On stable solutions to the Allen—Cahn equation with
bounded energy density in R*

Enric Florit-Simon and Joaquim Serra

ABSTRACT. We show that stable solutions u : R* — (—1,1) to the Allen-Cahn equation with bounded energy
density (or equivalently, with cubic energy growth) are one-dimensional.

This is known to entail important geometric consequences, such as robust curvature estimates for stable phase
transitions, and the multiplicity one and Morse index conjectures of Marques—Neves for Allen—Cahn approximations
of minimal hypersurfaces in closed 4-manifolds.
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1 Introduction

1.1 The Allen—Cahn equation and its connection to minimal surfaces

The theory of phase transitions naturally leads to the study of the Ginzburg—Landau-type energy functional

£5(u, Q) = — /Q<;|Vu|2+iW(u)> de, (1)

On—1

defined for scalar fields v : @ — R, where @ C R” is open and o,_; is defined in (9). The potential W is
typically chosen to be a symmetric double-well potential. Let us fix for concreteness the standard quartic potential
W(u) = (1 —u?)%

Critical points u. of & satisfy the Allen—Cahn (A-C) equation:

1
—eAu, + EW/(UE) =0. (2)

Originally introduced in the 1970s as a phase-field model for binary alloys [AC72], the Allen-Cahn equation has
since become central in the study of variational problems, nonlinear PDEs, and geometric analysis, due in large part
to its deep connection with the theory of minimal surfaces. In particular, as € | 0, the narrow interfacial regions
{=0.9 < u. < 0.9} converge (in a suitable sense) to minimal hypersurfaces.

This connection has been extensively explored since the 1980s through several major developments:

e In the 1970s and 1980s, foundational results established the connection between phase transitions and minimal
surfaces [MM77; Mod85b; Mod88]. During this period—and motivated by this connection—De Giorgi proposed
a famous conjecture [Gio78] on the classification of monotone solutions to the Allen—Cahn equation, which
remains largely open to this day.

e The development of a regularity theory for energy-minimizing solutions—culminating around 2010—revealed
a full analogy with the classical theory of area-minimizing hypersurfaces [CC95; CC06; Sav09; Sav10].

e In parallel to these developments, the varifold-based framework for the Allen-Cahn equation [Hut86; HT00;
Ton05; TW12] established that sequences of solutions with bounded energy converge (in a weak sense) to
generalized minimal surfaces—more precisely, integral stationary varifolds.

e From the 2000s onwards, gluing methods were used to construct solutions whose interfaces converge to pre-
scribed minimal surfaces [PKP13; Pac09; PKWO07; PKWO08; Pin+13]. This approach led to the resolution of
De Giorgi’s conjecture in high dimensions [PKW11] and to the construction of non-flat minimizing solutions
in dimension 8 [PW13; LWW17].



e More recently, a new and powerful twist on gluing techniques has emerged: they have been used to develop
a fine regularity theory for stable solutions with multiple, nearly parallel transition layers [WW19a; WW19b;
CM20].

1.2 Stable phase transitions and the regularity question

The natural functional domain for the energy (1) is that of bounded functions in the Sobolev space H*(f2).
We say that a H! function u. : Q — [—1,1] is a minimizer of £° in Q if

E(ue, ) < E%(ue +&,Q) for all £ € CHQ). (3)

That is, minimizers are understood here as absolute minimizers—functions that minimize the energy among all
admissible competitors with the same boundary data.

However, both from physical and geometric perspectives, it is natural to consider local minimizers: functions u.
that satisfy (3) but only for variations £ that are small enough in the H! norm.

From the physical viewpoint, local minimizers correspond to stable equilibrium configurations—states toward
which dissipative evolution processes (such as those governed by the time-dependent Allen—Cahn equation [AC72] or
the Cahn—Hilliard equation [CH58], for which &, serves as a Lyapunov functional) may evolve. Absolute minimizers
describe only a restricted subclass of such configurations.

From the geometric viewpoint, in the context of Allen—-Cahn approximations to minimal hypersurfaces in closed
Riemannian manifolds [TW12; Gual8; GG18; GG19; CM20; CM23], the relevant solutions are those of finite Morse
index. In particular, they are local—but not absolute—minimizers (in the function space, as above), in appropriate
subdomains.

It is a standard fact that if u. : © — [~1,+1] is a local minimizer of & in €, then u. € C?(f), satisfies the
Euler-Lagrange equation (2), and, in addition, the stability inequality holds:

/ e|VEP? + éw"(ug)g2 de >0 forall £ € CH(Q). (4)
Q

Solutions of (2) that satisfy (4) are called stable.

Thus, stability is a necessary condition for local minimality (in the function space, as defined above). In practice,
except in degenerate and hence non-generic situations, the two notions are essentially equivalent!.

Given the central role of stability—both in the modeling of physical phase transitions and in the geometric study
of minimal hypersurfaces—a fundamental question arises concerning the regularity of stable phase transitions:

In dimension n < 7, do sequences of stable solutions of Allen—Cahn converge smoothly, possibly with
multiplicity, to minimal hypersurfaces in the singular limit € | 07

A more precise formulation is:

Conjecture 1.1. Let €; | 0, and suppose that {u,} is a sequence of stable solutions of (2) in a given domain
Q C R", with uniformly bounded energy. If n <7, the curvatures of the level sets of u.,; within the interfacial regions
{~0.9 < u.; < 0.9} are uniformly bounded along the sequence in compact subdomains of €2.

While the analogous question for embedded minimal hypersurfaces was resolved around 50 years ago in the
classical works of Schoen, Simon, and Yau [SSY75; SS81]—see also [Wic14; Bel25] for important extensions removing
a priori embeddedness assumptions—its counterpart in the context of phase transitions has remained elusive.

A positive answer was previously known only in dimension n = 3, as a consequence of the works [AAC01; WW19a;
WW19b; CM20] (see below for details). This paper establishes the result in dimension n = 4 and introduces ideas
that may prove useful for addressing the remaining cases n = 5,6, 7. The examples constructed in [PW13] (see also
[LWW17]) show that the conjecture cannot hold in dimensions n > 8, confirming that the restriction to dimensions
n < T—originally motivated by the analogy with minimal surface theory—is indeed necessary.

For absolute minimizers, the regularity question is fully resolved through the theory developed in [MM77; CC06;
Sav09; Sav10]. However, these techniques do not carry over to the case of local minimizers, as they crucially depend
on the convergence of absolute minimizers to classical minimal hypersurfaces with multiplicity one—a property that
fails for local mimimizers.

Conjecture 1.1 is known to have significant implications in geometric analysis. In particular, a positive resolution
in a given dimension implies the validity of the Marques—Neves multiplicity one and Morse index conjectures [MN16]
for Allen—Cahn approximations in that same dimension, by the results in [WW19b; CM20]. See Section 1.5 for a
further discussion of this implication.

lIndeed, it is a standard fact that a solution of A-C in a bounded domain € is stable if and only if the first Dirichlet eigenvalue of
the Jacobi operator Jv := —Av + W' (u) v is nonnegative. Moreover, except for the degenerate (and non-generic) case in which the first
eigenvalue is zero, stability implies that the solution is a local minimizer.



1.3 The Wang—Wei reduction and the classification problem for stable solutions with
bounded energy density

Consider a solution u : R™ — [—1,1] of the Allen—Cahn equation with & = 1:

—Au+W'(u)=0 inR". (5)
For such a function, we define the energy density on balls of radius r > 0 by
1
M, (u) := Tn_lé'l(u,BT). (6)

By Modica’s monotonicity formula [Mod87; Mod88], the map r — M,.(u) is nondecreasing in 7.

We say that u has bounded energy density if My, (u) := lim,— o M,.(u) < 0.

As we explain in more detail below (see Sections 2.3 and 3.1), the groundbreaking works of Wang—Wei [WW19a;
WW19b] and Chodosh—Mantoulidis [CM23] reduce the regularity question for stable phase transitions, namely Con-
jecture 1.1, to the following conjectural classification result:

Conjecture 1.2. Let u : R" — [—1,1] be a stable solution to (5) with bounded energy density. Then, for n < 7,

u must be one-dimensional, that is either identically £1 or of the form u(x) = tanh (%) for some unit vector

ee S and sy € R.

A positive answer to this conjecture is currently known only for n = 2, by Ghossoub and Gui [GG98], and for
n = 3, by Alberti, Ambrosio, and Cabré [AAC01; AC00]. Both results date back over 25 years, and the question has
remained open in higher dimensions since then.

In this paper, we address the case n = 4.

It is worth noting that Conjecture 1.2 is a special case of the so-called stable (or strong?) De Giorgi conjecture,
which asserts the same classification result even without the assumption of bounded energy density. This stronger
version of the conjecture is completely open even in dimension n = 3.

The minimal surface analogue of this stronger conjecture—namely, that any complete, two-sided, stable minimal
hypersurface in R™ must be flat for n < 7—is a classical result for n = 3 [FS80; CP79; Pog81] and has recently been
established in the breakthrough works [CL24] for n = 4 (see also [CL23; CMR24]), [Cho+] for n = 5, and [Maz]
for n = 6. The final case n = 7 remains open. Unfortunately, the powerful and delicate techniques from intrinsic
differential geometry used in these proofs appear to be inapplicable to the setting of phase transitions (strong De
Giorgi) or other similar variational scaling-dependent problems.

1.4 Main result
In this paper we establish the following:

Theorem 1.3 (Main result: Classification in R*). Let u: R* — [~1,1] be a stable solution to (5) with bounded

e-r—sg
2

energy density. Then, u is either identically +1 or of the form tanh for some unit vector e € S"™1 and

so € R.

In other words, we establish Conjecture 1.2 in dimension n = 4.

Combining Theorem 1.3 with the main result in [WW19b], local curvature estimates for stable solutions directly
follow. Indeed, let us define
1/2

A%(u) =

|D2ul?—|V|Vul> .
{ ACE if Vu # 0 and  A(u) = (A2(u))

0 otherwise ;

It is easy to see that if Vu(z) # 0 then A?(u)(x) = [Ljy—y(@)}|*(2) + |VT log [Vul|?(z), where T,y ()} is the second
fundamental form of the level set {u = u(x)} and VT denotes the gradient in the directions tangent to {u = u(z)}.

Theorem 1.4 (Regularity for level sets, e-version). Assume that u. : By C R* — (—1,1) is a stable solution
to e-Allen—Cahn, satisfying that E¢(ue, B1) < A. Then, there are 9 > 0 and C depending only on A such that if
e < eg, then

1
[Vue| > o and  A(uc) <C  in {Juc(x)| < 0.9} N By (7)
In particular, {u: =t} N By is then a smooth hypersurface for all [t| < 0.9, with
|]I{uE:t}| < C m Bl/2' (8)

2The term “strong De Giorgi conjecture” is justified by the fact that it is known to imply the original De Giorgi conjecture for
monotone solutions of the Allen—Cahn equation in R**1.



This shows the validity of Conjecture 1.1 in dimension n = 4.
Some remarks are in order:

Remark 1.5. The regularity theory for stable solutions with multiple flat, nearly parallel interfaces developed
in [WW19a; CM20; WW19b] is a fundamental element in the proof of Theorem 1.3. This is recalled in Section 2.3.
To go beyond the scope of existing techniques, we introduce several new ingredients that may be of independent
interest, including:

e A “continuous induction” argument on the value of M, the energy density at infinity of the solutions, which
reduces Theorem 1.3 to the classification of a single critical solution with remarkably rigid properties.

e A tangential form of the stability inequality, which controls “bad balls” with large curvature by a notion of
height excess (i.e. flatness).

e A new monotonicity-type formula that relates the height excess back with the energy density.

Section 3 presents all of the ingredients mentioned above and provides a detailed outline of the core of the proof.
The goal is to give the reader a clear sense of both the main difficulties inherent in the problem and the strategy we
develop to overcome them.

Remark 1.6. It is noteworthy that a central part of our proof (outlined in Section 3.3) shows a striking formal
resemblance to the argument developed in the first part of [CFFS25] dealing with Bernoulli’s free boundary problem.
Even more intriguingly, although the overarching structure of these two arguments (Bernoulli part of [CFFS25]
and Section 3.3 on this paper) aligns closely, the specific ingredients involved in our proof are entirely different.
The connection becomes apparent only a posteriori, once one identifies the appropriate dictionary to translate
objects and scalings between the two seemingly unrelated problems. In writing Section 3.3, we made a deliberate
effort to highlight this analogy.
That said, we believe that leveraging this analogy in a meaningful way is quite nontrivial, requiring several entirely
new ideas. From this perspective, the strategy we develop—outlined in detail in Section 3—is genuinely original.
Finally, we emphasize that although [CFFS25] also contains results on the “free boundary Allen—Cahn” problem,
those are completely unrelated to our work. Only the part of the Bernoulli part exhibits meaningful analogies with
our approach.

Remark 1.7. Several parts of our proof remain valid in higher dimensions. In fact, a variant® of our overall strategy
yields the classification of embedded stable minimal hypersurfaces with Euclidean area growth up to dimension 7,
independently of [SS81].

In this paper, the case n = 4 of Conjecture 1.2 is established by using the main results of [WW19b] as a
“black box”. We emphasize that while the regularity theory in [WW19b] is formulated in all dimensions, its main
results—which are optimal, at least as currently formulated—do not allow us to carry out our strategy in dimensions
5 < n < 7. Nonetheless, we believe it is possible that delving deeper into the proofs in [WW19b] and extracting
suitable versions of certain intermediate steps, one could combine them with ideas introduced in this paper to tackle
the higher-dimensional cases. For this reason, we have written parts of the paper in general dimension n.

We give a more technical comment on this dimensional obstruction in Section 3.4, after the overview of the proofs.

1.5 Geometric applications: Min-max solutions and the multiplicity one and Morse
index conjectures

There has been a growing interest in using Allen—Cahn approximations to construct geometric objects with special
properties, including minimal hypersurfaces on closed manifolds. In particular, we highlight the results in [Gualg;
GG18; GG19], building on [TW12; Wicl4]:

e A remarkably simple min-max construction, of mountain-pass type, exhibits the existence of rich families of

e-Allen—Cahn solutions on manifolds. More precisely, fixed a closed n-dimensional manifold M, for every p € N
one obtains (for € > 0 sufficiently small) solutions u? : M — (—1,1) with energy ~ p'/™ and Morse index < p.

e Passing them to the limit (via Theorem A.3, obtained in [HTO00]) as e — 0, one obtains integral stationary
varifolds (i.e. generalised minimal hypersurfaces) ¥P. Moreover, the Morse index bounds mean that the ¥? are
locally stable.

e Using Theorem A.9 (obtained in [TW12], which uses the deep and powerful regularity theory for stable integral
varifolds in [Wicl4]), the limits are then seen to be of optimal regularity (i.e., as regular as in the case of area
minimisers).

3This is explored in a work in preparation by the authors.



A main issue in the strategy above is that, without Conjecture 1.1 (or equivalently Conjecture 1.2), in the second
bullet we are forced to pass the u? to the limit using [HT00], i.e. just as critical points—using stability essentially
only for the limit objects. There is then no geometric control in the convergence, which allows degeneration to occur?:
Indeed, several sheets of {u. = 0} could collapse onto the same limit, like catenoids converging to a hyperplane, losing
all information on energy, index or topology coming from the uP. The multiplicity one and Morse index conjectures®
[MN16] state that this should not happen generically, and they were first confirmed for n = 3 in the breakthrough
article [CM20] (via Allen—Cahn approximation). More precisely, [CM20] shows that on three-dimensional closed
manifolds with a generic Riemannian metric, the >? above arise as smooth, multiplicity one limits of the level sets
{u? = 0}, and they have area ~ p'/3 and Morse index exactly p. In particular, they are all distinct. This shows
a strong form of a famous conjecture of Yau on the existence of infinitely many minimal surfaces on closed, three-
dimensional manifolds.

[WW19b] extended the local estimates required in [CM20] to higher dimensions (up to 10, surprisingly), for stable
solutions satisfying a-priori curvature estimates (i.e., assuming precisely the thesis of Conjecture 1.1). As explained
in [CM20, Remark 1.4] and [WW19b, Remark 10.9], the only present bottleneck to showing the multiplicity one and
Morse index conjectures for Allen—Cahn approximations in dimension n, with 4 < n < 7, is then a positive answer
to Conjecture 1.2 in that dimension. Our Theorem 1.3 confirms it for n = 4.
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2 Previous results from the literature

2.1 Monotonicity formula

Lemma 2.1 (Modica inequality, [Mod85a]). Let u : R™ — R be a bounded A-C solution on all of R™. Then,
lul <1, and the inequality is strict unless u = £1. Moreover,

) < ey,

Throughout this article, unless otherwise indicated we assume that « : R™ — (=1, 1) is a solution to A—C on all
of R™, to make use of the Modica inequality. Define

1
Op1 = Wp_1 / \V/2W (s)ds, where w,_1 is the volume of the unit ball in R (9)
-1

Recall the definition of the monotonic energy density M, in (6). We will more generally denote M, (u,xzq) =
M., (u(- — z)), and we omit u from the notation whenever it is clear from the context.

Remark 2.2. For a solution u of e-A—C instead, we naturally set MS(u) := —+&°(u, B;) = M, - (u(ez)). Unless
otherwise stated, we will always work with ¢ = 1.

Lemma 2.3 (Monotonicity formula, [Mod85b]). Let u: R™ — [—1,1] be an A-C solution on all of R™. Then,

M, is monotone nondecreasing in r. More precisely,

d%Mr(u) _ ! /B b [W(u) N |V2u|2} ot Tn1+1/a Lo V) dHn (). (10)

™ JB, On-1 B, On—1

2.2 Some results on stable solutions

There is a (weaker) form of the stability inequality (4), which closely resembles the one for minimal hypersurfaces.

Proposition 2.4 (Sternberg—Zumbrun inequality, [SZ98]). Let u : R" — R be a stable solution to A-C, and
let n € CLR™). Then,

/ A2 [Vuf? < / VP Vul?. (11)

40n manifolds with boundary, the situation is even worse, as transition level sets could potentially collapse onto the boundary, even
when the latter is not minimal [LPS24]. In the prescribed mean curvature (i.e. inhomogeneous A—C equation) case, the transition level
sets could fold into a zero mean curvature submanifold instead, losing all the curvature information in the limit [BW21; MZ25].
50riginally formulated in the Almgren—Pitts min-max setting.




Vu

W(xo) = ejp, one has

Remark 2.5. Assume that Vu(zg) # 0. Then, in a Euclidean coordinate frame with
[Vul? A2 (w0) = 3775 2oy ufj (o).
We will repeatedly use:

Lemma 2.6. Let u : R® — R be a solution to A-C, and assume that A = 0 in some open set Q. Then u is
one-dimensional in R™, i.e. u=v(e-x) for somee € S" ! and v:R — R.

Proof. If Vu = 0 in Q then u is constant by unique continuation. Otherwise, we find some open cube ) C 2 with
Vu # 0.

Step 1. wis 1D in Q.

Indeed, we can compute

2

2 Vu
D = , thus A% =|D—1| , 12
V| V| e Val (12)
which shows that ‘g—z‘ is constant in @ precisely when A4 = 0 there. Letting e = %, this means that u = 0(e - )

in @ for some v : R — R.
Step 2. Conclusion. Given w € S"~! with w - e = 0, we see that d,,u = 0 in Q. By unique continuation, this shows
that dp,u =0 in R™, thus u = v(e - ) in R™ for some v: R — R. O

Definition 2.7. Let ¢ : R — (—1,1) be defined as ¢(s) = tanh (%), this is a monotone strictly increasing solution

of the A—C equation in 1D, and My (¢) = limg_~ (¢, Bg) = 1.
Then, one has the following:

Proposition 2.8 (Classification in R). Let u: R — R be a stable A-C solution. Then, u is either £1 or £¢(s—sg)
for some sy € R. The same classification holds for solutions with limg_, E(u, Br) < 00.

This can be shown by an ODE analysis. The best known results in higher dimensions are:

Theorem 2.9 (Classification in R?, [GG98]). Let u : R? — [~1,1] be a stable A~C solution. Then, u is either
+1 or ¢(a-x +b) for some a € S' and b € R.

Theorem 2.10 (Classification in R3, [AACO01; ACO00]). Let u : R® — [—1,1] be a stable A-C solution, and
assume moreover that My, (u) < co. Then, u is either £1 or ¢(a -z +b) for some a € S® and b € R.

A modern proof of these two results consists in plugging in a log-cutoff 7 into (11) to see that A vanishes, so that
Lemma, 2.6 reduces the results to Proposition 2.8.

Finally, we note the following simple but remarkable result:

Theorem 2.11 (Discrepancy decay, [Vil22, Proposition 2.4]). Let u : R™ — [—1,1] be a stable solution to

A-C. Then, there is C = C(n) such that

1 |Vul? C
_ <

R W (u) 2 — R3-

(13)

2.3 Wang—Wei “a-priori” estimates
Definition 2.12 (Sheeting assumptions). Let v : Bg — (—1,1) be a stable e-A—C solution. We say that u
satisfies the sheeting assumptions in Br (with constant Cy > 0) if

1
e|Vu| > oA and R|A,| <C; in {|ul <0.9} N Bg. (14)
1

In the lemma below—and throughout the paper—we will adopt the following notations: Given a point x € R™,
we write ' € R"~! for its first n — 1 coordinates, so that x = (2/,2,). Moreover, given a set @ C R""! and a
function g : 2 — R, we denote by graph g the set of points in Q x R satisfying x,, = g(a').

Set Cr := Bl x [~ R, R], where B, C R"~!. Since A controls the curvatures of the level sets, one has the following
standard lemma:



Lemma 2.13. In the setting of Definition 2.12, assume that u(0) =t € [—0.9,0.9]. There are 6 € (0,1) and Cs,
depending on Cy and n, such that:

Let {Tt}N., denote the connected components of {u =t} N Bs2r. Then there are g} < ... < g&, gt € C(Bjg), such
that—after choosing a suitable Euclidean coordinate frame:

I'l = graphg! in Csr and |Dg| +R|Dggf| < (Cy.

Wang and Wei showed that a-priori C? bounds can be upgraded to C?? bounds, obtaining moreover improved
separation and mean curvature estimates.

Theorem 2.14 ([WW19b], C? implies C*V). Let n < 10. Let u : Bg — (—1,1) be a stable e-A-C solution,
and assume the sheeting assumptions hold in Bgr for some Cy. Then, in the conclusion of Lemma 2.13, for every
¥ € (0,1) there are Cy and dg > 0 depending additionally on ¥ such that if 5 < do, then

C
1D~ + RD? gl < 2. (15)
Moreover, letting H[f] := div(\/ﬁ) denote the mean curvature operator,
ECQ
I ]l + [Hifl] o < T2 (16)

Additionally, the separation between layers satisfies
1+ R
Giv1 = 6 > —5—V2elog (€> (17)
Remark 2.15. We emphasise that we will consider € = 1 in the vast majority of the article.

2.4 'Wang’s classification result

Wang developed an analogue of Allard’s regularity theory for stationary varifolds in the Allen—Cahn case. In
particular, he obtained the following theorem, which allows to give a new proof of Savin’s result [Sav09].

Theorem 2.16 ([Wanl17], Allard-type theorem for A—C). Let v : R" — [—1,1] be a solution to A-C. Then,
there is § = 8(n) > 0 such that if Moo (u) < 1+ 6, then u is either 1 or ¢(a-x + b) for some a € S* ! and b € R.

3 The core of the proof

3.1 Reduction to a critical solution

Two regularity results. Theorem 2.14 may be regarded as an a priori estimate: it provides strong compactness
and regularity information under suitable assumptions, but its applicability appears to rely on the very classification
result we aim to establish. In contrast, Theorem 2.16 shows that the classification holds—in all dimensions and
without assuming stability—for solutions whose densities at infinity are sufficiently close to 1. This motivates:

Definition 3.1 (Subcritical density). Let n € N, n <7, and let K € R;. We say that K is a subcritical density
in R™ if the only bounded stable solutions to the A—C equation in R”, with density at infinity M, < K, are £1 and
é(a -z +0b) for some a € S"~! and b € R.

With this perspective, Theorem 1.3 amounts to showing that every K > 0 is a subcritical density. Intuitively,
our strategy is to prove Theorem 1.3 via a form of continuous induction on the density parameter K.

Using Theorem 2.14 we readily obtain regularity in regions of subcritical density (and just as in the Allard case,
we get an extra ¢) — this is a general feature in geometric variational problems:

Theorem 3.2 (Regularity in subcritical regions). Let n < 7, and let K be a subcritical density in R™. Let
u:R™ — (=1,1) be a stable solution to e-A—C. Then, there are § = 6(K) > 0 and C = C(K) such that the following
holds:

Assume that

M%(uw) < K+6 and <9J.

= o

Then, the sheeting assumptions (recall Definition 2.12) hold in Bsr with this C.

Remark 3.3. We have stated this result for e-A—C solutions in general just for ready applicability when performing
rescaling arguments; unless otherwise stated, everything else will be only for solutions to A-C with parameter 1.



Sketch of proof (see detailed proof in Section 4.1 below). The reasoning closely follows that of [WW19b, Corollary
1.3].

We proceed in the spirit of B. White [Whil6]. Suppose, for contradiction, that there exists a sequence of solutions
u; with §; — 0 as in the statement, yet with no uniform curvature bounds. By zooming in at points where the
curvature is nearly maximal, we obtain a rescaled sequence u; that now has uniform curvature bounds on expanding
domains.

At this point, Theorem 2.14 applies: the C?? bounds combined with the Arzela—Ascoli theorem yield C? con-
vergence to a global solution of the Allen-Cahn equation or to a complete minimal hypersurface. This limit object
has density bounded by K and unit curvature at the origin. Then, recalling Definition 3.1—or using the flatness of
complete, stable minimal hypersufaces with bounded density [SSY75; SS81]—this leads to a contradiction. O

Examining the proof carefully, we find another natural condition with which we already know the curvature
estimates. A similar observation (in a somewhat different form) was already suggested by Wang—Wei.

Theorem 3.4 (Regularity in good balls). Let n < 7. Let u : R® — (—1,1) be a stable solution to A-C, with
Mg(u) < Cy. Then, there are constants dpaq > 0, C and Ry, depending only on Cy, such that the following holds.
Assume that R > Ry, and that

A2|Vul? < Spaa for every x € Br N {|u] <0.9}. (18)
Bl(m)

Then, the sheeting assumptions (recall Definition 2.12) hold in Bg with this C'.

Sketch of proof (see detailed proof in Section 4.1 below). We run the same contradiction argument, with dpeq,; — 0
for contradiction. The only difference is that, in the global Allen—-Cahn limit case, passing (18) also to the limit we
would get a solution with A, = 0 in B;. But then it is one-dimensional by Lemma 2.6, reaching a contradiction
just as before. O

The critical solution. We set:

Definition 3.5. Let n < 7. We call K, := sup{K > 0 subcritical density in R"} the critical density. We say that
u:R™ — (—1,1) is a critical solution if « is a stable solution to A—C such that M, = K, and u is not 1D.

Unless every K > 0 is a subcritical density—as we ultimately want to establish—we must have K, < co. We can
then show:

Proposition 3.6 (Critical density is attained). Subcritical densities form an open set. In other words, assuming
that K, < 0o, there exists a critical solution.

Proof 1. We show that the set of subcritical densities in R™ is open. Let K < oo be subcritical. Then, Theorem 3.2
gives some 6 = §(K,n) > 0 such that, for any stable solution with M, (u) < K + §, we have that A, < % for every
R large enough. Then obviously A, = 0, thus « is one-dimensional, which shows that K + 0 is subcritical as well. [

Proof 2. We show that the complement is closed instead. Assume that K, < oo, so that there exists a sequence
K; N\ K, of densities which are not subcritical; up to passing to a subsequence, K; < K, + 1. By definition, there
exist stable solutions u; : R™ — (=1, 1) with My (u;) < K; but which are not 1D. By Theorem 3.4 there need to be
some z; € R™ such that

/ A% | Vuil? > G s (19)
Bl(Zi)

as otherwise Theorem 3.4 would give that A4,,, < % for every R large enough, showing that w; is one-dimensional.
Up to a translation, z; = 0. Passing to a subsequential limit (using standard interior C® estimates for solutions of
Allen—Cahn), we obtain a bounded stable solution u., to A-C with

Moo (tioo) = lim M, (uso) = lim lim M, (u;) <lim K; = K, .
r—00 i

T—00 1—00

On the other hand, by (19) we see that

Aim |V’U/oo|2 > (sbad .
B,

But then u., is not one-dimensional, thus K, cannot be subcritical either. O

From the above, we are compelled to define:



Definition 3.7 (Bad centers and balls). Fix n <7, and let u : R™ — (=1, 1) be a critical solution. Let dpqq > 0
be given by Theorem 3.4, with Cy = K,.
We say that z € R” is a bad center, and that By(z) is a bad ball (of radius one), if |u(z)| < 0.9 and

A2 |Vul? > Shaa. (20)
Bl (Z)
Moreover, we call Z(u) := {z € R™ : z bad center} the bad set, and denote with
Br(Zw)nQ):= |J Br(z) = {z:dist(z,Z2(u) NQ) < R}
z€Z(u)NQ

the R-neighborhood of the bad centers in a set 2. We will write Z instead of Z(u) when there is no risk of confusion.
Then, Theorem 3.4 gives curvature estimates in the absence of bad centers. In particular:
Lemma 3.8 (Existence of bad centers). If u is a critical solution, then Z(u) # 0.

Proof. Otherwise, Theorem 3.4 would give that A, < % for every R large enough. Then obviously A, = 0, thus u
would be one-dimensional, a contradiction. O

Large scale flatness. The critical solution has an extremely rigid structure:

Proposition 3.9 (Large-scale flatness). Let n < 7. There exists a dimensional modulus of continuity w such
that the following holds: Let u: R™ — (—1,1) be a critical solution, and let z € Z(u).
For any R > 1, there exists e, g € S™=1 such that

{lul £0.9}N Br(z) C {lear- (v —2)| <w(R"HR} and K.—w(R ') <Mpg(z)<K.. (21)
Moreover, K, is an integer. We emphasise that, in particular, w is independent of z € Z.

In other words, for a sufficiently large scale—around any bad center—the transition level sets of our solution
become close to a hyperplane of multiplicity K. Needless to say, this is a vast improvement with respect to a general
solution®, and we will make heavy use of this structure in the rest of the article.

Sketch of proof (see detailed proof in Section 4.2 below). The reason behind (21) is as follows:

e The densities K < K, are subcritical. If M g(z) < K, Theorem 3.2 then yields curvature estimates (for R large
enough, and with constants depending on K). Letting R ' 0o, since by definition a bad ball is a region with
a definite amount of curvature, this forces M g(z) ' K., and with a uniform rate!

e In other words, we have found a modulus of continuity w, independent of z, such that
K., —w(R ") <Mg(z) <K, forany zc Z.
But in particular, the density is becoming constant at large scales.

e By (the equality case of) the monotonicity formula, as R becomes larger our solution (rescaled) becomes
quantitatively closer to some stable minimal cone C' = C, g, with vertex density K.

e After a rotation, a minimal cone can always be written as C = C x R" % where R"* is its “spine” (i.e.
directions of translation invariance), and C C R¥ has density strictly less than the vertex density (i.e. K,) at
any given point x outside the origin.

e But then, we can apply the “inductive” curvature estimates (Theorem 3.2) in a small neighborhood around
any such x, giving smooth convergence there — and thus showing that C \ {0} is smooth.

If k # 2, Simons’ classification directly shows that C' is a hyperplane. If k = 2, Theorem A.6 gives that C is a
hyperplane as well.
Finally, Theorem A.3 shows that K, is an integer.

O

This noticeably general argument, which reduces the general classification problem to ruling out a critical solution
satisfying (21), would likely lead to similar conclusions in many other Bernstein-type problems.

6Think, for instance, of a catenoidal-type solution with a neck at scale one, looking flat again for several larger scales, and then
developing a much larger neck at scale R > 1.
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“A-priori estimate philosophy”. We believe it is worth highlighting that our proof of Theorem 1.3 does not
use the powerful regularity theory in [Wicl4]. In fact, the use of the rich Allen-Cahn varifold theory developed in
[HT00; TW12] can interestingly be entirely bypassed in our article, and we elaborate on this point in Appendix B.

This renders the theory for stable solutions of the Allen—Cahn equation completely self-contained (not relying on
the theory of critical points), with [WW19b] understood as a (crucial) component.

For later use, we record the following byproduct of the proof (see Section 4.2):
Proposition 3.10 (No gaps). In the conclusions of Proposition 3.9, the following additionally holds:
K, —w(R™") < Myr-1ry) < K. forevery y€{esr-(v—2)=0}NBg(z). (22)

3.2 A tangential form of stability

We consider a tangential version of the stability inequality (introduced in [Ton05]) which relates the behaviour
of the bad set to the flatness. We first need some definitions:

Definition 3.11 (Tangential gradient and tangential Allen—Cahn 2nd fundamental form). Let e € S*~!
be a unit vector. We set V¢ u := Vu — (e - Vu)e, and

’ !’
DV u|?—|V|V® ul|? . '
4 | ‘lVT‘LP‘ Il if V'u #£ 0,
e .
0 otherwise.

Here DV u denotes the differential matrix of the vector field V¢ .

Remark 3.12. In a frame with e = e,, and lg:ﬁ(mo) = ey, we have |Vu|?A2(zg) = Z;:; Doy uZ; (o).

Definition 3.13. We set the following dimensionless quantities.

o L2-height excess:

H( 1 5 [ [Vul? o\ )
“(u,e) = (x-e) - +W(u)|, and Hi(u) = Eglf H: (u,e).
BT e n—1

o [2-tilt excess:

1
T?(u,e) := / (1 — (e- |g—z|)2)|Vu|2, and T2(u) := eeié}il T2(u,e).

e L2-tangential curvatures:

1
K?(u,e) := /B( AZ(u)|Vul?,  and K?(u):= inf KZ(u,e).

T"_3 ecSn—1
Naturally, H, (u), T, (u), K, (u) denote the corresponding square roots. Moreover, we denote
H?(u,e,z0) := H2(u(- — 20),€), T2(u,e,xq) := T2 (u(- — z0),e), K>*(u,e,x0) := K2(u(- — x0), ),

and likewise for T2(u, x¢), K2(u,z0), H2(u, 7). We will mostly omit u from the notation, as it will be clear from
the context.

Proposition 3.14 (Tangential stability inequality). Let u : R® — R be a stable solution to A-C, and let
e € S"7L1. Then, there is C = C(n) such that

K% (e) < CT3p(e).

Sketch of proof. We test (4) with & = |V¢ u|n, where 7 is a standard cutoff. A detailed proof (including the simple
computations which give the final inequality) is given in Section 4.3. O

In our situations of interest, a Caccioppoli-type inequality will show” that
K%(e) < CHig(e), (23)
thus we work exclusively with the latter (we can forget about the tilt excess). Here are the main takeaways:

e The geometric flatness in (21) immediately shows that H%(es r,2) = o(1) as R — oo. Therefore, we have
improved the right term from (11) to a quantity which decays at infinity!

7See Section 4.4 for how the notions of excess that we will use are related.
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e However, with a heavy drawback: A2 does not control the curvatures of the level sets in the direction of e
anymore (see Remark 3.12). This appears to be a major—and unresolved for now—difficulty in most problems
about stable solutions, in striking contrast with the very special case of minimal hypersurfaces in which one can
recover the full 2nd fundamental form on the left, yielding a stronger form of the stability inequality (Schoen’s
inequality, which is precisely [SS81, Lemma 1]).

e Since we lack a method to replicate [SS81] (or [SSYT75], which uses Simons’ identity instead), we adopt a
different strategy. In fact, (23) will be used exclusively (but crucially) as a way to control the behaviour of
the bad set.

e By definition, each bad balls contributed a definite amount to the left term in stability—we show that each
bad ball still contributes a definite amount to the left term in (23), regardless of the choice of e.

Proposition 3.15 (A’ detects bad balls). Let u be a critical® solution, and let z € Z(u). Then, there is some
baq > 0 depending only on n such that

/ A2|\Vul|? > 6,4 for every e€ ST,
Bi(z)

The proof is given in Section 4.3. Essentially, the reason behind the result is that A2 = 0 implies that u is 2D (and
thus 1D by Theorem 2.9).

Morally, “curvature accumulates in all directions”. The proof relies only on the classification of 2D stable solutions,
the best known result for many semilinear and free boundary problems, opening up the possibility of adapting our
strategy to them.

An important consequence of Proposition 3.15—combined with (23)—is the following lower bound for the height
excess around bad balls:

CHjp(2) > (24)

Rn—3"°
We are now ready to delve into the contradiction argument.

3.3 Reaching a contradiction — A full overview of the argument

To prove Theorem 1.3, we may assume for contradiction that K, < oo. There exists then a critical solution
u:R* — (=1,1), with (nonempty, by Lemma 3.8) bad set Z as in Definition 3.7.
We will show that the existence of such u gives a contradiction (equivalently, the set of subcritical densities is
also closed). This may be seen as an “inductive step”: the fact that any solution with density < K, must be 1D
constrains the critical solution to have a special structure (21). This information will be crucially used to set up our
contradiction argument.

Interestingly, once we have combined the critical solution, the bad set inspired by Wang-Wei and its control
via tangential stability, all of which are new and completely independent from [CFFS25], our overarching strategy
will share striking analogies with the classification of 3D stable solutions to the Bernoulli problem in [CFFS25]. As
explained in Remark 1.6 this analogy is not obvious at all a priori. We choose on purpose notations and write our
results in a way that such parallelisms—which would otherwise be difficult to grasp—become as apparent as possible.

Overarching strategy. Perhaps optimistically, one might hope to exploit the closeness of Allen—Cahn level sets
to minimal surfaces in order to perform a geometric improvement-of-flatness iteration (a la De Giorgi, Allard, or
Savin). This would allow us to bring the flatness in (21) from scale R > 1 down to scale one around some fixed
z € Z and reach a contradiction.

Unfortunately, this naive approach fails. The point is that we have access to enhanced mean curvature bounds
only on good balls; meanwhile, nothing prevents the bad set from appearing dense along a hyperplane (at large
scales). In other words, good balls may be of infinitesimal size relative to the scale under consideration. In such
situations, the mean curvature estimates available on these good balls are useless for establishing regularity in the
much larger ball of interest.

The previous obstruction also makes an intrinsic approach in the spirit of [SSY75] or [Bel25] essentially hopeless,
apart from the fact that we do not have access to Schoen’s or Simons’ inequalities anyways.

To overcome this, our guiding philosophy will instead be to seek a contradiction from the very existence of the
bad set as a whole. An outline of our argument in this article is the following:

e We consider a carefully selected large bad ball Bg, (zy), with £7 := H%k (z) — 0.

8(Criticality is not needed here: Assuming only u stable and fB1 A2 |Vu|? > ¢p > 0 instead, we would deduce that fBl A2|Vul? > §
3

for every e € S*~1, where § = §(co,n) > 0.
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e Using the special properties of this ball, we find Rbk, with 1 < R}: < Ry as k — oo, and a new center y,, such
that Bp, (y;,) C Bg, (zx) and

H2

X X
2 (Yp) S (RZ/R;C) e and K, — MRZ(yk) S (Rbk/Rk) e for some tiny x > 0. (25)

b

k

e Via a crucial monotonicity-type inequality, which relates the height excess with the density pinching, we will
bring the improved flatness back to the original scale Ry, up to a logarithmic error:

X
Hip, (ys) S HE, (yy) + log (Ri/R}) [ K. — My, ()] S (Bi/R) log (Ru/R) &
so that

X
et = B}, (24) S Hin, (ye) S (RL/Re) log (Ri/RL) 3.

For k sufficiently large, since R}: /Ry, — 0 this yields a contradiction.

Very informally, we improve the flatness of v in Bp, (zx) with respect to itself, which is naturally a contradiction.
We now explain our strategy in more detail.
Selection of center and scale. Consider the following;:

Definition 3.16 (Size of the bad set at resolution §R). Given 6 € (0, 1], define

N(0, Br(2)) :=(0R) ™| Bor(Z N BR(Z))‘ (26)

~(OR)™"| Usezrpn(s) Bon(2)] (27)

i.e. essentially the number of balls of radius R needed to cover Z N Bgr(z) (by standard covering arguments).

Set Ny := N(0, Br(z)). Stability easily gives ‘Bl (Zn BR(Z))’ <SRV e Ni 3 R"=3. We may then hope at
best that Z behaves like a codimension-three submanifold of R™, or codimension-two in {u = 0}. Now, if that were
the case, we would have Ny ~ 6~("=3) for every 6 € (0,1], a “Minkowski-type” bound; on the other hand, we only
know a “Hausdorff” bound N 1 < R"73, perfectly compatible with the bad set looking essentially (n—1)-dimensional
at large resolutions AR > 1, leaving no big good regions available.

As explained before, there is then no hope to be able to perform a geometric iteration, and we will need to
improve the excess via another argument. An instructive observation is the following: Assume that Ny > §—(—3+8);
by Vitali, we find ~ Ny disjoint bad balls Byr(z;) C Br(z). Then, we can bound

~ N, ~N,
i KgR(zi) < inf 8 %_3/ A;2|Vu|2 < inf %_S/ A;2|Vu|2 = 9_("—3)K%(z);
=1 ecSn—1 pt (GR) Bor(z:) ecSn—1 (QR) Br(z)

in particular, since Ny > 6~("=3+5) there is at least one z; in the sum such that K2(z;) < 0°K%(z).

In other words, we have improved our tangential curvatures with an algebraic rate! Changing the center may
seem nonstandard in this class of problems—the point is that z; is a bad center again, just as good as z to continue
our contradiction argument thanks to the uniformity in (21).

To transform this into an excess decay, we would need a sort of “reverse stability relation”. This motivates (see
Section 5.2 for the short proofs):

Lemma 3.17 (Selection 1: Choice of Rj and z;). Let « € (0, i) There exist R, — oo and z;, € Z such that

5% = HiRk(zk) -0

and
1+«
H2 ,(a) < 2 22 2 Z and R € [Ry, R 2
ir(z) < K2 (z1) ey foreveryz € Z an € [Ro, Ry]. (28)
Ry, \ 2k
We obtain this by essentially choosing z; and Rj which maximise %, which is a slightly penalised (by

a > 0) version of the tangential stability inequality, among all z € Z and R < Rj.

9The motivation behind this definition of excess in our article was precisely that we found (a weighted version of) it to satisfy this
challenging monotonicity-type relation.
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From the discussion above, it is then natural to consider, for a fixed 8 € (0,1):
0}, ~ inf {6 : exists z € Z with Byg, (z) C B, (zx), Kng (z) < Q’BK%k (zi)}, (29)

so that we find new Ry, := 0 Ry, and z; with (by (28)) the desired excess decay Hiﬁk (z1) < gf(l'm)aﬁ. On top of

that, the bound we wanted for Ny will actually now hold'? relative to Bg, (z1). The precise statement is:

Lemma 3.18 (Selection 2: Passing to Ry, and 7). Let Ry, zy, e be given by Lemma 3.17, and fix 8 € (0,1).
For k large enough, there exist 6}, € (%, 1] and z, € ZN B, (zk) such that, putting Ry, := 0, Ry, and €, = 95(1+a)€k,
the following hold:

Bék (Ek) C BRk (Zk) and IA‘—L;]C — 00.
2 > =2
H4§k(zk) <2 —0.

Excess bound:

K2 (Z) 14« ~ (n=3)(14+«)
H?,(z) <2 <K2~R(Ek)> & <2<Rk> g foranyz€ Z, R> Ry s.t. Br(z) C Bg, (k).
Ry

(30)
Bad ball count:

N0, By, (@) < OO~ forall g (52, 1]. (31)

k

Observe that we carry over (30) too; this will be just as important as (31). This concludes Section 5.2.

Linearisation and improvement of flatness. It is at this second center and scale that our setting will allow
us to perform a linearisation procedure. Let us restrict to n = 4 in what follows. The main steps will be:

(i) By (30), which guarantees flatness at many scales, we will be able to cover almost all of {u = 0}NBp, /,(2x)—except
for a small neighbourhood of the bad set—by a union of K, graphs z, = g;(z’), with g; : B%k/4(2§€) — R (in
suitable Euclidean coordinates after rotation). The prime notation ’ will be used throughout to denote objects
in R?~1, the first n — 1 coordinates of a point, etc.—see more comments on this notation below.

We will then consider, for each i = 1, ..., K, the functions

7, + Rix') — (Za)n
ngk

(ii) A crucial step will be to show that the mean curvatures of the h; are much smaller—in fact, bounded (in L!)

hi(ifl) — gl(

, which have L' norm of size 1 in Bj ;.

by a positive power of ;. This will combine all the special properties of the pair center-scale (zy, ék) and
of course will strongly rely on [WW19b]. Then, this result will imply (via a standard iteration), that at any
ze ZNB 7, We can find K, different affine functions #¢; such that

|h; — ;] s of size O(?:‘zxm) on average over Bé: (Z'/Ry), (32)

for some tiny exponent x > 0.
Up to scaling back, this amounts to a small improvement of flatness for each layer g;. Notice however that, a
priori, there would be no reason why the #; should be similar to one another (for example, the g; could have
all been linear functions themselves to begin with).

(iii) Finally, by carefully leveraging the properties obtained from the continuous induction argument—more pre-
cisely, using (21), which forces all layers of {u = 0} to lie close to each other when viewed inside a sufficiently
large ball centered at any bad center—we will show that the ¢; must in fact be very close to one another. More
precisely, we will find a single affine function ¢ (for example one can take £ := Ry¢;(Z), + -)) such that:

u is of size O(

gX/Q
EXRy, e

on average over B;,(Ek (z), forevery ie€{l,.., K.}. (33)
X Ry,

This collective improvement of flatness of the layers will then be upgraded to an improvement on H? and
K. — M, leading to (25) and thus the final contradiction.

We now explain in more detail the steps above. Throughout the paper, we use the prime notation ’ to denote
projections of sets'!, points, and balls onto R*~! = RR3,

10 As otherwise the argument before the lemma would allow the curvature decay to continue.
M For example, if A C R™ we set A’ := {2’ € R*~! : (2/,t) € A for some t € R}.
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Given A > 0, we set
Oy = {dist(«', [Z2 N B, (z))') > &R} N B’%Ek (z),) Cc R™ 1. (34)

Notice that the set 2 clearly depends on k, but we omit this dependence in the notation for readability, as there is
no risk of confusion.

Throughout, o (1) denotes a (positive) quantity that can be made arbitrarily small by taking & sufficiently large
(independently of all other variables involved in the statements).

Our starting point towards point (i) described above is:

Proposition 3.19 (Graphical decomposition). Let v := 1/4. For any given k, let us choose a Fuclidean
coordinate frame'? such that Hiﬁk (en,Zx) < 22. Then—for k sufficiently large—there are K, smooth graphs
9i Qa2 = R, g1 < ... <gk,, such that
K.
{u=0}nN B%Ek (Zk) N (Q2—y/2 X R) = U graph g; .
i=1
Furthermore, recalling that H[f] := div(——2L—), we have

VIHIVI?

, C
Vol <o) end [Mlle) < Qo Z a0 B, Gl

By (30) it can be seen that
1 ~ ~ . . . ~
=9: = (Zk)nllL=(0,_,,.) S€ (L. we have initial collective flatness &) .
k

As explained in (ii) above, we would like to say that these graphs look minimal/harmonic, to perform an iteration
that improves this flatness. On the other hand, they are only defined on a “punctured domain” Q,_. /5, and with
estimates from (35) degenerating as we approach the (projected) bad set. This forces us to work with:

e L! measures of smallness and minimality /harmonicity, instead of L.
e New, delicate Whitney-type extensions g; of our graphs (performed in Section 7.1), with g; = g; in Q2_.,, which
capture the integral information coming from (30).

Let hi(z') = W. In Section 7.2 we will establish precise local L' bounds for |Ah;|. In particular,
kg

we will prove—together with other, more refined estimates that are also needed but omit here—that

/ |Ah;| = O(gilc/lo)-
B/

1/8

Then, given z € B,  (2x), a simple iteration then gives affine functions ¢; : R3 — R so that
1Ry
1

P G: — 4] S &, (36)
(Ek Rk) stﬁgﬁck) (z')

i.e. (32) up to rescaling.
To upgrade (36) to (33)—which is point (iii) above—we will proceed as follows:
e An L idealisation: Define B' := B (z) and B? := Basay (2) C B, Set & = 5,1€+X/2(€Z]§k). Let us
ey, g €k k
imagine that we had (36) in L® form rather than merely on average. For this idealisation, let us also forget

about the distinction between g; are g;, thus pretending that they are both defined in the full domain without
holes. We would then have:

lgi — ;| < & in B'', thus lgi — 4] < & in B” ¢ B'" as well. (37)

Moreover, by (21) all of the g; pass inside B?; in particular, |g; — g;| < diam(B?) < & in B2
By the above and the triangle inequality, |(; — £;| < & in B'? too. Since the g; can’t cross each other, the ¢;
(which are affine) are forced to be always very close, and then |¢; — ¢;| S & in B’ ! as well, as desired.

e Our case (L' with L™ scaling): As we will see, B? \ Qa_, is actually tiny, thus the distinction between g;
and g; is only a minor technical issue. On the other hand, compared to (37), the implication

][/1 9i —b| Séx = i |9: — li| S éw (38)

12This frame always exists thanks to the second bullet in Lemma 3.18.
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is not automatic and hard to establish.

We will show this implication by running (in Proposition 7.10) a second iteration (a geometric improvement
of oscillation); however, this will require |Ah;| to be substantially smaller than what is needed to prove (36).
This extra smallness —obtained in Proposition 7.6— happens to break a natural criticality of the problem and
must be obtained through a delicate dichotomy argument. Once the implication (38) is established, arguing
just as above for the rest we find that [¢; — ¢;] < & in B forall1<i,j<K,.

Combining the above, letting ¢ := ¢; we will find:

Proposition 3.20 (Improvement of flatness at scale g?gék) Let n = 4 and fiz x € (0,55], B € (0,55] and

a € (0, 45]. Given anyz € ZN Bék/g(ik); there exists—for k large enough—an affine function ¢ : R*~! — R such
that

1

EXRIBL g, @) 5y s

lgi — €] < C’g,ljxm for every i€ {1,.., K.}, (39)

where C' depends only on x, B, and a.

Section 7 is devoted exclusively to proving this result, following the strategy we just outlined. In Section 8 we
use Proposition 3.20 to conclude our contradiction argument:

Improvement of Allen—Cahn excess and density. Choosing z in Proposition 3.20 to be at the “boundary”

of the bad set, we find a clean (meaning free of bad centers) ball El(y) C B! of comparable size, where we have
< ~1+x/2

1 .
%Hgi - EHLoo(]:;/l(}—,)) S e . Since

uniform elliptic estimates. Then (39) transforms into an L estimate, i.e.

{u = 0} is given by the K, graphs g; in this ball, this will lead to'?

< 2+2x/3 7

_ ~242x/3 _
H?E?jfik)ﬂ(y) NG and moreover K, — & X/3 < M(gﬁﬁk)ﬂ(y) <K..

A monotonicity-type relation and the final contradiction. By the monotonicity formula, the above density
pinching should mean u is very conical. In Theorem 8.5 we exhibit a new, delicate monotonicity-type relation which
quantifies this. Letting H and M be the variants'* of H and M defined in Definition 8.3, it says that

_ — 1
H, < Hy, + C|log\)|"*(M, — M,,)"/? forany 7>0 and \€ (0,5). (40)

This inequality, which may be viewed as an outward epiperimetric-type relation, allows us to transport the improved
height excess back to the original Bg, (z) from Selection 1 (see Lemma 3.17). This improves Hyg, (z)) with respect
to itself, reaching a contradiction as in the brief overview at the beginning of the section.

3.4 Obstructions to the proof in higher dimensions

Most results have been carefully optimised so that they hold in higher dimensions. The main obstruction to
extending our proof comes from the mean curvature estimate in Theorem 2.14 (which is optimal as stated).

Indeed, even in the very idealised case where one knew a priori that there is only one single bad ball, say centered
at 0, a natural obstruction arises in dimensions 5 <n < 7.

Here is an overview in this idealised setting: Using that Hi 7 (z1) < &2 and applying (24), we find a lower bound

for the flatness in B,z (2)) for our solution: namely,

c 2/ (n— c
gi 2 = or 62/(n 3) 2 —_ . (41)
Ry ~?
This bound is moreover sharp in the case in which ZN B,z (z1) consisted exclusively of a single bad center, i.e. Zg.
Now, exactly as in (i) above, consider the rescalings

7, + Rix') — (Zx)n

Ryep

hi(z'") == gl , which have L' norm of size 1 in By, .

13The bound on H is easy, since we will have exponential decay away from {u = 0}. To go from the large concentration of {u = 0} to
a lower bound on M, we will combine a slicing argument and the behaviour of 1D periodic Allen—Cahn solutions (Appendix D).

HMInterestingly, we obtain the challenging formula for weighted (by a heat-type kernel) versions of H and M, which will be just as good
as the original versions (see Proposition 8.4) for our purposes.
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To perform an improvement of flatness iteration—even just for a small number of scales—we need the mean curvatures
of the h; to be small, as we described in (ii) above. More precisely, the mean curvatures should be bounded (in L!)
by some positive power of £.

Naturally, the mean curvature bound we have access to is the one in Theorem 2.14, or (35) in our setting. Rescaled

to the h;, it says at best that
1
/‘|mmm&mmo(~~)
4 Rksk

1/4

Combined with the bound (41), we find then that

/‘|Hmngcii——:cq*.
1/4
Already for n = 5 we do not obtain a positive power of £ anymore. This means that the mean curvature estimates
on the h; are simply too large to allow for an improvement of flatness iteration.

It would appear then that, in order to overcome this obstruction, one cannot forget the more precise information of
where (16) comes from: namely, a Toda-type elliptic system governing the interaction between layers (see [WW19b]).

4 Key preliminary results

4.1 Regularity results — Proofs of Theorems 3.2 and 3.4

Proof of Theorem 3.2. Notice that the statement is scaling invariant. Hence, by considering the rescaled function
u(R-), we can (and do) assume that R = 1.

Step 1. We first prove the lower bound for |Vu,|.

Assume for contradiction there are ¢; ;, 02 ;,¢; — 0 such that:

We have

Mil (U'Ez) S K + 5171', (42)

yet

there is some 2; € Bs, , N {|uc,| < 0.9} with [V,

1
(z;) < P (43)

Since By_s, ,(7;) C Bi, by (42) we can bound
gs(ué‘i’ Bl_62,i (331)) < ge(usivBl) < K+ 51,2’
(1 _ 6271,)71—1 - (1 _ 62,1')"_1 - (1 _ 527i)n—1 :

MY 5, (ue,, i) = (44)
Consider the rescalings w;(z) := ue, (;(x — x;)). Letting R; = (1;@, the u; are now A-C solutions with parameter
1 defined on Bg,. Moreover, by (44) and monotonicity we find that
K+ (5171'

(1—d24)" 1
yet by (43) we have |;](0) < 0.9 and |V,](0) < +. Since |u;] < 1 and they all satisfy (5), standard C? estimates
and Arzela-Ascoli provide a subsequence converging in CZ (R™) to @, a bounded stable solution to A-C on all of
R"™, such that

M, (u;) < for all r < R;, (45)

Moo (tioo) = lim M, (i) < K yet [tso|(0) < 0.9 and |Vi|(0)=0.

=00
On the other hand, since we are assuming that K is a subcritical density, together with the fact that i |(0) < 0.9 < 1
we deduce that U = ¢(a -z + b) for some appropriate a, b, but then |Vi|(0) = ¢'(b) # 0, a contradiction.
Step 2. We prove the bound for A,_; (8) follows then directly.
Recall that we are assuming R = 1; we will find C and r € (0,1), depending on K, such that
C
A, < . in {Juc(x)] <09} N B,,

which is equivalent to proving the statement.
We show this by contradiction. Assume there were 81 ;, 2,4, ; — 0 such that M (ue,) < K + 61, yet

52,i¢4u5i (x;) = 0o for some x; € {|ue,| < 0.9} N By, ,,
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which in particular gives that

sup dist(z, 0Bas, , )| A(u;)|(x) — o0
z€{|ue, |§O.9}ﬂB2521i

Let y; € {|ue,| < 0.9} N Bas, , be such that

2dist(yi, 0Bas, ;)| A(wi)|(y:) = Sup dist(x, 0Bas, ;)| A(uq)|(z) , (46)
€ B2s,
and set
R; := dist(y;,0Bas,,), Ai:=|A(ui)|(y;) and & = ﬁ
Defining u;(z) = ue, (y; + mx), we now have solutions with A—C parameters &;, defined on domains B A,

converging to R™ (since r;4; N o), and which (by the same computation as in Step 1, since y; € Bas, ;) satisfy
5~ K+ 61,
M (u;) < =255, 1
Case 1. We have &; — £ € (0,00]. The functions @; then satisfy elliptic estimates, which (since Ay, (0) = 1) shows
that necessarily £, € (0,00). But then, the same argument as in Step 1 combined with the fact that Ag(q.q45) =0
yields a contradiction.
Case 2. Otherwise, &; — 0. Now, observe that we have A(u;)(0) = 1 and (thanks to (46)) also A(u;) < 4 in Br 4 .
Together with Step 1, this means precisely that the w; satisfy the sheeting assumptions from Definition 2.12 in
balls of radius one, and therefore we have the conclusions of Theorem 2.14 as well. This gives uniform C%? estimates
for some fixed § > 0, say 6§ = 3, which (by Ascoli-Arzela) shows that the level sets {u; = ;(0)} converge (up to
passing to a subsequence, not relabeled) in 012 O’f(R”)7 to a complete minimal hypersurface ¥.. By Theorem A.5, it is
stable; moreover, as in Step 1 using (137) we find that H"~1(X N Bgr) < CCoR™~! for every R > 0. Then, by the
stable Bernstein theorem with Euclidean area growth in R™ with n < 7, see [SS81], we deduce that X is a union of
parallel hyperplanes, and in particular [Is;] = 0. By the C?? estimates once again, which imply convergence in C?.,
we deduce that actually supp, [Iiz,—g,(0)}| — 0.
It then follows (see [WW19a; WW19b] for more details) that
sup |A(w;)|(x) — 0.
x€{u;=u;(0)}NBy /2

for all r < R;. (47)

On the other hand, we had |A(%;)|(0) = 1, a contradiction for ¢ large enough. O

Proof of Theorem 3.4. This is essentially a variant of [WW19b, Corollary 1.3]. Following exactly the same contra-
diction argument as in the previous proof, in Step 1 we would get solutions with the additional assumption that
fBl(m) A(ue,)?|Vue,|*> — 0, so that the limit ., would satisfy fBl A(Tioo)?| Voo |* = 0. Then s, would be one-
dimensional by Lemma 2.6, thus either 41 or of the form ¢(a -  + b) by Proposition 2.8, reaching a contradiction
exactly as in the previous proof. In Step 2, the proof of Case 1 would follow this exact same reasoning, and Case 2
did not use the subcritical density assumption anyways. O

4.2 Large-scale flatness — Proofs of Propositions 3.9 and 3.10

Proofs of Propositions 3.9 and 3.10. Step 1. Density at large scales.

We first show that K, — w(%) < Mkg(z) < K,.. The second inequality holds by monotonicity. For the first one,
let K < K,; we want to see that there is some universal Ry = Ro(K) such that Mg(z) > K if R > Rg. But
indeed, by definition of K, we know that K is subcritical, and in particular we can apply Theorem 3.2 (with € = 1),

from which it follows that if Mg(z) < K then A, < % in By(z) (as long as R > Ry(K)). On the other hand

AuVul?2 > 6pgq >0 by assumption, and |Vu| < C is bounded. This implies that necessarily Mg(z) > K up
Bi(z)
to making Ro(K) large enough, as desired.

We are ready to prove the rest of Propositions 3.9 and 3.10. We assume then for contradiction that there were
some &1 > 0, and some R; — 00, u; and z; as in the statement, but such that for any given e € S*~! either

{luil 0.9} N Br,(2:) ¢ {le - (x — 2| < 61 Ri} (48)

M, r(u;,y) < Ky — 01 for some y e {e-(z—2z;) =0} N Bg,(z;). (49)
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Step 2. Rescaling and cone analysis.

Rescaling by 2 7 we get solutions w;(x) := u;(z; + R;x) of £;-A—C with parameters &; = +. By Theorem A.3 and
Theorem A.5, they will converge—up to subsequence—to a limit stationary stable mtegral Varlfold V=(3,0). W

will write 3 instead of V' and supp V, by slight abuse of notation; our simple arguments will be of very standard
nature. Let Mg(3,y) = WHZH(BR(]J)), and Mp(X) := Mgr(X,0). Using (137) and Step 1 we see that
Mpg(¥) = lim; 0o Mgg, (u;) = K. Thus, by the monotonicity formula for stationary integral varifolds, ¥ will be a
cone, meaning that AX = ¥ for any A > 0. We want to see that X is a hyperplane.

All points in ¥ have density at most K, by upper semicontinuity. Define S to be the set of all points of X
with density exactly K,; since My () = K, as well, ¥ is also a cone around any point of S. By standard GMT*®
arguments, S is actually a linear subspace, the “spine” of ¥, and ¥ +x = ¥ for any z € §. In an appropriate
Euclidean frame, we can decompose ¥ = C' x R* %, 1 < k < n, so that C C R” is still a stable minimal hypercone.
Moreover, letting Ox(z) := limp_,o Mr(X, z), we have that

{0} x R"* =8 = {0y = K.} ={6x > K.} . (50)

The takeaway here is that all points in C'\ {0} have density below K,.. In fact, we have a strict drop, i.e. there
exists'® some K = K(X) < K, such that SUD, ¢ (o {0}) x BI Ox(z) < K.
Let 6 = §(K) > 0 be given by Theorem 3.2. Let A = B\ Bf/z C RF. By the convergence of the A-C energies
to the limit and upper semicontinuity, we easily see that up to making ¢ > 0 smaller, for ¢ large enough we have
M (i;, X) < K+ for every X € (CNA)x B}*. Moreover, up to making i larger, we have &; < §2. This means that
(by Theorem 3.2) the sheeting assumptions are satisfied in Bs2(X) for some C = C(K), for every X € ANSF~1 x By,
which gives uniform curvature estimates for {u = ¢} for every |t| < 0.9. Passing to the limit (via Ascoli-Arzela and
Hausdorff convergence), we conclude these level sets converge in C*® to (C'N A) x Bfﬁk, and in particular C' N A
is C1. Since C is a cone, we deduce that C'\ {0} is C1® as well, and therefore smooth by standard bootstrapping
results for minimal graphs.

Case 1. If 3 < k < n, then Simons’ classification [Sim68] of hypercones C C R*, 3 < k < 7, which are smooth
and stable outside of the origin gives that C' (and thus X)) is a hyperplane.

Case 2. If k = 1,2: If k = 1, ¥ is trivially a hyperplane. If k = 2, i.e. ¥ = C x R"~2, applying Theorem A.6
(given that ¥ is an e-limit of stable e-A—C solutions), we conclude that ¥ needs to be a hyperplane as well.
Step 3. Conclusion.
Choosing an appropriate Euclidean coordinate frame, by the Constancy Theorem ([Sim18, p. 243]) we have ¥ =
K.[{z, = 0}], and K, € N by integrality. In particular, by (138) applied to the u;, {|u;| < 0.9} N By C {|zn| < 41}
for i large enough, which scaling back gives (48) for the w;.

We are left with showing that, given §; > 0, we have

M?l (Us,y) > Ko — 61 forevery ye{z,=0}NB;

for i large enough, since it gives then (49) after scaling and thus yields a contradiction.

Now, since ¥ = K,[{x, = 0}], obviously M.,.(3,y) = K, for any such y and r > 0. Assume there were however

Y; € {xn = 0} N By such that ME" (Wi, ys) < Ky — (51 instead, and let yo, = limy y;, be an accumulation point.
Let A < 1; by (137), we see that lim; o M>\51 (Ui, Yoo) = Mg, (2,y) = K. In particular, M)\5 (Wiy,» Yoo) >

K, — 11—0(51 for all k large enough.
Now, up to making k even larger, we additionally have B, (y;,) D Bas, (yoc). Fixing A close enough to 1 (de-

pending on K, and d1), we can then ensure that MZ" (Wi, Yiy,) = %Mﬁl (Wi, Yoo ), just by direct comparison.

Combining the above we reach MZ’”‘ (U;,,,v5,) > K. — 01, a contradiction. O

4.3 Tangential stability and bad balls — Proofs of Propositions 3.14 and 3.15
Proof of Proposition 3.14. We will show that, for every n € C}(R"),

Vu 2 o
[z e < [ (1 (w) )IWI2IVUI2— T

15Geometric Measure Theory; see for instance [Sim18].
16Indeed, notice that since C' is a cone we have sup

z€(C\{0})x B}~ kOx(z) = sup<z ,a@n—k)e(Cnsk—1)x B~ kez(x " k) If the
strict drop were false, we would find a limit point z = (2*,z"~*) € C NSk~ x BI™ k with (by upper semicontinuity of densities)

Ox(zF, 2" ~%) = K., but (by (50)) then z¥ = 0, a contradiction with =¥ € S*—1.
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which plugging in a standard linear cutoff shows Proposition 3.14.
We test stability with & = |V¢ uln, getting

- / W () IV ulr)? / VIV ul) ? / (Va2 [Vl + VIVl 4 S99 ) - 9o (51)

On the other hand, dlfferentlatmg (5) in a direction 7 € S*~! and multlplylng by the directional derivative uT gives
that u, Au, = W”( )uZ, which adding over an orthonormal basis {7; }]:1 of {7-e = 0} and multiplying by n? shows

Zuﬁ Aurn® =W (u)| Ve ul*n?
J
Integrating by parts, we obtain that

e 1 1 e’
—/W"(u)|V ul*n? :/Z\Vu7j|2n2+§/ZVuij -Vn? :/Z|VUTj|2n2+§/V(|V ul?) - V.
i j j
Combining this with (51), we find that
[ (S Va2 = 1919l < [ 19 a9,
J

which since 3 [Vur [* = 37,370 (Qiur,)? = |DV u|? shows the desired result. O
Proof of Proposition 3.15. Assume the proposition is false for contradiction. Then, we find appropriate e, u; such
that [ A2 (ug)|[Vug|? > Gpaa but JB1 (@) A2 (ug)|Vug|? < +. Letting @y (z) := up(z — 2%), up to a subsequence

we obtain a stable solution ., = limy, ux and some eo, € S*~1 such that fBl A2 (Uso) [ Vttoo |2 > Spaa but A, (o) =0
in By. Then, by Proposition 4.1 below, we deduce that u, is two-dimensional. By the 2D stable De Giorgi conjecture
(Theorem 2.9) then s is either £1 or of the form ¢(a-z+0b), but then A(tw) = 0, and we reach a contradiction. [

Proposition 4.1. Let u: R™ — R be a solution to A-C, and assume that A, =0 for some e € S*"1 in some open
set Q. Then u is two-dimensional in R™, i.e. u = v(ay - x,as - x) for some orthogonal directions ay,as € S*~1 and

v:R?2 - R.
Proof. Assume withot loss of generality e = e,,. Assuming that V'u # 0, we can compute
Viu DV'u-V|Vul® 2 \V’ul V'u
|Viu| |V ul |V ul

The same argument as in Lemma 2.6 then gives the result. O

, thus AEZHD

4.4 Height and tilt excesses
The first result is a Caccioppoli-type inequality for the level sets of u (rather than w itself).

Lemma 4.2 (Caccioppoli). Let u : R® — R be an A-C solution, and let n € C}(R™). Then, there is C = C(n)
such that

J19eaip < a [ 1o IVl Val [ Waum.
Proof. Obtained as in [Wan17, Remark 4.7]; we give the proof in Appendix C for convenience of the reader. O

Recall the cylinder notation C, := B x [—r,r] C R"~! x R. The following well-known lemma asserts that most
of the energy is concentrated around the intermediate transition layers.

Lemma 4.3 (Exponential decay). Let u : R®™ — R be an A-C solution, and assume that {|u| < 0.85} NCyr C
{lzn] < dR}, where § € (0,1) and R > 1. Then, there are dimensional constants C and ¢y > 0 such that

\V4 2
sup [l u +W(u )} < Qe ook (52)
Cann{lan|>26R) L 2
Proof. Standard; a proof is given in Appendix C for convenience of the reader. O

We now relate L>°-flatness (“height”) and the L2-height excess.
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Lemma 4.4 (Height controls height excess). Given A € (0,1), there exist co > 0 and C' depending on A such
that the following holds. Assume that {|u] < 0.9} NCsr C {|z,] < OR} for some d >0 and R > 1. Then,

HZ(e,) < Cmax{6%, R20"NIMpg + Ce—coR
Proof. Let § = max{s, R-(1=NV}. If § > 1, the inequality is trivial. Otherwise, letting P = [% + W (u)|, using

Lemma 4.3 we can estimate

1 1 1
H2(u,e):7/ \m-e|2P:7/ 7/
i R g, R | gon{|e-e|<25R} R | gon{|a-e|>25R)
C

1~ 5 ~ N
< 7(2512)2/ P+ e R < 05> Mp + Ce= "
Rt Brn{|z-¢|<25R} Rn—1

|z - e|*P + |z -e]?P

O

Lemma 4.5 (Height excess controls height). Let §; € (0,1). Then, there is 63 > 0 depending on 01, n such that
if H%(en) < 63, then, for all R > 1,
1

{lu] £0.9} N Bg/s C {|zn| < max{d, E}R}
More generally, given additionally co > 0, up to making o > 0 smaller we have that

{z: M%R(x) > co} N Brja C {|zn| < 01R}.
Proof. Step 1. Density of intermediate layers.
Let 01 := max{dy, £ }. We first see that {|u(z)| < 0.9} C {Mj R(sc) > ¢p}, for some ¢y > 0 depending on n.

El
Indeed, since ||Vul[z~ < C(n) and W (s) > 0 for s # 41, there are ¢ > 0 and ro € (0, 3) depending on n such that
W(u) > ¢ > 0 in By, (z). Therefore, M,,(z) = = [, @) L [|v;|2 + W(u)| > ¢o. On the other hand, since
o ro (L

On_1

‘%IR > 1> rj, Lemma 2.3 gives that M%R(x) > ¢o as well.

Step 2. Conclusion.
By Step 1, it suffices to prove the second part of the result. If by contradiction there is 2 € Br/s \ {|z,| < 01 R} with

M, p(x) > co, then (since Bs, p(z) C {|xn| > % R} N Br) we have that
2 2

Vul? 5\ 1 Vul?
bt S5 ww] a= (5) s [ [ e w) a
5 T

R

1
H(e) > — 0 /
R+l B‘LIR(‘T)

°1
27 2

61 n+1 51 n+1
= <2) M%R(a:) 2 Co (2 )

and then if H%(e,,) < 63 with 2 small enough we reach a contradiction. O
We can finally give:

Proposition 4.6 (Height excess controls tilt excess). Let u : R” — R be an A-C solution, with My, < Cj.
Then, there are C, Ry and ¢ > 0, depending on Cy and n, such that if R > Ry, then

T%(e,) < CH3g(en) + e,
Proof. We will show that if » > Ry then
T (en) < CHig,(en) + 7, (53)
which up to a finite covering argument shows the desired result as well (with some different C, ¢, Ry).
Let £ € C}(R) be a standard cutoff satisfying x_11] < € < X[—4/3,4/3], so that £ = 1 in [-1,1]. Plugging
n(a',x,) = 5('?4)5(%) into Lemma 4.2, since xp, <n < xp,, and 1, =0 in {|z,| < r} we find

/ C Vul|?
/ \V€"u2 < 72/ ‘xn|2‘vu|2+c |:| u|
. 7% JB,, Bornf{zal>r} L 2

)| o

We consider two different cases:

If {Ju| <0.85} NCyy C {|z,| < 5}, then applying Lemma 4.3 to the last term we obtain (53).

Otherwise, Lemma 4.5 shows that H%4,.(e,,) > ¢ > 0 as long as R > Ry is large enough. Since T?(e,) < CM, < CM,,
is uniformly bounded, we conclude (53) as well. O
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We end this section with a general comparison result. Morally, it says that if the level sets can be approximated
well by two hyperplanes = + e and y + ej, then they are both close in direction and “height”.

Lemma 4.7 (Coefficient comparison). Given Cy > 1, there exist C and Ry depending on Cy,n such that the
following holds.

Let u : R" — R be an A-C solution. Then, for any x,y € R"™ satisfying C%) < Mg(z) < Cy and R >
max{1dist(z,y), Ro}, for all e;,e, € S"~! we have:

min ey — oey| < CHgr(eq, ) + Hor(ey, y)] + Ce °R (54)
oce{+1,—-1}
and
les - (x —y)| < C[Hgr(es, x) + Hor(ey, y)] + Ce R, (55)

Proof. Step 1. Proof of (54).
Combining (13) and the lower density assumption, we see that ﬁ fBR(z) |[Vu|? > ¢ as long as R > Ry, so that in
particular

C
. 2 . 2 2
min e, —oe < — min €y —O0€ Vul|®. 56
oe{+1,—1} | y| — Rnr—1 /R(x) ce i1} | y| | | ( )

By the triangle inequality we can compute

min e, — ey [*[Vul? <2 min |e,|Vul — JVU‘2 +2 min |ey|Vu| — oVul|?
oe{+1,—-1} oe{+1,—-1} oce{+1,—-1}

=2 [(2|Vul]® = 2|Vu - e,||Vul) + (2|Vul* = 2|Vu - ¢, ||Vul)] ,
thus by Cauchy—Schwarz we have

e{r}rﬂln N ez — oey|?|Vul> < 4[(|Vul® = [Vu - e,]?) + (|Vul* = [Vu - ey |*)] = 4[|Ve;u\2 + |Velyu|2} .

Combining this with (56) and using that Br(z) C Bsr(y), we find that
min e, —oe,|* < o[/ |Veul? +/ Vul?] = C [T3p(eas ) + Tirley, )] -
oe{+1,~1} B Bsr(y)

Using Proposition 4.6 we obtain (54).

3r(T)

Step 2. Proof of (55).
Recall that

1 Vul?
r(z

and likewise for H%(e,,y). On the other hand, we can bound

lex - (2 =) < lea - (X — )|+ lea — o€y || X[+ [ey - (X —y)].
Integrating, and using (54) and Mg (x) < Cj to bound the second term on the right, we readily find (55). O
4.5 Wang—Wei in a flat setting

We rewrite Theorem 2.14 in a flat, large-scale setting. This is the version we will use in the rest of the article:

Theorem 4.8 ([WW19b] in a flat setting). Let n < 10. Let u : Bgr — (—1,1) be a stable A-C solution, and
assume the sheeting assumptions hold in B for some Cy. Let 61 > 0 and 0 € (0,1). Then, there exist Cy depending
on C1,0, as well as Ry depending on 61,C1,0 such that the following hold.

Assume additionally that

@#{u=0}NBr C{le, z| <R}
for some d5 € (0,1/16) and R > Ry. Then, there is some N € N such that:
e There are C™ graphs g; : B’%R — [-R/8,R/8], g1 < ... < gn, such that {u = 0} NCip = Uivzl graph g;.
e The estimates (15)—(17) hold for the g;.

Proof. Immediate from Lemma 2.13 and Theorem 2.14, by making d» > 0 sufficiently small. O
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Moreover, we collect some additional properties.

Lemma 4.9 (Additional properties). Let §; > 0. In the setting of Theorem 4.8, up to making 62 > 0 smaller
and Ry larger depending also on 61, the following additionally hold:

e The graphs satisfy |Vgi||p~ < 1.
e There holds {|u| < 0.9} C {len - | < 02R+ Ca} in Cgs.
e We have [Mp/s(u) — N| < 01N.

For the proof, we first need:

Lemma 4.10 (1D approximation). Let u : B — (—1,1) be a stable A-C solution, and assume the sheeting
assumptions hold in Br for some Ci. Given by € (0,1) and § > 0, there exists Ry = Ro(C1,b1,0,n) such that if
R > Ry, then

aES"iPlf,be]R lu—¢(a-z+ b)”Loo(B%(mo)) <0 forany xo € {|ul <1—=0b1} N Bgs.

In other words, making R large enough then u is close to a 1D solution around any intermediate point.

Proof of Lemma 4.10. Notice that, by exponential decay (Lemma 4.3), there is C' = C(n,b1) such that {Ju| <
1 —b1} N Brya C {x : dist(z, {|u| <0.85}) < C} for Ry large enough. It easily follows that it suffices to show the
Lemma just with 1 — b; = 0.85.

Observe now that, for any zo € {|u| < 0.85} N Bpg/s, there is ro = ro(n) > 0 such that—up to making Ry
larger—we have B, (x¢) C {|u| < 0.9} N Bg. In particular, the bounds in (14) are satisfied at all such points. We
conclude by arguing exactly as in [WW19b, Lemma 2.1]. O

Proof of Lemma 4.9. The first bullet follows directly by interpolation, up to making ds > 0 small.
For the second one, observe that if Ry and C5 are large enough, Lemma 4.10 ensures that u changes sign in
Be,(x) for any z € {|u| < 0.9} NCg/2. In particular

dist({|u| < 0.9} N Cr/2, UX graph g; N Csp) = dist({|ul < 0.9} NCry2, {u =0} NCzp) < Cs, (57)

which gives the second bullet.

For the third one, define v;(z) = [sign (u)]¢(dist(x, graph g;)). By the first bullet, |Vg;| < 01 as long as Ry is
large enough and d is small enough. Up to updating these values, this easily shows that [Mpg/o(v;) — 1| < 01, since
Moo (¢)] =1 and g; is almost flat.

On the other hand, given § > 0, set Q; := {dist(x, graph g;) < %} N Br/o. Thanks to (57) and Lemma 4.3, we have
exponential decay away from U;graph g;, thus up to making ¢ small enough we easily obtain that £(u, Bg /Q\Ufilﬁi) <
01 N. Moreover, using Lemma 4.10, it is easy to see that |u — v;| < 7 in Q; as long as Ry is large enough.

Adding up these facts, the third bullet readily follows. O

5 Setting up the contradiction
5.1 General setting

We assume that n < 7 in this section; we will restrict to n = 4 from Section 6 on.
From now on, we fix a critical solution v : R™ — (—1, 1), which has density at infinity M., = K, < oo. In particular,
v is not 1D.

We will use C, C;, Ry (resp. ¢, c¢;,ro) to denote large (resp. small) positive universal constants—unless otherwise
stated—and which may change from line to line.

Lemma 5.1 (Excess goes to 0). Let z € Z. Then, Hr(z) < W(R™'), where @ is a dimensional modulus of
continuity.

Proof. By Proposition 3.9, there is e, r such that
{lu| 0.9} N Br(z) C {z: |esr- (z —2)| < w(R™')R}.
But then, applying Lemma 4.4 (appropriately translated and rotated) with, say, A = 1/2, we deduce that H#R(ez,R, z) =
42

@(R™1), for some new modulus of continuity @.
Thus H - r(z) = ©(R™1) as well, and considering 4v/2R instead of R (and conveniently updating @) gives the
42

result. O
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Proposition 5.2 (Tangential stability and bad ball count). Letz € Z. If R > Ry, then

R*7"|Bi(2) N Bar (2)| < CK}(e,2) < CHig(e,2) for any eeS", (58)
thus
R*"|By(2) N Bsn (2)] < CK%(z) < CH3(2). (59)
Remark 5.3. In particular, for n = 4 we see that
H2(z) > — . 60
L) 2 . (60)
Proof. Step 1. Bad ball count.
We first show that
R*7"|B1(Z2 N Baz)| < CK3g(e). (61)

By Proposition 3.15, given any bad center z and any e € S*~! we know that fB (@) AZ|Vul*> > 6, Consider
the collection of balls {Bl(Z)}zeszgR for such z, and pass to a disjoint Vitali subcollection {B(z;)}Y,, so that
Bi(Z2NBszr) C UUJ; Bs(zi). Since the Bl( ;) are disjoint, we can bound

Z / azvap < g [ a4z,
B1(z;) 6bad Bar

where in the last inequality we used that Bi(z;) C Bl+% C Bag as long as R > 2. Multiplying by R*~" we conclude
(61).

|B1(2 N Bax) |<5"Z|Bl )| <

/
6bad

Step 2. Comparison of T and H.
Recentering (61) and combining this with Proposition 3.14 and Proposition 4.6, we see that

R*™|B1(2)N Bsr (z)| < CK%(e,z) < CT3p(e,z) < CHigz(e,z) + e F (62)
for R > Ry large enough. Since z € Z we obviously have |B;(Z) N Bsr (z)| > ¢, and then (62) shows in particular

that H3 (e, z) > F=z. Thus,
T3p(e,2) < CH:p(e.2). (63)
We see then that
R*7"B1(2) N Bsn ()| < CK%(e,2) < Thp(e,z) < CHigl(e,2), (64)
which gives (58); taking infima among e € S"~!, we obtain (59). O

5.2 Selection of center and scale — Proof of Lemmas 3.17 and 3.18
We first give:
Proof of Lemma 3.17. Given R > Ry, set
Hip(2)
F(R) :=su 2(11_15&) ,
zez Kp (z)
which corresponds to penalising the stability inequality (58) by introducing an « > 0 exponent. The lower bound

for K in (59), together with the fact that H is uniformly bounded (since M is), shows that F(R) < CR"=3)(1+a),
Moreover, tangential stability (i.e. (59)) gives that
H2(1+a) (Z) 1
F(R) = sup —2& > Ccsup —5——-
W) = 50 i ) B () © 30 H ()

Lemma 5.1 then shows that limp_, F(R) = co; defining F(R) = SUpP,.c(R,,r] £'(r), which is finite and nondecreasing,

naturally limp_,c F(R) = 0o as well.
By definition, we can find r € [Ry, R] with 2F(R) < F(r) < F(R), thus trivially 2F(r) < F(r) < F(r) as well. It is
then clear that we can find a sequence Ry — oo and associated z, € Z with

= Hip, (z1) ~
5F(Rr) < —a7—— < F(Ry),
2 K3 (1)
and setting e := HiRk (z1), which tends to zero by Lemma 5.1, we conclude the proof. O
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Recall the definition of N (6, Br(z)), the size of the bad set at resolution R, in Definition 3.16.

Lemma 5.4. Let z € Z, R > 0 and 0 € (0,1]. Then, we can find disjoint bad balls {Bgr (%)}, such that
{z:}2, € 2N Bg(z), and

Q Q
¢N(0, Br(z)) < Q < CN(0,Br(z)) and | | Bor(zi) C Bor(Z N Br(z)) C | Bsor(%:) - (65)

i=1 i=1

Proof. The collection of balls Byr(z) with z € ZN Br(z) covers Byr(Z N Br(2z)) = UzcznBg(z) Bor(z) by definition.
We can then pass to a 5-Vitali disjoint subcover, i.e. a finite disjoint subcollection {By R(Z)}?Zl with the property
that the {Bng(Zi)}fil still cover Bgr(Z N Br(z)). The result is then immediate. O

We now give:

Proof of Lemma 3.18. Let

9k ;= inf {9 Z %Z : exists z € Z with Bng (Z) - BRk (Zk),Kng (Z) § aﬁK%k (zk)} . (66)
Combining (59)~(with R = Ry) and (28), for k large enough we see t}iat 0 <~ % < 0 < 1. By definition of infimum,
we can choose 0y € [0, min{20;,1}] and z; € Z such that, letting Ry := 65 Ry,

Bp, (#) C Br,(z) and K% (z) < 0,K2% (). (67)
Combining (67) with (28), in particular we see that
I+a
H3p(z) <2 Ki(z) Tz f Bg(z) C By, (z) (68)
ir(z) < K% ) g, for any Bpg(z 7, (Z1),
k

zi). Applying
(68) with z = z; and R = Ry, we deduce that Hiﬁk (Z1) < 282 < 262 — 0, so that moreover Ry, — oo by (59).

It remains to see (31). Consider 6 = tf), with ¢ € (%’ 1), and assume that Ny > CO~"=3+8) for some C' large for
contradiction; by Lemma 5.4, we find Q > 6~ (=38 disjoint bad balls with U?Zl Bor(z;) C Bgr(ZNBg(z)). Then,
by the disjoint property, we can bound

so0 that the second inequality in (30) follows by using the trivial comparison K%(z) < (Ry/ R)"_SK?§ (
k

Q Q
~ 1 1 ~
K2 (z) < inf ~7/ AZ|Vul? < inf ~7/ AZ|Vul? = 0~ IKE () ;
= k eeSn—1 P (eRk)n—?) Beﬁzk (21) eeSn—1 (eRk)n—?) ng(ik) k
(69)
in particular, since Q > #~(*=3+5) there is at least one j € {1,...,Q} such that Kzﬁk (z;) < ﬁﬂK%k (zy), which
contradicts the definition of gk and 0. O

6 Graphical decomposition

We restrict to n = 4 in the remainder of the article.

6.1 Graphical direction
We first show that, thanks to (30), a single direction dominates at all scales of interest. Recall that v := %.
Lemma 6.1 (Graphical direction). Let o € (0, 3] = (0, 55]. For any given k, let us choose a Euclidean coordinate
frame'” such that Hié (en,zr) < 22. Then,
k
o

5 2R, = 00 and sup H%(en,2) — 0 as k— 0. (70)
zEZﬂBéék (zk), Re[gii‘y/zﬁkvﬁk]

Proof. Let Ry = E—:vi_wz]??k.
Step 1. Growth of the smallest scale Ry.
,\h'y/Q gr—0

Combining Lemma 3.18 and (60) we have that 2% > Hié (z1) > EL’ or Ek > cs?,?z. Thus, Ry > CE,, RLARALNYS
k k

I7This frame always exists thanks to the second bullet in Lemma 3.18.
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Step 2. Coefficient comparison. )
Let [ € N be such that R, := 27'R;, > %. By Step 1, we have that R; > Ry for k large enough, so that we can

apply (30). Hence, given z € Z N Blﬁk (z1) for every i = 1,...,1 there exists some vector v; such that
H2p, (vi,2) < C(Ri/ Ry) T8 = 020422, (71)

Observe that we can take v; = e, in (71), since H (en, 7)) < 25k.
Claim. We have the bound Hj, (en,z) < C’(Rk/R )1+°‘£k, for every i =1, ..., 1.

Assuming the claim the second property in (70) follows, thanks to the bound

(Rk/Rl)H_agIzg < 05(2*7/2)(1+a)§% _ CgZ/Q*QQJFWO‘/Q < ng/‘l gk__>0> 0.

To show the claim, observe that (71) gives that H3p (v;,z) + H3 (vig1,2) < €202 Applying Lemma 4.7,

and adding over i the corresponding geometric sum, we find that
v — vi|> < C20FE2 = C(Rp/R)' & forany 1<j<i<l.
Taking j = 1 (recall that v, = e,,) we find that |e, — v;|> < C(Ry/R; )12 which easily shows that
H3p, (en,z) < CH3p, (vi,2) + Clex — vi]* < C(Ri/Ri)' &

as desired. O

We have only used the second inequality of (30), which is a “worst case bound” that holds for every z. For later
use, we note the following “stronger” result :
Lemma 6.2 (Sum of height excesses). Assume that R € [gi‘“*ﬂf{k’ﬁk] and k is large enough. Then, given
{z;}jes C2ZN B%Ek (z1) with {Bgr(z;)};es pairwise disjoint, there exist v; € "' such that

1+«

R

lv; —en] <ox(l) and ZH4R vj,2z;) < C ( Pf) &, (72)
jeJ

Proof. We will use'®: Given positive numbers {a;},cs and some a > 0, we have >_.; a 1+a < (X es )t
By this fact and (30), we can estimate

K 14+a K2 ( ) 1+«

R Z] ~2 Rr\Zj ~2

ZH4R Z] <2Z< ) Ek§2 Zm Ek- (73)
jeJ jeJ je€J Ry

Since the {Bgr(z;)};jes are pairwise disjoint, arguing as in (69) we can bound

S K3(z)) < (Ri/R)" K2 (@) = (Ri/R)KZ (7).,

jeJ
so that together with (73) and the definition of H we find v; € S"~! with
> Hig(v),2;) < C(Ri/R)'TE. (74)
JjeJ

By Lemma 6.1, since R > 62 /2 R we know that H3,(en,2z;) = or(1); likewise, (74) shows that H3 (v}, 2;) = o(1).
Applying Lemma 4.7, up to possibly changing the sign of the v; then |v; —e,| = 0x(1) as well. O

6.2 Decomposing {u =0} into K, layers — Proof of Proposition 3.19

We can finally show that the level sets of our solution decompose into exactly K, graphs away from the bad set.

Proof of Proposition 3.19. Let Ry, := gi_y/Qék.
Observe first that, combining Proposition 3.9 with (70) and Lemma 4.7, we immediately deduce:
Let 6 > 0. Then, for k large enough, for any z € ZN B, (2x) and R € (R, Ry] we have

2

{u=0}NBr(z) C{len - (x —2)| < ox(1)R} (75)

18To show this: Dividing by (ngJa]) +e we can assume Zjejaj = 1, thus in particular a; < 1 for every j € J. But then
1 .
aj+°‘ <aj,sothat 3, ; J+ <>ies —1—(Zjejaj)1+°‘ as desired.
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and
K. —Msr(y) <or(l) forevery ye€{e,:(x—12)=0}NDBgr(z). (76)

Given ' € Qy_ /9, let z(2') € ZN Bg, /Q(Zk) be such that p := dist (', 2’) = |7’ — 2'(Z)|, and put Z = (&', (2(Z'))n)-
B,(z) is obviously a good ball, i.e. B,(Z) N Z = . For k large enough, the sheeting assumptions are then satisfied
in Bs,/4(7) thanks to Theorem 3.4, and moreover (75)-(76) give that

{u=0}NB,(Z) C{len - (x—7)| <or(l)p} and K, —M;,(T) < ox(1). (77)
Set C,/2(7) = /2( )X [Zn—p/2,Tn+p/2]. For k large enough, by Theorem 4.8 and Lemma 4.9 we see that there are

exactly K, smooth graphs g; : B, ,(z') — [-p/8,p/8], g1 < ... < gxk., such that {u =0} NC,/2(z) = Ujil graph g;
and |Vg;| < ox(1).

Vertically, these graphs actually cover all of the zero level set: Indeed, given y € {u = 0} N B 1R, (z1), with

y € Bp/z( Z'), assume for contradiction that y ¢ U —, graph g;, so that y ¢ C,/2(%). This means that |y, —Z,| > p/2,
thus letting R = 2|y, — &,,| we see that

y€{u=0}NBg(x) but len-(y—2)|=yn —Tnl = =, (78)

v | =

which contradicts (77) for k large enough.

Summing up our argument up to now, given any point in {25_ /2, we have obtained a local (horizontally) de-
composition of the intermediate level sets as exactly (vertically) K. graphs. In particular, given any a’,y" € Qy_ /9,
in case their associated decompositions have an overlap then they obviously need to match. Taking the union over
7' € Qy_ /5 of these graphs, we have shown:

For k large enough there are K, smooth graphs g; : Q_, /2 = R, g1 < ... < gk, , such that

K.
{u=0}NByg, (2k) N ( Q22 xR) = |J graphg; .

i=1
Finally, we already saw that |Vg;| < ox(1), which together with Theorem 4.8 (i.e. (16)) gives (35). O
We record moreover the following byproduct of the proof (which follows directly from (75)):

Lemma 6.3 (Large scale flatness). We have |g;(2') — zn| < ox(1)[2" — 2| in Qg )2, for everyz € ZN B, (k)
1R
and i € {1,..., K.}.

7 Improvement of excess for the graphs — Proof of Proposition 3.20
The goal of this section is to prove Proposition 3.20. It will be a consequence of the following:

Proposition 7.1. Fiz x € (0 ,20] B € (0,45] and o € (0,45]. There exist a constant C' and smooth extensions

gi: B%Ek (z),) = R, with g; = g; in Bzﬁk (z,) N Qo such that the following holds for every k large enough: For any
given z € ZN Biﬁk (zk), there is an affine function £ : R"~!1 — R such that
1
(EXRy)

In particular, (39) follows.

][ |Gi(a") — €| de < CE* for every i€ {1,...,K.}, (79)
(z')

7.1 A Whitney-type extension

We construct new Whitney-type extensions which capture (30). We need:
Definition 7.2 (Projected bad set and distance). In what follows, we set Ny := N(G, Bg, (Ek)) Moreover, for
2’ € R™ we set d(z’) := dist(2/,[Z N Bz, (zx)]') and

= (0R) | By (120 B, @)))| = (0F) Uz crznny, gy Bom, @)|-
Lemma 7.3. Let 0 € (0,1]. We have Nj < CNy, so that

{d <R} N B%gk (Z1)| < C(OR;)*N, . (80)
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Proof. Since |{z’ : d(2/) < 6R;} N B’lﬁk('zvkﬂ < (Hﬁk)3Né by definition, it suffices to show Ny < CNy. But
indeed, projecting the simple result in Lemma 5.4, we find that we can cover B)~ ([Z N B, (zx)]') with at most
CN(0, Bg, (zx)) = CNg projected bad balls of radius 50 Ry, which gives Ny < C'Np. O

The main result of this section is:

Proposition 7.4 (Extension). There exist smooth functions g; : B’%ﬁﬁ(iﬁc) — R such that the following hold:
() 3 =g in By (B0 Ny = Bl (5)\ Bl (20 B, ).
(ZZ) fB/ _ () |§Z - (Ek)n| S CgkRk~
PR R
(iii) We have |[Vg;| < or(1) in Blﬁk(%@)
4

(iv) The mean curvature of g; has the following bound in L', in the region B/1§ (z},) \ Q2 where g; and g; differ:
1 Re

/ [H[Gil| < ONa 8 "Ry + O [Nao g7 OO0, (81)
B - (52)\92—7 k k
1B "
Preliminaries. Before giving the proof we introduce some definitions and a preparatory lemma. Set
Co:=[ilogy(n—1)]+3=4 (n=4) and I :=[-log, & "]+3. (82)
Dyadic cubes. For [ > Cj, consider the grid of dyadic cubes of the form
Q=2""Rp([0,1)" ' +¢/), wherey €Z"". (83)

We say that Q has vertez at 2= Ry,y’. We define the triple cube TQ by TQ = 24&1@([*1, 2)"=t g,
We denote Q' := {Q of the form (83) : TQ N Bllé (z},) # 0}. We define the predecessor of @, denoted PQ), as the
7 1tk

cube in Q"' which contains Q.
Note: By the choice of Cy, since | > C, if Q € Q' then TQ C B’lﬁ (z},). Furthermore, the Euclidean ball of radius
5 Rk
equal to the diameter of T'Q centered at any point of T'Q is still contained in B’ P (z},).
5 Re

Cutoffs and partition of unity. Fix a smooth cutoff n, € C2°((—1/2,3/2)"~!) such that 7, > 1 in [0,1]"~%. We
define

1o (') o .
if ' € [-1,2]" 1,
o) = § Loe(-101pm-1 Mol + ') sothat > f(- +¢) =1.

0 otherwise , ¢'ezn—t

We can get a rescaled dyadic version in the obvious way: For @ € Ql with vertex 2*l}~%ky' , we put

l,/

no(x') = 7o <2l§ _ y') ’ so that Z g =1inQ and Z ng=1in B%Rk (z1) -
k QcTQ QeQ!

We emphasise that 7¢ is supported in the triple cube T'Q). Moreover, we obtain!?
gl + 27 Ri|Ving| + (27 Ry,)?|D*q| < C(n)  for all Q € Q. (84)

Bad dyadic cubes. Recall that 2_45i_7 <92 b < 2_352_7. Let us define
xX=J{QeQ" : TQNn([2NB; (@) #2} and TX:=|J{TQ : Q€ Q", Qc X}.
In particular, we have the inclusions?°
B 5 () 0 By oz, ([20Bg, @0)]') € TX € Baoag, ([20Bg,@)]'). (85)
We also consider a larger resolution version: For Cy <[ < I, we define X' := {Q eQ :TQNTX + @ }
Lemma 7.5. Let Cy <1< 1,. To each Q € X', we can assign an affine map Lo : R = R with
Ry Q@) — (21)al + [Vig| < ok(1) (86)

9Standard by scaling. The constant depends on 7jo, which is fixed depending on the dimension.
20For the last inclusion, notice that any point in TX must be at most at distance 3v/n — 127 Ry, < 3v/n — 1 2_3§i77Rk < gif’yRk

from some point in [Z N Bﬁk (Zk)]/ We have used that 3v/n — 1272 < 1 for n = 4.

28



such that the following hold. Put

h% = ;/ |z, — Lo (a”)]? PVUF + W(u)] dz'dx., ; (87)
@ (27le)”71 TQX((’z'k)nfi J(Zr)nt g Rk) 2
assuming TQ N Qo_. /o # O then
1 / N2 7.0 2 :
—_— gi — Lo(x)|?dz’ < Ch foralll <i<K,. 88)
T Jronan | Q@) Q (

We then have the bound

ho \’ R\
Z ( 2 ) <C b g2, (89)
Q_IRk 2_le

Qexl

Moreover, we have the following comparisons: For [ > Cy + 1, we have

1€ = trqllL=(q.) < Clhq + hrq); (90)
whenever Q1,Qz € X! and TQ, NTQy # @, then
101 = £aall=(@r) < Clh, + haqy)- (91)

Finally, for Q € X0 we can take {g(z') = (2 )n.

Proof. 1t is convenient to assume—after a translation—that z; = 0. Write P = [\Vul + W(u )} We divide the
proof into three steps.

Step 1. We first establish the followmg claim: Let R € [ A’Rk, Rk] For k large enough, suppose that {z;};c; C
Z N B,g, is a collection with {Bp(z})}jes pairwise dlsJ01nt in particular, the unprojected balls {Br(z;)};cs are
2

pairwise disjoint too. We claim then that
>/ e (B ) 157 BPP < ORI R G Ol R (92)
jeJ x T’T

where £; : R"~! — R are affine functions satisfying

R 16(0)] + VL] < or (D). (93)
Indeed, Lemma 6.2 gives unit vectors v; € S*~! such that
v —en| <or(1) and > Hig(vj,z;) < C(Re/R)'"T°E, (94)
j€d

where
1
H; (vl,z-):i/. lv; - (x — 2;)|* P du.
4R\Yjs 4y (4R)n+l Bun(ay) J J

Using Lemmas 4.5 and 6.1, we have

|(2)n] = 12 - €n] < ok (DR, and  {Ju] < 0.9} C {& : w0 — (z7)n] < 0k()R} in Bip(a)) x (%, ). (95)
Set a; = ”5577;”)6” € R" " and b; = (27 € R. Define £;(2') = a; - 2’ + by, so that graph£; = {v; - (z — z;) = 0}.

Since |z; - e,] < 0x(1 )Ry, and lv; — en| S or (1), we get (93).

Moreover, notice that |z, — ¢;(z’)| < 2|v; - (x — z;)| for all x € R™ (for k large), thus we have:

1
e n— 4 (@)PPdr < CH} R (v, 2;) .
Rn+1 /B4R(zj)|x j(x)| T < 4R(UJ7Z])

We estimate the rest by exponential decay: by (95) and Lemma 4.3, we have

P<Ce™® in By()) x (B, Be)\ {|zn| < R},

and thus

1 —c
Rn+1 /;/ 1 (2,) (Rk Rk) |l‘n - Ej(]"/)|2p < CHER(UjaZj) +Ce R~
Z;)X\ 1 1

Then (92) follows recalling (94) and using that at most C (Ri/R)™ disjoint balls of radius R fit inside the cylinder
B, x (= Rk, Rk)—a brutal bound that is sufficient here because it is multiplied by the exponential.
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Step 2. We now combine the claim in Step 1 and a covering argument.

To each Q € X!, assign a point zg € Z such that Q C Bé}OQ*LE (Z’Q) Applying the Besicovitch covering lemma

k

to the family of balls {Bflsorlfik (zg) }gext, we obtain a dimensional constant b, (with n = 4) and a decomposition
into b,, subfamilies, each consisting of pairwise disjoint balls, such that their union still covers the union of the cubes
in X'. By Step 1 (with R = 27'R},) applied to each of these subfamilies, (87) and (89) follow?!.

Finally, (90)-(91) can be obtained as straightforward consequences of (54)-(55) in Lemma 4.7.
Step 3. Let us finally prove (88).

Let A = A(n) > 0 be such that, given any = € {u = 0}, W(u) > X in By(z). Put R = 27!R;. By Fubini,

2 Cc ! gi(@)+A | Y, ( /)|2
hz, > — / dzr / drp |z, —Lo(2)|"P
@ = Rl QN gi(z')—A

s A / dx’ /gi(w‘/)-”\ da, |z, — Lo (x> > ¢ / da’|gi (") — £;(a")|?
Z Pl nldn —LQ = Dnil 7 — 4y .
R Jona, gi(z") - R Jona, !

We can now give the:

Proof of Proposition 7.4. For Cy <1 < I, for each cube Q € X let lg: R" ! — R be the affine function provided
by Lemma 7.5. In particular,

> (2—11§k)—2—<n—1>/ gi — Lo|? < C210F9E2 forall 1 <i < K,. (96)
Qexl Qa_2NTQ

We extend the definition of £ to the rest of cubes @ € Q' \ X! For Q € QY we set Lo(2") = (Zk)n, and for
Q € Q'\ X! with | > Cy 4 1 we define recursively £ := {pg for Q € Q'\ XL

Approximating functions: For [ > Cy, define?? 1 : [JQ' — R by v := > 0cqt Melq-
Definition of g;. Consider the cutoff function nx = ZQEQ’* ocx 1Q which satisfies
nx =1 inX, nx=0 inR"IN\TX, & 7Ry|Vix|+ (&5 "Ry)?D*x| < C.
We define g; by gluing ¢4, and g¢; via a cutoff:
Gi=tunx +gi(l—nx)=v, + > nel—nx)(g - Lo)-
QeQk
Notice that (i) holds automatically by (85). To see (ii), observe first that it holds for g; and over B/, = (z},) N Qo
1Rk

instead (directly by (88), taking lg(z') = (Z1)n for @ € Q). Now, by (86) we get the brutal bound |g; (") — (Zg)n| <
orp(1) Ry in B’lﬁ (z},) \ Q2_~; using that this set is small easily gives (ii). By (35) and (86) we also get (iii).
1Rk

Mean curvature estimate. The main work is then in obtaining (iv).
We first focus on bounding D% . By construction, for all [ > Cy+1 and Q € Q', we have

(Y1 —1—1)|o =0  whenever TQ N U(Xl) = . (97)
Then, combining (89) (applied at scales [ and [ — 1) with (90)-(91) and using (84), we obtain?3
> @Ry 2 sup [y — [P < 21T (98)
QGQZ Q
Similarly:
> (27 Ry)?sup D (v — 1) [? < C21COFE (99)
QGQZ Q

Then, Chebyshev’s inequality gives

_ 1
#{Qe Q" : Ry Sgp D2 (4 — hi—1)| >t} < tf221<3+a>g,%, for all t > 0. (100)

21 After noticing that for I < I, we have (21)"6_‘32711%’€ < C(sk)(V_Q)”efcsl;’Y < C&% for k large enough (since E%Ek >1).
22Notice that, in particular, the domain of v; contains the ball B’ B (z},)-
Peils
23To see this, a useful observation is the following: if T7Q1 N (| X*') # @ for some Q1 € X!, and if Q2 € Q' is a contiguous cube such

that Q2 C TQ1, then the triples of their respective predecessors, TPQ1 and TPQ2, must both belong to X*~! and necessarily intersect.
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Next we use the above to show that for given [ with Cy <1 <, setting N;, := #Xl* we have
> Ry sup |D2(4hy — r—1)| < ON}/P2%0/290/2; (101)

QEX!~
We distinguish two cases. Notice that 230+~ is the number of cubes of Q € X!+ that fit in a single cube of Q'.

- Case 1. Suppose that N;, < 23«0 Then, we bound the maximum by the sum in (99), obtaining f%k supg | D2 (¢ —
Yi_1)] < C213+0)/28, for every Q € Q'. Using this bound in the Q € X’ and summing,

Z Rk: sup ‘DQ(wl _ wl—l)' S CNl*Ql(3+a)/2gk; S CNll*/223l*/22la/2gk .
QeX !

- Case 2. Suppose that N;_ > 23(==D_ The worse case scenario is then that the N;, “small” cubes in X' keep
filling the large cubes in Ql7 starting from the ones contributing the most to the sum (99), and then continuing in
decreasing order according to their contribution. Let p* € N be such that 2P-~! < Nl*/23(l*_l) < 2P+, We then use
(100) with t%Ql(?"W) g2 = 2P~! to estimate the maximal possible contribution of the 2p=193(-=1) cubes that occupy
positions 2P~123(- =1 o 2P23(=1) in (101). Doing so we obtain:

, 21(3+a)/2 &

2p/2 < 023(l*7l)2p*/22l(3+0¢)/2 gk < CNli/223l*/22la/2gk.

Px
> Risup|D* (g —pq)| < C Y 250702
Q

QeX« p=0

Combining the two cases gives (101). Summing (101) for Cy <1 < I,, and using that ¢¢, = 0, we reach:
Z Ry sup | D%y, | < CNli/22l*(3+a)/2gk.
Q

QeXlx
We now transform this into an integral bound. Note that cubes @ € Q" have volume (27 Ry)3 < (25?7]%6)3 and
cover B'lﬁ (z},). Moreover, 2 < 5,;(2_7) and N;, < CN2--. We then obtain
1 Re k

/ l §k|D2wl*| < Z (2gi*'*/§k)3 sup Ek|D2wl*| < CNli/Qg;(Q—W)(3+Q)/2gk(é"i*’)’ﬁk)?’
U Qexts @ (102)

< ONYJ? B2 g
k

Notice that H[g;] = L;g; := tr(A;(2")D?g;), for some |A;(x') —Id| < ok (1) by (iii). We split our desired estimate into
regions.
Region 1: Since nx =1 in X, by (102) we reach

/ | Hlg:]| = / |Lith, | < C D>y, | < CNY2, 8 B2 R2,
XOBy g )\ 02—, B

N (F)\Qa B -, (Z,)\Qa— k
%Rk( ;,)\ 2—v %R;@( ;,)\ 2—

The remaining estimates will involve g; as well. B
Region 2: Since x = 0in R"~'\TX and all points in this domain are at distance > 274277 Ry, from [ZNBg, (z1)],
using (16) and then (80) we obtain

1B 5 (27,) \ Q24

~ LR 2~
[ = Hlgl| < 0T L < OoNL @R,
(B, -, @)\ \TX (B, B\ \TX (E "Rx)
4k 47k
Region 3: We conclude by bounding fTX\X |Li(g; — 1,)|. Observe that (96) implies that*
1 1
Z 7~][ lg; — €Q|2 < 021*(1+o¢)g]2w thus Z 7][ g — €Q| < C’N}fﬂl*(l*o‘)hgk.
ocg- (2R Jre ocq- Cr Bi)JTQ o
QCTX\X QCTX\X

Note: Similar estimates hold replacing ¢g by £g,, where @1 is any adjacent cube with Q1 C T'Q, by (91).
Since g; is almost a minimal graph, verifying || H[g:]||ce < C(giwak)*Q by (16), standard elliptic estimates give

lgi — Lol 2N T 2 lgi — £q| C
sup 7+ ngfg + € ’YRkD g*g SC o = +~7~ 5
Q(%Wm Vot + 2 RDY ) ) <O f el oo

24To go from the first inequality to the second one, we use that the number of cubes is bounded by CNngw, the inequality between
k

the arithmetic and quadratic means, and the Cauchy—Schwarz inequality.
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for every cube Q in Q"*, with Q c TX \ X.
Using these estimates, noticing that in TX \ X we have g; — = > gecqt- 11 —nx)(gi — £q), and using the
standard product rules to compute the second derivatives of products we obtain:

JENPC N /o C
> supEy "Ri|Li(gi — vn,)| < ON;{_%QI*U+ )28, + T #{QCTX\ X}
k

QcTx\x @ ' €k

Finally, since the volume of each cube @) € Ql* is (2*1*1516) , with n = 4, and 27 is comparable to s 7 we

obtain:
CE TRy, TX\ X
[ - < G (g g o 1O CTXAXD)
TX\X v Ry Sk & “YRy,)
< CR} Nlﬁ”}j(? NEI L N8 Ry

Adding all the previous estimates completes the proof. ]

7.2 Linearised equation
Recall that v = i. We show that our extended graphs are very harmonic in an L' sense.

Proposition 7.6 (Linearised equation). Fiz x € (0,5], 8 € (0, 4] and o € (0, 4]. For every 2 € (2N
Bz (z)) we have that
1 Ry

1
(ExRy)
provided that k is large enough.

0 ][ |H [gl}|<C€,§° for every p € [E.7X Ry, Rk] (103)
B)(#)

Remark 7.7. This should be interpreted as follows: up to scale 5,1€+2X}§k, the deviation of the g; from an approx-
imating minimal graph is small?® relative to the size of the g; themselves, which is £y Ry. A key point is that our
analysis penetrates the “critical scale” £ Ry, as explained below in the proof.

Proof. We will show that

/ HG) < C2 R (104)
Bll = (ik)

and moreover

// - |H[g:]| < C’éjéﬁi for every z' € (ZnN Béﬁk (zk)) . (105)
/2R, z

Combining them immediately implies (103): Indeed, considering (104) and the fact that g < %, we immediately see
that

1 9 ~ -t ~1 /235 D
G )p " |Hlg;]| < Ce, "Rip~" < Ce} forevery pe€ e,/ Ry, Ry).
kLT By (z
Likewise,multiplying (105) by p~' and using x < 55 we find that
1 ~ 41~ ks = ]
iRt ).02][ . [H[g:]| < Cs,lstkp_l < CEPR? forevery pe [ YRy, 1/2Rk}
Er g B’ (z

It remains to establish (104)-(105). We divide the proof into three steps.
Step 1. Estimating H[g;].
The second term in (81) is small: By (31), v = 1, and the bounds for a and 3, we have

[N hrea-a/2ge < 2 0RO b SR B < 20 (106)

Given V' C By, (2 (Zk), (81) then gives

/ HE| < / |Hlg]| + CE& 7 RiNa + CELT R
v VNQs_,

o . L
n fact, 1t 1s Of s1ze ¢ ks us smadller an e size o € g; rate ol a small power ¢ .
25In fact, it is of 10 © Ry, th ller than th f the g; by rate of 1l gio
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By Theorem 2.14 we know that | H[g;]| < Cd~2, so that given 6 € (0,1/2], together with (80) we can bound
(0Ry)* Ny

Ty = CORLN, .
k

[ [Hlgi| < C
{0Ry<d<20R;}NB’, . ()
2 Bk

Denoting 6; = 277, and letting 1 < j; < jo with 6;, < 5?7 < 0j,—1, by summing we find that

/~2,7~ ~ , _ |H[gl]| < Cék Z ojNgj N
{&F ngdgelek}mBjﬁk @) e

or (letting V = {d < 6;, R} N B 5, (@), so that VN O,y = {(&7Ry <d < 8;, R} N B, 5 @)

|H[Gi]| < CR, > 0;Ng, + C’E?f%ﬁi. (107)
J1<§<g2

~/{d§0,~1Rk}ﬁB’éék (Z,

Step 2. Proof of (104).
We will use the following bounds:

e Ny < =178, This follows from (31).
e c< Ek?:% This follows from (60) with R = 4R;, combined with Hiﬁ (z1) < 222 (see Lemma 3.18).
k
Choosing j; =1 in (107),

~ 1~ ~ ~ _ 1~ oo~
/  |H@l < CRi0; + C& PR < C(RuE)RiE, "7 + C5 PR < &R (108)
B%~ @)
as long as k is large enough.

We notice that at scale Ry, the estimate (108) is sharp (as, even in the absence of bad cubes, the Wang-Wei
estimates do not allow to improve this). One can see (similarly as above) that this estimate can imply (103) at most
for p > €, Rk. To go below this “critical threshold”—as required later in our proofs—we need to run a dichotomy
argument.

Step 3. Proof of (105).
1
Case 1. Assume that |B1(Z) N ngk/4(zk)\ <&, *; we claim that Ny < 9’1%/4 for 6 € (E%C,?im].
1 .
Indeed, by assumption N1 < C€, *; since the property Ny, < CNy, for 0 < 61 < 05 < 1 is always true?, we
B

1
find that Ny < Cg, * for 0 € [%,5}12] as well, which using 6 < 571/2 gives Ny < 9_1511/4'
k

Then, choosing j; with §;, < 5,1/2 < 6;,_1 in (107), using Ny < 0’12-5,1/4 instead of Ny < #7178 we find

~ L o
/ [H[G| < CRig, log 0y, + C2" " R} < ORyE .
{d<z}/*Ri}nBY, . (&)
PR
Since obviously B2z (z) c{d < gi/Qﬁk} N B’lé (z},), we conclude (105) in this case.
k 1Ry

1 ~ 1
Case 2. Assume we are not in Case 1, so that |B1(Z) N Bgﬁk/4('zvk)| > g, * instead; we claim that ¢ < ngfc-*-zl.

~ 1/4
Indeed, by (59) with R = Ry, and n = 4, we deduce that

1 E%k < C’Hiﬁk (zx), which combined with Hiék (z1) <
22 from Lemma 3.18 shows ¢ < ngi B
/4

Then, computing as in (108) we directly obtain an extra factor 5,16 in the second inequality, so that in particular

~ ~ 1~ " _ ~
/{KWE o, | HEN S CRETDREET 1 08T R < 0T RE
e kN %Ek z;C

This gives (105) as before as long as 1/4 — 28 > 1/5, which is precisely the condition 8 € (0, 4—10 . O

= k k
U?:ll Bso, &, (Z;), and then enlarging these balls to cover By, &, (Zn Bg, (Z1))-

26This can be seen using first Lemma 5.4, which gives {Bsolék (El)}?ll with @1 < CNp, such that B, z (2N Bg (zx)) C
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7.3 Improvement for each layer

Proposition 7.8. Fiz x € (0, 55], 8 € (0, 35] and o € (0, 5]. Given any z € B, 15(2k) N 2, there are coefficients
a; € R"71 b, € R for every i € {1,..., K.} such that, setting {; := a; - (z' — Z') + b;, we have that

1 - .
= ][ |Gi(2) — €| d < C’E,le/z, for every i€ {l,... K.}, (109)
(Ek:Rk) Bixg, (il)
EN
provided k is large enough.
We first need a standard lemma, which we prove in Appendix C.

Lemma 7.9 (Harmonic approximation). Let p > 1 and d > 0. Given A > 0, there exists § = §(A\,n,p,d) > 0
such that the following holds.
Let v € 02(31/5), Bi/é C R*7L, be such that

P ][
B

where A € Cl(Bi/é) and |A(z") — 1] < 4.
Then,

|div(AVv)| <& and ][ ] < p@TV2 for 1<p< 3,
B

’
P

/ v — pg| dz < A,
B/

1

where pq is a harmonic polynomial of degree < d and such that ||pall1(B,) < |Bi|.

Proof of Proposition 7.8. We will show the existence of some C' > 1 such that the following holds: Let z € B, R (Z1,).
4

Fix i € {1,..., K. }. Then, we have the algebraic decay

. 1
min

R\ /2
- Ni /_i' A —bld/<é~ —_ , 110
ST |9:(2") — ai - (¢' —2') = b| da’ < C&y, (R ) (110)

k
for all R € [ngik, %flk]
The desired statement immediately follows.

Let us denote R; := 27'Rj,. We assume that (110) holds for R = Ry, Ra, Rs, ..., R; and we will show it holds
for R € [Ryy1, R;] as well, as long as | > [y for some [y universal to be chosen, and 27! > &X. Notice that, up to
making C' larger depending only on Iy, we can always assume the statement holds up to Ry, indeed, since (ii) in
Proposition 7.4 shows that

F o B~ @l de < CETR (111)
B - (

Denote h := g;(z' + ') in what follows. By assumption, for every 1 < m <[ there are a,,, b,, such that

1 _
o \h = - & = by| < C27™/%5, . (112)
m J B’

Rm

By the triangle inequality,

1 - 1 _
|am — G,m+1| + F‘bm — bm—&-l‘ < 010277”/26]6, therefore |Clm — al| + Ri‘bm — bl| < CQCQ*m/2€k_

Then, for [ — Iy <m <, (112) transforms into

1 = ~
T |h—al-x’—bl| SCgCZ_m/QEk,

m Bkm

for some universal C3. If we define
iL (.7;/) — h(Rll‘/)j Rl ap - .%‘/ — bl
ne C3CEx2 2R,
we get
7 2-"2R,, 3/2(1 7 3/2 l
][ | < S = 22207 or ][ | < Cap®! for p € (1,27). (113)
/ 272 Ry B,
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On the other hand, letting A = ———— Proposition 7.6 and (iii) in Proposition 7.4 give that
’ NAENIEN

1

7~an][ |div(AVA)| < CZ1 . where |A(z') — 1] < op(1),

(ExRy) Bh,,
which letting A;(2) := A(R;2’) and rescaling gives that

p2][ \div(A Vi) < CZ0923/2 < CE1% | where | Ay(a’) — 1] < op(1).

P

We have used that 23/% < (£,%)3/2 < 5,;% for x € (0, 55] and k large enough in the last inequality.
By Lemma 7.9 with d = 1, given A > 0, for k and [y large enough we have that fBi |hi —a -2’ —b| < A, for some
a € R" ! and b € R. Scaling back, we have
1

E |h($) —ay - ;E/ - bl - 036271/23,“}(1 . :E/ - 030R127l/2g]€b| de/ S 04627”2)\67]6 .
l B;Rl

Denoting by, := by + C5CR;27Y22, b and a1 = a; + C5C27/28, a, we obtain
1 ~ ~
—][ \h(z) — aipq - 2’ — b | de’ < CLC27Y2)0E,.
Ry Bj,

We now choose A small so that Cy\ < 3%, which in turn fixes Iy, C, and a lower bound for k. We then get (110) for

R € [Ry41, Ri] as desired. O
7.4 Preservation of mean oscillation

We can interpret Proposition 7.8 as saying that g; — I; has average size O(glchX/?f%k) in By, (2'). We now show
k

~1+3X/2§k)

that g; — [; still has average size O(&, in the much smaller ball Ba+2xz (2').
k

Proposition 7.10 (Preservation of layer mean oscillation up to 5,16+2XI§;€). Fiz x € (0,55], B € (0, 5] and

o€ (0,4—10].

Then, we have
][ Gi — 6] < Ce.™X2(EXRy)  forall i€{l,.., K.}, (114)
Blyiay (@)
k 'k
provided k is large enough.

Proof. We argue similarly to the proof of Proposition 7.8. We fix i € {1, .., K, } in all of the proof. Let a; € R*~! b; €
R be given by Proposition 7.8, so that setting ¢; := a; - (' — Z’) + b; we have that

i — ] dx < 02 (EXRy,). (115)

’ 7!
Bixg, @)

Set w := (g; — £;)(z' + -). To obtain (114), we will actually show that for some (tiny) 3 > 0 and some C, we have

inf
ceER Jp

Then, a direct application of the triangle inequality and the geometric decay in (116) give that

_ ~ ~ \B ~ -
w — | < CEX/2(2XRy,) (r/(ngk)) for all r € [ELV2X Ry, EX Ry (116)

/
T

][ w| < COEFY2(EXR,) forall e [FXR,, 2Ry (117)
By

as well, as desired.

Set r; := 2_l(§?§Rk), and assume that (116) holds for r = 71,79, 73,...,7. We will show it holds for r € [r;41, 7] as
well as long as [ > Iy and 27¢ > g}jx.

Now, under these assumptions®”, we have c,, € R such that, for any 1 < m <1,

W () 1= w(z) — ¢y satisfies ]l | < C27PmE X2 (EX Ry, (118)
B

’
™m

27Up to making C larger depending on lg, by (115) this will be the case.
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The triangle inequality shows then that |¢; — ¢, | < 016_'2_57”5?)(/2(52‘&@ as well, where Cy depends on 3. This
gives

][ il < O PmE T E R, (119)
which defining @ () := X H“;’/(;(IQR e transforms (taking 3 < 3) into
0€%
][ iy | < 280=m) - op ][ [y < pt? for pe (1,2%). (120)
al—m b2

Likewise, Proposition 7.6 and (iii) in Proposition 7.4 give that
2 (AT =16 =—3x/2951 =% 1) —
p |d1v(Athl)| < Celle, 270 <O, where |Ai(2') —1] <op(1).

We have used that £, 3X/2251 < ?3/40(5,;2)5 < 5;% up to choosing B € (0, 145] and k large enough in the last
inequality.

We can then apply Lemma 7.9 with d = 0 and obtain that for any A > 0, as long as [y and k are large enough
we have that [ B |w; — c|dx < A, for some ¢ € R. Choosing A small enough, after rescaling we conclude that (116)

holds for r € [r;4+1, 7] as well, concluding the proof. O

7.5 Approximation by a single linear function — Proof of Proposition 3.20

Combining the previous results and the proximity of our graphs at small scales (21), we can now give:

Proof of Proposition 3.20 and Proposition 7.1. We will show Proposition 7.1, which is a strictly stronger result. To
simplify the notation, after a translation we can (and do) assume that z = 0. We divide the proof into three steps.

Step 1. Improvement of the |b;].
Here is where we will use (114). Let p = 5~,1€+2XR;€. By (114) and the fact that g; = g; in Q2_-, we deduce that
1

|B;)| B;JOQQ_—Y

lgi(2') — a; -2’ — b|da’ < CETXP(EXRy), i€ {1, KL} (121)

Now, by Lemma 6.3 we can bound (for k large enough)
1 -

= |gi(2)| dz’" < o (1)p < eHX/Q( EXRy) forevery i€ {l,. K.}
| B} B,NQ2_,

intuitively, all of the graphs pass inside B, thanks to (21). Together with (121), then
1 e

= |la; - &' + b;| da’ < CE 1+X/2( XRy) for every i€ {l,..,K.} as well (122)
|Bp‘ BNz

Restricting to either {a; - ' > 0} or {a; - &’ < 0} in the integral immediately gives that
|bi| < &P E R, (123)
as long as |B, N | > 0.9]B,|. But this is indeed true: Using (80) (and the notation there) by (31) we can bound
{d <& RINBy; @) < @R Nz) ™ P < CE TR E )T =0 R, (124)

which for k large enough and v € (0, 1], 8 € (0, 75, x € (0, 55] is strictly smaller than |Bj| = ¢p® = cgk(HQ")R3

Step 2. Improvement of the |a; — a;.
Let p =€} xRy, now; all of our next arguments will be at scale &, XRp. By (39),
1 .
T |gi(2) — ai - 3" — b;| dw < Cs,lfxm,m ief{l,.., K.} (125)
|Bp| B[’Jﬁﬂg,w
Given ¢ < j we know that g; — ¢g; > 0. Applying the triangle inequality and (125), and then Step 1,
1

| B BN

(a; —aj) - x' + (b; — bj)da’ < O~1+X/2p, thus (a; —aj) -2’ da’ < Cgllg+X/2p

1By BN
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Assuming that a; # a;, setting A := Bj N { ‘ZLZ’ -a! > &} we find that
A0Ds] 1 AN,
| B} 10 = [B)] Jana,_, 1B}

Arguing exactly as in the end of Step 1, we see that [ANQy | > 0.9]A| = ¢|By| for k large enough, thus we conclude
that

(a; — aj) ca'dx < CglchrX/Q/% la; — a]‘| < Cgllc+X/2.

la; —a;| < Ce, X2 (126)
Step 3. Conclusion.
Steps 1 and 2 show in particular that ﬁ fB, @) | — 6] < C’gl+x/ for every i € {1,..., K.}, so that simply
kAt EXRy,

setting ¢ := ¢; we see that (109) transforms into (79), showing Proposition 7.1. Since (by Proposition 7.4) we have
that g; = g; in Qs_, then (39) immediately follows, proving Proposition 3.20 as desired. O

8 Conclusion of argument

For simplicity, let us fix y = 20, B =45 and a = L in what follows.

0
8.1 Improvement of Allen—Cahn excess and density deficit
We want to transform the L' bounds from Proposition 3.20 into L> ones, for which we first need:

Lemma 8.1 (Clean cylinder). There exists z € Bﬁk/s (z) N Z with the following property: There is some ' such
that

dist(y', (21 By, (#)))) = |5 — 2| = -5 Ru..

Proof. Using (80) and (31), we can bound
~ 1., ~ ~ 1 a—
{d < fakRk}ﬂB L (@] < (G R (Nyz) ™1 <= ngk) (3307 b= e xR}
For k large enough this is strictly smaller than |Bl%ﬁﬁk (Zr)] = cR3, thus {d > %?ﬁék} N Bl%gﬁk (zr) # 0. This

clearly means that there is ¥ € {d = %é?fﬁk} N B, » (zx) as well, and then we can choose some z such that
¥ — 2| = d(§') = 58, R O
Our main result here is:

Proposition 8.2 (Improvement of total excess and density deficit). There exist zZ andy' (given by Lemma 8.1)
such that the following holds. Let £ be given by Proposition 3.20 (applied with this z). Setting ¥ := (¥',4(¥')), then—
for k large enough—§ € B, (z). Moreover, we have:

k

e Height excess bound: H?Eﬁﬁk)/ﬁﬁl( y) < CET

1+4x/3

2
o Density deficit bound: K.-C { ] <Myz, (7) < K. for every 0 € [E, % /8]

Proof. The fact that § € B i (z) for k large enough follows easily from Proposition 3.20 and Lemma 6.3.
k
Step 1. Improvement of H.

From Proposition 3.20 and |y — 2| = 1&% Ry, for each i € {1,..., K.} we have (~XR fB, —_ ylgi = < C~1+x/2
Since B,%Efﬁk (¥') is a (projected) good ball, by elliptic estimates (using (16) with R = §5k ﬁk) we can upgrade this
into
1 ~1+x/2 / </
———|g; — {| < Cg,, in B. y
(Esz) | | XRk ( )

Set ¥,, := £(¥'); choosing an appropriate Euclidean frame, we can assume that ¥ = 0 and [ = 0 (up to restricting to
a smaller cylinder). Then
K.
~1+ 2D . .
{u=0}= U graph g; C {|z,| <& x/ (EXRy)} in the cylinder C(Eﬁ’/k)/G'
=1
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Using the second bullet in Lemma 4.9 (since ¢ < 22 Ry, < &, +X/S(NXR;C)) this can be upgraded to:

{lul 0.9} € {|lzal < CEERY)} I Cipyy e

We can then apply Lemma 4.4 with 6 = eHX/z and A = 1/4. Choosing x > 0 small enough so that—since cR <&
by (60)—we have §2 > & %2 VG2 > oz EXRy) 202 for k large, we find that H> < CEtX,

Step 2. Largest cyhnder
Fix 0 € [, /8], and set &, := &,

1 (~XR )( )
~1+x/3 ~1+X/2‘ We want to consider a cylinder in Baﬁk containing as much of

the area of our graphs as possible: Set C% := B/eﬁ X [fék(gfék),ék(gzﬁk)] (recall ), where
ag Ry,
[92 _ [5,5X]2 Ekg;ccz P12 4[5 (3X P, )2 2532
=4/0 _[5k5k] =40 1—[ 0 ] , thus [ang] +[€k(8kRk)} =0“R;, .

Ugraphgihg; 5. C Hlzal < Ce,™X?(ER)}NC’ c B

%

Then, we see that
Gﬁk/8 :

Moreover, observe that

n—1
=X -2\ "2 = X2
/ N / B ’ Ekf‘fk ’ Ekéfk
1B, 5| = IB@ [ gxr | =By, | (1 — [—9 ] ) > [Byg | (1 — 0{79 } > . (127)
1— Ry,

k

1B, % |
Step 3. Slicing argument—we show that each sheet of {u = 0}, z, = g;(a’), forces a contribution of almost LR’“
(with a quantified error) to the total A-C energy of u in B,z
Let A := #\/ﬁlog %SR’“), and define for every i € {1, ..., K.} the “transition regions”
- / W ’ N o]

L7 = {(x ,Tp) 1T € B, 5. Tn € (gi(z") — A, gi(x ))}
and

L= {@ aa) 12" € B 5 an € (0:(a), i(a)) + )} -

They are all contained in C?. The point is that, by (17), we know that g;4+1 — ¢; > A, thus L N L;, 11 = 0 for every
1 <i < K, (eventually in k). This shows that the transition regions are all dlSJOlIlt (for k large enough)
Fix i € {1, ..., K.}; applying Fubini and |Vu|? > u2 , we see that

gi(z")+A |VU|2 gi(z')+A u2
on—1&(u, L) :/ dz’/ dzy, { +W(u )] / dx’/ dz, [w"JrW(u)} :
o gi(") 2 " i (27) 2

Define the 1D function f,(t) := u (2’,g;(2’) +¢), t € [0,A]. Then, letting ¢t := x,, — g;(2’) in the integral,
Un715(u,L;r) 2/ da:'/ dt (dtfaf) (t)
ros 0
ag R,

2
Fixed #’/, the inner integral is (up to a factor (T) precisely the A—C energy in [ ,A] of the 1D function f,/(t).
Moreover, f,(0) = u(z’,g:(z")) = 0. Now, fu/(¢ ) is not necessarily a solution to A-C in 1D; on the other hand,

letting k = 3/4 and R = (E’” Fi) , its A—C energy is at least

P(k, R) = inf {ew <v, LN R) v e i,

Wl ]
0,A

1+k

V2log R]) and v(0) = O} ,

where we denote

1 ("1
Ei(vr) = [ S0/ OF + W) dr,
go Jo 2

and the infimum is attained by a true 1D Allen—Cahn solution. In Proposition D.1, it is shown that P(k, R) >
2 — CR~U+%) which since Ry > c£;, 2 (by (60)) shows that P(x, R) > 5 — CE(,C%X)(HH) >1-Cé.
Combined with the above and (127), we find that

1 3 , 1 E::kg;g 9

{2 - Cak] > [Byg | [2 - C[T] ;

wn_lg(u,Lf)z/ P(k,R) da’ > ‘B =
z’'eB’ a0tk

o Rk
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so that

w w o LS
. Y“n-1 B n—1 kCL 12
HR;, 8 eRk i=1

as desired. 0

)+ Eu, L) > K, — [k

8.2 A monotonicity-type formula: Density deficit controls growth of excess
Definition 8.3 (Weighted excess and density). Let f,4:R — R and G, 4 : R® — R be defined by

1 ¢ >
fra(t) = ——e+> and G,a(z):= fra(lz]), where ¢q = d/ pd=le=t"
0

Ccqr
We set

Fi2(e) = /n<x~e>2['V§'2+W<u>]er,n+h 2= ! /n['vg'ﬂvvw)]cml.

On—1
Moreover, we denote H2 := inf.cg.—1 H2(e), H2(e, 20) := H2(u(- — 2¢), ¢), and Mz(xo) Mz( (- —x0)).
The weighted versions are just as good for our purposes, up to a going to a slightly smaller scale:

Proposition 8.4 (Improvement of weighted excess and density deficit). There exists § (given by Proposi-
tion 8.2) such that the following holds. Let x; = %X' Then, we have

H.,, (7)< CE7 and K579 <My (9) < Ma = K. (128)
for k large enough.

We will show this later. We first state the crucial monotonicity-type formula that will allow to propagate the
smallness of H from scale gL(”Rk to the “original scale” Ry.

Theorem 8.5 (Density deficit controls excess growth). For anyr >0 and A € (0,1), we have®®
H, < Hy, + C|log(\)|Y2(M, — M,,)"/2. (129)
Proof. Tt suffices to show that for every e € S*~1 and A € (0,1), we have
f,(e) < Fy(e) + C[1 + | log (V)| /2] (M, — My, 1/2. (130)

Up to choosing the right frame we can assume that e = e,,. Define P := [Wu‘ + W(u )} and @ := [W(u) — % .
We will use the following:
e Kernel properties: VGra= ;G qr and T%Gnd =—2-VGrq—dGrgq.
e Pohozaev identity??: div(Pz) = div((z - Vu)Vu) + nP — |[Vu|?
o V12 =2z,e,.

Step 1. Pohozaev—type computations.
Observe that

d ~ d
r$H2(en) =T /xiPGT’nH = /JJ?LP(—J} VG, — (n+1)G,) .
Integrating by parts,

d

rd—ﬁf(en) = /Vmi -z PGy py1 + /xidiV(Pw)Gr,nH —(n+1) /foPGT
r

= 2/x721PGr,n+1 + /xi [div((z - Vu)Vu) — P — [Vu?] Gt

_ / T3 QGr i1 + / Tpdiv((@ - Vu) Vu)Grpnsa -

28This result works for any A-C solution u : R® — [—1, 1], and not just for the critical solution and n = 4.
29Proved via a standard computation using Au = W’ (u).
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Integrating the new divergence term by parts, relating G, ,,+1 and G, ,—1, and using Cauchy-Schwarz we arrive
at

2
r%Hf(en) = /xi[Q + 7(3; . Vu)Q]GmH_l — 2/an7.7”+1(x - Vu)uy,

c z-Vu
- rl n[Q+ (x : VU)Q]Gr,n—l —2¢cy /(xnunGi’/ﬁH)( r Gi,/nQ—l)

< C/[Q + 72(3: - Vu))Grn1 + C[/ xipGr,nH]l/?[/ r%(z - Vu)* G ]2

Now, analogous computations show that

d ~ 1
—M, =
Td’f’ Onp—1

2
/[Q + ﬁ(x V)]Gt - (131)
In particular, MT is monotone nondecreasing by Lemma 2.1. Moreover, we see that
d ~ d ~ ~ d ~
ZH23(e,) < Cr—M,. H2(e,)]"2[r—M,. /2.
r B2 (en) < Cr M, + ClHE(e,)]/2[r M,

Step 2. Gronwall-type argument.
Given 0 < a < r, integrating we find that

1d

H2(e,) < H2(e,) + C[M, — M,] + C/T[ﬁf(en)]lﬂ[,fﬁr]l/? = A,.

rdr
We then see that
a
dr
thus dividing by AY? and using A, > C’[M -M ] we reach®’
d [M -M al 1 d
_ _l’_

2—Al2<C 12 < o4 C
dr- "~ rdr M| [M M ]2 [r dr

d— - d — d — ~ 1d
A, = C—M, + C[H?(e,)]V?[r—M,]V/2 < C—M, + C[A,]Y/?[- —
C-M, + C[H(en)]2[r - M,]'2 < C M, + C[A]?

M 1/2
rdr r]

)

aMr o ld d —

12_
A1/2+C[ M, Y 20—

d —
[M M ]1/2+C[ o M, ]2
Integrating and using Cauchy—Schwarz, we find that
A2 A2 < OM, - M,)"? + C[/ar ids]l/Q[/ar %I\NASdS]l/Q = C[M, — M,]"/? + Clog"? (r/a)[M, — M,]"/?.
Using that H,(e,) < A% and H,(e,) = AY? we conclude that
H, (e,) < Hy(en) + C[1 + log'? (r/a)|(M, — M,)/?,
which putting a = Ar gives (130). O
We will now show Proposition 8.4. We first need a couple of lemmas.

Lemma 8.6 (Density properties). MT s monotone nondecreasing. Moreover, we have the layer cake-type formula
o0
= _/ dt tn_lfi,n—l(t)Mt ’ (132)
0
where — [ dtt" " fL o (t) = 1.

Proof. We already discussed the monotonicity of M, (recall (131)). Moreover, we can compute

oo [ee) _ 1 (e o) _¢2 _ 1 oo
—/ dtt" = fr () = (n— 1)/ dtt" 2 fr1(t) = "7_/ dttn2e7r = / dtt"2e " =1,
0 0 0 0

cpr1 Cn

Finally, letting P := [Wul + Wi(u )}, using polar coordinates and G, 4(z) = frq(|z|) we can compute

/PGm_lz/ dtfm_l(t)/ P:/ dtf,,,n_l(t)i/ P:f/ dtt" )L (t) 11/ P,
0 aB; 0 dt /g, 0 [ By

which gives precisely (132). O

30We can assume that [MT — Ma] > 0, as otherwise (131) forces u to be constant along rays, thus u = u(0).
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Lemma 8.7 (Height excess properties). We have
H? < CH2. (133)
Moreover, given X € (0,1) we have
H3}, <A~ ("tDCH? + Cem 37 M., . (134)

Proof. We clearly have the pointwise inequalities

|z|2

1 o1 a2
(Ar)”+1XBT+ 7()\7‘)”_"_16 Aer XB,C«

1
WXBT S CGr1n+1 aIld GAT S C

Integrating the first one we get (133). Integrating the second one we get

H2 < )\—(”+1)CH2+C)\—(7L+1)L | |2 w+w( *13‘22
Ar = r i Be T 2 u) € ™

which splitting the integral into dyadic scales and using that M < M, easily gives (134). O
1

Proof of Proposition 8.4. Up to a translation we can assume that y = 0. Taking A = 5,3‘))( in (134), by Proposition 8.2

we find that

/6

B2, <5YOCHZ . +Cena <ot (135)

=X
€ xR

It remains to estimate ME:“E;C' Since — fooo dt tnﬂfﬁ,nfl(t) =1 and M, 2% M., it is clear that

oo
M, = — lim dtt" ()M =My = K, .

T—00 0

For the lower bound, using — fooo dt t”_lf;’nfl(t) = 1 again and the monotonicity of My, given 0 < a < r we can
estimate

K= M, == [0 0. - Mo
0

IN

- [ 0K - M- [ 0K - M

IN

[K: M,] — an +/a] t"lf;m_l(i)[K* — M,]dt.

Bounding f; ,,_1(t) < C' 4t in the integrals, taking r = ?ﬁ”ék and a = &, Ry, and using the density lower bound
from Proposition 8.2, we reach

K, —M, < [K, — M,] + C(a/r)""" + %/ t"[ K. — M,]dt
r a
~ C r ~ ~
< (e ™R/ + Cla)r)" ! + e, / (e B R j)2dt < (e VY PRy fr)? + Clafr)™
thus K, — M, < &7/, m

8.3 Back to the original scale — Proof of Theorem 1.3

Proof of Theorem 1.3. Proving Theorem 1.3 is equivalent to showing that every K € Ry is a subcritical density in
R* (recall Definition 3.1). We assume then for contradiction that K, = sup{K > 0 subcritical density in R*} < oo.

By Proposition 3.6, there is then a stable solution u : R* — (—1,1) with M., = K, which is not 1D. Let Z(u)
be its bad set, defined in Definition 3.7; it is non-empty by Lemma 3.8.

Fix v = %. Fix some y € (0,2%]7 B € (0, %] and « € (0, i],

Let R — oo and zy € Z be given by Lemma 3.17, with associated E% = HiRk (zr) — 0 as k — oo.

Let Ry = 0,Ry, and Z;, € Z N Br, (zx) be given by Lemma 3.18, where 0, € (0,1], and let & = §£°(1+a)5k. Recall
that:

. wehave]%k%ooandHiR (z) <282 — 0as k — oco.
k

e moreover (30) and (31) hold.
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Combining Proposition 8.4 and the monotonicity (by Lemma 8.6) of MT, there is some y € B, 5 (z1) such that
3 Rk

K. C~2+X”/2 <M, (y) < K. forevery r>ZCRy,

with xy = %X and for k large enough. Applying Theorem 8.5 with r = 4Ry, and Ar = 52”1:3;67 and using Proposition 8.4
once again,
Hin, (7) < Fo g (7) + Cllog(V)| /2 (Man, (7) — M 5 (9))1/% < O2, 7/ 4 Cllog(0)| /22, ¢/

Now, we can easily beat the log factor, by using (for the first and only time) that 5y > 0: Since A = RIZ’“ = igkazu

and & = 9£°(1+a)5k, we find that |log(A )|1/2~:"/ — 0 as e — 0. In particular, we deduce that

Hyp, (5) < C£1+X“/8 for all k large enough.
But then, since B, (zx) C Bag, (Zr) C Bag, (¥), together with (133) we find that
er = Hpg, (z1) < CHRk (z1) < CH4Rk (¥) < CE?X“/S for all k large enough.

Recalling once again that €, — 0 as k — oo, for k large enough we get a contradiction. O

8.4 Proof of Theorem 1.4

Proof of Theorem 1.4. Let u. : By C R* — (—=1,1) and A be as in the statement, so that M (u.) < A. If u. were a
solution on all of R* instead of just Bj, since we now known that every density is subcritical in R* we would easily
conclude by Theorem 3.2. The only difference is that we cannot directly use Lemma 2.3; nevertheless, the local
monotonicity formula with errors in [HT00, Proposition 3.4] gives universal C;, Cs such that

M, (us, ) < C1A +Cy for every x € Byjy. (136)
Moreover, by Theorem 1.3 we know that K := C1A + Cy is a subcritical density. Then, up to using (136) in place
of (45) and (47), the rest of the proof of Theorem 3.2 follows exactly as written and gives the result. O

Appendix

A The varifold theory for Allen—Cahn

A central insight of the classical theory is that stable solutions to e-A—C converge, as € | 0, to stable integral
varifolds. We provide here in a restricted setting the most basic definitions and results underlying this convergence

(in particular, we do not deal with general varifolds, and we state simpler versions of known results whenever they
suffice).

Definition A.1 (Integral varifold). e Let Q C R™ open. An integral (or integer rectifiable) varifold V is a
pair V = (3,0), where ¥ C Q is an (n — 1)-rectifiable set, and 0 : ¥ — N is an H,,_1—integrable function. We
can naturally associate a weight measure ||V to it by ||V]|(4) = ﬁ Japs O dH™ L.

e We define its support via supp V' := supp ||V||. Its regular part reg V' is defined as the set of all points = € supp V
such that ¥ is actually a smooth hypersurface in some open neighbourhood around z. In particular, regV is
open. We define sing V' = supp V \ reg V.

o Wesay that V is stationary in Q if % i OH( DL ), V[|(2) = 0, where X is a smooth vector field with supp X € Q,
®t is its flow at time ¢, and (D4 )V = (94 (%), 0 0 "). Moreover, it is called stable if its regular part is a
stable smooth minimal hypersurface, meaning that <> ’ —oll(@% )V [[() > 0 for every X with supp X € reg V.

Definition A.2 (Allen—Cahn weight measure, [HT00]). Given a solution u. : @ — [—1,1] to e-A—C, we define
the Allen—-Cahn weight measure ||[V;|| on Q via, given AcCQ,

[IVell(A {u=ttnA)dt

We are using that, by Sard’s theorem, {u = t} isa smooth submanifold for almost every t.

As a motivation for the definition above, note that by the coarea theorem we can write

[[Vell(A

us
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Let a := 4/ %(“E) and b := \/g|Vu,|. Using that 2ab = a® +b? — (b—a)? > a® + b — |b? — a?| we readily deduce that
£ (ue, A) — D(ue, A) < [|VE[|(A) < €% (ue, A)

2
where D(u, A) := anl,l N ‘ W(EUE) - Elv;“l dx is a discrepancy term.
Huchinson and Tonegawa established a deep connection between stationary points of e-A—C and integral station-
ary varifolds. The following is a partial statement of their results.

Theorem A.3 ([HT00]). Let u. : & — [—1,1] be a sequence of solutions to the e-A—-C equation, with € — 0, and
assume that £°(ue, Q) < A. Define the A-C weight measures |Vz|| as in Definition A.2.

Then, there is a subsequence u., with e, — 0, and a stationary integer rectifiable varifold V', such that the following
hold:

o |V- Il = IV as measures.

e D(ug,,A) — 0 for any A € Q. In particular,
V() = lim Ve, [(9) = lim % (ue,,, Q) for any Q" € Q with ||V[|(€') = 0. (137)

e Ase — 0,

{lue| < 0.9} converges locally in the Hausdorff distance sense to spt V. (138)
We now focus on stable solutions.
Remark A.4. In the stable case, rescaling Theorem 2.11 shows directly (and quantifies) the discrepancy decay.

Theorem A.5 ([Ton05]). In the setting of Theorem A.3, assume moreover that the u. are stable. Then, V is also
stable.

Assume now furthermore that Q C R?, so that suppV is a union of straight segments. Then suppV is actually a
union of non-intersecting straight lines.

The latter is a general property and holds also in higher dimensions, as shown by Tonegawa and Wickramasekera:

Theorem A.6 ([TW12, Proposition 3.2]). In the setting of Theorem A.3, assume moreover that the u. are stable.
Assume that 0 € Q and spt||V|| = CNQ, where C C R™ is a cone with n — 2 directions of translation invariance.
Then C is a hyperplane.

Remark A.7. Cones C with n — 2 directions of translation invariance are, choosing an appropriate Euclidean
coordinate frame, of the form Cy x R"~2, where Cy C R? is a union of half-lines intersecting at the origin. In other
words, they are unions of half-hyperplanes meeting along a common boundary.

The above are all the results we will use in the article. The following remark is in order:

Remark A.8. The motivation for showing Theorem A.6 in [TW12] is the following: Wickramasekera developed
a deep regularity theory for codimension 1 stable integral varifolds in [Wic14], which shows that they cannot have
branch points (i.e. flat singularities) as long as they do not have classical singularities®! either. In fact, such varifolds
need to be then of optimal regularity (i.e. as regular as in the case of area-minimisers). This theory can then (by
the property in Theorem A.6) be applied in particular to limits of stable A—C solutions, which shows:

Theorem A.9 ([TW12; Wicld]). In the setting of Theorem A.3, assume moreover that the u. are stable. Then,
sing V' is empty if n <7, discrete if n = 8, and of Hausdorff codimension at least 8 if n > 9.

We believe it is worth highlighting—as explained in Section 3.1—that our proof of Theorem 1.3 does not use the
powerful Theorem A.9.
B A self-contained theory for stable solutions

In our current arguments, the results from [HT00; TW12] are used only in two places:
The first instance is at the end of the proof of Theorem 3.2. There, we need to argue that a minimal hypersurface,
obtained as a C% limit of (the level sets of) stable e-A—C solutions which satisfy the sheeting assumptions in balls

31V is said to have a classical singularity at 2 € sing V' if there is some r > 0 such that spt V N B,(x) is a C1*® perturbation of a union
of half-hyperplanes meeting along a common boundary.
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of radius one, is also stable. We appealed to Theorem A.5 for efficiency, but we could alternatively easily pass (11)
to the limit to recover the stability inequality for minimal hypersurfaces, using the C%“ convergence and the fact
that [Mgy—y())]*(2) < A*(u)(2).

The second instance is in the proof of Propositions 3.9 and 3.10, where we used Theorems A.3, A.5 and A.6 to
provide a short and direct argument. We explain in what follows how to avoid their use completely.

The fact that K, € N, which is obained in the proof of Proposition 3.9 via Theorem A.3, is not needed at that
point. We can instead proceed up until Section 6 without knowing that K, is an integer, and only then—when proving
Proposition 3.19—deduce the integrality of K, in a straightforward way: By (77), we find a large “clean” ball with
M;,(z) = K. + 0(1). Moreover, applying Lemma 4.9, we find N € N with M;,(Z) = N + 0x(1). Combining both
facts, obviously K, € N. Such approach perfectly aligns with the “a-priori philosophy” that is present throughout
the work.

The other properties in Propositions 3.9 and 3.10 can be obtained (without appealing to [HT00; TW12]) as
follows:

Alternative proof of Propositions 3.9 and 3.10 (sketch). This alternative proof gives all the conclusions of Proposi-
tions 3.9 and 3.10 except the integrality of K, (which as explained above can be deduced later in our argument).

We adhere to the same notation and setup as in the original proof (Section 4.2). Repeating the argument from
Step 1 there, which does not use [HT00; TW12], we obtain:

1. —
K, — w(ﬁ) <Mg(z) <K, forall ze Z, (139)

where w is a dimensional modulus of continuity. Notice that M r is the weighted excess from Definition 8.3.
We then continue the proof verbatim, arguing by contradiction exactly as in the paragraph before Step 2—recall
that we put w;(x) := u;(z; + R;x), and u; is a solution of £;-A—C with &; = % Letting Z(u;) denote the bad centers

of u;, set Z; := R%(Z(uz) —z;) N By, the sequence of rescaled (and translated) bad sets.

Construction of a spine. Define the “minimal spine dimension”

d.=min{d € [0,n] NN | liminf min sup dist(y, L) = 0},
i—00 LGGr(d,n)yEZi

where Gr(d,n) denotes the Grassmannian of d-dimensional linear subspaces of R".
By definition of d, there exists a subsequence of (u;,);>0 such that for all [ we have:
o There is L € Gr(ds, n) such that sup 7 dist(y, L) — 0 as | — oo.
yeZ;,

e There exist d, points in Z-l, labeled y}, y? ... ,yf*, such that the gram determinant of the d, vectors is bounded
by below by the same positive number for all .

By (139), combined with the monotonicity formula (see (131)) centered at 0 and at ylj , we obtain
g/ (z-Vu;,)? =o(1) and g/ ((x—y)) V) =0(1) asl—oo.
Bg BZ

Given any e € L N By, which we can then write as a linear combination of the yl] , we deduce that
€ / (e- Vi) =o(1) and &, / (x —e)-Vu)? =0(1) asl— occ. (140)
Bz B2

From now on, MT will denote the natural rescaled version of the original density (exactly as in Remark 2.2). By the
above, we can then deduce (for instance, arguing as in [Sim18, pp. 116-118]):

Lemma B.1. Fiz x and r > 0 such that By,.(x) C By \ L. Then, the following hold:
e Dilation invariance: M, (z) = M, (z + Mz — ¢€)) + o(1) for any e € LN By and A € (0,1).
e Translation invariance: M, (z) = M, (z + €) 4 o(1) for any e € L N By.
e Constancy in L: M,(0) = M, (e) + o(1) for any e € LN By.

Convergence to a hyperplane. To conclude, we need to deduce that—up to a subsequence—there are hyperplanes
H; such that, given r > 0, for ¢ large enough the following hold:

{lu| £0.9} N B; C B,(H;) and Mr(ui,x) > K, —o(l) forevery z€ H,NBj. (141)

Notice that (140) implies d, < n: if we had d. = n, then (140) would imply &;, fBl |V, |? = o(1) as | — oo, which
readily gives a contradiction with lower density estimates. We distinguish then two cases d, =n—1 and d, <n — 1.
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Case d, =n—1. Let s > 0. By the third bullet in Lemma B.1 and MS(O) = K, —o(1), we have Ms(x) =K.—o(1)
Vx € LN By. The second part of (141) follows.

To see the first one, let r» > 0. It is easy to see (by a cover of L N By with disjoint balls of different radii) that
E(ui, Brja(L) N By) > K, — o(1). Assume there were some z € {|u;,| < 0.9} N By /5 \ B,(L) for contradiction; then

K, > &(uyy, Br) > E(ws,, Byj2(L) N By) + E(ts,, Byjo(x) N By) > Ky — o(1) + E(uy,, By jo(x) N By),

which (by lower density estimates around z, see Step 1 in the proof of Lemma 4.5) is a contradiction for &;, > 0
small enough.

Case d, < n — 1. By Theorem 3.4 we have the sheeting assumptions away from L (as the bad set is contained in
a o(1) tube around L). In particular, the sets {@; = 0} enjoy C*® estimates. By Arzela-Ascoli—plus standard
covering and diagonal arguments—we obtain some subsequence (not relabeled) converging (in 01203 (B1\ L)) to a
smooth minimal surface ¥ C By \ L (with 05 C L U dBy). By the argument at the beginning of the section, the
01203 convergence implies moreover that X is stable away from L.

The following is immediate from (4.10):

Lemma B.2. There is Ry such that the following holds: Let 6 > 0. Let s,t be such that |s|,|t| < 0.9. Then, given
z € {u;, = s} N B1\ Bs(L), we have—for | large enough—that {u;, =t} N Br,z, (v) # 0 as well.

In particular (by considering s = 0), we deduce that {u;, =t} also converges both in the C** and Hausdorff senses
to X in By \ Bs(L) (with a rate independent of t).

In particular, ¥ must be nonempty: Otherwise, cover By N B,.(L) with ~ =% balls of radius » > 0 small; the
contributions of these balls (using that M is bounded) to the total energy in By amount to at most Cr. Moreover,
by Lemma B.2, |u] < 0.9 is contained in this cover (for &;, small enough), thus by Lemma 4.3 the energy of @;, decays
exponentially away from these balls. Making r small, the lower bound for the energy density in B; (in fact, it is
almost K,) yields a contradiction.

Now, passing (140) to the limit, ¥ is conical and invariant in any direction e € L. Thus, in an appropriate frame
¥ = C x R%, where C C R"~% is a minimal cone which is smooth and stable outside the origin. We have then two
subcases:

Subcase 1: If d, <n —3 (thus 3 <n —d, <7), C (and thus X) is a hyperplane by [Sim68].

Subcase 2: If d, = n — 2, C C R? is a union of half-lines intersecting at the origin. We argue as follows:

Lemma B.3. There exists U;, C B2, with Vol,,_o(U;,) > co > 0, such that for every xo € U;, and t with |t| < 0.9
we have: Let Sy, = {z : (z,90) € {u = t}} N B?. Then Sy, # 0, and if x € Sy, then {u;, = t} is a smooth

hypersurface around (x,yo). Moreover, |V, | > %

Proof. The fact that S, ; # () is immediate by applying Lemma B.2 around any point in ¥ N [B; \ B% LD)n{y =
Yo} # 0. Now, let TI,,_5 denote projection onto {0} x R"~2 and define U;, = B}~2\ Hn,Q[BROg”(Z N By)], Ro
universal to be chosen. By stability and Vitali, Br,z;, (Z N By) can be covered with at most Cg; (=3 balls of radius
€;,- Projecting these balls, VOln_Q(Hn_g[BRogil (Z N By)]) < cg;l("‘”gg—? = ('€;,, which can be made arbitrarily
small as g;, — 0.

Fixing Ry (universal) large enough, for any yo € U;, we can apply Theorem 3.4 (appropriately rescaled) in
Bryz;, (0,90), thus (14) holds in Bro (0,y0). This gives [Vu;| > &= as desired. In particular, if [¢| < 0.9, then

2 Cig i

{u;, =t} is a smooth hypersurface around Sy, ;. O

The rest is essentially the classical argument in [SS81, pp. 785-787]; we give a sketch of the proof, divided into
two main lemmas. We have:

Lemma B.4. Let 0 > 0. Then, for all €;, > 0 small enough, we have

inf / ‘H{al :t}| dH! < ol/2.
t€[—0.9,0.9], yo €U;, Syo,eNB2 i

Proof. By Holder’s inequality, Proposition 2.4 and the boundedness of M (on balls of radius o), we easily see that
1/2

1/2
5/ AV 2 < (al/ A2|vail2> 5/ Vi 2| <ol
B2x B} 2 B B2x B} 2
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On the other hand, by Lemma B.3 and the coarea formula, we can estimate

0.9
z, / AV, |? > / AV, | = / dt / AdH" !
B2xBr? {17:,1<0.9}N(B2xU;,) —0.9 {@;, =t}N(U;, x B2)

0.9
> dt/ d / Tz —pn|dH! > inf / Lo | dHE.
/_0.9 Us, . Syo,mBg| e t}‘ t€[—0.9,0.9], yo€U;, Syo,m33| { t}|

O

On the other hand, we have:

Lemma B.5. Assume that X were not a hyperplane. Then, fsy B2 |H{gil:t}| dH > ¢ > 0 for every g;, > 0 small
0t o L
enough and t € [—0.9,0.9], yo € U;,.

Proof. By assumption, X is a union of half-planes intersecting at {0} x R"~2 and which form some angle. Moreover,
{u;, = t} is smoothly embedded and it converges in C}  to ¥ away from {0}* x R"~?—thus, in particular, in
(B2\B2),) x By

By elementary considerations, for £;, > 0 small enough there are then xq, x5 € B2\ Bg/z, both belonging to the
same connected component of Sy, ; N B2, and such that |I/{ail:t} (z1,90) — Vi, =t} (z2,y0)|] > ¢; in other words, the
normal vector to {u;, = t} needs to rotate by a definite positive angle along some connected component of Sy, ;.

Let v C Sy,.+ N B2 be a curve segment connecting (z1,y0) and (z2,y). Since [,,—¢y| bounds any tangential
derivative of the normal vector Vi, =t} the fundamental theorem of calculus then gives

d
Vi@, =t (T1,90) — Vi, =ty (T2, 90)| = / oo Vu=t) = / Mu=ty |-
L dy

yo,tMNB5

O

Combining the two preceding lemmas we deduce that > must be a hyperplane, as otherwise fixing ¢ > 0 small
enough and then taking £;, > 0 small enough we get a contradiction.

Conclusion. In either of the cases d, = n—1 and d, < n—1, we found that ¥ is a hyperplane. The first property
in (141) immediately follows, by Lemma B.2. To see the second one, let > 0. Since ¥\ Ba.(L) is connected, by
Lemma 4.9 we find some K € N such that M,.(z) = K + o(1) for any x € X\ By,.(L). But then necessarily K = K,:
This follows easily since M;(0) = K, + o(1), and (as we already saw) B,(L) contributes at most C's to the total
energy, which can be made arbitrarily small.

Given that also M, (y) = K, + o(1) for any y € L, we easily conclude (by combining different values of r) that
M., (x) = K. + o(1) for any x € X, which is precisely the second property in (141). O

C Proofs of some known or standard results

Lemmas 4.2 and 4.3.

Proof of Lemma 4.2. This can be proved as in [Wan17, Remark 4.7]. Given a vector field X € CL(R";R"), multi-
plying (5) by X - Vu and integrating by parts we get

/ [V;"Q + W(u)} divX — (Vu)T - DX - Vu =0,

or (adding @ on both sides):

. B Uq U; v 2 _ IVUP _ :
/[dle Z Yl |Vu|alX }|Vu| —/[2 W(u)| divX .

1<i,j<n

We choose X = z,,n%e,, getting

; Vul?
2490 pp, — o Un 2 o 3 L Tp—" 2:/| W 24922 m).
/{’7 A ] V] V] [Vl ][ 2 ()| (" + 2enmin)

1<i<n

The first and third terms add up to \Ve%u\an. Moreover, the terms with ¢ < n in the sum can be estimated by

1 1 /
2;uiunxnnm < 3 ;[u?nz + 4uixinf] < §|V6nu|2,}72 + 23:%\Vu|2‘vn|2 .
<<n <<n
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[Vul?
2

/ Vhuf?r? < 4 / 2|Vl |Vl? + O / W ()21

as desired. O

Bringing all remaining terms to the right hand side and using < W (u) by Lemma 2.1, we obtain

Proof of Lemma 4.3. Using Lemma 2.1, we can compute
Al —u?) = =2[|Vu* + uW'(u)] > —2[2W (v) + uW'(u)] = —2(1 — UZ)[i(l —u?) —u?.
For |u| > 0.85 we find that (1 —u?) is a strong subsolution, i.e.
Al —u?) > ¢(1 —u?)
(we can actually put ¢ = 1). By the maximum principle (using an exponential for comparison), this shows that

in any Ba,(z) C {|u| > 0.85},

sup 1 —u? <e "

B, (z)
which immediately gives the bound for W (u); Lemma 2.1 then bounds the gradient term as well. O
Lemma 7.9. We first need:

Lemma C.1 (Wh! estimate). Assume that v € C*(Bhy), By C R"1. Set f := div(AVv), where A € C'(Bjp)
and |A(z") — 1| < 1/2. Then, there exists C depending only on n such that

R |Vv|SC<R2f 91+ f |v|>-
B Byr Bygr

Proof of Lemma C.1. Since the estimate is scaling invariant we can (and do) assume that R = 1. Consider w which
solves

’
R

div(Aw) =f in B}
w =0 on 0Bj.

Since 1/2 < A(z') < 3/2 is bounded and uniformly elliptic, [LSW63, Theorem 5.1] shows that

lwllz1(By) + IVWl LBy < CllfllLr () -
Moreover, v — w satisfies div(AV (v — w)) = 0, therefore (applying Cauchy—Schwarz, the Caccioppoli inequality, and
De Giorgi-Nash-Moser estimates)

V(v =w)llzry < CIV(0—w)r2m) < Cllv—wllr2s: ) < Cllv—wllLisy) -

3/2

Bounding [[v —wl[z1 () < [vlloysy) + lwlisy) < lvllzys) + 1f 1z, and adding up the gradient estimates for
w and v — w above, we conclude the result. O

Proof of Lemma 7.9. We argue by compactness/contradiction. Suppose that the statement is not true; then, there

are sequences vy, Ay satisfying the previous hypotheses for d; | 0 but such that the conclusion fails for a certain

A > 0.

Applying Lemma C.1 rescaled to the ball of radius p we see that p fB, V| < pdt1/2 for 1 < p < ﬁ. We can then
P

apply Rellich—-Kondrachov, deducing then that a subsequence (not relabeled) of the vy converges strongly in Llloc,
and weakly in VVli)Cl7 to some v, and with growth bound fB [Voo| dz < pdt1/2,
P
Now, for any ¢ € C2(R"71), the previous together with |Ay(z") — 1| < 6 — 0 give that

/vooAgo = liin/vago = lilgn/Vkago = liin/AkVUngo = lilgn/div(AkVUk)ga =0,

thus v, is smooth and harmonic by the Weyl Lemma.

By the standard Liouville-type theorem for harmonic functions in R”~! with polynomial growth, v, must be a
harmonic polynomial pg of degree < d. Moreover, from the growth bound with p = 1 we see that ||pal|r:(s;) < [B]].
Since vy — Voo = pa in L*(B}), this gives a contradiction for k large enough. O
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D Asymptotic behaviour of 1D periodic Allen—Cahn solutions
Let o € [0,1] and

P(a, R) :=inf {5 <’U, [0, T\@logm) cv e Cl([o, 1JTT(%\[QlogR]) and v(0) = O} .

Proposition D.1. There are universal constants C > 0 and Ro > 1 such that P(a, R) > % — CR= (42 for every
R> Ry.

Considering
P(R) :=inf {€ (v,[0,log R]) : v € C}([0,log R]) and v(0) =0}, (142)
so that P(a, R) = P(R™5V2), it suffices to show:

Proposition D.2. There are universal constants C > 0 and Ry > 1 such that P(R) > % — CR™2V? for every
R>Ry.

This should be read as: Any function with v(0) = 0 needs to accumulate almost as much A—C energy as the 1D
solution ¢ in long intervals. Indeed, we have:

Lemma D.3. P(R) < 1.

Proof. The monotone 1D solution ¢ is a competitor in (142), and it has (¢, [0,00)) = %, since £(¢, (—o0,00)) =1
and ¢ is antisymmetric. O

We argue in several steps.

Lemma D.4. There is Ry > 1 such that, if R > Ry, the following hold:

The infimum in (142) is attained by an A-C solution v € CL([0,log R]), satisfying v(0) = 0, v'(0) >
v'(log R) = 0. Moreover, v is the restriction of a (not renamed) global, periodic A-C solution v : R — (-1
quarter-period % = log R. Furthermore, v is nondecreasing in [0, %]

)

Proof. Tt is elementary to see that there is an v which attains the infimum. Since v solves a minimisation problem,
with zero Dirichlet condition at 0 and no constraint at log R, we get that v(0) = 0 and v’(log R) = 0. Moreover,
v'(0) # 0 (as otherwise v = 0, but then P(R) = ;ogR W(0) = +log R, which is a contradiction for R large enough
with Lemma D.3), so that v'(0) > 0 up to perhaps considering —v instead.

Since v is a minimizer of the A-C energy in [0,log R] among all functions with v(0) = 0 and v’(0) > 0, and since
the potential W is decreasing in [0, 1] and W(1) = 0, we obtain that:

e v is nondecreasing in [0,log R] (as otherwise the smallest nondecreasing function above v would have less

energy).

e v <1 (as otherwise the function min(v, 1) would have less energy).

Moreover, a symmetrisation by hand alternating even and odd reflections (using that v’(log R) = 0) immediately
shows that v can be extended periodically, with quarter period % = log R for some k € N. O

Lemma D.5. In [0, L], v/ = \/2W(v) — 2X for some X € (0, 1), so that v coincides with the solution to

{ uf = W' (uy)

, 1 (143)
ux(0) =0 and u\(0) = /5 —2A.

Moreover, v has amplitude Cy := /1 — 2V/\, attained at %,

Proof. Since
d
pr (v = 2W (v)) = 20"0" — 20'W'(v) = 0
and v’ > 01in [0,Z), v/ = /2W (u) — 2] for some A € R in this interval. Since [v'| < \/2W (v) by Lemma 2.1, A > 0.

If A\ = 0 we would get v = ¢, but ¢’ never vanishes; since |W| < i we deduce that A € (0,1/4). Moreover, since v
2y2

attains its maximum maxv at = and v'(£) = 0, we see that 0 = \/2W (max v) — 2X, which since W (v) = (1 —v

shows that maxv = v(T/4) = V1 — V4. O
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We will also need the following

Lemma D.6. We have
1
P(R) > 3 o \/ s)ds.
o0

Proof. Recall that % =log R. By a2 + b > 2ab and coarea, we can bound

P(R) = 1/0 [;wnuww] > 010/0 Vs v/2W (an) = 010/00 VW s) ds,

g0

which since oo = fil V2W (s)ds = 2 fol V/2W (s) ds gives
1
P(R) > 57 o \/ s)ds.

00

We can now prove Proposition D.2.

Proof of Proposition D.2. Let § = §, be such that Cy = uy(Th/4) =1 — 6. We want to see that § is small.
Recall that u} = /2W (uy) — X. Dividing by /2W (u,) — A, integrating from 0 to 2*, and setting s = u(r) gives
T / g /1 b ds
4 Jo o 2W(u(r)) — 2\ o \2W(s)—2W(1—9)’

where we used that (since u) (Th/4) = 0) we have 2\ = 2W (ux(Th/4)) = 2W (1 - 9).
Changing variables s — 1 — s, bounding 2 — s > 2 — 4, and changing variables s — ds, we can estimate

T 1 1-9 ds _ ds

4 V2 \/W(s)—W(l—é)_\/?/g V@ = 5)2s% — (2= 0)202
< V2 1 ds _ V2 1/6 ds
T2-0)s V202 2-0J)1 -1

Therefore, since —4— = 1 + O(Z) for s > 2, we conclude that

Wy
T _ f 18 gs 1 1
- il 1) < —1log - 1).
4 (52 5+0()_ﬂ0g6+0()

Since T'/4 = log R, exponentiating on both sides we deduce that § < CRV2.

(144)

Now that we have bounded ¢, since
P(R) >

\/ s)ds,
Cx

it remains to estimate fc V2W(s)ds. From /2W(s) = == 1 —5?) < C(1 - s) for s € [0,1], we deduce that

l\D\»—t

\/2W(s) ds < C (1 —s)ds = %(1 — )%= %(52 < CR™?>"2,
C)\ C)\

and the proposition follows. O
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