STABLE SOLUTIONS OF THE ALLEN-CAHN EQUATION
IN DIMENSION THREE ARE ONE-DIMENSIONAL
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ABSTRACT. We prove that every bounded stable solution of the Allen-Cahn equation in R3 is one-dimensional. As
a consequence, this shows the validity of De Giorgi’s conjecture for monotone solutions in dimension four.

1. INTRODUCTION

The Allen—Cahn equation is a fundamental model for phase transitions, whose stationary form reads as

—Au+W'(u) =0, W(t) =11 -t (1.1)

Originating in the study of interfaces in binary alloys [2], it has become a central link between nonlinear elliptic
equations and the geometry of minimal surfaces [31, 30, 36, 4, 23, 32, 38, 39].
Its variational structure is described by the energy

B(u:9Q) ::/Q(;|VU|2+W(u)> da,

where 2 C R™ is a bounded domain. The two minima of W correspond to the phases u = 41, while the level sets
of u describe the interfaces between them.

A fundamental question, deeply related to De Giorgi’s original conjecture, is how much the stability of such a
configuration tells us about the geometry of its interfaces. In this paper we classify bounded stable solutions in
dimension three, which implies the validity of De Giorgi’s conjecture in dimension four as a well-known consequence.

1.1. De Giorgi’s conjecture and its stable version. De Giorgi’s conjecture, proposed in 1978 [10], is a phase
transition analogue of the Bernstein problem for minimal graphs.

Conjecture (De Giorgi). Let u: R™ — (—1,1) be a classical solution of (1.1) satisfying 0., u > 0. If n <8, then
u is one-dimensional: there exist e € S"™! and ¢ : R — (—1,1) such that

u(z) = d(e - x).

In simple terms, monotonicity in a single direction is expected to force all the level sets to be parallel hyperplanes.
The conjecture was proved in dimension two by Ghoussoub and Gui [21], and in dimension three by Ambrosio and
Cabré [3]. A major advance in higher dimensions came with the work of Savin [35], who proved the conjecture up
to dimension eight under the additional assumption that the solution tends to +1 at the two ends of the monotone
direction. His work also gives the classification of energy-minimizers up to dimension seven. The dimension
threshold in De Giorgi’s conjecture is sharp: del Pino, Kowalczyk and Wei [12] constructed counterexamples in
dimensions nine and higher.

To place the conjecture in a broader variational setting, recall that a solution is stable if the second variation of
the energy is nonnegative, namely,

Qu(&) = / (IVEP + W' (u)&?) dz >0 for every £ € CH(R™). (1.2)

Since strictly monotone solutions are in particular stable [1], one is naturally led to the stable De Giorgi conjecture:
every bounded stable solution of (1.1) should also be one-dimensional in “low” dimensions. This conjecture is,
in fact, even stronger than suggested here: its validity in dimension n implies De Giorgi’s original conjecture in
dimension n + 1, through the variational arguments of Jerison-Monneau [24] and Savin [35]. This motivates the
following:

Conjecture (Stable De Giorgi). Let u : R™ — (=1,1) be a classical solution of (1.1) satisfying (1.2). If n < 7,
then u is one-dimensional.
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As discussed above, a complete resolution of the stable De Giorgi conjecture (that is, up to dimension seven)
would prove De Giorgi’s original conjecture up to dimension eight. Previously, the stable conjecture was known
only in dimension two by the work of Alberti, Ambrosio, and Cabré [3, 1]. In dimension eight, Pacard and Wei [33]
constructed nontrivial stable solutions, and there are even nontrivial minimizers constructed by Liu, Wang and
Wei [27].

Let us note that all these questions belong to a broader program asking when stability forces interfaces to be flat.
Recent advances include the classification of complete two-sided stable minimal hypersurfaces up to R” [7, 8, 29, 22],
and of global classical stable solutions to the Bernoulli problem in dimensions three [6] and four [16]. Related rigidity
results for phase transition models were obtained for the half-Laplacian in [17] and for the free boundary Allen-Cahn
problem in [6, Section 10]. Finally, for the classical Allen-Cahn equation itself, [20] and [19] established rigidity
results in dimension four under additional energy-growth assumptions.

1.2. The connection to minimal surfaces. To understand why such a rigidity statement is natural, it is useful
to return to the connection with minimal surfaces, i.e. critical points of the area. Modica and Mortola [31] made the
first link by proving that the appropriately rescaled Allen—Cahn energies I'-converge to a multiple of the perimeter.
This gives a variational basis for the analogy with the Bernstein problem, and suggests that stable solutions should
have a close counterpart in stable minimal hypersurfaces. In dimension three, the geometric picture is then especially
compelling: complete two-sided stable minimal surfaces are known to be planes, with no area-growth requirement,
by the classical work of do Carmo and Peng [14], Fischer-Colbrie and Schoen [18], and Pogorelov [34].

This analogy already guided many important developments for the Allen—Cahn equation: the regularity theory
for minimizing interfaces plays a central role in Savin’s result, while Wang and Wei [40, 41] and Chodosh and
Mantoulidis [9] developed second-order estimates for stable transition layers.

Nevertheless, passing from this geometric picture to a classification of stable solutions presents substantial diffi-
culties. First of all, without an energy bound, one cannot begin by taking a minimal-surface (blowdown) limit of
bounded multiplicity. More deeply, the level sets need not be minimal surfaces, and the stability inequality (1.2)
acts in the ambient space. Turning it into a useful inequality on an individual level set is therefore a central step if
one wants to exploit the analogy with minimal surfaces. A significant difficulty is that neighboring layers interact
even when they are disjoint and nearly flat, and controlling these interactions is essential to the geometric form of
the stability inequality which will be described below.

1.3. Main results. Our first main result establishes the validity of the stable De Giorgi conjecture in dimension

three. Set
g(t) :== tanh(é)

for the canonical monotone one-dimensional solution to Allen—Cahn, or heteroclinic.

Theorem 1.1. Let u: R?® — (—1,1) be a classical solution of the Allen-Cahn equation (1.1) satisfying the stability
inequality (1.2). Then, there exist e € S* and to € R such that!

u(x) =g(e-x —tp).
The proof builds on two main previous ingredients:

o the regularity theory of Wang and Wei [41] for stable solutions of the Allen—Cahn equation with sufficiently
flat transition layers;
e the proof in [6] of the analogue of Theorem 1.1 for the free-boundary Allen-Cahn problem.

Compared to the work in [6], the main missing ingredient for proving Theorem 1.1 was a sufficiently precise
reduction of the semilinear stability inequality to a geometric stability inequality on the zero level set, which is
now provided by Proposition 4.7. A closely related reduced stability inequality appeared in [6]: there, distinct local
components of the transition region do not interact through the PDE, while the classification results for the Bernoulli
problem provide the required local curvature estimates. Instead, in the current semilinear Allen—Cahn equation,
disjoint transition layers interact through their exponential tails, and at the sharp logarithmic separation these
interactions can be of the same order as the curvature terms in the reduced stability inequality. For this reason,
controlling the errors produced when separating the layers requires the full strength of the Wang—Wei theory,
including optimal separation estimates, curvature estimates, and precise approximation by multi-layer Anséatze.

As discussed before, Theorem 1.1 implies De Giorgi’s original conjecture in one dimension higher, giving the
following:

1Every bounded solution takes values in [—1, 1]. Moreover, if either endpoint is attained, the solution is actually constant. Thus,
the only other bounded stable solutions in R? are u = +1.
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Corollary 1.2 (De Giorgi’s conjecture in dimension four). Let u : R* — (=1,1) be a classical solution of (1.1)
satisfying Oy, u > 0. Then, there exist e € S®, with ey > 0, and to € R such that

u(z) =g(e-x —tp).

Proof. Since the limiting profiles u® (') := limg, 400 u(2’,74) (z' € R?) are stable solutions of (1.1) in R3,
Theorem 1.1 implies that each function is either a constant +1 or a one-dimensional profile, and therefore minimizes
the energy against compactly supported perturbations. Hence, the local minimality theorem of Alberti, Ambrosio,
and Cabré [1, Theorem 4.4] implies minimality of « among competitors lying between v~ and u™, and since the
limiting profiles u® are themselves minimizers, replacing an arbitrary competitor v with max{u~, min{v,u*}}
cannot increase its energy. Thus u is a local minimizer, and Savin’s classification [35, Theorem 2.3] implies that it
is one-dimensional. O

1.4. Related works. Geometric forms of the stability inequality go back to Sternberg and Zumbrun [37] and
underlie the symmetry results of Farina, Sciunzi and Valdinoci [15], providing direct control of level-set curvature
through stability. The connection between stability and geometry of interfaces also appears in the minimal surface
limit. For sequences with bounded energy, Hutchinson and Tonegawa [23] established convergence to stationary
integral varifolds (i.e. generalized minimal surfaces). Tonegawa [38] derived a geometric stability inequality for such
limits, and Tonegawa and Wickramasekera [39] developed their regularity theory using the stronger understanding
of the area problem (in particular, a regularity theory for stable varifolds by Wickramasekera [42]).

A complementary problem is to obtain quantitative estimates for the transition layers themselves. Early results
include the uniform first-order regularity of minimizing layers under a Lipschitz hypothesis, due to Caffarelli and
Cérdoba [5]. For configurations with several layers, their mutual interaction creates an additional difficulty; its
identification and description through a Toda system already appeared in the constructions of del Pino, Kowalczyk
and Wei [11]. A major advance in this direction is the work of Wang and Wei [40, 41], who obtained second-order
estimates for stable transition layers while accounting for these delicate interactions.

The significance of Wang—Wei’s analysis extends well beyond the original questions addressed in those works:
building on Wang and Wei’s work [40], Chodosh and Mantoulidis [9] established curvature and sheet-separation
estimates on three-manifolds, with applications to multiplicity and Morse index in the minimal-surface limit and a
well-known conjecture of Yau. Also, Wang—Wei’s estimates play a central role in global classification results under
energy-growth assumptions: under cubic energy growth in R*, Florit-Simon and Serra [20] proved one-dimensionality
of stable solutions, and Florit-Simon [19] extended this classification to finite-index solutions.

Alongside these rigidity results, another line of work concerns the geometry of finite-index solutions and their
ends. On the constructive side, del Pino, Kowalczyk and Wei [13] obtained solutions near dilations of nondegenerate
embedded minimal surfaces of finite total curvature in R?, with the same Morse index. On the regularity side, Wang
and Wei [40] proved that finite Morse index in R? implies finitely many ends and linear energy growth. In R3, Florit-
Simon [19] described the ends of finite-index solutions with quadratic energy growth. Under the same assumption,
Liu, Wang, Wei and Wu [28] bounded the number of ends in terms of the index and proved axial symmetry for
index-one solutions.

1.5. History of this work and use of artificial intelligence. This work builds on several years of research on
the stable Allen-Cahn conjecture. The geometric strategy was developed in the free boundary setting in [6], where
distinct transition layers do not interact. Using these ideas and results, we subsequently worked on the classical
Allen—Cahn equation, for which controlling the interactions between neighboring layers was the principal remaining
difficulty.

While studying the model case of the classical Allen-Cahn equation in which the bad set is contained in a single
ball (see Definition 3.1), we explained our approach to ChatGPT 6 Pro, including our expectation that geometric
errors should improve as curvature decreases, as in the free boundary problem. Following these discussions, on
5 September 2026 ChatGPT proposed a preliminary version of Proposition 4.7 for the general case, with interaction
errors summable using the crude cubic area bound. This estimate builds on the quantitative analysis of interacting
layers in Wang—Wei [41] and was the only mathematical input from AI that we later used.

At that point, it was already clear to us how to conclude the proof. We then developed a more efficient proof of
the estimate and completed the classification using the geometric strategy of [6]. In preparing the manuscript, we
also used Al to help write and revise the text.

1.6. An independent work. While finishing writing this paper, we learned of an independent proof of the stable
De Giorgi conjecture in R by Liu, Luo, Wang, J. Wei, Y. Wei, and Wu [26].
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1.7. Organization of the paper. The paper is organized as follows. In Section 2 we recall geometric stability and
the Wang—Wei estimates. Section 3 constructs the bad set and proves the presence of arbitrarily wide clean annuli.
Section 4 derives the geometric stability inequality, which yields the classification of stable solutions in Section 5.
Finally, Appendix A proves the auxiliary area—curvature estimate used in the classification argument.

1.8. Acknowledgements. H.C. was supported by the Swiss National Science Foundation (SNSF) under grant
PZ00P2_202012. X.F. was supported by the SNSF under grant PZ00P2_208930, by the Swiss State Secretariat for
Education, Research and Innovation (SERI) under contract MB22.00034, and by the Spanish AEI project PID2024-
156429NB-10. E.F. and J.S. were supported by the European Research Council (ERC) under Grant Agreement
No. 948029.

2. PRELIMINARIES
We begin by presenting some preliminary results and consequences that will be useful throughout the proof.

2.1. Notation. In this manuscript, unless stated otherwise, u always denotes a bounded entire stable solution of
(1.1) in R3. We denote
_2V2

00 = / g (t)*dt , Yy ={u= A}
R 3

We also define )
Al = |D?u|? — ‘V\VuH
|Vul?

On a regular level set, with normal v = Vu/|Vu| and II(X,Y) = —(Dxv,Y'), one has
A? = [Ig, | + |V, log [Vul[*.

on {Vu # 0}, A=0 on {Vu=0}.

Moreover,

A2|Vul? = |D%uf? - [V|Vu||*  ae.
We denote by H = trll the mean curvature. For real matrices A and B of the same size, A: B =}, ; A;;B;j =
tr(AT B) denotes their Frobenius inner product.

2.2. Some known tools. There is a standard form of the stability inequality in terms of A:

Lemma 2.1 (Sternberg—Zumbrun inequality [37]). Let U C R3 be open and let u be a classical stable solution of
(1.1) in U. For every ¢ € COY(U),

[ awups < [ [wupiog
U U

We also recall the standard regularity estimates for classical solutions to the Allen—-Cahn equation:
Lemma 2.2 (Uniform regularity and decay). Every bounded entire classical solution of (1.1) satisfies

lul <1, |Vu| <1/vV2, |D™u|<C,, for m>2, (2.1)
where C,y, depends only on m. There are universal constants c¢,C > 0 such that
1 — Ju(z)] + |[Vu(z)| + |D?u(z)| < Cem ¢4t @0 for gl 2 e R,

In particular, a bounded entire solution without zeros is identically 1 or —1.

Proof. The uniform bounds follow from [20, Lemma 2.1] and interior elliptic estimates. The exponential decay
follows from the proof of [25, Lemma 4.2], which applies equally in R3. O

2.3. Estimates from Wang—Wei. Let us present some consequences of the results by Wang—Wei [41] (with the
appropriate normalization due to our choice of potential in (1.1), which differs by a constant factor from [41]). In
the following, B, denotes the ball of radius r > 0 in R2.

Theorem 2.3 (Wang-Wei sheeting and profile estimates). There are universal constants c, co,C,6 > 0, and R, > 4,
such that the following holds.

Let R> R, and let u : Bor — (—1,1) be a stable solution of (1.1). Suppose that for every x € Bsp/s there are
er €S? and ay € R such that

sup |u(y) — gles -y + az)| < 6. (2.2)
yEBa(x)

Then, |Vu| > ¢, on 3o N Br, so Y is smooth there.



STABLE SOLUTIONS OF THE ALLEN-CAHN EQUATION IN DIMENSION THREE 5

For each xo € Xg N Bg, there are orthonormal coordinates (z',s) centered at xoy and a consecutive family of
smooth ordered zero graphs fi < --- < fg on Bg.p, contained in Bg,o(xo), with the following properties: let

Ly ={(2', f;(2)) : 2’ € Bicg}-
Then:

(i) Graph representation and geometric estimates.

Yo N BQCR l‘o U N Bocr .’1?0)) ||l)f]||OO + RHIij Hco,l + R2||Hrj HCO,1/2 <C. (23)

Jj=1
(ii) Sheet separation.
dist(y,Tx) > V2log R — C fory € Tj N Bacr(wxo), k # J. (2.4)

(iii) Profile approximation. Let d; be the signed distance to the extended j-th graph, positive above it. FEach d;
is smooth in Ber(xo), and there is o € {—1,1} such that the unshifted profile sum satisfies

Q
lu = Golle2(B.n(o)) < CR™?, oGo(x) = > (=1)'g(d;(x)) —
j=1

1+ (-1)?
. 2.5

5 (25)
Proof. By [41, Corollary 1.3, p. 4, and its proof, p. 71], using the stable Bernstein theorem for minimal surfaces in
dimension three,

V| > co,  A(uw) < CR™ i Brya(eo) 0 {ul < 9/10}. (2.6)

This means that u satisfies the “sheeting assumptions” required for the Wang—Wei estimates. Then [41, Lemma 2.2,
(3.3) and Lemma 3.1, (11.1) and the display below, and Proposition 10.1] give (2.3), and [41, Proposition 10.1]
corresponds to (2.4).

For (2.5), let Gy, denote the shifted, truncated profile sum constructed in [41, (4.3) and Proposition 4.1], expressed
in our original coordinates. (Essentially, this is the profile in (2.5) but with shifts h;(z) in the normal direction,
and truncated far from the layers.) By [41, (11.1) and the following display, p. 67] and [41, Lemma 4.6],

[u = Grllo2(Bor(xe)) +sup [hjlle2r,) < CR™2. (2.7)
J

Next, we note that the errors from removing the truncations and the shifts are summable, uniformly in the number
of sheets. Indeed, (2.4) bounds uniformly the number of sheets within distance C'log R of any fixed point, while
the contributions of the remaining sheets and their first two derivatives are summable by exponential decay. Thus
the cutoff construction in [41, Section 4.1] and (2.7) give

1Gh = Gollc2(B.or(ze)) < CR™Z,

with C independent of (). Combining these estimates proves (2.5). O

A ball satisfying (2.2) is considered “good” (cf. clean balls below), since {u = 0} is smooth with estimates there.
The condition (2.2) is readily connected to the stability inequality; here is the form we will actually use:

Lemma 2.4. For every e > 0 there is § > 0 such that, if a bounded entire stable solution u of (1.1) satisfies

A Vul? <6,
Ba

then, for some e € S? and ty € R,
lu(z) —g(e-x—to)lc2(m,) < e

Proof. Fix ¢ > 0. By compactness (as in [20, proof of Theorem 3.4]), there exists A > 0 such that every solution
with [u(0)] > 1— X is within £/2 of one of the constants +1 in C?(Bs). Since these constants are limits of translated
heteroclinics, the conclusion follows in this case.

If the conclusion fails in the remaining case as 6 | 0, compactness yields a stable limit u., in C2_(R?) with
|uso(0)] < 1 — A. Then Fatou’s lemma on By N {Vus # 0} gives vanishing curvature, hence A(us) = 0 in Bs.
But then (see [20, Lemma 2.6 and Proposition 2.8]) ue is a translated heteroclinic, contradicting the failure of
approximation in C?(By). O
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3. THE BAD SET AND THE BOUNDED CLUSTER
Theorem 2.3 and Lemma 2.4 readily motivate the notion of a “bad ball”, which we now introduce, following [6].
The main idea is:

e {u = 0} behaves more and more like a minimal surface the further one goes from the bad balls; see (2.3).
e The bad set is controlled via stability, by Lemma 2.1.
Fix once and for all the universal 6 > 0 supplied by Lemma 2.4 with ¢ = min{§/2,1/100}, where ¢ is from
Theorem 2.3. This choice is independent of u.

Definition 3.1 (Bad set, clean ball). For a bounded entire stable solution u of (1.1), set
X = {az : A?|Vul|? > 5}. (3.1)
Bz(w)

Choose a maximal set Z C X with |z — 2’| > 1 for distinct 2,2’ € Z. A ball Br(z) is clean if Bag(z)NX = 2.

By Lemma 2.4 and the fixed choice of d, every clean ball with R > R, satisfies (2.2). At a zero outside X, the
same C? approximation gives a uniformly positive derivative in the profile direction throughout its half-unit ball.
Thus, after decreasing ¢, if necessary,

[Vu| > ¢, on Xg\ X. (3.2)
Moreover, ¥o N By/2(y) is a graph with uniformly bounded slope for each y € ¥¢ \ X'. The set Z is locally finite.
Its centered unit balls cover X, and the doubled balls have overlap at most 53.

Remark 3.2. For this fixed §, X = & implies that u is one-dimensional. Indeed, since we can apply Lemma 2.4
around every x € R3, the hypotheses of Theorem 2.3 hold with R arbitrarily large, and sending R — oo shows that
u is one-dimensional (see (2.6) for instance).

Similarly to [6, Lemma 10.8], a logarithmic cutoff argument lets us find an arbitrarily wide clean annulus:

Lemma 3.3 (Existence of a clean annulus). Assume X # @&. For every L > 1 and A > 0, there exist zp € Z and
Rp > 1 such that

dist(x, X) > L for every x € Br,4+a(2a) \ Bry(2a)- (3.3)
Proof. The proof is a variation of [6, Proof of Lemma 10.8]. First, observe that by Lemmas 2.1 and 2.2,
/A2|Vu|2772 g/\wmvmﬂ < %/IW\Q for all 5 € COL(RY). (3.4)
Taking n = 1 on By(a), supported in Bs;(a), with |Vn| < C/t, and using the overlap bound gives, for ¢t > 1,
A% Vul? < Ct, §#(ZN By(a)) < C A?|Vul? < Ct. (3.5)
Bt (a) Biy2(a)

Now, if (3.3) fails, then for every z € Z and r > 1 thereis ¢ € Z withr—L—1<|¢—z| <r+ A+ L+ 1. Taking
disjoint such intervals and using (3.5), we obtain

ct <H#H(ZNB2)) <Ct forall z€ Z, t>ty,

where tg > 2 and ¢,C > 0 depend only on L,A. These linear bounds allow us to construct a logarithmic cutoff
whose Dirichlet energy is smaller than the curvature mass it retains:
Fix zy € Z, take R large, and let

dr(z) = dist (:1: U Bg(q)>.

q€ZNBR(20)

For 3ty <t < R, a maximal t-separated subset of Z N Br(zg) has at most C' R/t points, since its disjoint ¢/3-balls
each contain at least ct centers, all lying in Bag(z2p). By maximality, the corresponding 3t-balls cover {dg < t}.
For t < 3tp, we instead cover this set by enlarging each of the original balls Bs(q) to B;12(q), as there are at most
CR such balls. These two coverings give

Hdr <t} < CR(1+t)* for 0<t<R.

Since the cutoff ngp = (1 — %)Jr equals one on the balls Bs(q) used to define dr, we have

/A2|VU|277§ >58 Y A2 Vul? > cR,

q€ZNBR(20) Bz(a)



STABLE SOLUTIONS OF THE ALLEN-CAHN EQUATION IN DIMENSION THREE 7

whereas the preceding volume bound gives

d 1 <|{dR<R}| +2/R {d3<t}|dt> __CR

[EE S ——
= log”(1+ R) Jio<an<ry (1 +dr)? ~ log?(1+R) \ (1+ R)? (1+1)3 ~ log(1+R)’
contradicting (3.4) as R — oc. O

Definition 3.4 (Bounded cluster and its neighborhoods). Assume X # &, and fix Lo > 2 and A > 32Ly. Choose
zpn, Ra by Lemma 3.3 with L = 8L, and set
Xy =XNBr,(2n),  2rn=2N0DBg,(2r), N=#2Z\.
Define the distance to this bounded cluster and its neighborhoods by
D(x) = dist(z, Xy), So ={2:D(x) <a} (a>0),

and let ¥ =3¢ N{Lo <D < A/3}.

Since the annulus in (3.3) is disjoint from every Bsr,(z) with z € X, it follows that

|z — za] < Rp — 8Ly for all z € X,

3.6
|z —2a]| > RA+A+8Ly forall ze X\ X, (3.6)

In particular, X is nonempty and compact, and 1 < N < oco. Also, every point of X lies within distance one of
Z, and by the overlap bound

Soa € |J Basi(z), N D / A% Vu)? < 53/ A% Vu)?. (3.7)
2E€EZA zez, Y B2(2) S

Moreover, every exterior bad point has distance at least A+16Lo—D(z) > D(x) from z if D(z) < A/3. Consequently,
dist(z, X') = D(z) whenever D(z) < A/3. (3.8)

In particular, Bp(,)/2(2) N X = @ when Lo < D(x) < A/3, so Bp(y)/4(x) is clean. Thus, ¥ is a smooth embedded
surface by (3.2), with
Ix(y) <CD(y)"',  |Hs(y) <CD(y)? forall ye3. (3.9)

These bounds follow from Theorem 2.3 when D(y) > 4R., and from (3.2) and Lemma 2.2 at the remaining scales.

4. A GEOMETRIC FORM OF STABILITY

We work in the setting of Definition 3.4, with Lg sufficiently large. The goal of this section is to derive a geometric
stability inequality on the zero set of u, away from the bad set, while retaining the positive curvature contribution
near the bad set.

Definition 4.1 (Normal coordinates and endpoints). Fix y € X, and set the truncation distance
T(y) = 3log D(y).
Orient the normal vector towards increasing values of u, and let F' be the associated Fermi coordinate map:

~ Vu(y) _ ,
v(y) = Vuly)l’ F(y,t) =y +tv(y).

Move along each normal ray, stopping when another zero is equally close or at distance T'(y), whichever occurs first;
the signed endpoints are denoted b4 (y). Formally:

bt s {rc o) e o S0 P )
Thus by (y) = £T(y) if equidistance is not reached before truncation. The spanned normal interval is
[Fy1) :b_(y) <t < by ()}, (42)
It is convenient to define its extension by one unit on each end, denoted
N=A{(y,t):yeX, b_(y)—1<t<by(y)+1}. (4.3)

For Lg large, F gives smooth normal coordinates locally on A/ (this is justified below). Note that while the normal
intervals from (4.2) have disjoint images, their extensions in N overlap, so F' need not be globally injective there.
Given (y,t) € N, choose an open neighborhood I' C ¥ of y on which these coordinates are injective, with
I' x {t} C N, and write
r'‘t=FT,t), TI°=T.
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All quantities on I't below are evaluated at F'(y, t), whereas quantities on I' are evaluated at y. Ambient functions are
composed with F’; in particular, writing u(y,t) = u(F(y,t)), we have dyu(y,t) = d;(uo F)(y,t) = Vu(F (y,t)) - v(y).

We record some auxiliary estimates for future reference.

Lemma 4.2 (Auxiliary estimates). In the setting above, the following hold for Lg sufficiently large and with
untversal constants.

(i) Fermi coordinates. For every y € X, there is an open neighborhood I' C ¥ of y such that F' is injective on
I x [-4logD(y) — 1,4log D(y) + 1]. (4.4)

Also, its Jacobian at (y,t) is 1+ O(|t|D(y)~1).
(ii) Truncation and endpoint bounds. The truncation distance satisfies

|VsT(y)| <3D(y) ' <1 ae. (4.5)
The endpoint functions by in (4.1) are locally Lipschitz and satisfy
log D log D
Ty <o)< B2 0P ) <ry) [Teb 4 Vb <O e (46)

(iii) Estimates on normal quantities. Fory € ¥,

log D(y)

5
At an endpoint F(y,bs(y)) reached by equidistance, let vy be the unit normal of the adjacent neighboring
sheet, evaluated at its nearest point. Orient it so that vy -v(y) > 0, i.e. opposite to Vu on that sheet. Then

lv(y) — ve| < CD(y) ' (2b+(y)| — V21og D(y) + C). (4.8)

Proof. Fix y € ¥ and set R = D(y)/4. By (3.8), Br(y) is clean. Apply Lemma 2.4 and Theorem 2.3 there. Its
larger graph charts extend a distance comparable to D(y) beyond their interior restrictions. Taking Lq large enough
that 4log D(y) + 2 < cR puts the normal segments in (4.4) and their unit neighborhoods inside B.g(y), and every
competing nearest zero inside Ba.g(y). These are charts of Xy and may extend beyond 3.

Part (i). The injectivity of the normal map F' on some neighborhood (in ¥) of y, with normal range (4.4), and the
Jacobian bound, are simple consequences of the curvature bounds on clean balls (i.e. (2.3)). We also have bounded
projection derivatives there, see [41, Lemma 3.1, (3.6), and Lemma 3.5].

Part (ii). The bound (4.5) follows just from the 1-Lipschitz property of D. Regarding (4.6), note that by (2.4) an
equidistant endpoint satisfies [b+(y)| > (logD(y))/v2 — C > (logD(y))/2 for Ly sufficiently large. If by (y) is a
“truncated” endpoint instead, i.e. |by(y)] = T(y) = 3log D(y), the bounds on |by| in (4.6) also hold.

In the normal range (4.4), the starting sheet has unique normal projection. Before the first equidistant endpoint,
the upper ray stays between this sheet and its upper neighbor, if present. A segment from this region to any other
sheet crosses a closer sheet, so only the adjacent upper sheet can compete. Finally, to prove the derivative bounds
in (4.6), at an upper endpoint let r be the distance to the next sheet, and orient its normal v; in the direction of
v(y). Near parallelism from [41, Lemma 3.4] gives

Oh(t —r(F(y,t) = 1+ vs - w(y) 21 i t=bi(y) < T(y).

Since |Vr| =1 and |DF| < C, the implicit function theorem gives the Lipschitz bound for this endpoint. Taking
the minimum with T preserves the bound by (4.5). The same argument using the lower neighboring sheet gives
the assertion for b_. The nearest-point region along a normal ray is an interval: for each competing zero ¢, the
difference |F(y,t) — q|*> —t? = |y — q|> + 2tv(y) - (y — q) is affine in ¢. This proves the asserted description of (4.2).
Their images are disjoint by the uniqueness condition in (4.1).
Part (iii). Let Go be the approximation of u in (2.5), with error CD(y) 2 in C?. After subtracting their limiting
phase values, the profiles from the other sheets, together with their first two derivatives, are bounded in sum by
CD(y)~2eV2l by (2.4) and [41, Lemma 3.6]. This proves (4.7).

Finally, to prove (4.8), consider an upper endpoint reached by equidistance. Set P = F(y,b(y)), £ = by (y) <
3logD(y), Q = y, and v = v(y). Let Q4 be the nearest point on the upper neighboring sheet, with normal v
oriented as in the statement. Then

Dru(y, t) — ¢'(H)] < CD(y) 2V if Jt] < (4.7)

P:Q+€V:Q+ *gl/_;,_.
Set e = (v + v1)/|v + v4|. By near parallelism [41, Lemma 3.4], the starting and upper sheets are graphs f and
f+ over et on a disk of radius a fixed small multiple of D(y), contained in the larger charts above. Since Q4 — Q
is parallel to e, their common horizontal coordinate is taken as zero. On this disk, (2.4) gives, for a universal Cy,

fe—f—V2logD(y) +Co+1>1. (4.9)
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Subtracting the graph mean-curvature equations and using (2.3) gives
div(aV(fy - f)) =Hy —H,  |Va|<CD(y)™",  |Hy—-H|<CD(y)™?

where a is uniformly elliptic and H, H; are the respective mean curvatures with normals having positive e-
component. Apply the rescaled Harnack and interior gradient estimates as in [41, proof of Lemma 10.6] to the
positive function in (4.9). Its lower bound by one absorbs the inhomogeneous term and gives

V(f+ = HO)] < D)~ (f+(0) = f(0) = V2log D(y) + Co +1).
Since v - e = v - e, the bisector coordinates give
F4(0) = £(0) = 26(v - €) < 20,
v —vi| = (v-e)|V(f+ = ))0)] < CD(y)~" (26 — V2log D(y) + Co + 1).

This proves (4.8) at the upper endpoint. The lower endpoint follows by the same argument using the lower
neighboring graph f_, with positive gap f — f_ and mean-curvature difference H — H_. O

4.1. Tangential and normal estimates. We use the normal coordinates and endpoints of Definition 4.1.
We first record the equation satisfied by the normal derivative.

Lemma 4.3 (Differentiated equation in ;). Let T' be a smooth oriented surface with unit normal v. Wherever
F(y,t) =y +tv(y) defines smooth normal coordinates, a solution of (1.1) satisfies

(A +W"(u)0u = —|IIpe |*0pu + 20Tt = ViEiu + Ve Hpe - Ve, (4.10)

Here Tt = F(T,t) is oriented by the normal v(F(y,t)) = v(y), and we use the conventions lps = —Dv|pre and
Hp: = trIIpe. The Hessian V%tu 1S intrinsic.

Proof. The Laplacian in Fermi coordinates is
A = 0y — HreOy + Are.

Moreover, the variation formulas in [9, Appendix A, (A.3) and (A.7)], applied in R? (and with our sign convention)
give

O¢Hrt = ‘IIFt‘Q, [6,5, Apt]u = 201t : v%t’u, + VreHre - Vpeu.
Differentiating Au = W'(u) in ¢ then yields (4.10). O

We next establish tangential derivative and decay estimates throughout the domain .

Lemma 4.4 (Tangential derivative and decay estimates). In the setting fized at the beginning of this section, after
increasing Lo if necessary, the following estimates hold for every (y,t) € N for some universal C':

|Vreu| 4+ V| < CD(y) "2, (4.11)
|v1"tH1"t| < CD(y)_4/3, (4.12)
\Vu| + |D?u| < C (e~ V2 4 D(y)~2). (4.13)

Proof. Fix y € ¥ and work in a fixed unit neighborhood of the segment {F(y,t) : 0 < ¢t < b, (y) + 1} inside an
enlarged chart. Let r be the distance to the upper neighboring sheet, when it is present among the local graphs.
Theorem 2.3 ensures that r is smooth throughout this neighborhood; write v, = —Vr for its normal at the nearest
point. The profile approximation (which is a consequence of (2.5), see below) we use is

2

Z|Dk (u—g(t)—g(r)+1)| <CD(y) 2, Vr=-vy, Or=-v(y) vy, atF(yt). (4.14)

k=0
Here the derivatives in the sum are ambient Euclidean derivatives at F(y,t), and ¢ denotes the local signed-distance
function to the starting sheet. If no upper neighboring sheet is present, the term g(r) — 1 and its derivatives
are omitted. Any sheet entering or leaving the chart is at distance at least ¢D(y) from the point F(y,t) under
consideration. Its profile tail and its first two derivatives are therefore exponentially small and can be absorbed
into the CD(y) 2 error.

To obtain (4.14), apply (2.5) with R = D(y)/4. This bounds u — Gy by CD(y)~? in C?, so it remains to
estimate the contribution of the omitted profiles. For this, observe that a segment inside the chart from the region
between the retained sheets to the k-th further sheet crosses k consecutive gaps. Thus, by (2.4), its length is at
least k(v/2log R — C). Enlarging the region by a fixed unit neighborhood reduces this lower bound by at most
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a universal constant. The exponential decay of the profiles and their derivatives therefore bounds the sum of the
omitted tails, together with their first two derivatives, by

C Z e,\@k(\/ilog R-C) + CQ@iCR < CR72~
k>1

(Here we used the bounded derivatives of the signed distances and @ < CR; the last term accounts for sheets at
distance at least cR.) If no upper neighbor is present, only the lower-side sum occurs. The signs in (4.14) follow
because u > 0 between these two sheets, whose increasing-u normals are oppositely oriented.

If no upper neighbor is present, (4.14) immediately gives (4.11), since g(t) is constant on I'*. We may therefore
assume that an upper neighbor is present. Suppose first that b4 (y) is an equidistant endpoint in (4.1). The
separation estimate in Theorem 2.3 gives

e~V (2h, (y) — V2log D(y) + C) < CD(y)~". (4.15)

At t=by(y) —s, 0 < s <by(y), the normal v to the neighboring sheet, evaluated at the nearest point to F(y,t),
differs from its value at t = b (y) by at most CsD(y)~!, while 7 > b (y) + s/2. Combining the normal comparison
(4.8) with (4.15), we obtain

(g'(r) +1g" (r)])|Vrer| < OD(y) L™ V2+@)=/V2(2b, (y) — V2log D(y) + C + s) < CD(y) > (4.16)

Estimate (4.16) also holds for by (y) < ¢t < by (y) + 1: the distance r changes by at most 1, and the neighboring
normal v = —Vr changes by at most CD(y)~!, by (2.3). Moreover ¢'(r) < CD(y)~! and |VZ,r| < CD(y)~?, by
(2.3) for the two sheets. By the chain rule

Viig(r) = ¢"(r)Vrer @ Veer + ¢/ (r)Vier, (4.17)

so, since g(t) is constant on I'!, (4.14), (4.16), and (4.17) imply (4.11) on this half of the interval. If instead
by (y) = T(y) is reached before equidistance, then r(y, T(y)) > T(y). If r(y,to) < T(y) for some t, € [0,T(y)],
its 1-Lipschitz property gives r(y,t) < r(y,to) + |t — to] < 2T(y) = 6logD(y) throughout [0,7(y)]. Then [41
Lemma 3.4] and (4.14) give 0yr < 0, so r(y,T(y)) < r(y,to) < T(y), a contradiction. Thus r(y,t) > T'(y) on this
segment. Using |0;r| < 1 on the additional unit strip, the neighboring tail satisfies

r(y,t) > T(y) = (t=T(y)+ > T(y) -

Z |DF(g(r) — 1)| < Ce VWt < OD(y) V2 < CD(y) 2, 0<t<T(y) +1.

(Here we used |Vr| = 1, |[D?r| < CD(y)~!, and T(y) = 3log D(y).) This proves (4.11) also in the truncated case,
including its exterior unit strip. The same argument using the lower neighboring sheet proves (4.11) for ¢ < 0. For
(y,t) € N, every other sheet is at distance at least |t| — 2. Summing the exponentially decaying first two profile
derivatives proves (4.13).

For (4.12), the bounds in (2.3) give

IHr o2 < CD(y)™%,  |Mrlcos < CD(y)~", (4.18)

with the norms taken in patches of fixed size. To estimate DHr, we interpolate the Holder bound for Hr with a
uniform bound for D? Hr. To obtain the latter, note that (4.7) gives |Vu| > ¢'(0) — CD(y) ™2 > ¢ > 0 at every zero.
Together with interior regularity for (1.1), this gives uniform C* graph bounds by the implicit function theorem,
and hence |D?Hr| < C in graph coordinates. Combining this bound with (4.18) and applying Taylor’s formula
along a coordinate line, we obtain

|DHp| < CD(y)"2h~Y/2 + Ch < CD(y) /3, h = D(y)~4/3. (4.19)

The second fundamental form of the parallel surface is Il = IIp(Id — tII)~!. Differentiating its trace and using
(4.18) and (4.19) gives

\VreHr:| < C|VrHy| + Clt| [IIp||VrIIp| < CD(y)~*/* + CD(y)*log D(y) < CD(y)*/?,
which proves (4.12). O

Finally, in the next lemma we compare |Vu| and d,u across normal rays, and we show that (0;u)y is small after
the endpoints; in an idealized situation, see the figure below, we cross maxima/minima of u and thus d;u changes
sign.
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O < 0 Ou >0 Oru <0
FIGURE 1. Schematic periodic one-dimensional transition.

Lemma 4.5 (Comparison with the positive normal derivative). In the setting fixed at the beginning of this section,

0 < [Vul — () < CD(y)2 for b-(y) <t < by(y). (4.20)
We also have the following bound on the unit strips beyond the endpoints:
(Gru)s <CDH)™ if biy) St<bi()+1 or b_(y)—1<t<b_(y). (4.21)

Proof. Use the profile representation (4.14) from the proof of Lemma 4.4. If no upper neighbor is present in
the local chart, it gives Vu = ¢/'(t)v(y) + O(D(y)~2). Any zero competing before truncation lies within distance
2T (y) of y, hence belongs to the graphs in (2.3). Since there is no upper neighboring graph, b, (y) = T'(y). Thus
¢'(t) < CD(y)~32 on the exterior unit strip, and both conclusions follow on the upper half.

We may therefore assume that an upper neighbor is present. On 0 < ¢ < by (y), we have r > t and ¢’ decreases
on [0, 00), so

deu=g'(t) = g'(r)v(y) - vy + O(D(y)~%) = ~CD(y)~>. (4.22)

Combining (4.22) with (4.11) and |Vu| < |0pu| + |Vreu| proves (4.20) on the upper half. Beyond an equidistant
endpoint, on by (y) <t < by(y)+ 1, we instead have r < ¢, and hence

du < g'(r)(1 —v(y) -vy) +CD(y) "> < CD(y) 2,

by (4.16) and near parallelism. At a truncated endpoint, the derivatives of the profiles of the starting and neighboring

sheets are bounded by Ce=V2TW) < CD(y)~2, including on the exterior unit strip. The same argument using the
lower neighboring sheet gives the bounds for ¢ < 0, completing (4.20) and (4.21). O

4.2. The stability inequality. We use the coordinates of Definition 4.1 and the estimates above. We first record
two crude area bounds.

Lemma 4.6 (Local and cubic area bounds). In the setting of Definition 3.4, there is a universal constant C > 0
such that

H*(So N Bi(z)) < C if dist(z, X) > 2, (4.23)
and
H2(EN{D < t}) <CONt* forall t> L. (4.24)

Proof. At each y € ¥o\ X', ¥g N By /2(y) is a graph with uniformly bounded slope. This gives a uniform bound for
the area in By o(y). If dist(z, X') > 2, a finite cover gives (4.23).

Fix t > Loy and choose a maximal one-separated family in ¥ N {D < t}. Its disjoint half-unit balls lie in Sy 112,
which (3.7) covers by N balls of radius t + 3/2. Volume comparison gives at most CNt® centers. Their unit balls
cover XN {D < t}, and each has zero-set area at most C by (4.23): (3.8) gives the centers distance D > Ly > 2
from the full bad set X'. Summing these estimates proves (4.24). O

We reduce stability to a condition on ¥, while retaining the curvature contribution of the bad set (recall (3.1)).

Proposition 4.7 (A geometric form of stability). Consider the setting in Definition 3.4. After increasing R. if
necessary, assume that Lo > 4R, and A > 32Lg. Let ¢ : $o — [0,1] satisfy ¢|s € C*1(X) and

p=1 on3yNSiL,, w=0 on3oN{D>A/4}.

Then, there is a universal C' such that

1 3 _
[l [ e < S [9selre [ DA oNg (4.25)
S\Sir, 2 s S\Sar,

00 JS,
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Proof. Let us briefly explain the idea of the proof. Away from the bad set, extend ¢ along the normal rays and
cut it off near the ends of each normal interval. The usual Sternberg—Zumbrun computation tests stability with a
function of the form & = ¢|Vu|. The idea is to use £ = @(dyu), instead: by (4.20), the positive normal derivative
approximates |Vu/| inside the interval, while (4.21) makes it small on the exterior unit strips where the normal
cutoffs vary. In those strips, ¢ is obtained by cutting off ¢, and this smallness allows us to control the resulting
cutoff errors. B

Now, importantly, £ need not actually define a single-valued ambient test function, since (even after introducing
the cutoffs) there might be an overlap in the exterior unit strips. We therefore work on the “parametrizing manifold”
N from (4.3) with the pulled-back Euclidean metric instead. Stability provides a positive solution of the linearized
equation, whose pullback allows us to use a weighted integration-by-parts identity on A/. We apply this identity to E
on N and to |Vul in the ambient space, with complementary cutoff weights. In the latter application, the pointwise
Sternberg—Zumbrun identity yields the curvature term near the bad set. Comparing the resulting formulas allows
us to retain this positive contribution.

We now give the precise argument. Let us first establish and recall some conventions and setting. Translate zx
to the origin. Recall that derivatives and integrals on N will be computed with the Euclidean metric pulled back
by F(y,t) = y + tv(y). Similarly, ambient functions are composed with F' in the coordinates (y,t). In particular
dru(y,1) = Bu(uo F)(y,t) = Vu(F(y, 1)) - v(y) and

/ / /bm(y)ﬂ t) det(Id — ts(y)) dt dH>(y).

Each starting zero is integrated once, whether or not the extended intervals have overlapping images. Choose
X : R = [0, 1] smooth, with x =0 on (—o0,0] and x =1 on [1/2,00). Set

Sy, t) = o(y) [X(D(y) — Lo)x(by(y) + 1 —t)x(t — b_(y) + 1)],
E(y,t) = @y, 1) (Dpuly, 1)+

so that ¢ vanishes at D(y) = Ly and at the normal endpoints t = b_(y) — 1 and ¢t = by (y) + 1, and it differs from
¢ only at unit distance from these boundaries, where Vy is active. In particular, ¢ = 0 for D > A/4, £ € H}(N),

and F'(supp&) € Br, 1a/3-
Now, observe that we want to find the term f52 A?|Vul? in (4.25), which comes from the usual Sternberg—

Zumbrun computation with & = ¢|Vu| (and not E) We will nevertheless be able to relate the two.
Step 1. There holds

A17uP < [ (1= x)E-a+ Wi w)E+ ONLG Y, (4.26)
Sy N

where xo is a smooth cutoff, with xo =1 on Ssz,, /2, xo = 0 outside Sz, (thus supp xo C Bgr,+a/3), and satisfies
0<x0<1, |Vxol < C/Lo, |Axo| < C/L3. (4.27)

Since xp = 1 on Ss, it suffices to bound [ x0.4%|Vu|? by the right term in (4.26). Differentiating the Allen-Cahn
equation gives, pointwise on {Vu # 0},

1
Vul(=A + W7 ()| Vul = =5 AIVul® + [V|Vul* + W ()| Vul* = =[D*uf* + [V|Vul[* = —A%|Vul”.  (4.28)

This motivates using the following weighted ground-state identity, arising from stability: For test functions f and
7, with > 0 smooth, and either n compactly supported or f with zero trace, there holds

/nf( A+W'(u)f = /nh2|v f/h)? /f2 1An+Vn-Vliogh), (4.29)
where h solves the linearized equation
7Ah+W"(U)h = 0 in Bgr,4a,
{ h = 1 on 0Bpr,4a. (4.30)

Stability and strict domain monotonicity of the first Dirichlet eigenvalue give A1 (—A + W' (u), Bg,+a) > 0. The
Dirichlet problem is therefore uniquely solvable; integrating by parts gives (4.29). The maximum principle gives
h > 0, and Harnack and interior gradient estimates at unit scale give

|[Vlogh| < C on Bg,ia/2- (4.31)
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Applying (4.29) with f = |Vul, n = xo, and using (4.28), we find then

2
@ <o. (4.32)

/XOA2|Vu|2 —/}Rs [Vul?(3Ax0 + Vxo - Vlegh) = —/X0h2 \V/

We now apply (4.29) with f = E, n=1— xo0, and on N instead. To be precise: F is a local isometry on N, thus
ho I satisfies the same linearized equation. We can therefore perform on A the same integration by parts that leads
0 (4.29) from (4.30). Likewise, there are no boundary terms, thanks to & vanishing at t = b_ — 1 and t = by + 1.
We then find

/N (1= x0)E(=A + W (u))é — /N € (38x0 + Vxo - Vlogh) = /N (L= x0)P*|V (/) = 0. (4.33)
Subtracting (4.33) from (4.32), and setting ¥q := %AXO + Vxo - Vlogh, we get
[roa1va < [ (10— xof-a+ W@+ [ V- [ &, (434)
N R3 N

To reach (4.26) it only remains to bound the difference between the last two terms by CNL, 1/4

by splitting into three regions:

/ |Vu|2\110—/ 52\1/0:/ (|vu|2—52)wo+/ |Vu|2\I/o—/ 20,
3 NN{b_<t<bi} R3I\F(NN{b_<t<bi}) NNO{t<b_Yu{t>bi})

|Vul?

. We compute it

/ / (IVul?* - )dt+—
SN{2Lo<D<4Lo} Jb_ Saro\(SsLq/2UF(NN{b_<t<bi}))

C b_ . by+1 .
+— (/ §2dt+/ det)
Lo Jsn2no<p<aroy \Jo_—1 by
(4.35)

Here we used the support and derivative bounds for yg in (4.27), the bound for Vlogh in (4.31), and the bounded

Jacobian. Moreover, every interval meeting the support of the derivatives of g starts at 2Lg < D(y) < 4L¢, where

¢ = 1. On its unextended part ¢ = 1 and §~ = (0yu) 4, so the differences of squares in the expression are nonnegative.
Finally, we claim the following bounds:

1 b+
— / (IVuf?> - €2) dt < ONLy?log Lo, (4.36)
Lo Jsn{2p,<D<aLo}
1
— |Vul|?> < CNLy*, (4.37)
Lo S300\(SsLq/2UF(NN{b_<t<bi}))
1 b_ - b++1 .
— (/ 2 dt+/ 2 dt) <CONLy2 (4.38)
Lo Jsni2ro<p<aro} \Jo_—1 by

For (4.36), on the unextended intervals ¢ = & = 1, so |Vu|? — €2 = |Vpeu|2 4+ (8u)2 < CD(y)~* by (4.11) and
(4.20); we are using that if d;u < 0, (4.20) bounds |Vu]| itself. Integrating over length at most 6log D(y) and using
Lemma 4.6 proves the first bound. B

To prove (4.38), we combine the same area estimate with £2 < CD(y)~* on the exterior unit strips (recall (4.21)).

Finally, for (4.37), almost every point in the domain of integration satisfies dist(x,¥g) > 3log Lg. Indeed, almost
every closer point has a unique nearest zero y with 2Ly < D(y) < 4Lg and |t| < 3log Ly < T(y); the same zero
remains uniquely nearest along the segment, so b_(y) < t < by (y), contrary to the exclusion of those images. The
proof of Lemma 2.2, using |u|(1+ |u|) > 3/2 sufficiently far from %o, gives |Vu| < Ce~ 4s4#:30)  Thus the last term
is bounded by CL;"|S3r,| < CNLy*, by (3.7).

Substituting (4.36)-(4.37)-(4.38) into (4.34)-(4.35) proves (4.26).

We now compare the integral on the right of (4.26) with the geometric terms in (4.25) and conclude:

Step 2. There holds

~ 30
/ (1= x0)E(=A + W (u)€ < 7/ Vo2 — 22 / s |?¢* + C D13/4,2, (4.39)
N \S4LU E\SQLO
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Indeed, first integrating by parts on A using & = (Opu) 1P € HE(N) we get
J = x0f AW @)E = [ (1= x0) @) P20+ W )0

+/N(1—><o)(8tu)ilvs52—/N(atu)igzwo-w. (4.40)

Then, substituting (4.10) into (4.40) gives
= EA+ W )E = [ (1= xo) @) (Ve - 22

+/N(1—Xo)(atu)+¢2(2np : Viou + Ve Hpe -vptu)—/N(atu)i&vXO-vgz. (4.41)

1, Iz
Using ab < a?/8 + 2b? we have
(|IIFt |((9tu)+) (2|V%7u\) S %|II[‘(’ |2(3tu)i + 8|V12w,u|2,
so that by (4.11) and (4.12) we can bound

Iy

IN

0o POwis +0 [ (D logD+ D0 10gD)
N E\Sar,

IN

%/ (1 — x0)|Ire > (Qpu) 1@ + C D13/4,2,
N E\Sar,

Here we used by —b_ +2 < 6logD(y) + 2 and (Opu)y < C.
We next claim that
] <C D2
E\SQLO
On {Vxo # 0} we have 2Ly < D(y) < 4Ly and ¢ = x(D(y) — Lyp) = 1. Then Vg = 0 for b_ < t < by, so the
integrand defining I» can be nonzero only for
b —1<t<b or by <t<by+1.
There, (4.6) and (4.21) give
[(0wu)3 & Vxo - V@| < CD(y) 4> D(y) .
Integrating proves the claim.
Combining these bounds, (4.41) becomes

//\/(1 — X0)E(—A + W (u))E < /N(l —x0) (B3 (V@ — I [*@?) + C 6 D13/4,2, (4.42)

It remains to pass from N to ¥ in the first integral on the right, by integrating out the normal directions. We
claim that, for Lg sufficiently large,

~ 90 -
[0 xo@uwiver <22 [[wsepac [ D
N ) S\Sary
- To
LA ewze 2 T [ s
4L
For both inequalities, we use (4.7) and (4.13), which give
3 log D(y) by +1
/ (Opu)? dt = o + o(1), / (Opu)3 dt = o + o(1), (4.43)
—3 log D(y) b_—1

with o(1) — 0 uniformly for D(y) > Lo as Ly — oo. On the smaller interval, dyu > 0.
For the first inequality, recall that 1 — xo = 0 if D(y) < 2Lg. For D(y) > 2Lg, we have ® = p on b_ <t < by,
while (4.6) and (4.21) give

b by+1
( } +/b ) (0yu)2 |VF|? det(Id — H1g) dt < CD(y)~*(2()? + Vo))

Under F, tangential gradients are multiplied by (Id — tIIg)™! = Id + O(|t|D(y) ') and area by det(Id — tIlx) =
1+ O(|t|D(y)~1). Thus, (4.43) proves the first inequality.
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For the second inequality, restrict the integral to (y,t¢) with D(y) > 4Lg and |t]| < %log D(y)—we discard the
rest of the domain by positivity. There xo = 0, ¢ = ¢, and [« |* det(Id — tIls) > (1 — C|t|D(y)~1)|lx|?. The first
identity in (4.43) therefore proves the second inequality.

Substituting these two inequalities into (4.42) gives (4.39). Together with (4.26) we conclude (4.25). O

We can readily absorb the two last “error” terms in (4.25). The power —13/4 < —3 is crucial for this.

Proposition 4.8 (Geometric stability, without the error terms). Consider the setting in Definition 3.4. After
increasing R, if necessary, assume that Lo > 4R, and A > 32Lg. Let ¢ : S — [0,1] satisfy o|s € COL(X) and

p=1 on3yNSir,, =0 onXoN{D>A/4}.

Then, for Lg sufficiently large, we have
oV 20 < 5 [ [Vl 4.44
sy * Lo, M <5 [ 1950 (144
The lower threshold for Lg is universal, independent of u, N, Ry and A.

Proof. Applying the cubic area bound in Lemma 4.6 on the sets 2¥Ly < D < 281 Lo, k> 1, and using 0 < ¢ < 1,
we obtain

/ S02D713/4 dHQ < / ,D713/4 dHQ < CN Z(2kL0)71/4 < CNL51/4
E\Sar,

E\Sarg k=1
Choose Lg sufficiently large that the last two terms in (4.25) are bounded by §N/(2 - 530y). Since (3.7) gives
oyt f32 A2|Vu|? > 6N/ (5%0¢), these terms can be absorbed into the left-hand side, yielding (4.44). O

5. PROOF OF THEOREM 1.1

We now complete the proof using the geometric stability inequality of Proposition 4.8, intrinsic area estimates,
and a logarithmic cutoff. We first take L sufficiently large and construct a smooth neighborhood of the bad cluster
at scale Ly, whose boundary meets 3 transversely.

Lemma 5.1 (Large smooth neighborhood of the bad set). In the setting of Definition 3.4, there is a bounded open
set B with smooth boundary such that:

(1) There holds
Sar, C B, B C Siro+2 € BRA(ZA)- (5.1)
(2) OB C {3Lo < D < 5Ly} and OB is transverse to Xg. In particular, ¥ N OB is a smooth compact curve,
possibly empty or disconnected.

Proof. Mollify D to obtain a smooth function D with \5 — D| < 1/4. Since X, is bounded, D tends to infinity at
infinity. By (3.8) and (3.9), the zero set is smooth on {3Ly < D < 5L} C {Ly < D < A/3}. Sard’s theorem gives a
common regular value to € (4Lo +1/2,4Ly + 1) of D on R? and on this part of £y. Then B = {D < t,} is bounded
with smooth boundary, and the approximation bound and (3.6) give (5.1). Its boundary lies in {3Ly < D < 5Lg}
and is transverse to X by the choice of tg. g

Fix this choice of B. It plays the role of the bounded bad region in [6, (10.13)—(10.17)]; the smaller set So C B
carries the positive curvature mass in (3.7).
We first introduce the intrinsic distance from the boundary of B and the area of its distance neighborhoods.
Definition 5.2 (Intrinsic distance and area). For y € ¥\ B, let
dp(y) = disty\g(y, XN OB),

the infimum of lengths of paths in ¥ \ B joining y to ¥ N 9dB. It is +00 on components that do not meet this
boundary, and we extend it by zero on ¥ N B.
We denote the area of an intrinsic neighborhood by

O(r) =H*({y € T:0 < ds(y) <r}).
The next result relates intrinsic area with the curvature term in stability. We set (r —dg)+ = 0 where dg = +o0.

Lemma 5.3 (Relating area and curvature). For 2 <r < A/16 we have

1
o < 1 / s 2(r — dg)2 dH? + Cr?6/(2), (5.2)
4 Js\s

for some universal constant C.
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Proof. An analogous area—curvature estimate appears in [6, Lemma 10.16 and the proof of Proposition 10.17]. For
completeness, we give a self-contained proof using normal Jacobi fields in Appendix A. 0

Finally, we can give the proof of the main result:

Proof of Theorem 1.1. Suppose that u is not one-dimensional. Then X # @ by Remark 3.2. Choose a sufficiently
large universal Lo, and then A sufficiently large depending only on L.

From now on, we put ourselves in the setting of Definition 3.4. Consider the smooth set B constructed in
Lemma 5.1, together with the intrinsic distance and area from Definition 5.2. Note that Proposition 4.8 applies to
every admissible ¢, and that the lower thresholds for Ly and A depend only on universal constants, independently
of the number N of bad centers and the radius Rp of the cluster.

Step 1. Quadratic area growth. We first show that

O(r) <Cr*O(2) for 2<r<A/16, with ©(2) < CNLJ. (5.3)
Indeed, fix r with 2 < r < A/16, and put ¢ = 1 on Lo N B and ¢ = (1 — dp/r);+ on ¥\ B, with zero on the
remaining zero set. Its support outside B lies in
{4Lo <D <4Lo+2+7r} € {Lo <D < A/4}. (5.4)
Thus ¢ is admissible for Proposition 4.8, which together with Lemma 5.3 gives

O(r 1 30
D <3 [ mapa - de +co@) < 2 [ [vse + co@ = 299 s com)
T 4 T\B 8
Absorbing proves the first estimate in (5.3). Finally, the bound for ©(2) follows from (4.24), since {0 < dp < 2} C
YN{D < 4Ly + 4}.
Step 2. Log-cutoff and contradiction. We consider a second test function, with ¢ =1 on 39 N B and

_ B log(max{2,dg}/2) o
- <1 log(A/64) )+ X\ B. (5.5)

Put again ¢ = 0 on the remaining zero set and where dg = +00. Its exterior support has dg < A/32, so (5.4) with
r = A/32 proves admissibility. On 2/ < dg < 29+, (5.5) gives |[Vx¢| < 277/log(A/64). The intervals meeting its
gradient support have j > 1 and 2/ < A/32, hence 271 < A/16. Thus (5.3) applies on each interval and gives

CO(2) CNL}

Vo2 < 2- 23@ 21ty < < 0

/El el < A/64 ; )< logA — logA
29 <A /32

Combining this with (4.44) gives ¢céN < fé\éf\g which, for A sufficiently large (depending only on Lg), gives a

contradiction. Thus u is one-dimensional. The only stable one-dimensional solutions are the constants +1 and
translates of the heteroclinic profile g, which together with |u| < 1 gives u(z) = g(e - x — to). O

APPENDIX A. PROOF OF LEMMA 5.3

Proof of Lemma 5.3. We use the notation of Section 5.
By construction, ¥ N 9B is a smooth compact curve, possibly empty or disconnected. Every exterior path of
length at most r starting on > N JB lies in

SoN{4Ly <D <4Ly+2+7r} €%, r<A/l6. (A1)

The lower bound follows from Sz, C B, and the upper bound from the fact that D is 1-Lipschitz. If ¥ N 0B = @,
then dg = 400 on X\ B and the conclusion (5.2) is immediate.
Let K denote the Gaussian curvature of 3, and note that

| D?u 1 2 2

<C, K> —:|lig]* > -C A2
for a fixed universal C' > 1. A minimizing path from ¥ N 0B cannot meet this boundary again. For each ¢ € XN 0B,
consider the unit-speed geodesic starting at ¢, normal to this curve within ¥, and pointing into X \ B. Write x(q)
for its cut time, up to which it minimizes distance from the inner boundary, and J(g,t) for the length Jacobian,
with arclength on the inner boundary as the initial coordinate. Off the cut locus, which has surface measure zero,

IIs| <
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every point at finite distance below A/16 lies on a unique minimizing normal ray. The Jacobi equation and the area
formula give

Jtt(Qv ) = _K (L )J( ) J(q,O) ]-7 J(q’t) >0 for 0<t< H(Q),

min{s,x(q)} (A3)
/ / J(q,t)dtdH(q) for 0<s< A/16.
>NoB
For 0 < t < k(q), (A.3) and (A.2) give
Jt ! Jt 2 9 Jt
T ) =K<= — < Ccoth(Ct). Ad
<J)+(J> <C7, — < Ceoth(Ct) (A.4)

The second inequality in (A.4) follows by comparison, since J;/.J is finite at zero and C coth(Ct) — +oo there. In
particular, the resulting bound is uniform on [1/2,1] and independent of the inner boundary curvature.

We now choose a level in this interval whose length is also controlled. Since dg is locally Lipschitz on its finite-
distance components, with |Vsdg| = 1 almost everywhere at positive distance, coarea gives b € [1/2,1] such that
H({ds = b}) < 20(2). We may also choose this level to meet the cut locus in a set of length zero. Combining this
choice with the comparison estimate gives

Ji(g,b)+ < CJ(g,b) whenever k(q) > b, J(q,b) dH' (q) = H'({ds = b}) < 20(2). (A.5)

/{qEEOBB:K(q)>b}
Fix 2 <r < A/16. For b < t < k(q), twice integrating the Jacobi equation gives

J(q,t) < J(q,b) + (t — b)J(q,b)+ —i—/b (t —s)K(q,s)-J(q,s)ds.

Integrate first over b < ¢t < min{r, k(¢)} and then over the rays with «(q) > b, taking a limit from below if the cut
time is reached. To recover ©(r), we also include the points at distance at most b, whose area is bounded by ©(2).
Adding this contribution and applying Fubini’s theorem together with (A.3)—(A.5), we obtain

O(r) < Cr*e(2) + E K_(r—dg)?dH* < Cr*e(2) + ! / s |?(r — dg)2 dH?,
2 Js\n 4 Js\B

since K_ < |IIx|?/2 by (A.2). O
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