(t) :=lim (xr — xr) (@)K(p,q) dVy
rl0 M\B:(p)

is continuous in t. Since f(0) > 24, for t > 0 sufficiently small, we will still have f(t) > é > 0.

Next, fix t = t, > 0 small and choose “Fermi coordinates” adapted to the hypersurface I' := ¢({x, =
to|x'|?}) around p. More precisely: there exists a diffeomephism 9 : By, — W = ¢(By, ), with (0) = p
and W C V open neighborhood of p, such that for all x € B,,,

Xn ifx, >0
—x, ifx,; <0

d(p(x),T) = {
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and ¢(Bg) = WN @(Bg, N {xn > t[x']?}).
Moreover, since G := §(Bg,) U (E \ W) contains F; we have

lim (xc — Xxce)(@)K(p,q)dVy > 6 > 0. (95)
0 M\B:(p)

Also, by construction we have
$(Byy N{xn = —cl¥'P}) CE, (%)
where ¢ > 0 depends on t..

Step 2. We now perform a key computation in coordinates. Let us now choose a smooth cutoff function
n:R" — Ry satisfying x5, <7 < x5, and put:

Mo(x) :=1(x/0) and fj:=neoyp". 97)

Let K(x,y) = K(¢(x), ¢(y)) be the expression in coordinates ¢! of the kernel K(p, q) for p,q € W, that

is, for x,y € By. Let gjj : By, — R" denote the components of the metric in the coordinates ¢~!. Since
¢~ ! are Fermi coordinates, we have

8ni = 8&in =0ni, 1<i<n (98)

This will be crucially used later.
Fix ¢ € (0,01/2) small to be chosen later. By (95), we have for G, := 1,11(85’) U (E\ $(By)) and
H:={x, >0} CR"

T x1) (1)K, )1o(y) /131 () dy = lim sy 00~ X @K (P )() 47,
> 65— (xe — xe<)(9)K(p, q)(1 —10)(9) dVj.
M\y(B,)

Notice that B, (0) is not the same as ¢ (B, (p)), however as it will become clear from the proof below, the
limits as r | 0 of the corresponding integrals give the same value.

Let us also write
Kn,s

K(x, = - X —|—I/<\ x,1),
VI = ey gy V181 + K y)
where A(x) is the nonnegative definite symmetric square root of the matrix (g;j(x)). Notice that, thanks

to (98), we have A,;(x) = Aj,(x) = d,; for all 1 < i < n. Also, by Proposition 2.6 the kernel K(x, y) is not
singular, in the sense that

K(x,y)] < C(1+|x—y| "),
We thus have

. (XH — xHe)10(y) 7
ol [ TATOI0 gy V 810y 2 - Sy, 3~ REVDK )1~ ) ),

~ [ G = 2 ) RO, ol dy

Bgl

99)

Let us now recall the assumption that ue; — 119 = X — X£, and let us define for x in a neighbourhood
of 0

H0= [ B KGR0 ) @) = [ Gy 0 )R 1)m(v)

By,

Fol) == [ (e xe) WK, 1)@ AV~ [ (e = xe) @)K v)e(w) dy
M\yp(Bo) B

20
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Define also

)= [, 2

Fixing ¢ > 0 small enough, we will have |I(¢)| < §/4. Then, is not difficult to show (using the kernel
bounds of Proposition 2.6 and of Lemma 2.11) that f;(x) — feo(x) uniformly for all x in a neighborhood
of 0, and that f« is continuous in a neighborhood of 0. As a consequence, we have |f;(x) — fo(0)| < 0/4
for all x € B,,(0) and j > j,, for some j..

On the other hand, recall that (—A)%ue; + s]._s W' (ue;) = 0 in M. Hence, in particular

(xE — xE<) ( (1)K (0, y)17,(y) dy — /lg (xu — xue) (W)K O, y)1n,(y) dy

0

lim B, (o) (e, (Y (x)) = 1te; (9)) K(p, 9) dVy + &5 W' (ute; (1 (%)) = 0

for all x € B,,(0). Proceeding similarly the previous equation can be rewritten as

(e 0 ) (%) = (ue; 0 9) ()70 (y) oy _
e T B W ) = ). oo

Notice also that (99) can be rewriten as

s Tim (xu — xH)1M0(y)

110 JB,\B, [A(0)(0 —y)["+s \/‘87(0) dy > 6+ fo(0) +I(0) .

We now define v ¢(x) = vo (¢! (x; — 7)), where v, : R — (—1,1) is the function from Lemma 3.23. In
view of Remark 3.24, we have for x € B,,(0), j large, and |7| sufficiently small,

(ve; e (x) = ve, e ()10 (y) —— o
Kn,s /BZQ ‘A(x)(x_y”n—«—sg \/E(x) dy+€]- |2% (Uej,'r) < e

This implies that whenever x € B, j sufficiently large, and || sufficiently small

(UEj,T(x) — UE/,T(:V))T] (y) e 5
e /BZQ [AQ)(x — y)|"+se VIg1(x) dy + W (05,) < fi() — 5. (101)

In other words, we have shown that Ve v is a strict subsolution of (100).

Step 3. We now reach the desired contradiction. Fix now 6 € (O, %00) sufficiently small (to be chosen)
and let
—140 ifte[-1,-1+6]
Co() ==t ifte[-1+6,1-9],
1-6 ifte[1-6,1]
By the Hausdorff convergence of the level sets of u:; which we have proved in Step 3 at page 49,
for any t € [-1+0,1—0] the set {x € Byy : (ue; 0 ) > t} converges in Hausdorff distance towards
P 1(E) D {x € Byp : xu < —c|[x'|*}. Hence, for every fixed T > 0 we have, for all j sufficiently large,

Zo o tle; o = g0 ver  in Bag. (102)

Let us define:
7j:=min {7 € R | (102) holds for j } .

Notice that by definition of 7; there is x; € Ba, N {lue;| < 1—0}N{|ve;,«| < 16} By the previous
Hausdoff convergence property of level sets we it must be x; — 0 and 7; — 0 as j — oo.
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Let us show that, if 6 is chosen sufficiently small, we have
Ue, O P> (3 inbB,, /. (103)
Indeed, thanks to (100)-(101) the difference
W= Ue; O — Vg, 1,

satisfies

(w(x) —w(y))1e(y) S s / ,
Lw(x) := ans /BQ ‘A(x)(x_y)‘nﬂs \/Q(x) dy > 7+ 7" (W (0e,5) = W' (e, 09)) (x) in Br.. (104)

Notice that since (102) holds for T = 7; we have w = v¢,,7; — (1g; © ) > —8 in Ba,.

Assume now by contradiction that infBro ,, W < 0. Recall (97) and define

;= -0+ tr/2-

and let t, € [0,6) be the supremum of the t > 0 such that w > 7, in By,. By construction there exists
Xx € By, such that
(w—7;,)(x«) =0 while w—7, >0 inBy,.

Now evaluating the integro-differential operator £ (whose kernel is supported in By,; see (104)) at the
point x, we obtain

_ -
Co > L7, (xs) > Lw(xo) > 1+ (W' (ve,,) — W' (e, 0 9)) (x0) >

7

=] >

Notice that W" > 0 in the interval [u¢; o ¢(xo), Ve, 7 (xo)] because (102) holds for T = 7;, and hence either
Ue; 0 P(xo) > 1— 6 or ve,r;(xo) < —1+ 6. Therefore, choosing 6 > 0 sufficiently small so that C6 < 5/4
we reach a contradiction. Hence, we have proved that w > 0 and (103) holds.

Finally, take j large so that x; € B, _/4 (recall that x; — 0 as j — o). Using that w > 0in B,_/o, w(x;) = 0,
and w > —6 in By, \ By, and evaluating Lw at the point x; € B, /4 we obtain, similarly as before

w(y)1e(y) s
C(Vo)e > —Qps /BQ |A(xj)(x]-iy)|"+5 \/g(x]) dy = Ew(x]) > 1

Chosing 6 > 0 sufficiently small, we obtain a contradiction and this completes the proof. O

Theorem 1.30 motivates the definition of A;,(M) given in the introduction, see Definition 1.15.
The “surfaces” ¥ belonging to the class A, (M) enjoy some properties additionally to those already
described in Theorem 1.30 and Proposition 3.26. We record them in the remark below.

Remark 3.27. Every ¥. = 0E € A, (M) also satisfies that if FA,(M, g, R, p, ¢) is satisfied, then the following
hold:

(1) BV and energy estimate. For some C = C(n,s,m) > 0 there holds
Per(E; Bg/2(p)) < CR"™! and Pers(E; Br/a(p)) < CR" .

(2) Density estimate. For some positive constant wy, which depends only on 7, s and m, we have that
if R""|[EN Br(p)| < wp then |EN Bgr2(p)| = 0.

Indeed, by Definition 1.15 of A,,(M) we can find a sequence U, made of A-C solutions with Morse
index < m and parameters ¢; — 0, converging to E in L'(M), and also in H5/?(M) thanks to Theorem 1.30.
Then, property (1) follows from the lower semicontinuity of the BV norm under L! convergence and the
convergence of Sobolev energies under strong H*/? convergence, together with the fact that the ug; satisfy
uniform BV and Sobolev estimates themselves by Theorems 1.25 and 1.27. Similarly, property (2) follows
from the L! convergence and the density estimates of Proposition 1.28 satisfied by the Ue; themselves.
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3.4 The Yau conjecture for nonlocal minimal surfaces — Proof of Theorem 1.9

We can now combine the existence and convergence results in the previous sections to prove the Yau
conjecture for nonlocal minimal surfaces.

Proof of Theorem 1.9. Fix p € IN. Theorem 1.20 gives the existence, for all € € (0,¢,), of a solution up to
the fractional Allen-Cahn equation with Morse index (i) < p and energy bounds

C %/ < (1—5)E54(uep) < Cp¥/™. (105)
Thanks to the convergence result in Theorem 1.30, we can find a subsequence {¢;}; such that the u,,
converge in H*/2(M) to a limit function
Uo,p = XEr — XM\E»/

where J0EP is an s-minimal surface and dEP € A, (M) by definition. Moreover, by (105) and the strong
convergence of the Allen-Cahn energies stated in Theorem 1.30, we deduce that the fractional perimeter
of EP satisfies the bounds

C~1p*/" < (1 —s)Pers(EP) < Cp*/™. (106)

In particular, the fractional perimeter of the EP goes to infinity as p — oo, whence we conclude that the
family {EP},cN is infinite. We remark that, unlike in [60] or [76], there is no multiplicity phenomenon
(thanks to the strong convergence as ¢ — 0) and we can distinguish the limit surfaces by their fractional
perimeters. O

4 Regularity and rigidity results

4.1 Blow-up procedure

The goal of this subsection is to explicit how to perform blow-ups of (sequences of) s-minimal surfaces
around points with flatness assumptions, proving strong convergence results for the blowing-up sequence
to a Euclidean limit surface in a manner similar to Section 3.3.

Definition 4.1 (Blow-up sequence). Let (M;, ¢) be a sequence of closed manifolds of dimension 7, and
let p; € M; be points such that M; satisfies the flatness assumption FA3(M;, g0,1, pj, ¢j)- Suppose in

addition that g]((j )(O) = 0y, i.e. that the metric of M; with respect to the chart 4)]71 at the point 0 is the

Euclidean metric.
For each j, let dE; be an s-minimal surface in M;, satisfying uniform BV estimates in the sense that there
is some Cp independent of j such that

Per(gojfl(Ej);Br(x)) < Cor"! forallx € By, andr € (0,1/4),

where we put go;l(Ej) ={y € B1: ¢;(y) € E;}.
Given r; ™\, 0, a sequence of subsets of R" of the form

[
F] = 64)] (E]) C Bl/rj Cc R"

(for some M, p;, E; as above) is called a blow-up sequence.
Remark 4.2. F; is a blow-up sequence if and only if there exist (Mj, gy, pj € ]\71]-, and R; /" oo such that

* Per(Fj; B;(x)) < Cor"~! forallx € B2 and r € (0, R;/4);

* FA3(M; g, R;, B}, §;) holds and gV (0) = 4y, where g1 = 30)((§))«(ex), (§})«(e;)) denotes the
metric in coordinates;
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e For each j there is an s-minimal surface an in A7I]- such that F; = (p?j*l(E]-).

. . r R N1 (i 1 e pe
Proof of the remark. This follows from putting M; = M;, p; = pj, g = 7 ¢ and Rj = 7, in Definition 4.1
and considering the scaling properties stated in Remark 1.24. O
We record some auxiliary results. The notation K; will be used instead of Ks when we want to explicit
j

which manifold the kernel K; is being considered on.

~

Proposition 4.3. Let F; C IR" be a blow-up sequence, with associated (M,; gy, E i C ]\7Ij and R; — oo as in
Remark 4.2. The following hold:

(i) The components §Ig) of the metric of A7I]- (using the chart parametrization @;) converge locally uniformly to
the Euclidean ones, in the sense that given Ry > 0,

sup ‘§,((§)(x) — O =0 asj— co.
XGBRO

(ii) The kernel K i, Converges locally uniformly to the Euclidean one, in the sense that given Rg > 0,

K]\Zj((?j(x)raj(]/)) ,
sup s —1| =0 asj— oo
(x,y)GBROXBRO W

Proof. The first part follows from the definition of the flatness assumptions and the fact that R; — oo.
As for part (ii), it is a consequence of Proposition 2.6. Precisely, it follows from putting R = R; and
z =1 — x in (26) of Proposition 2.6. O

Lemma 4.4. Let F; C R" be a blow-up sequence, with associated (]\7Ij, gy, Ej C A7I]- and Rj — oo as in Remark
4.2. Put

Kj(x,y) := Ky (9;(x), 9;(y))
and (for a fixed p < R;/4)

i 1 ; ;
el (F;5,) = 5 ] () = () PK) (x,)/ ) () ) () dxdy,
(Br;x B,)\ (B x Bg)

where u;j := XF; — XFe-
j

Given a vector field X € CZ°(Bp;R"), define X; := (9;)+X and extend it by zero to a vector field on Z\7I]-. The
following hold:

(1) Let 0 < ¢ < 3. Then
4

d M .
it (Pers” (0 (B 91(8,) Per£’)<¢§<<ﬁ>;6p>)’ SR

(2) If xp, — xp in HISO/CZ(IR”), then for 0 < £ <2
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Proof. We begin by proving (1). Let v = let ()~ let (Ec) and u = Xyl (F) ~ letx(ch).

By splitting the domain of the correspondmg integral and then passing to coordinates, we can write

1

Per!” "y (E); 9i(Be)) = § Ivf(P)—0§(q)\2KMj(Prq)dequ

//(@(BR]») *j(Br;)\(@j(Bo)x§;(Bp)°)

1
il ) - e @P K ) vy,
9;(Bo) x9j(Br,)°
1 t t 2 . .
T () — i (y) PKj(x, ) /g 0)(y)) dx d
4//BR><BR)\(BC><BC)|MJ(X) u](y)\ ]<x y)\/g (x))\/g (y))dxdy

//q, BB, 10j(p) =2 (@)* Ky (p, q) AV, Vg

= Perg )(l[JX(Fj);Bp) + 5 //A R |U]t(p) — Y ( )|2 (P, q)dVydvy.
9j(Bp) x9;(Br,)¢

From this computation, changing variables with the flow as in (39) and then passing to coordinates in the
first variable we can compute

14
‘;t[ (Pers (lpx( i) 9j(Bp)) — PerS (¢X( 0); B ))‘:
:% dtf//q, 53,55, t'(P)—vﬁ-(q)lzKMj(p,q)dequ

- % //fP] (Bp) < 9; BR |U ( )_ gl ( )|2 datt [ ( (P)/Q) ]t(P)} dVP qu

<c| /[ L (K, @), 0) () g

0% 9(Br,)¢ dt!

Bounding the derivatives in time of the Jacobian J;(p) by a constant, and using (29) with R = R; to bound
the integral in g, we conclude the result in (1).

To see (2), let R > p and put f;(t) := PerS (1pX( 7); Bp). Changing variables with the flow (as above)
and splitting the domain of the integral, for R < R; we can write

l
Pt (yL (E); )

df t t 1 t 1 t
-3/ iy 1)~ 00 G (K BV 5O K ) G R )

1 _ d’ -
+5 . O NP [Ken (3196, 0)1/80) 9 (0) o) dedvy.

Let 0 < ¢ < 3. Thanks to the flatness assumptions and (29) of Proposition 2.6, we can bound
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(x) —ui(@ ! 2" ' AN Je(x) | dx
L et a0 @) (K @00, )V 30 (ke () 1) | A

< C//BPX(M],\@(BR)) ‘;:g{ ( (4’){( ) )\/E(lp&(x))]t(x)} dxdV,
: % (107)

On the other hand, by the flatness assumptions and (37) in Proposition 2.15 we have that, for t € (=T, T)
and j large enough so that R < R;/4,

dat , ,
/| O ROl {K,-(zp&(xw&(y))@w&(x))@wy))h(xm(y)}

Ky
<C // ui(x) —u; — __dxd
T BrxBg) | ] ( )| |x |n+s y
<Cr,

dxdy

where in the last line we combined the fact that F; has bounded classical perimeter in BR], /4 with the
interpolation result in Proposition 2.22.
This shows that the functions ;—; fj(t) are locally uniformly bounded for 0 < ¢ < 3; in particular, for 0 <

¢ < 2 we deduce that the ;—:; fj(t) are locally uniformly bounded and moreover have a uniform modulus
of continuity, thus by Arzela-Ascoli they subsequentially converge locally uniformly. By standard single-
variable calculus, to conclude our desired result it then suffices to show that f;(¢) converges pointwise to

g(t) := Per®" (! (F); B,), which we shall do now.
Denote u! := Xyt (F) — Xyt (Fo)- We can then write

g(t) = Perl (9§ (F); By)

_1 o s »
4//BR><BR \(BCXBC) |u(x) M(y)| ‘IPX( ) ¢t( )‘n_,_s]t(x)]t(y) xdy
2SSy (x) dxdy.
//Bpxzsf Uy =y ) dxdy

Clearly

- 2 Mns o
//BPXBC u(x) —u(y)| Wé{(x)_y‘ws]t(x)dxdy—m as R — oo,

since the integrand is absolutely integrable by (29) in Proposition 2.6. Together with (107), given ¢ > 0,

we deduce that there exists an R > p (depending only on p and ¢) such that the aforementioned terms are
both smaller than &/2 for all j large enough. From this fact and a simple triangle inequality, we find that

Per!/ (lPX< i) B 5) — Perl (¢ (F); By)
1 i (x) — 1 (y) >

<3 //<BRXsR>\(B;xs;>' () — ()]

K (e (0), 9 )39 (9 (x) /30 (9 () - TRET RIS

&n,s

i ui(x) = wi(y)? = |u(x) —u(y)? - t(x) ]t X
1l ey (160 O a0 ) )|¢;<(x>_¢;((y>|n+sf< V() dxdy

Je(x)](y) dx dy
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Regarding the first term, thanks to Proposition 4.3 and (37) in Proposition 2.15 it can be bounded as
follows:

/I ) = ()
(BrxBr)\ (B> Bp)

K (e (), e (1)) /50 (e ()50 (9 (1)) — AT

Je(x)]e(y) dx dy

_ " o 2 Xn,s )
= Vispeomiages "1~ O
K (x), 9 (1))1/50 (0)1/59) ()

Kp,s

[l (x) =i (y) " +s
< 0:(1 // wi(x) — u;(y)]? s dxd
I e, 19 W Gy gy 4

<o0i(1)C // ui(x) — u; 2_ fms dxdy,
O Cr | o) = )P [ dxdy

-1

Je(x)]e(y) dx dy

where 0j(1) — 0 as j — co. This implies that the whole expression goes to zero, since the factor
W 11(x) = uj(y)|2|xf;’ﬁ dx dy can be bounded by a constant independent of j: indeed, for j large
enough so that R < R;/4, the F; satisfy uniform perimeter estimates in Bg by assumption (see Remark
4.2), and thus also uniform fractional energy estimates by interpolation (see Proposition 2.22).

As for the second term, we can write
wi(x) —ui(y) > = |u(x) — u(y)|? s Je(x)] dxd‘:
\ //WBR)\(BM) (14565) = i = lu() = ) ) oy o e I w) dxdy

= ui(x) — ui(y) > = lu(x) —u 2y fms
P (R O Rl s
R ALV

Kn,s
‘X—y|”+s

dx dy‘ . (108)

Since u; — u in Hlso/ CZ(JR”) by assumption, one immediately sees that

n© .
Ajtey) = (J150) = )P~ u(x) = u) P) = 50 in L
On the other hand,

s J () T ()
B(x,y) — W’%( ) ¢§<(y)| +

Kn,s
|x,y‘n+s

is a fixed function in L3 by (37) in Proposition 2.15. Thus A;B — 0 in Lll0 ., and this means that (108) goes
to 0 as j — oo as well.

Putting everything together, we deduce that

lim sup Pergj)(lp%(Fj);Bp) — Per™ (¢ (F); Bo)| < e;

J—

since € was arbitrary, we conclude that

Fi(t) = Perl) (9l (F;); By) — Per®" (i (F); By) = g(t).

As explained before, this gives the desired result. O
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The main result of this section is the following:

Theorem 4.5 (Convergence to a limit). Let F; C R" be a blow-up sequence. Then, there exists a Euclidean
s-minimal surface F C R" such that a subsequence of the vj := xr, — X(Rr\F;) converges t0 v 1= XF — X(R"\F) in

HS/Z(]I{;’[)

loc
Proof. We divide the proof in two steps.
Step 1. Convergence to a limit set F.

Fix a radius R. For j large enough so that R < R;/4, the F; satisfy a uniform BV estimate in Bg, as
indicated in the third bullet of Proposition 4.3. As in Step 1 of the proof of Theorem 1.30 (see page 48), a
bound on the BV norm implies that a subsequence of the v; = xr, — xrc converges strongly in H%/2(BR)
norm. Iterating the same reasoning on increasingly large balls and using a diagonal selection argument,
we can find a subsequence (still denoted by v;) converging in each the norms H*/2(By), k € N, to a limit
function v = xr — XFe.

Step 2. Proof that F is stationary for the fractional perimeter.

Fix an arbitrary Euclidean vector field X € C°°(Bp) for some p > 0, and let ¢!, denote its flow at time .

Since the F; are a blow-up sequence, let E - M and R; — oo be those given by Remark 4.2. For j large
enough so that p < R;, define X; = (9;)+ ( ); extendmg it by 0, we obtain a vector field X; defined on all

of M Since aE is an s-minimal surface in M], 7 ‘t OPers (¢X (E 1); ®j(Bp)) = 0. Lemma 4.4 gives then
that

— lim || perl(4() By)| < lim X =0
j—eo | dt|,_g R

Per " (% (F); Bp)

t=0

B
as desired. 0

We will next prove that the convergence in the theorem also holds in the Hausdorff distance sense.
First, we show that the assumptions in Definition 4.1 imply uniform density estimates.
Lemma 4.6. Let (M, g) be a closed manifold of dimension n, satisfying the flatness assumption FA3(M, g, R, p, ¢).

Suppose in addition that g,g)(o) = 0Oy, i.e. the metric of M with respect to the chart ="' at the point 0 is the
Euclidean metric.
Let E be an s-minimal surface in M, satisfying a uniform BV estimate in the sense that there is some Cy such that

Per(¢ 1 (E); Br(x)) < Cor"™ ' forall x € Brpand r € (0,R/4).
Then there exists a positive constant wy = wg(n,s, Cy) such that if
rMENB(9)] < wo
for some q € ¢(Br/p) and r € (0,R/8), then
[EN By /2(q)| = 0.

Proof. Notice that since the statement is scaling-invariant, it suffices to prove it for R = 1. We also recall
that the stationarity of E implies that it satisfies the monotonicity formula of Theorem 2.23 (with potential
F = 0). Observe also that up to modifying E on a set of measure zero we can assume that its topological
boundary coincides with its essential boundary. We then proceed as follows:

Step 1. Positive density of the extended energy at every boundary point.

Since ¢ !(E) is a set of finite perimeter in By /5, De Giorgi’s structure theorem for sets of finite perimeter

gives that if x € 9¢~'(E) N By, is in the reduced boundary, given rj — 0 the sequence of sets H; =
1
j

4 (E) — x) converges in L; (IR") to a half-space H passing through 0.
o ! g Joc (R") to a half-sp passing through

For a fixed x as above, defining M; = M, E; = E, p; = ¢(x), 1; = %, and ¢;(y) = ¢(x + A(x)y), where
A(x) is a matrix chosen so that the metric of M is the identity at 0 in the coordinates given by ¢;, the
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associated F; := rqu)]ﬂ (E) C R" are a blow-up sequence (in the sense of Definition 4.1). Thus, by Theorem
4.5 they converge in L} to a limit F. On the other hand, F = A(x)_lrlj(q)_l(E) —x) = A(x)_lH]-, so that
in fact F = A(x)~'H and thus it is also a hyperplane passing through 0.

Let N; denote the rescaled manifold (M, % <), and write uj = X — XE, viewed as a function on N;.

Write U; for its Caffarelli-Silvestre extension to N; x R, and V for the Caffarelli-Silvestre extension of
XF — xre to R” x R4. By the lower semicontinuity of the extended Sobolev energy under a blow-up, seen
for example arguing as in Step 2 in the proof of Lemma 4.16,

liminf | . Wuj(p,zﬂzdvp 21 5dz > /~ IDV(x,z)|?dxz' ~5dz = c(n,s) > 0. (109)
] Blf(pj,O) Bl
If U denotes the Caffarelli-Silvestre extension of u = xg — xgc (viewed as a function on M) to M x R4, by
scaling (recall that N; is just (M, rlz <)) the inequality (109) can be written as
j

1 .
11?‘_‘>ng . \VU(p,z)|?dV, 2t 5dz > c(n,s) > 0.
J i /B (e(x)0)

In words, we have found that E has extended energy density uniformly bounded from below by a constant
c(n,s) at p = ¢(x), for every reduced boundary point p as above. On the other hand, the reduced
boundary is dense in the essential boundary, as one can see for example by the isoperimetric inequality.
Then, since we have shown that the above lower bound holds at all reduced boundary points p € JoE, by
the upper semicontinuity of the extended energy density (proved as in case of classical minimal surfaces,
using the monotonicity formula of Theorem 2.23) it actually holds at every p € JE.

Step 2. Conclusion.

Assume that there are g € ¢(B;,,) and r € (0,1/8) such that ¥~"|E N B,(q)| < wp but |[EN B, ,5(q)| > 0; if
wp is small enough, then automatically also |[E° N B, 5(q)| > 0. By the isoperimetric inequality, this implies
that 0E N B, /»(q) # @ as well.

Let p € 0JEN B, /2(q); we can now argue as in the proof of Proposition 1.28, which showed density
estimates in the case of solutions of the Allen-Cahn equation. First, a uniform lower bound as in (84)
holds in our case for all 0 < p < Rpon, thanks to combining Step 1 and the monotonicity formula. We
then apply the interpolation Lemma B.3, after which the BV estimate assumption allows us to conclude
the argument as in the proof of Proposition 1.28. O

Proposition 4.7. In the conclusions of Theorem 4.5, the convergence also holds locally in the Hausdorff distance
sense.

Proof. Let E; be as in Remark 4.2, so that F; = gﬁ;l (Ej). Applying Lemma 4.6 and the flatness assumption
on the metric we find that the F; satisfy density estimates in BR]. /16, with R; — oo. The local convergence

in the Hausdorff distance follows then arguing by contradiction, simply due to local L' convergence to F
and the density estimates. O

4.2 Properties of blow-ups of Allen-Cahn limits

We define the class of all surfaces which are blow-up limits of sets in A, (recall Definitions 1.15 and 4.1).

Definition 4.8. A set 0F C R" is said to be in the class .Affow*up if it is a blow-up limit of sets in A;,.

This means that there exist ; = 0E; € Ay (M;) and r; — 0 such that the associated F; = r;lgofl(Ej)
are a blow-up sequence converging to F in Llloc(]R") as j — oo (by Theorem 4.5 and Proposition 4.7, the
convergence can then be upgraded to be in Hlso/ CZ(IR”) and locally in the Hausdorff distance sense).

Remark 4.9. Since JdE; € A;u(M;), the assumption in Definition 4.1 that the sets F; satisfy the classical
perimeter estimates is automatically satisfied if the rest of assumptions are, thanks to (1) in Remark 3.27.
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We now prove a precise almost-stability inequality for sets in AL ~""

section. We begin by showing its counterpart for Allen-Cahn solutions.

, which will be used in the next

Lemma 4.10. Assume that M satisfies the flatness assumptions FA1(M,g,1,p, ¢), and let u; : M — R be a
solution to the Allen-Cahn equation in ¢(B1) with Morse index at most m. Let Aq,..., Ant1 C ¢(Byy2) be
(m + 1) open sets, with pairwise distances denoted by D;; := dist(A;, A;), and for every 1 <i < j < m+ 1 choose
any positive weights Aj; > 0. Then, in at least one of the A; there holds that

€' (ue)(6,8) = ~ClE 71, <2A ’”’+ZA4)”“§ vGeC(A),

j<i j>i
for some C = C(n,s, m).

Proof. The statement is a more precise version of Lemma 3.10, and the proof proceeds similarly. Using (9),
we compute the second variation at u¢ for linear combinations of m + 1 test functions ¢;, supported each
in the corresponding A;, getting

& (ue)[mér + alo + ...+ apalmer, a8 + @282 + .+ A ma]

=ai€ ( )[61,61]4— +am+15 ( MEmt1, Cmt]
1 2ma //A @) - 2@ Ep) - E0)K(p, ) dVy Y,
—+ ...

+2amam+1//A o en(p) = En(@)(Gmia(p) = Emia () Ks(p, q) dVp AV

Thanks to the flatness assumptions and Lemma 2.11, we have that Ks(¢(x), ¢(y)) < W, for some

C = C(n,s) and for (¢(x), ¢(y)) € A; x Aj. Recall that the supports of §; and ¢; are the disjoint subsets
Aj, Aj C @;j(By/2). Then, the term containing the double integral over A; x A; with i < j can be bounded
as follows:

2wy [ (@) =G )~ &K (pr) AV

= —2a; a]// )K(p,q)dVv,dV,
AjxAj

i

+
< 2|ﬂiﬂj\CD-- NG ay HffjHLl(A)

2 (n+s) C —(H+S) 112
< Ajja; CD H‘;‘z” "' /\_] ij ”g]”Ll A
where we have applied Young’s inequality in the last line. Substituting this into the second variation
expression gives

E (u)[ar181 +axlo + ... 4 a1y, 0181 +a2lo + . A ap1Gnia]
m+1

<Y ot € wlen ]+ Cleil <2A ”“+2MD"MN.

<t 7>t

The condition that the Morse index is at most m implies that the expression cannot be < 0 for all
(a1,...,am+1) # 0. Hence, we find that there must exists some 7 such that

£ (u)[&, &) > —ClIgilI71a, (Z/\ () +ZA1]D ”+5)>

j<i i j>i

holds for all & € C!(A;), and this concludes the proof. O
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From this we will obtain the desired almost-stability inequality for blow-up sets.

Lemma4.11. Let F € Affow_up . Let X4, X, ..., Xm+1 be smooth vector fields on R" with disjoint compact supports
Ay, Ay, ..., Ay, and denote Dy := dist(Ay, Ay). For 1 <i < £ < m+1, choose positive weights A;; > 0. Then,
for at least one of the i (depending on F) we have that

dz 1 n—+s Vl S
5| Pers(yk (F); Ap) = —Cl|X;|}diam(4;)2" ") <§:MD )Y AuD;, +>>, (110)
t=0 i

0<i 0>i
where C = C(n,s, m).

Proof. Since F € ABIWTUP from the definition and proceeding as in Remark 4.2 there exist (1\71 L gl)),
pj € M], and R; " oo satisfying the assumptions in the Remark and E € An(M ;) such that the associated
F = ¢; (A) converge to F in the appropriate sense. Fix one such j; since E € An(M i), by definition
there exists a sequence {uy }ren Of solutions to Allen-Cahn on M with parameters ¢, — 0, converging
to Xg, — XE: in Ll(M ) as k — co. By Lemma 4.10, given k we can find an index i(k), 1 < i(k) < m+1,

such that the inequality in the Lemma is true for u; on @;(A;x)) C M]-. We select an index i so that the
inequality is valid for a whole subsequence of the u; (which we do not relabel), so that

" 1 =~ — -~ —
& (uk)[gi/gi} > _C||€i||%1(@(Ai)) (Z A_[Dig(rH—S) + Z)\iZDig(n+s)> (111)
0<i te 0>i
for all §; € C}($;j(A;)) and k € N. Here Dy, = dist(9;(A;), 9j(A¢))-
Put X;; := (9;)+X;, and extend it by zero outside its domain of definition to a vector field on all of M -
Selecting ¢; = V X; Uk, We arrive at
dz "
g| o x, ) =& () [V, e Vi, el
=0 ) (112)
> CHVX ukHU <Z /\— Ig ~(n+s) + Z/\izﬁiz(nﬂ)) .

< 0>i

Thanks to the BV estimate of Theorem 3.13 and the flatness assumption on the metric, we can bound
”in,/”kH%l((pj(Ai)) < CHXi,jH%oodiam((’ﬁj(Ai))Z(nfl) < CHXiH%oodiam(Ai)z(nil)/

and also R
D;; = dist(9;(A;), 9j(A;)) < Cdist(A;, Aj) = CD;y.

Substituting this into (112), and using that by (91) there holds

d _t d? Mj ¢ my o
I E(ugopy’ ) — 2 Pers /(. (Ej); 9j(A;)) ask — o,
t=0 K Flizo Y
we obtain that
2
o Perl !y, (E)i (A1) = —ClXi[2diam(4)20) [ 10 - D"+ YD, ")
t=0 <i Fl >i
On the other hand, by Lemma 4.4 we have that
2 n d? d? M =
R t . . t .5
| Pert (9 (Fi) =lim 5| [Perl(y () A =tim | [Pers” (9, (B)i9y(40)]
which then proves (110). O
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4.3 Classification of blow-up limits
The main result of this section is the following classification result:

Theorem 4.12 (Classification result). Let s € (0,1) and 3 < n < nf. Let F be any family of sets of R" satisfying
the following properties:

(1) Stationarity. Every set E € F is an s-minimal surface, in the sense of Definition 1.5.

(2) BV estimate. There is C, such that for every E € F, x € R", and R > 0 we have

Per(E; Bg(x)) < CoR" 1.

(3) Viscosity solution of the NMS'® equation. If xo € OE and E admits an interior (resp. exterior) tangent
ball at x, then [ wd}/ <0 (resp. >0).

xo,y‘n#—s

(4) Almost-stability in one out of (m + 1) disjoint sets. There exists some (fixed) m € N such that the
following holds. Let X1, X», ..., X1 be smooth vector fields with disjoint compact supports Ay, Ay, ..., Am+1, and
denote Dy := dist(Ag, A;). For 1 <i <1 < m+ 1, choose positive weights A;; > 0. Then, given E € F, for at
least one of the i (depending on E) we have that

d? . _ 1
— | Pers(¥i.(E); A;) > —Cl|X;|[Fdiam(A;) 2V () —
dt+ =0 ! I<i )\Zi

Di;(n+5) + Z)‘MD;((”+S)) ) 113)
0>i

where C = C(F).

(5) Completeness under scalings and L} _(R") limits. If E € F, then any translation, dilation and rotation
of E is in F as well. Moreover, if E; is a sequence of elements of F and E; — Ec in Llloc(lR”), then Eeo € F as well.

(6) Cones with n — 2 translation-invariant directions are half-spaces. If E € F is a cone and there is a
linear (n — 2)-dimensional subspace L C R" such that E+ x = E for all x € L, then oE must be a hyperplane.

Then, every E € F which is not equal (up to null sets) to R" or & must be a half-space.
An important property follows from (1) and (2) above:

Lemma 4.13. Let F be a family of sets of R" satisfying properties (1) and (2) in Theorem 4.12. Then, any set
E € F also satisfies density estimates, meaning that there exists a positive constant wy = wq(n, s, Cy) such that if

R™ENBg(q)| < wo
for some q € ¢(By,,) and R € (0,1/8), then
|[ENBr/2(q)| = 0.

Moreover, if E; € F and E; — E in L}OC(IR”), then they also converge to Eeo locally in the Hausdorff distance
sense.

Proof. Same as for Lemma 4.6 and Proposition 4.7. O

We will need the following result, which is obtained by combining the C* improvement of flatness
theorem in [25] and the C1#-to-C® bootstrap result for nonlocal minimal graphs in [10].

Theorem 4.14 ([10, 25]). Let s € (0,1). Then, there exists o > 0, depending on n and s, such that the following
holds: let E C R" and x € oE, and assume that

(i) The set E is a viscosity solution of the NMS equation in By (x), in the sense of Proposition 3.26.

8Meaning “nonlocal minimal surface”.
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(ii) The boundary OE is included in a o-flat cylinder in B, (x), that is
JENBy(x) C{yeR":|e-(y—x)| <or},
for some direction e € S" 1.

Then oE is a C® graph in the direction e in B, ;5(x), with uniform estimates. In particular, its second fundamental
form Iy satisfies

C
sup  |e|(y) < —, (114)
YEIENDB, /5(x) r

with C = C(n,s).

We will also need the following intuitive lemma, to be read as “cones with finite Morse index are stable
outside the origin”, and which will be proved after Theorem 4.12.

Lemma 4.15. Let E C IR" be a cone with Pers(E; B1(0)) < +oo. Assume that E is stationary for the s-perimeter,
in the sense of Definition 1.5, and that it satisfies property (4) in the statement of Theorem 4.12. Then E is stable in

R"\ {0}.
We will now prove Theorem 4.12.

Proof of Theorem 4.12. Let E be a blow-down limit of E, i.e. a limit of a sequence E; = %E, with r; = oo (by
property (5), such a limit exists and it is also a member of F). Then E is a cone: Let U, U and U; denote
the Caffarelli-Silvestre extensions of u := Xg — XEc, oo := XE, — XEg, and u; := X, — XES respectively.

Using the notation @y (r) :=r*"" || B (0,0) z175|VV (x,z)|?dx dz, by convergence of the extended energies!”

and scaling we have that
Dy, (r) = im @y, (r) = Lim Py (r7;) .
1 1

By the monotonicity of @, which we know since E is an s-minimal surface by property (1) and thus
satisfies Theorem 2.23, the limit limg_,o, ®7(R) exists, and by property (2) and the interpolation result in
Lemma 134 it is a finite constant. The equality above then shows that ®;_(r) is equal to this constant
independently of r. Since E is also an s-minimal surface (by properties (1) and (5)), the last paragraph in
Theorem 2.23 gives that E« is a cone.

We will now prove that E« is in fact a hyperplane; by the local Hausdorff convergence of the E; = 1 -E to

Ew (see Lemma 4.13 above), E then satisfies the hypotheses of Theorem 4.14 for every r > 0, and therefore
by (114) E then needs to be a hyperplane as well (since IIyg vanishes).

First, Lemma 4.15 states that E, is stable outside the origin. If it also were smooth outside the origin,

the assumption that 3 < n < n} would imply that 0E is a hyperplane and we would finish the proof.
If, arguing by contradiction, there is instead some point x; # 0 where Eo is not smooth, we need to apply
a dimension reduction argument: blowing-up around x;, we obtain a new cone E; € F which is now
translation invariant along some direction; after a rotation, we can write E; = El X IR, and this is allowed
by property (5).

We claim that E; cannot be smooth outside the origin. First, if that were the case, E; would be a
hyperplane, since 3 < n < n}. Now, the blow-up rescalings of E. around x; converge locally in the
Hausdorff distance sense to E; by Lemma 4.13, and they are viscosity solutions of the NMS equation by
property (3). If E; were indeed a hyperplane, the assumption in the improvement of flatness Theorem 4.14
would be satisfied for the blow-up rescalings of E« around x; (for large enough indices in the sequence),
thus E., would be smooth in a neighborhood of x1, contradiction.

Now that we know that E; is not smooth outside the origin, we can iterate the argument with this new
cone: Since E; = E; x R is not smooth outside the origin, there is some point x, € R"~!\ {0} where
E; is not smooth. Hence, we can blow-up again around (x,,0) and obtain a new cone E, which is now

9Follows easily from convergence in HfO/CZ(IR”). The latter is proved, thanks to property (2), as in Step 1 in the proof of Theorem
4.5.
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translation invariant with respect to two orthogonal directions. After a rotation, E; = E, x R2. Moreover,
E; cannot be smooth outside the origin, by the same improvement of flatness argument we applied to E;.
Iterating this reasoning n — 2 times, we end up with a cone which is translation invariant in #n — 2 orthog-
onal directions, i.e. of the form E x IR"~2 after a rotation, and which is not smooth outside the origin. This
is not possible by property (6), and therefore we reach a contradiction. O

We now give the proof of Lemma 4.15.

Proof of Lemma 4.15. Consider an annular region of the form Ay = B; \ Bg, with 0 < Ry < 1, centered at
the origin. It suffices to show that E is stable in A, by the arbitrariness of Ry and the dilation invariance
of E.

The strategy is the following. Let X be a vector field supported on the annulus Ay. Let A, ..., A;, 41 be
(m + 1) rescaled copies of Ay of the form A; = RA;_; = R'Ay, with R > 0 sufficiently large so that they
are disjoint. Likewise, consider the (m + 1) rescaled vector fields X; := R'X(x/R"), which are supported
in the respective A;. Since E satisfies property (4) in the statement of Theorem 4.12, we know that the
almost-stability inequality (113) will hold in at least one of the A;. Moreover, since E is dilation invariant,
we will be able to translate this information back into Ap, and taking R arbitrarily large we will find that
E is actually stable on Ay and conclude the proof.

Define u := xg — xge, and let iy denote the flow of the vector field X at time t. Observe that uf :=
Xyt (E) — Xyt () is the composition of u = x — xge with the flow of X; = R'X(x/R%), which is given by

¥k = R'p(x/R’). By the dilation-invariance of the cone E, and hence of uc, we have that
ui(x) = u(R'yl (x/R")) = u(yi(x/R")) = u'(x/R);
the scaling property of the fractional Sobolev energy then gives
Pers (y, (E); Aj) = €5 (uf) = €57 (u! (x/RY)) = RUTIERP (u') = R Pers (9 (E); Ao),
so that in particular

2
dt?

2

Pers(yh (E);A) = RO | Pers(yy(E); ). (115
=0

t=0

Now, by assumption we know that the almost-stability inequality (113) will be satisfied in one of the A;.
Combined with (115), we obtain that

Ri(nfs)d_2

= n+s) + Z)‘MD;((”+S)) )

0>i

Pers (9 (E); Ag) > —C|X; 2w diam(4,2(Y ~-

t=0 1<i )Wl

where A;; are positive weights and D;; = dist(A;, A;). We can bound
X |Fodiam (A7) 2" = || X[ (R')? (R'diam(Ag))* ") < Cx 0, R

We also observe that . .
D;; = dist(R'Ag, R'Ag) > R i}
for some small ¢, for all R sufficiently large depending on Ay.

Substituting into the inequality we obtained and dividing both sides by RI("~5), we get

2

d J—
dr Pers (p (E); Ao) > —Cx AoRl n+s Z 2 ~ilnts) 4 ZM@R g(n+s))
=0 0<i fl (>i

= —Cxa,()_ r + Z/\izRf(éfi)(Hs)) .

o<i M g
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Now, choosing the positive weights as A;; = R"Z" for every pair i < j, we obtain

2

W PEI'S(l/)X( ) AO) > CXAO ZR_w + ZR l——)(n+s)),
t=0

<i 0>i
so that all the powers of R become strictly negative. Letting R — co, we deduce that

2

d
T tiOPerS(qJ%(E);AO) >0

as desired. O

We will in particular apply Theorem 4.12 to the class ABIOU=HP The next lemma proves that property
(6) in the assumptions holds for this class.

Lemma 4.16. Let n > 3. Assume that some nontrivial cone E C R" belongs to ABlow p

E x R"~2 for some cone E C R?. Then, E is a hyperplane.

and is of the form

Proof. We divide the proof into two steps.

Step 1. Let us show the following claim: assume that FA;(M, g,1,p, ¢) holds, and u : M — (—1,1) is
a solution of Allen-Cahn with parameter ¢ € (0,1) in Bi(p) (equivalently a critical point of &g (,)) that

is A-almost stable in Bi(p) (see Definition 3.9). Let U : M x Ry — (—1,1) be the Caffarelli-Silvestre
extension of u.

Then, for some constant C = C(n,s, A) > 0 we have:
/~ A2(U)dvzi=sdz < C,
T/Z(P,O)

where
AX(U) = (VU = [VIVUIR) a0 = (1V2U2 = V2U (198, 2 ) ) xqivujsop = 0

Here V2U denotes the “horizontal” Hessian of U(+,z) —i.e. for z fixed— with respect to g.

Indeed since u is A-almost stable, for all & € C!(B; (p,0)) with support contained in B, 14(p,0) and
trace ¢y on z = 0, we have :

W = p [ IVEPavaz e [ Wwogay
> &4 ()20, &) > ~Allcolg,)

where B, and B, are brief notations for B; (p,0) and By (p).

Thus, testing the above almost stability inequality with a test function that is product ¢ = cn we obtain
(with a simple integration by parts similar to [21, Proof of Theorem 1.3]):

(Bt sange(-,0%) — W)y

~ —~ ~ 2
S/N+ (szl—s‘v;ﬂz_CdiV<Zl—5Vc);72)dde—|—A(/ |c17\dv) . (116)
B By

1

Taking the horizontal gradient V of B,(y' %9, )U(-,0") — ¢ *W'(u) = 0 on y = 0, and computing the
scalar product with Vu, we obtain

Bs(y' *0y) =0+ (VU) - Vi — e "W () [Vuf? =
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Using Bs(21759,) ;o + (VU) - Vi = B2(21759,) |,_o+ VU2 = & |VU|(Bsz'59z)].—0+ | VU| we obtain that
¢ = |VU| makes the left hand side of (116) vanish. Hence, for this choice of ¢ we obtain

- — _ 2
0< /~+ (22 5|V |? — cdiv(zlfSVc)nz)dVd+A(/ |c17\dV) . (117)
B, B,
Notice that

cdiv(z175Ve) = 2 SeAc + ¢d: (21 50:¢) = (3A(?) — |Ve[?))z 75 + cd. (21 50sc) .
Now, since ¢ = | VU], the Bochner identity —applied to each “horizontal slice” M x {z} of M— yields
IA(c®) = VU - V(AU) + |V2U|* + Ric(Vu, Vu) .
Since, by the equation defining the extension, z! *AU = —9,(z!~*9,U), we obtain
ZI7SVU - V(AU) = —VU -9, (21 %9, VU) .

But explicit computation shows that

=59, (3|VU?
VU0, (z'%0.|VU|) = vu|az(w)

Vul
= VU, (27 -9, VU)) +z1—5(|azvm2 - (aZ|VU\)2)
> VU -9,(z! %9, VU).
Hence, estimating Ric(VU, VU) > —C|VU/|?, we deduce that
cdiv(z1759¢) > 2175 (|V2UP — [VIVUIP = CITUR) X jguis0) -

Inserting this in (117), we reach
~ 2
/~ S A2 (u)p2dViz < /N (VU295 + Cp?)dVdz + A(/ Vullgldv)
Bf Bf By

From this we conclude the claim in Step 1, fixing a cuttoff satisfying X5}, <5 < X5}, and using the

estimates for |; B, z!75|VU|?dVdz and |, B,,, | V#|dV proved in Section 3.2.3. In particular, Lemma B.3 with
R =1,k = 0 and the fact that A-almost stability implies a uniform BV estimates, as recorded in Proposition

3.13.
Step 2. Recall now that, as recorded in Remark 4.2, if E belongs to Ailow*up we have sequences of:

* closed manifolds (M; gM);

* points p; € M; and scales R; 1 co for which FA3(Mj,ng, R}, pj, ;) holds and g,](\gj(O) = Opyp.

* solutions of Allen-Cahn u; : M; — (—1,1) with parameters ¢; | 0 and Morse index bounded by m
such that (uj 0 ¢;) — uo 1= xg — XEc in LL (R™).

loc
Let U; : M; — (—1,1) be the extensions of the u; and and observe that U; — U, in weakly in L, (R,
where U, is the (unique, bounded) Caffarelli-Silvestre extension of u, to lR”jl. Actually, thanks to Theo-

rem 4.5, one could prove local strong convergence in the weighted Hilbert space H\ _(R"*;|z|'~*dxdz),

loc
although (much rougher) weak L}

o will suffice here.

2

. . . _ . M; .
Notice also that in the local coordinates ; 1 we will have S — ke in Cf_

(R")), since R; — oo.

Hence by standard elliptic estimates U; o ¢; — Us in C2 (R" x (0,+00)) (up to subsequence), where

¢j<x,2) = ((pj(x),z), loc
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Now, for all j > 1 sufficiently large, take the m + 1 balls {By(¢;(3ie3))}i<m, i =0,1,...,m. By property
(4) —i.e. almost stability in one out of (1 + 1) disjoint sets— U; will be almost stable in one of them. We
may assume without loss of generality (up to translation and subsequence) that it actually is By (¢;(0)),
and then Step 1 gives

/ Az(uj)dvj ' 7%dz < C.
+
4)]'(31/2)

2
loc

After passing to the limit (using that U; o ¢; — Uo in Cj.) we obtain, for every J > 0:

2 2 2 DU, DU, 1-s <
/B o) (\D U,|“—D UO(|DUO|’ \DUOI))X{|DUO|>§} dxz ~°dz < C.

+
1/2—¢

On the other hand, since E is a nontrivial cone, it is easy to show (e.g. by a simple scaling reasoning
using that U, is 0-homogeneous while the integrand is not identically zero since E is nontrivial) that

lim (ID?Ue 2 — DU (Bl BHer ) )xqipu, 50y dx 2!z — o0,
510 J5r, izse) ° °\ [DU,[’ DU, {IDUo[>6}
and this is a contradiction. O

The properties proved so far for the family 7 = Aﬁlow*uﬁ (see Definition 4.8) show that it satisfies the
hypotheses of Theorem 4.12, whence we deduce

Corollary 4.17 (Blow-ups of limit surfaces of Allen-Cahn are hyperplanes). Lets € (0,1)and 3 <n < n}.

Then, any nonempty oF in Aﬁww*”p is a hyperplane.

Proof. It follows from applying Theorem 4.12 to the class F = ABlow=up Properties (1) and (5) in the as-
sumptions of Theorem 4.12 follow immediately from (the proof of) Theorem 4.5. Property (2) follows from
(1) in Remark 3.27 and the lower semicontinuity of the BV seminorm under L!-convergence. Properties
(4) and (6) have been proved, respectively, in Lemma 4.11 and Lemma 4.16. Finally, property (3) —namely
that blow-ups are viscosity solutions of the NMS equation in R"— follows easily from Proposition 3.26
and the convergence of boundaries in Hausdorff distance under a blow-up (Proposition 4.7), using the
convergence of the kernels in Proposition 4.3 part (ii). See [25] and [27]. O

4.4 Uniform regularity and separation in low dimensions — Proof of Theorem 1.16

In this section we will prove Theorem 1.16, which stated that sets in A;,(M), i.e. the limits of Allen-Cahn
solutions on M with index at most m, are smooth with uniform regularity and separation estimates in low
dimensions.

We will need the following improvement of flatness theorem for sets which are viscosity solutions of
the NMS equation in a Riemannian manifold, proved in [81] more generally assuming boundedness of
the nonlocal mean curvature, and which extends the result in [25] to the setting of ambient Riemannian
manifolds.

Theorem 4.18 ([81]). Let s € (0,1) and 0 < a < s. Then, there exists ¢ > 0, depending on n,s and «, such
that the following holds. Let (M, g) be an n-dimensional Riemannian manifold. Take p € M, and assume that the
flatness assumption FA1(M, g, v, p, @) holds, with r < 1. Let E C M with p € oE, and assume that

(i) The set E is a viscosity solution of the NMS equation in ¢(B,(0)), in the sense of Proposition 3.26.
(ii) The boundary ¢~'(9E) is included in a o-flat cylinder in B, /5(0), that is
¢ L(OE) N B, (0) C {le- x| < o},
for some direction e € S" 1.

Then ¢~1(9E) is a single C* graph in the direction e in 1B, ,5(0), with uniform estimates.
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Proof of Theorem 1.16. We will first show that E is trapped (in the coordinates given by ¢~1) in a very flat
cylinder, as recorded in the next claim:

Claim: Let ¢ > 0. Then there exists a uniform constant R, = Ry (m,s,0) and a unit vector e € gn-1
such that

—0R, <y-e<oR, forally € ¢~1(9E) N Bg,. (118)

Proof of the Claim: Fix o > 0; the proof will be by contradiction and blow-up. Let R; = 1/j. If the Claim
were false, then for every j € IN there would exist closed manifolds M; satisfying the flatness assumptions
PA3(M]-,g, L pj, q)]-), and some sets E; € Am(Mj) so that p; € oE; but such that (118) is not satisfied for any
unit vector (with E;, R; and ¢; in place of E, R, and ¢).

Consider, then, the blow-up sequence F; = leq)j_l(Ej). By Proposition 4.7, a subsequence of the F;
converges (in particular) locally in the Hausdorff distance sense to a limit set F € Af;“"”*“p . Moreover,
since 0 € P]-, we see that 0 € F as well.

Now, from the classification result of Corollary 4.17, we know that JF is in fact a hyperplane passing
through the origin. The local Hausdorff convergence of the dF; = Ri] go;l (OE;) to the hyperplane oF implies

then that the condition
—o<y-e<o foralye lego]fl(an) N By

will be satisfied for all j large enough in the subsequence and for e the normal vector to the limit hyper-
plane. Rescaling this condition by a factor R;, we obtain exactly that (for j large) the E; satisfy (118) with
E i R]- and ?j contradiction. This finishes the proof of the claim. O

Now that the claim is known to be true, choosing ¢ in it to be the constant in Theorem 4.18 (recall
that sets in A, (M) are viscosity solutions of the NMS equation by Proposition 3.26, and that our notion
of viscosity solution in 3.26 is equivalent to the one used in [81] to obtain Theorem 4.18), we obtain that
@ 1(0E) N By, /2 is a single graph with uniform C1* estimates.

O

4.5 Dimension reduction — Proof of Theorem 1.11

This section proves Theorem 1.11. We will call singular points those points x € dE where JE cannot be
described as a C!# graph around x, and we will denote by sing(dE) or sing(E) the (closed) set of all the
singular points of JE. We state here a more general result about regularity for s-minimal surfaces which
are limits of Allen-Cahn and immediately show how it proves Theorem 1.11.

Theorem 4.19. Let s € (0,1). Let (M, g) be a closed Riemannian manifold of dimension n > 3, and let oE €
A (M). Then:

e Ifn < ni, then oE is a C* hypersurface.

e Ifn =mn}, OE is a C* hypersurface outside of a discrete set.

® Ifn > ng, then oE is a C* hypersurface outside of a closed set of Hausdorff dimension at most n — nj.
We readily deduce:

Proof of Theorem 1.11. The surfaces X¥ = 0EP in Theorem 1.9 belong to Ay, (M) by construction (see Section
3.4 for the proof of Theorem 1.9). Therefore, Theorem 4.19 applies to them, which gives Theorem 1.11.

Theorem 4.19 will be proved after two preliminary lemmas.

Lemma 4.20. Let OE € Aﬁlow_up and let x € sing(dE). Choose r; — 0; then, the blow-up sequence L(E—x)
]
converges in L) and locally in the Hausdorff distance sense to a singular cone Ceo € Ailow*up which is stable in

R"\ {0}. If moreover x is an accumulation point of sing(0E), then r; can be chosen so that Ceo has a singular point
on 9By (thus an entire line of singular points).
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Proof. Recall that Affow_”p satisfies the properties in the statement of Theorem 4.12, see the proof of
Corollary 4.17. The convergence of the F; := %(E — x) to a cone Cq in the appropriate sense follows then
as in the beginning of the proof of Theorem 4.12, and Lemma 4.15 gives the stability of Co outside the
origin.

If Co were non-singular (i.e. if Coo were a half-space), then the Hausdorff convergence of the F; =

%_(E — x) to Co on B would imply that the assumption of the improvement of flatness result of Theorem
4.14 is satisfied by E on a small ball centered at x. Hence oE would be a C** hypersurface around x,
and this would contradict the assumption that x is a singular point. Moreover, in case x is a limit point
of a sequence x; € sing(dE), choosing r; := dist(x, x;) the F; = L(E — x) have singular points at 0 and

r
j
at rl]_(x]- — x) € dBj. Selecting a subsequence ji such that the xj, converge to a limit point x' € 9By, the

improvement of flatness argument above shows that the limit cone of the F;, must have a singular point at
x' e 0B;. O

Lemma 4.21. Let C C R” be a cone in AL with n > nk. Then H!(sing(C)) = 0 for all t > n — n}.
Moreover, in the case n = ny, C is smooth outside the origin.

Proof. Fix t > n — n}, and assume for contradiction that #(sing(C)) > 0 (or that C is not smooth outside
the origin in the case n = n}).

Claim. If n > n}, there exists x € sing(C) N 9B such that, blowing up around x, we find a cone of the
form C x R (up to a rotation) with H!~1(sing(C)) > 0.

Proof of the claim. Since we are assuming that H!(sing(C)) > 0, there must exist some point x € sing(C) N
9B of positive H., -density, in the sense that (with the appropriate constant normalization) there exists
a sequence r; — 0 such that H{,(sing(C) N By (x)) = r; for all j. Consider the blow-up sequence Cj =

%_(C — x); by Lemma 4.20, a subsequence will converge locally in the Hausdorff distance sense to a limit

cone Co, which (since C is itself already a cone) is of the form Co, = Co X R, up to performing a rotation.
Assume by contradiction that H!~!(sing(Cw)) = 0, or equivalently that #!(sing(Ce)) = 0.

Now, given any fixed finite cover by open sets of sing(Ces) N By, for j large enough the sing(C;) N By are
also contained in the cover: otherwise, we would have a subsequence y; € sing(C;) converging to some
y € (Cw \ sing(Coo)) N By, so that by Hausdorff convergence the C; would be contained (for j large enough)
in an arbitrarily flat piece of slab around the y; (thanks to the regularity of Ce at y); by the improvement
of flatness result of Theorem 4.14, the y; would be regular points as well, a contradiction. By arbitrariness

of the finite open cover of sing(C) N By, the assumption that #!(sing(Ce)) = 0 and the definition of £,
lead us to deduce that H{,(sing(C;j) N By) converges to zero. Scaling back (recall that C; = rl—](C — X)), we

find that for some j large enough HZ, (sing(C) N By (x)) < %r]t-, a contradiction with how x was chosen. [J

With the claim at hand, the proof now continues as follows.

In the case n > n}, since we assumed t > n — nJ, the claim can be easily further iterated up to (n — ny)

times. This leads to the existence, in the class Aﬁlow*uﬁ , of a cone of the form C x R"" with C C R™

and H!~("=73) (sing(C)) > 0. In particular, C is not smooth outside the origin.

In the case n = n}, we are already assuming by contradiction that C := C C R’ is not smooth outside the
origin.

The rest of the proof is now common for both cases. Let y € R" be such that y € sing(C) N dB;.
Blowing-up around (y,0) € R", we obtain a new cone which is translation invariant with respect to an
additional orthogonal direction. Moreover, this new cone will not be smooth outside the origin either, since
otherwise the definition of n; would imply that it is a half-space, and then the Hausdorff convergence and

the improvement of flatness result in Theorem 4.14 would give that C is smooth around y. Iterating this
Blow—up

argument, we obtain in the end a cone in A;, which is translation invariant with respect to n — 2
directions and which is not a half-space by the improvement of flatness argument we have been repeatedly
using. Lemma 4.16 then gives a contradiction, concluding the proof. O
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Proof of Theorem 4.19. Let 0E € A;;(M), with M of dimension n > 3. We distinguish between the three
cases depending on n}:

e Assume ni > n. Atevery p € JE, the flatness assumptions FA3(M, g, Ry, p, ¢,) will be satisfied
for some Ry > 0 (recall (d) in Remark 1.24), so that we can apply Theorem 1.16 after scaling and
conclude the C'* regularity (in fact, with quantitative estimates) of dE around p.

* Assume n} < n. Fix any t > n — n3; by Theorem 4.5 and the arguments in Lemma 4.20, given any

q € sing(E) we can blow-up around g and find a cone C;. Applying Lemma 4.21, we deduce that
H'(sing(Cy)) = 0.
Now, assume for contradiction that H'(sing(E)) > 0. We can then apply the same argument as
in the Claim in the proof of Lemma 4.21, but with sing(E) instead of sing(C) N dBy; this shows
the existence of a point g € sing(E) such that, blowing-up around g, we would find a cone with
H!(sing(Cy)) > 0, thus reaching a contradiction.

e Assume n; = n. Suppose that g € sing(E) is an accumulation point. By Theorem 4.5 and the
arguments in Lemma 4.20, we can blow-up around g and find a cone C; which is not smooth outside
the origin. Lemma 4.21 then gives a contradiction.

This proves that E is C1* outside of a set of the desired size. The fact that C'** s-minimal surfaces are
smooth (C*) is proved in [55]. O

4.6 The De Giorgi and Bernstein conjectures in the finite Morse index case — proof
of Theorems 1.32 and 1.31

We will now first prove Theorem 1.32. We will need the following result, which is a consequence of an
improvement of flatness theory for phase transitions in the “genuinely nonlocal” regime, meaning that
the order s of the operator is strictly less than 1.

Theorem 4.22 (Theorem 1.2 in [47]). Let n > 2,s € (0,1), and W(u) = 1(1 —u?)% Let u: R" — (—1,1) be
a solution of (—A)*/?u + W' (u) = 0 in R".

Assume that there exists a function a : (1,00) — (0,1] such that a(R) — 0 as R — o0 and such that, for all
R > 0, we have

{er-x < —a(R)R}c{u< -3} c{u<i} c{er-x<a(R)R} inBg, (119)

for some eg € S"~! which may depend on R.

Then, u(x) = ¢(e - x) for some direction e € S"~! and an increasing function ¢ : R — (—1,1).

Proof of Theorem 1.32. Define the sequence of blow-down rescalings ug(x) := u(Rx), which are also so-
lutions to the Allen-Cahn equation but with parameter ¢/R. By the convergence result of Theorem 1.30
(which can be proved on R" exactly as on a closed manifold M, up to the selection of a diagonal subse-
quence to have convergence on each of the balls By for k € IN), there is some sequence R; — oo such that
ug;(x) = u(R;x) converges to some limit #teo = X — Xfe in Ll (R").

In particular, E belongs to the class A, (IR") of sets E C R” such that there exists a sequence of functions
uj : R" — (—1,1) which are solutions to the Allen-Cahn equation (7) on R", with Morse index m(u;) < m

for all j, and parameters ¢; — 0, such that u; — 1 := g — xgc in L'(IR™). The properties in the hypotheses
of Theorem 4.12 can also be proved for this class, exactly as they were proved for (blow-up limits of) limits
as ¢ = 0 of Allen-Cahn on a closed manifold M as recorded in Corollary 4.17. Indeed, all the necessary
results have been stated with local assumptions, other than the use of the kernel K;(x, ) which becomes
aps|lx —y|7" 7% on R”, and in fact several proofs could be made simpler thanks to working on R". Thus,
applying Theorem 4.12 to the class Ay (R"), we deduce that E € A,,(R") is in fact a half-space. Finally,
the local convergence in the Hausdorff distance sense of the aggregations of level sets of ug, = u(R;-)
to dE, see Theorem 1.30, shows after rescaling back that u satisfies the asymptotic flatness hypothesis in
Theorem 4.22, and therefore it is a 1-D solution. O
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We turn now to the proof of Theorem 1.31, the finite Morse index analog for s-minimal surfaces of class
C? of the Bernstein conjecture. We recall that this result is false for classical minimal surfaces, since for
example the catenoid in R® is a complete minimal surface with Morse index 1, and that even under the
assumption of stability this result is only known up to dimension 4 despite stable classical minimal cones
being known to be hyperplanes up to dimension 7. See the Introduction for more details.

To prove Theorem 1.31, we will again apply the classification result of Theorem 4.12. For that reason we
introduce the following definition:

Definition 4.23. We say that a set E C R" belongs to the class A}, (R") if there exists a sequence of sets
E; C R" with E; — E in L _(R") such that:

loc

(i) the boundaries OE; are (1 — 1)-dimensional manifolds of class C;

(ii)) E j are critical sets for the s-perimeter in IR” with Morse index < m in the weak sense.
Proposition 4.24. Let n > 3. Then the family A}, (R") satisfies the properties in the hypotheses of Theorem 4.12.
Proof. For E an s-minimal surface of class C2 and Morse index at most m in R":

* A uniform BV estimate holds, which one can see by considering the proof for stable s-minimal sur-
faces in [40] and adapting it to the finite Morse index case using the ideas in the present paper, or by
directly interpreting the arguments in the present paper for s-minimal surfaces of class C*> and Morse
index at most m in R" instead of for solutions of the Allen-Cahn equation. More precisely, the C?
assumption allows one to use the geometric formula on IR” for the second variation of the fractional
perimeter (see Theorem 6.1 and Remark 6.2 in [51]), instead of the second-variation formula for the
Allen-Cahn energy, with which one first proves an almost-stability inequality like the one in Lemma
3.10. Afterwards, one shows the BV estimate arguing as in Section 3.2.3.

* The surface E is a viscosity solution of the NMS equation, since it is stationary and of class C? (in
particular, its nonlocal mean curvature is well defined and is equal to 0 at every boundary point).

e The almost-stability inequality (4) is proved exactly like the one in Lemma 4.10 considering the
formula for the second variation of the fractional perimeter and test functions §; = X; - vy instead,
where vy denotes the outer normal vector.

If we then consider E to be any element of A}, (R"), not necessarily of class c?, by definition we can
approximate it with E; satisfying the above. This readily shows that E inherits the properties of the
E;, which proves (1)-(5) for the class A}, (R"). Regarding property (6), concerning the classification of
cones in A, (R") with n — 2 directions of translation invariance, it is proved as in Lemma 7.7 in [19], the
latter dealing with limits of Allen-Cahn solutions in the stable case and in R”. Instead of the inequality
(7.17) in [19], which is stated for solutions of Allen-Cahn, one considers the second variation formula
for the fractional perimeter. The almost-stability inequality (4) together with the assumption of having
at least one direction of translation invariance (recall that we are assuming n > 3) then results in an
inequality analogous to (7.17) in [19], with an additional term coming from the assumption of almost-
stability (instead of stability) but which is immediately seen to be bounded thanks to the BV estimate. [

Proof of Theorem 1.31. Thanks to Proposition 4.24, we can apply Theorem 4.12 to the family Aj,(R") and
conclude the result. O
A Proofs of the heat kernel estimates

Proof of Lemma 2.7. Put H(x,y,t) := Hy(¢(x), ¢(y),t). Let g;j € C°(B1(0)) be the metric coefficients in
the chart ¢!, choose & € C2(B1(0)) such that XBs,4(0) < 6 < XB,(0) and put gfj = gii¢ +6;;(1—=¢). By
assumption we have |g};(x)0'o/ — [v[?| < gl0f® for all x,o € R". Morevoer, 8i; = &ij inside By /4(0).
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Consider the complete Riemannian manifold M’ := (R",¢’) and let H'(x,y, t) denote its associated heat
kernel. Then, by Lemma 2.5 we have

tnf—}ze%z\xfylz/f < H'(x,y,t) < tnc—ize"’”’"y‘z/ g (120)

Now, since H'(0, x, t) is the heat kernel of the stochastically complete manifold M’ we have

/ H'(0,x,£)1/|¢/| (x)dx =1 forall t > 0. (121)
M

On the other hand, for every fixed T > 0 set h(7) := %e’c‘i(l/‘l)z”. Using (120) we have that u(x,t) =
(H'(0,x,t) — h(T))+, where (-)* denotes the positive part, is a subsolution of

w < & (VETE) ) inBis(0) (0,7),
u=20 in 881/4(0) X (0, T) .
Since ¢’ = g in By /4(0), it easily follows (using that both H(0, x, t) and H'(0, x, t) have as initial condition

a Dirac delta with respect to the same volume form /|g|dx) that u < H(0,x,t) for all t € (0, 7). This
gives, forall t € (0, 7)

/ (H'(0,x,) — ()" \g\dx:/ u(x, )y/|gldx g/ H(0, %, 1) /|gldx
31/4 31/4 81/4
On the other hand, using (121) and (120) we obtain that for all t € (0, 7)

1—Cexp(—c/1) < 1—/ C—3€_C4‘x‘2/t(1+ﬁ)"/zdx§ 1—/
R™\B3,4(0) R™\B3,4(0

:/ H'(0,x,t)+/|g|dx.
B3/4(0)

H'(0,x,t)4/|¢|dx
)

Finally, since also /(1) < Cexp(—c/T) (notice that we can “absorbe” T="/2 in Ce=*/T chosing ¢ > 0
slightly smaller and a larger C), we obtain the desired estimate

1—-Cexp(—c/T1) < /

H(0,x,t) |g|dx§/ H(p,q,t)dV,, Vie (0,7),
By /4(0) @(B1/2(0))

and for all T > 0. The bound by above by 1 of the same quantity follows immediately using that H is a
heat kernel, i.e. nonnegative and with total mass bounded by 1. O

Proof of Lemma 2.8. Notice that u(x,t) := Hp(¢(x),q,t) satisfies u; = Lu, in B1(0) x [0,00) and u = 0 at

t =0, where
1 0 . ou
u= e <\/ gg”—axj> (122)

is the Laplace-Beltrami operator with metric g.

Let us show that
|u] < Cexp(—c/t) for (x,t) € B34(0) x [0, 00), (123)

with C, ¢ > 0 dimensional constants. This follows from the following standard probabilistic consideration.
Fix xo € ¢(B3/4(0)). By continuity of sample paths, the probability that a Brownian motion started
at g € M\ ¢(B1(0)) hits ¢(Bs(x.)) (0 < 6§ < 1) within time < ¢t is less that the supremum among
q' € ¢(0Bg/9) of the probability that a Brownian motion started at a point ¢’ hits ¢(Bs(x.)) within time
< t. This gives
u(xo,t) < sup  Hum(e(xo), 4, t). (124)
7'€9(3Bg/9)
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Let us now use (124), Lemma 2.7, and the parabolic Harnack inequality as follows to show (123).

For fixed g’ € ¢(9Bg/9) set v(x,t) := Hp(¢(x),q’,t) and consider the rescaled ¥(x, t) := v(xo + rx, to +
r2t) for r € (0,1/10). Then ¥ > 0 satisfies a (uniformly) parabolic equation in B1(0) x (0,1) with smooth
coefficients (that only improve as r gets smaller). Thus, by the Harnack inequality for every x € B;,,(0)
and t € (1/4,1/2) we have 9(x,t) < Cinfg, () 0(-,1) < Co(y, 1) for all y € By /»(0). Integrating

aaﬂgc/

Bi,2(0)

o(y, )dy = C/

v(xo + 1y, to +1?)dy = Cr‘”/ v(z,to +1*)dz,
By/2(0)

Br/Z(XO)

for some C = C(n) > 0. Thus, for all t € (to +1%/4,to +12/2)

v(xo, 1) < Cr*”/ v(z,to +1%)dz.
B, ja(x0)

But ¢(B,/2(x0)) C M\ By,10(q") for every q' € ¢(9Bg,9(0)). Then by Lemma 2.7 we get

v(xo,t) < Cr*”/

Hum(z, g, to +12)dz < Cr " exp (_ ¢ ) ,
M\@(Bi/10(4"))

to+12

where C,c > 0 depend only on n. Now, for small times t, < 1/100 choosing r?> = t, (together with
the probabilistic argument above) gives the result, since one can absorb the term r~" = t;"/? in the
exponential up to slightly decreasing the value of c. For non-small times t, > 1/100, one can just take
r = 1/10 and obtain upper bound by a constant as desired. This concludes the proof of (123).

Now, similarly to above, for all r € (0,1/4) and (xo,t,) € By;2(0) x (0,00) the rescaled function
(x,t) = u(xo + rx, to + r*t) satisfies a (uniformly) parabolic equation with smooth coefficients (since the
bounds on every C* norm of the coefficients only improve as r gets smaller) and, from (123), we have
[i7| < Cexp(—c/t)in By x (0,1). Hence standard parabolic Schauder estimates give

< Cexp(—c/t), for (x,t) € By»(0) x[1/2,1),

for every multi-index a with |a| < ¢, with C > 0 depending only on # and ¢ and ¢ > 0 as above.

After scaling back the estimate above we obtain, for all r € (0,1/4]

olal
‘w’“

Xo, to + t)‘ < Ccr el exp(—c/1?), for (xo,t) € By2(0) x [r2/2,1?).
Then, for “non-small” times f, > 1/16 we notice that (30) follows taking » = 1/4. On the other hand,

for small times ¢, € (0,1/16) we obtain (30) taking 2 = t., bounding r~1*| by ¢5¢/2, and absorbing
(chosing ¢ > 0 smaller and C larger) this negative power of t, in the exponential. O

Proof of Lemma 2.9. 1t is similar to the proof of Lemma 2.8. Let ¢ : M\ ¢(B1(0)) — {+1,—1} be any
measurable function to be chosen. Consider

uet)i= [ Hu(p(x),a,00(0)av,
M\(B1(0))
By Lemma 2.7 — since Hy; > 0 and [y, Hm(p, q,t)dV; < 1 — we obtain
W@Jﬂg/ H(p(x),q,0)dVy < Cexp(—c/t),  V(x,t) € Bs/4(0) x [0,c0). (125)
M\p(By/4(0))

Notice that in this estimates C and ¢ are positive dimensional constants (and in particular they do not
depend on the choice of 7). Also, by the superposition principle u satisfies u; = Lu, in B1(0) x [0, c0) and
u=0att =0, where L is as in (122).

75



Now proceeding exactly as in the proof of Lemma 2.8 we obtain that

olal
oxw

u| < Cexp(—c/t), for (x,t) € By;2(0) x [0,00)

for |a| < ¢. Now, for any given «, x, and t, we can choose ¢ : M\ ¢(B1(0)) — {+1, —1} so that

ol ol
Sanben = [ o Hu(e(),g Do)V, = [
ax Mg(5:(0)) ¥ T o)

and we are done. O

olal
ox«

Hu(9(x),q,1) |dVy,

Proof of Lemma 2.10. Let us show that
|H—H'| <Cexp(—c/t) for (x,y,t) € B3,4(0) x B3,4(0) x [0,00), (126)

with C, ¢ > 0 dimensional constants.
Indeed, fix x, € B3,4(0) and let us show first that we have

](H - H’)(xo,y,t)] < Cexp(—c/t) forally € B3;4(0)\ By/s(x0) (127)

Indeed, the L* estimate of Lemma 2.8 —appropriately rescaled to have ¢(By /g(x.)) instead of ¢(B1(0))—
gives
Hu(¢(x0), 9(y), t) < Cexp(—c/t) forally € Bs/4(0) \ By/g(xo), (128)

and the same estimate with Hy replaced by H,y. Hence (126) follows using |H — H'| < H + H'.

Now observing that for all x, as above u(y, t) := (H — H')(xo,y, t) solves the heat equation (d; — L,)u =
0 with zero intial condition, (126) easily follows from the maximum principle.

Finally, the estimate for the higher derivatives follows from standard parabolic estimates, noticing that
u(x,y,t):= (H—H')(x,y,t) solves

(Lx,y”)

' iy 0, 1 9 ii ()9
Lt = s o (sl () 50) + —e ol (Vs ) ).

is the sum of the Laplace-Beltrami operators with respect to the variables x and y (or, equivalently, the
Laplace-Beltrami operator with respect to the product metric in B1(0) x B1(0)). O

N

8tu =

where

Proof of Proposition 2.12. Notice first that since H(x,y,t) = H(y, x,t) we have

H(x,y,t) — tn/Zh(A(x)\(/yE_ x),x’ t) _ tn/2h<A(y)\(/xE_ y),}/, t).

Let Ly f :=

|g‘ S5 (\/ lg](x)g(x 1/ a ) denote the Laplace-Beltrami operator (with respect to x).

Direct computation shows

0zkaz!

. ij 2
= 5 (VA 2D o ) 2 e+ 9700) (ASAD) (1) i) ).
n
;

ozl
DD | ),
(

7),% t),

where

(%) means evaluated at
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This leads to the equation for i = h(z,y,t), where we denote 9; := % and 9;; := %;Zj,

Wi = Th = a¥l(z,y, )3 + (VIV (2,9, £) + 5) ik + gh,

where ) o
al(z,y,t) = ¢ (y+ Viz) (434 ()
and

bz, 1) = (%) (v+ Vi) Ai(y);

h(z,y,0%) = ho(z) = (4m) 2o~ I2F/4,

(Notice that we defined & so that the its initial condition is independent of v.)

We emphasize that, by the assumption (32), this equation is uniformly elliptic, and the derivatives of
a’l, b up to order / in the variables z and y are uniformly bounded for times t € (0,T,) by constants
depending only on the constants n and T..

Let us now compute an equation for h = h — ho. Since

with initial condition:

§idgiho + 53l + gho —0,
we obtain
toih — Lh = Lho = (a" — 6)9;jho + V/tb'd;hs
= (a7 — §1)(z;zj — 6ij) — Vb Z8)ho .
We emphasize that h satisfies the initial condition
h(z,y,0) =0
Notice that (since by definition of A(y) is a square rooth of g(y)) we have, for all y
§"(v) (ALA]) (y) =

and hence, since gkl is smooth,
lal(z,y,t) — 6] < CV/t

Hence, we have R
|tosh — Lh| < C(1+ |z*)Vths (129)

Let us now find some barrier allowing us to control k. We can use as barrier
b(z,t) - \/Ee—(l/4+x)|z|2
Direct computation shows that, for v/t < 0 (so that aij(Sl-]- > n — Céx and |67 — aij|zkzl(5ik(5jl < Cox|z|?)

i

— 1 2 .. .. . Z . n
tash — Lb = (E —4(F — )" ()22 oy + 2(% — x) a5+ (Vb + E)2(}I —K)2/5;; — E) b
> (% + (1 — x)4x|z|* — COx|z|* — Cx — C9K|Z) b
> (1 + 351z >0,

provided we chose 6 > 0 and x > 0 sufficiently small.
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Since clearly b > +/th, we obtain that Cb is a supersolution of (129) for v/t < 0x. This shows that
|| < Cb for all t small enough.

Notice that the estimate || < Cb (fixing x > 0 and 6 > 0 small dimensional) shows, in particular, that

[h(z,y,1)| < CViexp(—clz]) (130)

holds with ¢ > 0 dimensional for all “small” times t € (0,6%«?). On the other hand, for “non-small” times
t > 6?2, the standard heat kernel estimate (120) for H (which holds with ¢; dimensional) immediately
yields (130) with v/t replaced by 1.

In order to bound the derivatives of I with respect to z we notice we notice that, in logarithmic time T =
log t, the function h(z,y, ") satisfies, for y fixed, a standard parabolic equation with smooth coefficients
in the domain R" X (—c0,0). Then, thanks to (130), applying standard parabolic estimates in parabolic
cylinders {|x — xo| < 2,|T — To| < 2} we easily obtain the claimed bounds for all partial derivatives of h
with respect to z.

In order to show the regularity in y one can then differentiate the equation with respect to y as many
times as needed (the coefficients depend in a very smooth way also in y), and notice that the initial
condition will be zero (since &, is independent of y). By standard parabolic regularity arguments (e.g.
using a Duhamel-type formula to represent the solutions) we obtain the estimates. O

B Estimates for the extension problem

Lemma B.1. Let s € (0,2) and M satisfy the flatness assumption FAy(M, g,2, p, ). Let also U : By (p,0) — R
be any function solving

div(z!=VU) =0 in B (p,0),
and let u be its trace on By(p). Assume also U € Lw(lé';(p,o)) and u = 0 in B3/»(p). Then there exists
C = C(n) > 0 such that

_ C
1—s 1
27IVU(x,2) < SN (s 0)) -

for every (q,z) € Bf (p,0).

Proof. Let C denote a constant that depends only on n. This estimate is proved by a barrier argument. Let
a, B > 0 to be chosen later, and for g, € By1/19(p) define

by, (0.2) = 5|07 () — 97 (go) [} - B2 —22).

Denote by A, the Laplace-Beltrami operator of (M, g). Then, by FA>(M, g,2,p, ¢), for (x,z) € B
holds |A¢by,(g,z)| < C. Moreover

gr/ 5 there

(azz + 1—2582)22 =2s and (azz + %az)zs —0.

Hence 1
div(z!=*Vb,,) = z'* <Agbqo + 922D, + %Sazbqo> <z'7%(Ca—2s8) <0,

provided we take g = Ca/s.
Since U = 0 in Bz ,5(p) x {0} clearly |U| < by,(+,0) in Bgs5(p) x {0} . Moreover, for every (x,z) €

o §6+/5( p,0) there holds

2 s ~
by.(,2) > Co— B(z2 —22°) > Cor > Ul oz,

s(poy) = U(x2),

provided we choose & = C\|U\|Lw(§+/ (p.0))"
6/5\F7
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Hence, with this choice of & and B, |U| < by, on the full boundary E)Egr/fj(p,O). Since also U solves
div(z!=VU) = 0 in Bgr/S(p, 0), by the maximum principle we get

Cz°
[U(q0,2)| < bqo<qo/z) < THU||LOO(§;/5(,,,0))/ (131)

for (q0,z) € By /10(p,0). Moreover, by standard (interior) gradient estimates for uniformly elliptic equa-
tions, for all (g,z) € B; (p,0) we have

IVU(q,2)| < [|VU| o5 HUHU»

(qZ) = 50(0.2)) 7

which, since B /50<q' z) C B;Ll/lo(p,O), together with (131) implies

V. C s—1
VU, 2] < S U g -

and this concludes the proof. O
Lemma B.2. Let s) € (0,2), s € (s0,2). Consider the Riemannian manifold (R",g) with (1 — 5)|o* <
gi]-(x)vivf < (1+ fw)\v\z and ||gij||cl,1(ﬁ”) <1 Letalsou :R" — [—1,1] and U : R" x Ry — [—1,1] be the

extension of u (in the sense of Theorem 2.20). Then

/ VU2 5dVdz < C // Ju(x) — u(y)? dxdy, (132)
B} (0,0) R xRe\(BsxB5) X — y|"T*

with C depending only on n and s.

Proof. We proceed as in [25, Proposition 7.1]. Assume without loss of generality that |, B, u(x)dx = 0. Let

¢ : R" — R be a cutoff function such that ¢ = 1 in B;,,(0) and it is compactly supported in B,(0). We
write u = ué +u(1—¢&) = u; +up and U = Uy + Uy.

On the one hand, since u; is compactly supported we have

Be [ A TPV = s g
+

- 1) = w1 () PK () dVidV,
R xR\ (B x BS)

|u(x) —u(y)? 2M
< C[’Cns//Bszn |x_ ‘n—i—s s ¢ ( )dxdy_‘_cans//BZXIR” ‘ ‘ |n+s dxdy

2
< Cua // ded +C/ u(x)|?dx.
" M Resre\ (BB X — gl Y Bz‘ ()

Moreover, using the fractional Poincaré inequality (recall |, B, u(x)dx = 0):

2 2
u 2dx < Ca // u dxdy < Ca // M dxdy =: 1
B, | ( )| n,s Byx B, ‘x_ |n+s Y= ns R xR\ BCXBC) ‘x_y|n+s Y

On the other hand (using again |, 5, u(y)dy = 0)

_u)® ] w) ) s VP xm0),
/]R” (1—|—|x|2)nT+Sd _// (14 |x[2)"2 Lt |5’2| // 1+‘x‘2 (B, dxdy < CI,
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and by Holder inequality

) 1/2 1/2
/ S 10 N / EUICOTR / ) <a
R (14 |x[?)"2 R (14 |x[?)"2 R (14 [x[?) 2

Claim. There is C = C(n) > 0 such that for (x,z) € B}

2175 VU, (x,2)| < C/ %)‘Hsdy. (133)
r (14 [yP)

We postpone the proof of this claim and first see how to conclude the proof of Lemma B.2 with it.
By the claim, if (x,z) € B then

2178 VU, (x, 2)| < C/ Mﬂwsdy < C/ %dy < C1'/?
R (14 [y[?) = R (1+ [y[?) =

But then the inequality

Je

1

1/2 1/2
2175\ VU, |2dxdz < CIl/Z/ VU, |dxdz < CIl/2</ zlSWUzzdxdz) (/ 251dxdz) ,
B B} B}

1 1
gives
/ 2175 | VU [dxdz < CI,
B
and the lemma follows.

It only remains to prove (133). Let Hy(x,y, t) be the heat kernel of N := (R", g). By (46) the fractional
Poisson kernel?’ Py : R” x R" x (0,00) — [0,00) of N can be represented as

2 dt

z° *© _
IPN(X,]/,Z) = m/o HN(X,]/, t)e 4t tlJr—S/Z’

and the solution U) to the extension problem with trace uy is U (x,z) = [ga Pn(x,y,2)uz(y) dVy. Then, by
Lemma 2.5 we have that Py is comparable (up to dimensional constants) to the fractional Poisson kernel
of R" with its standard metric, that is

z° z
cs i S Pn(xy,z) <Cs s
(lx—y|>+2%)72 (lx =y +22)7

7

for some C,c > 0 dimensional. Hence, for every (x,z) € 1§6+/5

|Up(x,z)| < Cs/ [u2(v)] e dy < CS/]R |u2(y)| dy.

R (|x —y|? 4 22 ng, |x =yl

Since x € By/5 and y € R" \ B, there holds |x —y| > #51/1+ [y[% and hence

|12 ()|
U] o SCS/ T =Y
Il 5y, R (1+|y)*7 ’

From here, the result follows directly by Lemma B.1. O

20Which equals 0y, 2° = on IR" with its standard metric, for some normalization constant oy, s > 0.

(lx=y[*+22) 2"
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Lemma B.3. Let sy € (0,1) and s € (so,1). Let M satisfy flatness assumptions FA1(M, g,1,p, ¢). Let also
U: B (p,0) = (—1,1) be any function solving

div(z'*VU) =0, (134)

and let u be its trace on By(p). Then forall ¢ >0, R > 1,k € R and q € By 5(p) such that Bro(q) C Bs/a(p),
= c c s s
0~ "ﬁs/ Z VU AVdz < — + <g—"/ |u+de) <Ql—"/ wdv) ,
B{ (40) R 1=s Brg(9) Brg(9)

where the constant C depends only on n and s.
Proof. Let us show that if U are U’ two different solutions B, (p,0) — (—1,1) of (134) with the same trace
u on By 4(p), then

e

/N 27 (|VUP - |VU')?) dVdz < c/ 175 VU P dVdz. (135)
By (4.,0) ¢ (2.0)

Indeed, by Lemma B.1 (rescaled) we have z!~5|V(U — U’)| < Cin B

1/2(p,0). Thus, we obtain

/~ 2 (IVUP - |VU'P) vz = / (VU -U)) - (V(u+U)dvdz
BS (3,0) By (4,0)

1 1

2 - -~ 2

c(/~ zs_ldde> (/N 25 (IVUP + vu'2)dde>
Bg(qo) B{ (4,0)

/~ =s(|vup - |vu'p )dde+C/ 15| VU2 dVidz
B*(%O) B; (.,0)

IN

IN
N =

Thus (135) follows.

Now let g;; be the components of the metric in the coordinates ¢!, 7 € C®(By) be a nonnegative
smooth cut-off function satisfying 7 = 1 in Bj /4, and put g/ i = &ijll + 6ij(1 —17), a metric defined in the

whole R". Thanks to (135) it is enough to prove the lemma for the manifold (R", ¢') with p = 0 and with
U replaced by the (unique!) bounded solution U’ of (134) (with respect to the metric ¢’) in all of R” x R.
But in this case we can use Lemma B.2 (rescaled) and obtain

2

_ ulx)—u

o ”/B 13|V U’ vz < Co' "// o o) (x)_ O 4y
0 xIRM)\ (BB§ o X B5 )

2
o nz// u(x) — n(+s)| dxdy
BROXBRQUBQXB lx —y|

2 n—s
ccoo(ff MOl 0,
BRQXBRQ |x_ ‘
where we have used that

Ju(x) — u(y)]2 / / 1 Co"
dxdy < C ———dy | dx < .
//W y|"+s P> ), U, == ) ™ = Rey

We conclude using the interpolation inequality of Proposition 2.22, since the modulus of the Euclidean
gradient in R"*! and the metric gradient | VU| are comparable. O
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Lemma B.4. Let s € (0,1), (M, g) satisfies the flatness assumption FAy(M, g,2, p, ¢), and let 1 € C2(B3,4(0))
be a cutoff function with § =1 in By 5(0). Define 1y = ¢ o and let ij solve

div(z! Vi) =0 in B (p,0),
7=0 on 8+§1(p,0),
=10 on Bi(p) x {0}.

Then, for all g € B3 ,4(p) there holds that

Bs

(—2'7%0.7) (g, 0+)‘ <C and ,BS/N 18| VijlPdvdz < C, (136)
B (p.0)

for some dimensional C = C(n) > 0.

Proof. Let Uy € H'(M x (0,00))—see Definition 2.18—be the unique Caffarelli-Silvestre extension of 7
(considered on M extended by zero outside Bj(p)), in the sense of Theorem 2.20. Since Uy and # are
two different solutions of (134) with the same trace on Bj(p), hence by Lemma B.1 (rescaled) we have

Bsz 75|V (Up —7)] < Cin E;M(p) for some dimensional C. Hence in B3 ,4(p) there holds

s | (— 250 (-, 07)| < B (— 2" 2:ly) (-, 07)] + € = [ (~a)/2pp| - C,

where we have used Theorem 2.20 in the last equality. Now, a dimensional bound for the |(—A)*/2y|
follows, for g € B3,4(p), by writing

81 n0() = [ (0() = mKeg Ve + [ (ole) = o) Kslg, ) dV;
B M\

1(p) Bi(p)

and using Lemma 2.11 and (29) of Proposition 2.6 respectively to bound these two integrals. This concludes
the proof of the first estimate in (136).

The second estimate follows from the first one just integrating by parts and using FA;(M, g,1,p, ¢). O

Lemma B.5. Let v: R" — R be a Lipschitz function with |[v||peo(gny < Co satisfying [Lv| < Co in B1(0), where
L is an integro-differential operator of order s € (0,1) of the integral form

Lu(x) = | (u(x) ~ u()K(x,y) dvdy,

and K is a nonnegative kernel comparable to the one of the fractional s-Laplacian, that is satisfying

¢ <K(x,x—y) <

‘y‘l’H—S <~ < W Vx,y c Rn, (137)

for some constants ¢, C > 0. Then
[v]cx (B, ,,(0)) < C(n,5)Co, (138)

for some small positive x = a(n,s).

Proof. The result is a standard consequence of [85, Theorem 5.1]. Let us point out that Theorem 5.1 in [85]
would seem to require assumption [85, (2.2)] to hold for all » > 0. However, it is clear from its (very short)
proof that (138) only requires assumption [85, (2.2)] to be verified at “small” scales r € (0,1) (and in our
setting this can be easily verified using (137)). O
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C Estimates for the distance function on a Riemannian manifold

Lemma C.1. Let (M", g) be an n-dimensional Riemannian manifold, p € M, Ry < inj,,(p) and let K be an upper
bound for all the sectional curvatures in Br,(p). Denote by d the distance function to the point p. Then, for all

R < min{Ry, ﬁ} there holds in Br(p):

[(Vv(aVd), V) - [V]*| < VKR|VP,
for every vector field V on M.
Proof of Lemma C.1. We can compute

(V,Vy(dVd)) = (V,(V,Vd)Vd) +d(V,Vy(Vd))
=(V,Vd)> +dV*d(V,V).

On the other hand, the Hessian Comparison theorem—see Lemma 7.1 in [41]—gives that
dV2d(V,V) - |V —(V,Vd)Vd|*| <dVK|V|?

in Bgr(p), whenever R < min{inj,,(p), ﬁ} Moreover, since |Vd|?> = 1, we also have that

IV —(V,Vd)Vd[? = [V2 —2(V,Vd)2 + (V,Vd)2|Vd[]? = |V|? — (V,Vd)2.

Hence
|dV2d(V,V) + (V,Vd)? —|V|*| <dVK|V|*> < RVK|V|?
holds in Bgr(p), as long as R < min{R, ﬁ}, and this conludes the proof. O

Lemma C.2. Let (M", g) be an n-dimensional Riemannian manifold, p € M, Ry < inj,,(p) and let K be an upper
bound for all the sectional curvatures in Br,(p). Then, there exists C = C(n) > 0 such that, for all R < Ry, in
Br(p) we have that

|div(dVd) — n| < CKR?.

Proof. Fix p € M, and denote d(p, -) just by d(-). Observe first that every geodesic o with ¢(0) = p and
contained in Bg,(p) is uniquely minimizing. For any R < Ry and x € Bg(p), let v : [0,d] — M be the
normalized geodesic with v(0) = p and y(d) = x. Note also that

div(dVd) = |Vd|]> + dAd = 1+ dAd.

Consider y(d) € TyM, and complete it to an orthonormal basis {e; := (d), ey, ...,en} of TxM. For
i=2,3,...,n,let v, be the geodesic with v;(0) = x and ¥;(0) = e;. We can compute

42 n
szd )(ei e) = Z@ d oY) Z (dowi),
=1 i=2 5=0
where we have used that & ‘ (dovy) = d (d( )+s) =0.

Let J; be the Jacobi field along 'y with J;(0) = 0 and J;(d) = e;, well defined by uniqueness of geodesics
between endpoints. Denote by

d
I(X,Y) = / (DiX, DyY) — Rm(4, X, 7, Y) dt
0

the index form associated to 7 on [0, d]. Since vy is minimizing along all curves with the same endpoints,
for every vector field X on ([0, d]) orthogonal to 7 and with X(0) = 0 and X(d) = ¢; we must have

0<I(Ji =X, Ji—X) =1(J;, ;) = 21(J;, X) + [(X, X) .
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Since J; is a Jacobi field, one can easily check that I(J;, X) = I(J; J;), hence I(];,];) < J(X,X). Take
X(t) = LEi(t), where E;(t) is the parallel transport of ¢; € TyM along 7. From the second variation
formula for arc length we get

d2
ds?

d
(oy) = [ 1D =R, i3, 1) dt = 107, 1)
s=0
d
< I(X, X) :/ |D:X|? — Rm(5, X, 4, X) dt
0
d
g/ |D:X|? + K|X|?dt,
0

where we have used that sup,, g |Secy| < K. Thus
0

—_— . < _ L - _ 1 as .
ds? S:O(do%) —/0 |DeX|” + K|X]|"dt /O o K dt = - (1+1< 3 )
Hence

n 2 _

dAd:Z% (dO’Yi)Sn—1+Kn31d2,

i=2 457 Is=0

or equivalently
div(dVd)(x) —n| = |d(x)Ad(x)+1—n SKn_ldngn_1R2,
3 3

and this completes the proof with C(n) = ’%1 > 0. -
Acknowledgements

M.C. would like to thank the FIM (Institute for Mathematical Research) at ETH Ziirich for the wonderful
hospitality during his many stays in 2022-2023. J.S. is supported by the European Research Council under
Grant Agreement No 948029. E.F-S has been partially supported by the CFIS Mobility Grant, by the
MOBINT-MIF Scholarship from AGAUR, and the support of a fellowship from “la Caixa” Foundation (ID
100010434)”. The fellowship code is “LCF/BQ/EU22/11930072".

References

[1] G. Alberti, L. Ambrosio, and X. Cabré, On a long-standing conjecture of E. De Giorgi: symmetry in 3D for
general nonlinearities and a local minimality property, Acta Appl. Math. 65 (2001), 9-33.

[2] E.J. Almgren, Some interior regularity theorems for minimal surfaces and an extension of Bernstein’s theorem,
Ann. of Math. 84 (1966), 277-292.

[3] E.J. Almgren, The homotopy groups of the integral cycle groups, Topology 1 (1962), 257-299.
[4] E. J. Almgren, The theory of varifolds, mimeographed notes, Princeton (1965).

[5] L. Ambrosio and X. Cabré, Entire solutions of semilinear elliptic equations in R® and a conjecture of De
Giorgi, ]. Amer. Math. Soc. 13 (2000), 725-739.

[6] L. Ambrosio, G. De Philippis, and L. Martinazzi, Gamma-convergence of nonlocal perimeter functionals,
Manuscripta Math. 134 (2011), 377—403.

[7] L. Ambrosio, N. Fusco, and D. Pallara, Functions of Bounded Variation and Free Discontinuity Problems,
Oxford Science Publications (2000).

84



[8] D. G. Aronson, Bounds for the fundamental solution of a parabolic equation, Bull. Amer. Math. Soc. 73
(1967), 890-896.

[9] V. Banica, M. M. Gonzélez, and M. Saez, Some constructions for the fractional Laplacian on noncompact
manifolds, Rev. Mat. Iberoam. 31 (2015), no. 2, 681-712.

[10] B. Barrios, A. Figalli, and E. Valdinoci, Bootstrap regularity for integro-differential operators and its appli-
cation to nonlocal minimal surfaces, Ann. Scuola Norm. Sup. Pisa CI. Sci. 13 (2014), 609-639.

[11] S. N. Bernstein, Sur une théoreme de géometrie et ses applications aux équations dérivées partielles du type
elliptique, Comm. Soc. Math. Kharkov 15 (1915-1917), 38—45.

[12] H. Brézis and P. Minorescu, Gagliardo-Nirenberg inequalities and non-inequalities: The full story, Ann.
Inst. H. Poincaré Anal. Non Linéaire 35 (2018), 1355-1376.

[13] E. Bombieri, E. De Giorgi, and E. Giusti, Minimal cones and the Bernstein problem, Invent. Math. 7 (1969),
243-268.

[14] J. Bourgain, H. Brezis, and P. Mironescu, Another look at Sobolev spaces, Optimal control and partial
differential equations, 439-455, IOS, Amsterdam, (2001).

[15] L. Brasco, E. Lindgren and E. Parini, The fractional Cheeger problem, Interfaces Free Bound. 16 (2014)
419-458.

[16] J. Byeon and P. Rabinowitz, A note on mountain pass solutions for a class of Allen-Cahn models, RIMS
Kokyuroku 1881 (2014), 1-17.

[17] X. Cabré and E. Cinti, Energy estimates and 1-D symmetry for nonlinear equations involving the half-
Laplacian, Discrete Contin. Dyn. Syst. 28 (2010), 1179-1206.

[18] X. Cabré and E. Cinti, Sharp energy estimates for nonlinear fractional diffusion equations, Calc. Var. Partial
Differential Equations 49 (2014), 233-269.

[19] X. Cabré, E. Cinti, and ]. Serra, Stable solutions to the fractional Allen-Cahn equation in the nonlocal
perimeter regime, arXiv:2111.06285.

[20] X. Cabré, E. Cinti, and J. Serra, Stable s-minimal cones in R> as flat for s ~ 1, ]. Reine Angew. Math. 764
(2020), 157-180.

[21] X. Cabré and T. Sanz-Perela, A universal Holder estimate up to dimension 4 for stable solutions to half-
Laplacian semilinear equations, J. Differential Equations 317 (2022), 153-195.

[22] X. Cabré and Y. Sire, Nonlinear equations for fractional Laplacians, I: Reqularity, maximum principles, and
Hamiltonian estimates, Ann. Inst. H. Poincaré Anal. Non Linéaire 31 (2014), 23-53.

[23] X. Cabré and Y. Sire, Nonlinear equations for fractional Laplacians II: Existence, uniqueness, and qualitative
properties of solutions, Trans. Amer. Math. Soc. 367 (2015), 911-941.

[24] X. Cabré and ]. Sola-Morales, Layer solutions in a half-space for boundary reactions, Comm. Pure Appl.
Math. 58 (2005), 1678-1732.

[25] L. Caffarelli, ].-M. Roquejoffre, and O. Savin, Nonlocal minimal surfaces, Comm. Pure Appl. Math. 63
(2010), 1111-1144.

[26] L. Caffarelli and L. Silvestre, Reqularity theory for fully nonlinear integro-differential equations., Comm.
Pure Appl. Math. 62 (2009), 597-638.

[27] L. Caffarelli and L. Silvestre, Regularity results for nonlocal equations by approximation, Arch. Ration.
Mech. Anal. 200 (2011), no. 1, 59-88.

[28] L. Caffarelli and L. Silvestre, An extension problem related to the fractional Laplacian, Comm. Partial
Differential Equations 32 (2007), 1245-1260.

85



[29] L. Caffarelli and P. R. Stinga, Fractional elliptic equations, Caccioppoli estimates and reqularity, Ann. Inst.
H. Poincaré Anal. Non Linéaire 33 (2016), 767-807.

[30] L. Caffarelli and E. Valdinoci, Regularity properties of nonlocal minimal surfaces via limiting arquments,
Adv. Math. 248 (2013), 843-871.

[31] L. Caffarelli and E. Valdinoci, Uniform estimates and limiting arquments for nonlocal minimal surfaces,
Calc. Var. Partial Differential Equations 41 (2011), 203-240.

[32] M. Caselli, Min-max construction of fractional minimal curves on Riemannian surfaces., ETH Zurich Master
Thesis collection, 2021.

[33] J. Cahn and ]. Hilliard, Free energy of a nonuniform system 1. Interfacial free energy, J. Chem. Phys 28
(1958), 258-267.

[34] G. Chambers and Y. Liokumovich, Existence of minimal hypersurfaces in complete manifolds of finite vol-
ume, Invent. Math. 219 (2020), 179-217.

[35] H. Chan, ]J. Davila, M. del Pino, Y. Liu, and J. Wei, A gluing construction for fractional elliptic equations.
Part II: Counterexamples of De Giorgi Conjecture for the fractional Allen-Cahn equation, in preparation.

[36] H. Chan, S. Dipierro, J. Serra and E. Valdinoci, Nonlocal approximation of minimal surfaces: optimal
estimates from stability, preprint.

37] O. Chodosh and C. Li, Stable minimal hypersurfaces in R*, arXiv:2108.11462v2.
[ yp

[38] O. Chodosh and C. Mantoulidis, Minimal surfaces and the Allen—-Cahn equation on 3-manifolds: index,
multiplicity, and curvature estimates, Ann. of Math. 191 (2020), 213-328.

[39] O. Chodosh and C. Mantoulidis, The p-widths of a surface, arXiv: 2107.11684.

[40] E. Cinti, J. Serra, and E. Valdinoci, Quantitative flatness results and BV-estimates for stable nonlocal mini-
mal surfaces, ]. Differential Geom. 112 (2019), 447-504.

[41] T. Colding and W. Minicozzi, A Course in Minimal Surfaces, Volume 121 di Graduate studies in math-
ematics, ISSN 1065-7339, American Mathematical Soc., 2011.

[42] ]J. Davila, On an open question about functions of bounded variation, Calc. Var. Partial Differential Equa-
tions 15 (2002), 519--527.

[43] E. De Giorgi, Frontiere orientate di misura minima (Italian), Seminario di Matematica della Scuola Nor-
male Superiore di Pisa, 1960-61 Editrice Tecnico Scientifica, Pisa 1961.

[44] E. De Giorgi, Una estensione del teorema di Bernstein (Italian), Ann. Scuola Norm. Sup. Pisa 19 (1965),
79-85.

[45] M. del Pino, M. Kowalczyk, and J. Wei, A conjecture by de Giorgi in large dimensions, Ann. of Math. 174
(2011), 1485-1569.

[46] E. Di Nezza, G. Palatucci, and E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev spaces, Bull. Sci.
Math. 136 (2012), 521-573.

[47] S. Dipierro, J. Serra, and E. Valdinoci, Improvement of flatness for nonlocal phase transitions, Amer. J.
Math. 142 (2020), 1083-1160.

[48] M. do Carmo and C. K. Peng, Stable complete minimal surfaces in R3 are planes, Bull. Amer. Math. Soc.
(N.S.) 1 (1979), 903-906.

[49] H. Federer, Geometric Measure Theory, Springer Berlin Heidelberg (2014) .
[50] J. Felipe-Navarro, T. Sanz-Perela, Uniqueness and stability of the saddle-shaped solution to the fractional
Allen—Cahn equation, Rev. Mat. Iberoam. 36 (2020), 1887—1916.

86



[51] A. Figalli, N. Fusco, F. Maggi, V. Millot and M. Morini, Isoperimetry and stability properties of balls with
respect to nonlocal energies, Comm. Math. Phys. 336 (2015), 441-507.

[52] A. Figalli and ]. Serra, On stable solutions for boundary reactions: a De Giorgi-type result in dimension 4+1,
Invent. Math. 219 (2020), 153-177.

[53] A. Figalli and E. Valdinoci, Regularity and Bernstein-type results for nonlocal minimal surfaces, ]. Reine
Angew. Math. 729 (2017), 263-273.

[54] A. Figalli and Y. R. Zhang, Uniform boundedness for finite Morse index solutions to supercritical semilinear
elliptic equations, Comm. Pure Appl. Math., to appear.

[55] F. Franceschini and ]. Serra, Flat nonlocal minimal surfaces are smooth, forthcoming preprint.

[56] R.L. Frank and R. Seiringer, Non-linear ground state representations and sharp Hardy inequalities, J. Funct.
Anal. 255 (2008), 3407—3430.

[57] E. Di Nezza, G. Palatucci and E. Valdinoci Hitchhiker’s guide to the fractional Sobolev spaces, Bulletin des
Sciences Mathématiques 136 (2012), 521-573.

[58] D. Fischer-Colbrie and R. Schoen, The structure of complete stable minimal surfaces in 3-manifolds of
nonnegative scalar curvature, Comm. Pure Appl. Math. 33 (1980), 199-211.

[59] P. Gaspar, The Second Inner Variation of Energy and the Morse Index of Limit Interfaces., ]. Geom. Anal. 30
(2020), 69—85.

[60] P. Gaspar and M. Guaraco, The Allen-Cahn equation on closed manifolds, Calc. Var. Partial Differential
Equations 57 (2018), 101.

[61] P. Gaspar and M. Guaraco, The Weyl Law for the phase transition spectrum and the density of minimal
hypersurfaces, Geom. Funct. Anal. 29 (2019), 382-410.

[62] N. Ghoussoub, Duality and perturbation methods in critical point theory, Cambridge University Press
(1993).

[63] N. Ghoussoub, Location, multiplicity and Morse indices of min-max critical points, J. Reine Angew. Math.
417 (1991), 27-76.

[64] N. Ghoussoub and C. Gui, On a conjecture of De Giorgi and some related problems, Math. Ann. 311 (1998),
481-491.

[65] A. Grigoriyan, Estimates of heat kernels on Riemannian manifolds. Spectral theory and geometry (Edin-
burgh, 1998), 140-225, London Math. Soc. Lecture Note Ser., 273, Cambridge Univ. Press, Cambridge,
1999.

[66] M. Gromov, Dimension, nonlinear spectra and width, Geometric aspects of functional analysis (1986/87),
Lecture Notes in Math., 1317, Springer, Berlin (1988), 132-184.

[67] M. Guaraco, Min-max for phase transitions and the existence of embedded minimal hypersurfaces, ]. Differ-
ential Geom. 108 (2018), 91-133.

[68] L. Guth, Minimax problems related to cup powers and Steenrod squares, Geom. Funct. Anal. 18 (2009),
1917-1987.

[69] M. d. M. Gonzalez, Gamma convergence of an energy functional related to the fractional Laplacian, Calc.
Var. Partial Differential Equations 36 (2009), 173-210.

[70] R. Haslhofer and D. Ketover, Minimal 2-spheres in 3-spheres, Duke Math. J. 168 (2019), 1929-1975.
[71] K. Irie, E. C. Marques and A. Neves, Density of minimal hypersurfaces for generic metrics, Ann. of Math.
187 (2018), 963-972.

87



[72] M. Kwasnicki, Ten Equivalent Definitions of the Fractional Laplace Operator, Fract. Calc. Appl. Anal. 20
(2017), 7-51.

[73] A. Lazer and S. Solimini, Nontrivial solutions of operator equations and Morse indices of critical points of
min-max type, Nonlinear Anal. 12 (1988), 761-775.

[74] Y. Liokumovich, F. C. Marques and A. Neves, Weyl law for the volume spectrum, Ann. of Math. 187
(2018), 1-29.

[75] L. Modica and S. Mortola, Un esempio di I'-convergenza (Italian), Boll. Un. Mat. Ital. B 14 (1977), 285-
299.

[76] F. C. Marques and A. Neves, Existence of infinitely many minimal hypersurfaces in positive Ricci curvature,
Invent. Math. 209 (2017), 577-616.

[77] FE. C. Marques and A. Neves, Morse index and multiplicity of min-max minimal hypersurfaces, Camb. J.
Math. 4 (2016), 463-511.

[78] F. C. Marques and A. Neves, Morse index of multiplicity one min-max minimal hypersurfaces, Adv. Math.
378 (2021), 107527.

[79] F. C. Marques and A. Neves, Min-Max theory and the Willmore conjecture, Ann. of Math. 179 (2014),
683-782.

[80] F. C. Marques, A. Neves and A. Song, Equidistribution of minimal hypersurfaces for generic metrics, Invent.
Math. 216 (2019), 421-443.

[81] J. Moy, C'* reqularity of hypersurfaces of bounded nonlocal mean curvature in Riemannian manifolds, 2023

(to appear).

[82] G. Palatucci, O. Savin and E. Valdinoci, Local and global minimizers for a variational energy involving a
fractional norm, Ann. Mat. Pura Appl. 192, 673-718 (2013).

[83] J. Pitts, Existence and reqularity of minimal surfaces on Riemannian manifolds, no. 27 in Mathematical
Notes, Princeton University Press (1981).

[84] A. V. Pogorelov, On the stability of minimal surfaces, Soviet Math. Dokl. 24 (1981), 274-276.

[85] L. Silvestre, Holder Estimates for Solutions of Integro-Differential Equations Like The Fractional Laplace,
Indiana University Mathematics Journal 55 (2006), 1155—1174.

86] L. Saloff-Coste, The heat kernel and its estimates, Adv. Stud. Pure Math. (2010), 405-436.
87] O. Savin, Regqularity of flat level sets in phase transitions, Ann. of Math. 169 (2009), 41-78.

[

[

[88] O. Savin, Rigidity of minimizers in nonlocal phase transitions, Anal. PDE 11 (2018), 1881-1900.

[89] O. Savin, Rigidity of minimizers in nonlocal phase transitions II, Anal. Theory Appl. 35 (2019), no. 1, 1-27.
[

90] O. Savin and E. Valdinoci, I'-convergence for nonlocal phase transitions, Ann. Inst. H. Poincaré Anal. Non
Linéaire 29 (2012), 479-500.

[91] O. Savin and E. Valdinoci, Regularity of nonlocal minimal cones in dimension 2, Calc. Var. Partial Differ-
ential Equations 48 (2013), 33-39.

[92] R. Schoen and L. Simon, Regularity of stable minimal hypersurfaces, Comm. Pure Appl. Math. 34 (1981),
741-797.

[93] L. Simon, Schauder estimates by scaling, Calc. Var. Partial Differential Equations 5 (1997), 391-407.
[94] J. Simons, Minimal varieties in Riemannian manifolds, Ann. of Math. 88 (1968), 62-105.

88



[95] F. Smith, On the existence of embedded minimal 2-spheres in the 3—sphere, endowed with an arbitrary
Riemannian metric, Ph.D. thesis, supervisor L. Simon, University of Melbourne (1982).

[96] A.Song, Existence of infinitely many minimal hypersurfaces in closed manifolds, arXiv:1806.08816.

[97] P. R. Stinga, Fractional powers of second order partial differential operators: extension problem and regularity
theory , PhD Thesis, Universidad Auténoma de Madrid (2010).

[98] Y. Tonegawa and N. Wickramasekera, Stable phase interfaces in the van der Waals—Cahn—Hilliard theory,
J. Reine Angew. Math. 668 (2012), 191-210.

[99] Z. Wang and X. Zhou, Existence of four minimal spheres in S with a bumpy metric, arXiv:2305.08755
g P Py

[100] N. Wickramasekera, A general regularity theory for stable codimension 1 integral varifolds, Ann. of Math.
179 (2014), 843-1007.

[101] S. T. Yau, Seminar on Differential Geometry, vol. 102 in Annals of Mathematics Studies, Princeton
University Press (1982), 669-706.

[102] X. Zhou, On the Multiplicity One Conjecture in min-max theory, Ann. of Math. 192 (2020), 767-820.

MicHELE CASELLI

Scuola Normale Superiore

Piazza dei Cavalieri 7, 56126 Pisa, Italy
E-mail address: michele.caselli@sns.it

ENRIC FLORIT-SIMON

Department of Mathematics, ETH Ziirich
Réamistrasse 101, 8092 Ziirich, Switzerland
E-mail address: enric.florit@math.ethz.ch

JoAQUIM SERRA

Department of Mathematics, ETH Ziirich
Réamistrasse 101, 8092 Ziirich, Switzerland

E-mail address: joaquim.serralmath.ethz.ch

89


michele.caselli@sns.it
enric.florit@math.ethz.ch
joaquim.serra@math.ethz.ch

	Introduction
	The ``classical'' Yau conjecture
	Purpose of the paper
	Nonlocal minimal (hyper)surfaces on a closed Riemannian manifold
	Main results
	Other highlighted results and overview of the paper
	Existence of min-max solutions to Allen-Cahn.
	Estimates for finite Morse index solutions to Allen-Cahn
	Convergence results
	Regularity in low dimensions
	Bernstein and De Giorgi type results


	The fractional setting on manifolds
	The fractional Laplacian on 
	Spectral and singular integral definitions
	Properties of the kernel
	Caffarelli-Silvestre type extension
	Modifications of definitions for the Euclidean space and other noncompact manifolds

	The fractional Sobolev energy
	Monotonicity formula for stationary points of semilinear elliptic functionals and -minimal surfaces

	Existence of min-max solutions to Allen-Cahn and convergence to a limit nonlocal minimal surface
	Existence results – Proof of Theorem 1.20
	Min-max procedure
	Lower bound
	Upper bound

	Estimates for Allen-Cahn solutions with bounded Morse index
	Finite Morse index and almost stability
	Control of  by 
	BV estimate – Proof of Theorem 1.25
	Density estimates
	Decay of  – Proof of Theorem 1.27

	Strong convergence to a limit interface – Proof of Theorem 1.30
	The Yau conjecture for nonlocal minimal surfaces – Proof of Theorem 1.9

	Regularity and rigidity results
	Blow-up procedure
	Properties of blow-ups of Allen-Cahn limits
	Classification of blow-up limits
	Uniform regularity and separation in low dimensions – Proof of Theorem 1.16
	Dimension reduction – Proof of Theorem 1.11
	The De Giorgi and Bernstein conjectures in the finite Morse index case – proof of Theorems 1.32 and 1.31

	Proofs of the heat kernel estimates
	Estimates for the extension problem
	Estimates for the distance function on a Riemannian manifold
	References

