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Abstract

We introduce nonlocal minimal surfaces on closed manifolds and establish a far-reaching Yau-type
result: in every closed, n-dimensional Riemannian manifold (without any genericity assumption on the
metric), we construct infinitely many nonlocal s-minimal surfaces. We prove that when s ∈ (0, 1) is suffi-
ciently close to 1, the constructed surfaces are smooth for n = 3 and n = 4, while for n ≥ 5, they are smooth
outside of a closed set of dimension n − 5.

Moreover, we prove surprisingly strong regularity and rigidity properties of finite Morse index s-
minimal surfaces, such as a “finite Morse index Bernstein-type result” and the compactness of the class
of finite index s-minimal surfaces in the strongest geometric sense (that is, they are shown to subsequen-
tially converge smoothly and with multiplicity one).

These properties make nonlocal minimal surfaces ideal objects on which to apply min-max variational
methods as well as to approximate classical minimal surfaces. Combined with the recent results in [23],
which proves uniform curvature estimates and optimal sheet separation for stable s-minimal surfaces as
s ↗ 1 (i.e. as they converge to classical minimal surfaces), this work sets a new powerful method for the
study of old and new questions on the existence of classical minimal surfaces.
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1 Introduction

1.1 The “classical” Yau conjecture

The existence and regularity of minimal hypersurfaces in closed manifolds is one of the central questions
in Riemannian geometry. Yau’s conjecture (raised in 1982 by S.-T. Yau [69]) is a particularly famous and
archetypal problem. It states that every closed three-dimensional manifold must contain infinitely many
smooth minimal surfaces. This problem exposes the enormous difficulties in applying variational methods
to the area functional defined on the class of “surfaces”.

Yau’s conjecture was recently established by K. Irie, F. C. Marques, and A. Neves [48] (in the case of
generic metrics) and by A. Song [65] (in full generality):

Theorem 1.1 ([48, 65]). Let (Mn, g) be a closed Riemannian manifold of dimension 3 ≤ n ≤ 7. Then, there exists
an infinite number of smooth, closed, minimal hypersurfaces in M.

To construct an infinite number of minimal surfaces, one must consider non-stable critical points of the
area functional (since in general closed 3-manifolds contain only a finite number of stable minimal surfaces).
These surfaces are naturally constructed using min-max (i.e., mountain-pass type) methods. The use of min-
max methods for the area functional goes back to Almgren [3, 4] and afterward, Pitts [57] in the 1960s.

Several essential difficulties arise when trying to construct minimal surfaces employing a min-max scheme.
The principal underlying issue is that, in the case of the area functional for surfaces, min-max sequences can
be extremely noncompact, unless we work with very weak notions of convergence.

Indeed, suppose we are given a sequence of minimal surfaces with uniformly bounded Morse index.
This is only a best case scenario, as the accumulation points of min-max sequences, if they exist, will
be finite index minimal surfaces. A concrete instance of this best case scenario would be a sequence of
shrinking catenoids that converge to a hyperplane (with multiplicity two). In this example, the sequence
does converge in some weak sense (namely, in the sense of varifolds). However, the limiting object, a “double
hyperplane”, has arguably very few things in common with the catenoids that approximate it (e.g. their
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topologies or their total curvatures are completely different!). More generally, it is possible to guarantee
that every sequence of minimal surfaces with uniformly bounded index and area will have convergent
subsequences, provided one chooses a weak enough notion of convergence. However, as in the example
of the catenoid, weak convergence has undesired side effects: different sequences of minimal surfaces with
“interesting topologies” may yield, in the limit, the same object with a loss of topology (with an integer
multiplicity).

We emphasize that, as the example of the catenoid shows, there is no way to avoid the side effects: they
must come with any convergence weak enough to guarantee compactness. Hence, a crucial difficulty in the
proof of Theorem 1.1 is the extraordinary difficulty in ensuring that multiple minimal surfaces, with bigger
and bigger areas, constructed via a min-max method are distinct (and not the same one counted multiple
times). Another very delicate question is the control of the topology of the minimal surfaces constructed
via min-max (e.g. to construct minimal spheres in a given manifold). Such issues have only been solved, in
particular cases, through a huge effort in several outstanding works, including Almgren [2, 3, 4], Pitts [57],
Schoen-Simon [61], Marques-Neves [50, 51, 52, 53], Irie-Marques-Neves [48] and Song [65]; or Simon-Smith
[64], Haslhofer-Ketover [47] and Wang-Zhou [68], to cite a few.

1.2 Purpose of the paper

This work introduces nonlocal minimal (hyper)surfaces —in the spirit of Caffarelli-Roquejoffre-Savin [17]—
on closed Riemannian manifolds and develops their existence and regularity theory. A main purpose of this
paper is to demonstrate that they are an ideal class of objects on which to apply min-max methods (as they
seem to prevent almost every pathology that arises for classical minimal surfaces, such as multiplicity and
loss of topology), as well as to approximate classical minimal surfaces.

On this second point, let us emphasize that nonlocal minimal surfaces approximate classical minimal
surfaces as the fractional parameter s ∈ (0, 1) converges to 1. The recent results in [23] show, among
other things, uniform curvature estimates and optimal sheet separation (of order

√
1 − s) for stable nonlocal

s-minimal surfaces in a three-dimensional Euclidean setting as s ↗ 1, which implies their multisheeted
convergence towards smooth classical minimal surfaces. A forthcoming work [35] will prove a Weyl Law
for the s-minimal surfaces obtained in the present paper, as well as show their convergence (building on
[23]), as s → 1 and for n = 3, to classical minimal surfaces, obtaining a new proof of their density (and in
particular of Theorem 1.1) for three dimensional manifolds with a generic metric.
Therefore, in combination with the present paper, nonlocal minimal surfaces provide a powerful new
method to construct classical minimal surfaces. This method resembles in some ways the Allen-Cahn ap-
proximation in [45, 39, 40, 25], but presents several advantages (some of which are discussed in [23], and
some of which will become evident in this work).

We obtain surprisingly strong estimates for finite Morse index nonlocal minimal surfaces that do not
hold for classical minimal surfaces. These estimates confer finite Morse index nonlocal minimal surfaces
exceptional compactness and regularity properties, thanks to which we establish far-reaching existence and
regularity results, including a nonlocal analog of Theorem 1.1. Let us give a quick selection/highlights of
our results here:

(i) Any closed manifold of dimension n ≥ 3 contains infinitely many nonlocal minimal (hyper)surfaces
(i.e., the nonlocal analog of Yau’s conjecture holds). More precisely, given s ∈ (0, 1), for every p ∈ N

there exists an s-minimal surface with Morse index ≤ p and fractional perimeter comparable to ps/n.
These surfaces are smooth in low dimensions and smooth away from a closed lower-dimensional set
in every dimension. We stress that our result holds for every metric and not just generic ones.

(ii) For n ∈ {3, 4} and s ∈ (0, 1) sufficiently close to 1 (the limit case s = 1 formally corresponds to classical
minimal surfaces), the following holds:

– Any smooth (embedded) s-minimal hypersurface of finite Morse index in Rn must be a hyper-
plane.

– In a closed n-dimensional manifold Mn, any sequence of smooth s-minimal (hyper)surfaces with
uniformly bounded Morse index automatically satisfies uniform curvature and sheet separation
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estimates. As a consequence, any such sequence has a subsequence that converges smoothly and
with multiplicity one to a (smooth) submanifold. In particular, if all the elements of the sequence
are homeomorphic to the same topological space X then the limit is also homeomorphic to X.

Thanks to their exceptional compactness and regularity properties, Morse theory for nonlocal minimal
surfaces is in some sense as “flawless” as finite-dimensional Morse theory, at least from the functional
analysis (i.e. compactness) perspective. It goes without saying that this is in striking contrast with the
situation for classical minimal surfaces for the area functional.

Since we think that the paper can be of interest to readers who do not necessarily have any previous
knowledge on nonlocal elliptic equations, we try to give an accessible and mostly self-contained presen-
tation. For the reader’s convenience, the present paper is complemented by the companion article [21],
which provides greater detail about the definitions introduced in Section 2 and includes the proofs of the
estimates for the kernel Ks(p, q) (here stated in Section 2.1.2) and the monotonicity formula given in Section
2.3. Moreover, we have spared no efforts in trying to make our proofs as efficient as possible.

1.3 Nonlocal minimal (hyper)surfaces on a closed Riemannian manifold

Nonlocal minimal (hyper)surfaces in Rn were first introduced and studied in [17]. In this section, we define
nonlocal minimal (hyper)surfaces on a closed Riemannian manifold, emphasizing the “canonical nature” of
these new geometric objects.

Let (Mn, g) be an n-dimensional, closed Riemannian manifold, with n ≥ 2. Let us start by giving a canon-
ical definition of the fractional Sobolev seminorm Hs/2(M). This can be done in at least three equivalent
ways:

(i) Using the heat kernel1 HM(t, p, q) of M, we can put

Ks(p, q) :=
ˆ ∞

0
HM(p, q, t)

dt
t1+s/2 .

We then define
[u]2Hs/2(M)

:=
¨

M×M
(u(p)− u(q))2Ks(p, q) dVp dVq. (1)

The kernel Ks(p, q) will be shown to be comparable to 1
d(p,q)n+s , and they coincide in the case M = Rn

(up to a constant factor).

(ii) Following a spectral approach, we can set

[u]2Hs/2(M)
= ∑

k≥1
λs/2

k ⟨u, φk⟩2
L2(M) (2)

where {φk}k is an orthonormal basis of eigenfunctions of the Laplace-Beltrami operator (−∆g) and
{λk}k are the corresponding eigenvalues. For s = 2 this gives the usual [u]2H1(M)

seminorm.

(iii) Considering a Caffarelli-Silvestre type extension (cf. [19, 8]), namely, a degenerate-harmonic extension
problem in one extra dimension, we can set

[u]2Hs/2(M)
= inf

{ˆ
M×R+

z1−s|∇̃U(p, z)|2 dVpdz s.t. U(x, 0) = u(x)
}

.

Here ∇̃ denotes the Riemannian gradient of the manifold M̃ = M ×R+, with respect to the natural product
metric g̃ = g + dz ⊗ dz, and the infimum is taken over all U belonging to the weighted Hilbert space H̃1(M̃)
(see Definition 2.12 for the precise definition of this space, and we refer to Section 2 in general for all the
basic properties of this extension characterization).

1As customary, by heat kernel here we mean the fundamental solution of the heat equation ∂tu = ∆u on M, where ∆ denotes the
Laplace-Beltrami operator on M.
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It is proved by the three authors in [21] that (i)-(iii) define the same norm (not merely equivalent norms),
up to explicit multiplicative constants. We emphasize that this gives a canonical definition of the Hs/2(M)
seminorm on a closed manifold. For the reader’s convenience, we recall here some definitions and results
from [21].

Here and onwards M denotes a closed n-dimensional Riemannian manifold.

Definition 1.2. Given s ∈ (0, 1) and a (measurable) set E ⊂ M, we define the s-perimeter of E as

Pers(E) := [χE]
2
Hs/2(M)

=
1
4
[χE − χEc ]2Hs/2(M)

= 2
ˆ

E

ˆ
Ec

Ks(p, q)dVpdVq , (3)

where χE is the characteristic function of E, Ec := M \ E and [·]2Hs/2(M)
is defined by (1).

From the estimates in [21] for the kernel Ks(p, q), one can see that for every set E ⊂ M with smooth
boundary, one has that (1 − s)Pers(E) → Per(E) as s ↑ 1 (up to a multiplicative dimensional constant, see
[11] and also [27, 20, 7] for further details on the computation in the case of Rn).

Moreover, it is convenient to define localized or relative versions of the fractional perimeter, somewhat
analogous to the classical relative perimeter.

Definition 1.3. Given a bounded open set Ω ⊂ M (with Lipschitz boundary), a relative s-perimeter in Ω is a
functional denoted by Pers( · , Ω) and satisfying the following two properties:

(I) Pers(E, Ω)− Pers(F, Ω) = Pers(E)− Pers(F) for all (measurable) sets E and F that coincide outside Ω
and Pers(F) < ∞.

(II) Pers(E, Ω) < ∞ if ∂E is a smooth submanifold in a neighborhood of the compact set Ω.

Throughout the paper, we fix a relative s-perimeter defined similarly as in [17] (there for the case of the
Euclidean space Rn). We define the relative s-perimeter of E in Ω as

Pers(E, Ω) :=
¨

(M×M)\(Ωc×Ωc)
(χE(p)− χE(q))2Ks(p, q)dVpdVq ,

where Ωc := M \ Ω is the complement of Ω. With this definition, one can easily check that properties (I)
and (II) above hold. Moreover, it follows directly from its definition that the previous notion of relative
s-perimeter satisfies the following properties.

• Pers(E, Ω) = Pers(Ec, Ω) for every (measurable) E ⊂ M.

• If E ⊂ Ω or Ec ⊂ Ω then Pers(E, Ω) = Pers(E), where Pers(E) is the s -perimeter on the entire manifold
M defined in (3).

• Let Ω1, Ω2 ⊂ M with |Ω1 ∩ Ω2| = 0. Then Pers(E, Ω1 ∪ Ω2) ≥ Pers(E, Ω1) + Pers(E, Ω2).

• Let E1, E2 ⊂ M with |E1 ∩ E2| = 0. Then Pers(E1 ∪ E2, Ω) ≤ Pers(E1, Ω) + Pers(E2, Ω).

Remark 1.4. Notice that there would be other possibilities to define a relative s-perimeter. For example, in
view of the “spectral definition” (2) of the fractional perimeter, we could have defined a different relative
perimeter by Pers(E, Ω) = ∑k≥1 λs/2

k ⟨χE, φk⟩2
L2(Ω)

. It is easy to check that this satisfies properties (I)-(II)
above as well.

In this work we denote by X(U ) the space of smooth vector fields in U ⊆ M, by spt(X) the support of X
and Xc(U ) the space of smooth vector fields with compact support in U .

Definition 1.5. Let (M, g) be a closed Riemannian manifold. Given s ∈ (0, 1), the boundary ∂E of a set
E ⊂ M is said to be an s-minimal surface if Pers(E) < ∞ and, for every X ∈ X(M), we have

d
dt

∣∣∣
t=0

Pers(ψ
t
X(E)) = 0 ,

where ψt
X : M × R → M denotes the flow of X at time t.
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The previous definition admits a natural local version.

Definition 1.6. Let (M, g) be a closed Riemannian manifold. Given U ⊂ M open, the boundary ∂E of a set
E ⊂ M is said to be an s-minimal surface in U if for every Lipschitz domain Ω with compact closure such that
Ω ⊂ U we have Pers(E, Ω) < ∞, and for every smooth and compactly supported vector field X ∈ Xc(U )
with spt(X) ⊂ Ω we have

d
dt

∣∣∣
t=0

Pers(ψ
t
X(E), Ω) = 0 .

Definition 1.7 (Morse index and stability). Let (M, g) be a closed Riemannian manifold and ∂E be an s-
minimal surface in U ⊂ M open (as in Definition 1.6). Then, ∂E is said to have Morse index at most m in
U if for every Lipschitz domain Ω with compact closure such that Ω ⊂ U , for every (m + 1) vector fields
X0, . . . , Xm ∈ Xc(U ) with ∪m

i=0spt(Xi) ⊂ Ω ⊂ U there exists some linear combination X = a0X0 + . . .+ amXm

with a2
0 + a2

1 + . . . + a2
m = 1 such that

d2

dt2

∣∣∣
t=0

Pers(ψ
t
X(E), Ω) ≥ 0.

In the particular case m = 0, we say that ∂E is stable in U .

Remark 1.8. This should be read as: there are at most m independent “directions” which decrease the
fractional perimeter. This general formulation of Morse index is well suited for passage to the limit.

Remark 1.9. It follows2 from Lemma 2.10 and Lemma 2.11 (which are results from [21]) that, if Pers(E, Ω) <
∞ and X ∈ Xc(U ) is such that spt(X) ⊂ Ω then the map t 7→ Pers(ψt

X(E), Ω) is well-defined for all t and of
class C∞. Thus, the previous definitions are meaningful.

1.4 Main results

One of the main goals of this paper is to establish the existence of infinitely many s-minimal surfaces on
every closed manifold:

Theorem 1.10 (Fractional Yau-type result). Let (Mn, g) be an n-dimensional, closed Riemannian manifold, with
n ≥ 2. Fix s0 ∈ (0, 1) and let s ∈ (s0, 1). Then, for every natural number p ≥ 1, there exists an s-minimal surface
Σp = ∂Ep with Morse index at most p —in the sense of Definition 1.7— and fractional perimeter

C−1ps/n ≤ (1 − s)Pers(Ep) ≤ Cps/n,

for some C = C(M, s0) > 1. In particular, M contains infinitely many s-minimal surfaces. Moreover, these surfaces
are viscosity solutions to the NMS (i.e. Nonlocal Minimal Surface) equation (see Proposition 3.27), and satisfy the
structural properties (9)-(10) in Proposition 1.30.

The regularity of the constructed surfaces depends on the classification of stable s-minimal cones (An
open subset E ⊂ Rn is said to be a cone if E is an open set and λE = E for all λ > 0).

Definition 1.11. Given s ∈ (0, 1), we define the critical dimension n∗
s as the minimum dimension n ≥ 3 such

that there exists a smooth and stable s-minimal cone in Rn \ {0} which is not a hyperplane.

By [15] and [23], n∗
s ≥ 5 for all s ∈ (s0, 1], where s0 ∈ (0, 1) is a universal constant. It is conjectured

that, in fact, n∗
s = 8 for all s sufficiently close to 1. For n = 8, the Simons cone E = {x2

1 + x2
2 + x2

3 + x2
4 <

x2
5 + x2

6 + x2
7 + x2

8} ⊂ R8, which is a minimizer in the classical case s = 1, is easily shown to be stable for all
s ∈ (s0, 1), for some s0 < 1 sufficiently close to 1, so that n∗

s ≤ 8 in this case3.

We now state a regularity result for the constructed surfaces, which will be proved in Section 4.5.

2Notice that for functions taking values in {±1} the potential part of the energy vanishes and the Sobolev part of the energy gives
the fractional perimeter.

3More generally, the natural generalization of the Simons cone to higher (even) n has been shown in [31] to be stable in dimension
n ≥ 14 for any s ∈ (0, 1). In particular, n∗

s ≤ 14 for any s ∈ (0, 1), and the definition of n∗
s as a minimum is justified.
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Theorem 1.12 (Size of the singular set). For n ≥ 3, the surfaces {Σp}p∈N of Theorem 1.10 are smooth submani-
folds outside of a closed set sing(Σp) of Hausdorff dimension at most n − n∗

s . In particular, sing(Σp) = ∅ if n < n∗
s

(and this holds for n = 3, 4 and s close to 1, since n∗
s ≥ 5). Moreover, in the case n = n∗

s the set sing(Σp) is discrete.

The surfaces in Theorem 1.10 will be constructed as limits as ε → 0+ of solutions to the fractional Allen-
Cahn equation on M. We emphasize that —in sharp contrast to the case of classical minimal surfaces— the
Allen-Cahn approximation does not really play a crucial role in our construction. We just use it so that we
are able to apply standard min-max existence results of critical points (like those in the book by Ghossoub
[41]). What really makes our construction easier, in comparison with the classical case s = 1, are the very
strong a priori estimates satisfied by finite Morse index s-minimal surfaces for s < 1, see Remark 1.19.
Corresponding analog estimates are satisfied by Allen-Cahn solutions with bounded index, which allows us
to send ε → 0 without problems. In contrast, in the classical case, this passage to the limit is really delicate:
one is forced to use varifold convergence, and then multiplicity and neck-pinching situations need to be
ruled out. This requires generic metric assumptions and has only been done for n = 3 in [25].

Definition 1.13 (Fractional Allen-Cahn energy). Let s ∈ (0, 2) and ε > 0. Given v : M → R, we define the
fractional Allen-Cahn (abbr. A-C) energy of v on the open set Ω ⊆ M as

EΩ(v) := ESob
Ω (v) + EPot

Ω (v), (4)

where

ESob
Ω (v) :=

1
4

¨
M×M\Ωc×Ωc

(v(p)− v(q))2Ks(p, q)dVpdVq, EPot
Ω (v) := ε−s

ˆ
Ω

W(v) dx ,

and W(v) = 1
4 (1 − v2)2 is the standard quartic double-well potential with wells at ±1. We will sometimes

denote EΩ by E ε,s
Ω or E ε

Ω if we want to stress the dependence of the energy from ε and/or s.

Note that, with this definition of the Allen-Cahn energy, we have

EΩ(χE − χEc) = ESob
Ω (χE − χEc) = Pers(E, Ω) ,

and
EΩ1∪Ω2(v) ≤ EΩ1(v) + EΩ2(v) .

The double-well potential penalizes functions that are not identical to ±1, and that is why one expects to
find nonlocal s-minimal surfaces as the limits of critical points of this energy when ε → 0.

A function u : M → R is a critical point of EΩ if and only if it solves the fractional Allen-Cahn equation

(−∆)s/2u + ε−sW ′(u) = 0 in Ω . (5)

Here (−∆)s/2 is the fractional Laplacian on (M, g), and it can be represented as (see Section 2 for details)

(−∆)s/2u(p) =
ˆ

M
(u(p)− u(q))Ks(p, q) dVq .

We also have a definition of Morse index, related to the second variation of the energy.

Proposition 1.14 (Second variation). Let Ω ⊂ M be an open set. Let u ∈ Hs/2(M) be a critical point of EΩ. Then,
given ξ ∈ C1

c (Ω), the second variation of EΩ at u is given by

E ′′
Ω(u)[ξ, ξ] =

1
4

¨
(M×M)\(Ωc×Ωc)

|ξ(p)− ξ(q)|2Ks(p, q) dVp dVq + ε−s
ˆ

Ω
W ′′(u)ξ2 dV. (6)

Definition 1.15 (Morse index). Let Ω ⊂ M an open set, and let u ∈ Hs/2(M) be a critical point of EΩ. The
Morse index of u in Ω, denoted by mΩ(u), is defined as the maximum dimension among all linear subspaces
L ⊂ C1

c (Ω) ⊂ Hs/2(M) such that E ′′
Ω(u) is negative definite on L. Moreover, we say that u is stable in Ω if

mΩ(u) = 0.
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For 3 ≤ n < n∗
s , we prove a strong regularity and separation result for s-minimal surfaces which are

limits of Allen-Cahn solutions with bounded index (as in our case), and which will be proved in Section 4.4.

Definition 1.16 (Family of Allen-Cahn limits). A surface Σ ⊂ M is said to belong to the class Am(M) if Σ =
∂E and there exists a sequence of functions uj : M → (−1, 1) which are solutions to the Allen-Cahn equation
(5) on M, with Morse index m(uj) ≤ m for all j, and parameters ε j → 0, such that uj → u0 := χE − χEc in
L1(M).

Theorem 1.17 (Uniform regularity and separation). Let s ∈ (0, 1) and 3 ≤ n < n∗
s . Let (Mn, g) be an

n-dimensional, closed Riemannian manifold satisfying the flatness assumption FA3(M, g, p, 1, φ) around p (see Defi-
nition 1.22). Assume that ∂E ∈ Am(M) is an Allen-Cahn limit (see Definition 1.16).
Then ∂E is a C1,α hypersurface for some α ∈ (0, 1), with uniform regularity and separation estimates around p. That
is, there exists a radius R = R(n, s, m) > 0 such that, after a rotation, φ−1(∂E) ∩

(
Bn−1

R (0)× [−R, R]
)

is the graph
of a single function f : Bn−1

R (0)× {0} → [−R, R] inside the chart, and

∥ f ∥C1,α(Bn−1
R ×{0}) ≤ C(n, s, m) .

As an immediate application of Theorem (1.17) and Arzelà-Ascoli we obtain:

Corollary 1.18. Let (Mn, g) be a closed Riemannian manifold, and let s ∈ (0, 1) and 3 ≤ n < n∗
s . Then, every

sequence Σk = ∂Ek ∈ Am(M) admits a subsequence converging to some Σ∞ in the strongest possible sense of
convergence for submanifolds. In particular, if all elements Σk of the sequence are homeomorphic to the same topological
space X, then the limit Σ∞ is also homeomorphic to X.

We now make an important remark.

Remark 1.19. Define the class A′
m(M) consisting of surfaces Σ = ∂E ⊂ M such that there exists a sequence

of s-minimal surfaces Σj = ∂Ej of class C2, with Morse index at most m for all j, such that Ej → E in L1(M).
Then, the result of Theorem 1.17 would also hold for surfaces in A′

m(M) (and in particular for surfaces
which are a priori known to be C2), with a similar proof but with several technical modifications.

We conclude this section with a technical remark about dimension n = 2, which is excluded from our
statements.

Remark 1.20. In the case n = 2, we cannot expect Theorem 1.17 to hold in general anymore, since Lemma
4.16 (which is where the assumption n ≥ 3 is used) cannot be in general replicated. Indeed, for s close to 1,
we expect a cross {xy > 0} ⊂ R2, which is always an s-minimal surface, to be a limit of index one fractional
Allen–Cahn solutions, just like in the classical case s = 1. Nevertheless, the proof of Lemma 4.16 shows that
the only s-minimal cone in R2 which is a limit of stable (or almost-stable) Allen–Cahn solutions is a straight
line: the finite index and n ≥ 3 assumptions are used just to reduce to the almost-stable (see Definition 3.9)
case via a translation. Our analysis would easily show then that, for n = 2 and any s ∈ (0, 1), the elements in
Am(M) are smooth curves outside of possibly up to m points (where the Morse index of the approximating
Allen–Cahn solutions concentrates).

The former generally matches what happens in the local case. There is, however, a striking improvement
for s close to 0: the recent article [22] shows that the only stable (outside of the origin) s-minimal cones in
R2 are straight lines for this range of s. Therefore, 4.16 (which is where n ≥ 3 is used), and thus Theorem
1.17, hold for n = 2 and s close to 0 as well. See [22, Section 1.1] for more details.

1.5 Other highlighted results and overview of the paper

1.5.1 Existence of min-max solutions to Allen-Cahn

In Section 3.1, we exhibit in a simple manner the existence of critical points of the Allen-Cahn energy (4) on
M, employing a min-max theorem as in [39]. Then, we prove lower and upper bounds for the energies of
the constructed solutions. The complete statement of our result is the following.
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Theorem 1.21 (Existence of min-max Allen-Cahn solutions). Let (Mn, g) be an n-dimensional, closed Riemannian
manifold, and fix s0 ∈ (0, 1). Let p ≥ 1 be a natural number (the number of min-max parameters) and s ∈ (s0, 1).
Then, there exists εp > 0 (depending on M, s and p) such that for all ε ∈ (0, εp), there exists a solution uε,p to the
Allen-Cahn equation (5) on M with Morse index m(uε,p) ≤ p. Moreover, there exists C > 1 depending only on M
and s0 such that

C−1ps/n ≤ (1 − s) E ε,s
M (uε,p) ≤ Cps/n . (7)

After proving this result, our main goal will be to show that, for fixed p, as ε → 0 a subsequence of the
uε,p converges in a strong sense to a fractional minimal surface Σp = ∂Ep ⊂ M, meaning in particular that

Pers(Ep) = lim
ε→0

E ε,s
M (uε,p) .

Together with the bound given by (7), we get for every p ∈ N a fractional minimal surface Σp = ∂Ep with
fractional perimeter Pers(Ep) ∼ ps/n. This perimeter growth shows that the family of surfaces {Σp}p∈N

necessarily forms an infinite set, thus proving the fractional Yau’s conjecture.

For this reason, a large portion of the article is devoted to studying the properties of solutions to the
Allen-Cahn equation with a uniform upper bound on their Morse index. We now state and explain the
main results of Sections 3.2 and 3.3.

1.5.2 Estimates for finite Morse index solutions to Allen-Cahn

In Section 3.2, we prove several estimates for finite Morse index solutions to the Allen-Cahn equation.

In order to quantify the dependence of the constants in the estimates on the geometry of the ambient
manifold precisely, the notion of “local flatness assumption” will be very useful (this quantification will be
important when we perform blow-up arguments). Let us introduce it below.

Here, as in the rest of the paper, BR(0) denotes the Euclidean ball of radius R centered at 0 of Rn, and
BR(p) denotes the metric ball on M of radius R and center p.

Definition 1.22 (Local flatness assumption). Let (Mn, g) be an n-dimensional Riemannian manifold and
p ∈ M. For R > 0, we say that (M, g) satisfies the ℓ-th order flatness assumption at scale R around the point p,
with parametrization φ, abbreviated as FAℓ(M, g, R, p, φ), whenever there exists an open neighborhood V of
p and a diffeomorphism

φ : BR(0) → V, with φ(0) = p ,

such that, letting gij = g
(

φ∗
(

∂
∂xi

)
, φ∗

(
∂

∂xj

))
be the representation of the metric g in the coordinates φ−1,

we have (
1 − 1

100
)
|v|2 ≤ gij(x)vivj ≤

(
1 + 1

100
)
|v|2 ∀ v ∈ Rn and ∀ x ∈ BR(0) , (8)

and

R|α|
∣∣∣∣∂|α|gij(x)

∂xα

∣∣∣∣ ≤ 1
100 ∀α multi-index with 1 ≤ |α| ≤ ℓ, and ∀x ∈ BR(0).

Remark 1.23. Notice that for any smooth closed Riemannian manifold (M, g), given ℓ ≥ 0, there exists
R0 > 0 depending on M for which FAℓ(M, g, R0, p, φp) is satisfied for all p ∈ M, where φp can be chosen to
be the restriction of the exponential map4(of M) at p to the (normal) ball BR0(0) ⊂ Tp M ∼= Rn.

Remark 1.24. The notion of local flatness introduced in Definition 1.22 is fundamental to our analysis. It
guarantees that, once a geodesic ball on M (diffeomorphic to an Euclidean ball, with quantitative control)
is fixed, our estimates are uniform independently on the geometry of M outside this ball. Consequently,
although the equation we consider is nonlocal—meaning it always depends on the global geometry of M—
the estimates we derive depend only on the local geometry of M.

Remark 1.25. Throughout the paper, the following scaling properties will be used several times.

4That is φp = (expp ◦ i)|BR0
(0) for any isometric identification of i : Rn → TMp
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(a) Given M = (M, g) and r > 0, we can consider the ”rescaled manifold” M̂ = (M, r2g). When perform-
ing this rescaling, the new heat kernel HM̂ satisfies

HM̂(p, q, t) = r−n HM(p, q, t/r2) .

As a consequence, the ”rescaled kernel” K̂s defining the s-perimeter on M̂ satisfies

K̂s(p, q) = r−(n+s)Ks(p, q).

(b) Concerning the flatness assumption, it is easy to show that FAℓ(M, g, R, p, φ) ⇒ FAℓ(M, g, R′, p, φ) for
all R′ < R and FAℓ(M, g, R, p, φ) ⇔ FAℓ(M, r2g, R/r, p, φ(r · )).

(c) Similarly, if FAℓ(M, g, R, p, φ) holds, and q ∈ φ(BR(0)) is such that Bϱ(φ−1(q)) ⊂ BR(0), then
FAℓ(M, r2g, ϱ/r, q, φφ−1(q),r) holds, where φx, ρ := φ(x + ρ · ).

One of the main results in the present work is the following estimate, to be proved in Section 3.2.3.

Theorem 1.26 (BV estimate). Let M be a closed n-dimensional Riemannian manifold for which FA2(M, g, R, p, φ)
holds —see Definition 1.22. Let s ∈ (0, 1) and u : BR(p) → (−1, 1) be a solution of the Allen-Cahn equation (5) in
BR(p) ⊂ M with parameter ε, and with Morse index mBR(p)(u) ≤ m. Then

ˆ
BR/2(p)

|∇u|dx ≤ CRn−1,

for some C = C(n, s, m).

Note that the BV estimate above holds uniformly in the Allen-Cahn parameter ε. The nomenclature of
“BV” is to be read as “bounded variation”.

Remark 1.27. Our proof of Theorem 1.26 gives a control on the behavior of the constant C(n, s, m) as s ↑ 1.
More precisely, for fixed s◦ ∈ (0, 1) we have C(n, s, m) ≤ C(n, s◦, m)/(1 − s) for all s ∈ (s◦, 1). In view of the
results from [23], the sharp asymptotic for s close to 1 is expected to be C(n, s, m) ≤ C(n, s◦, m)/(1 − s)1/2.

Another important result is a bound on the Sobolev and Potential parts of the energies, obtained in
Section 3.2.5:

Theorem 1.28 (Energy estimate). Let u : M → (−1, 1) be a solution of (5) in BR(p) ⊂ M with parameter ε and
Morse index mBR(p)(u) ≤ m. Suppose that FA2(M, g, R, p, φ) holds —see Definition 1.22. Then

ESob
BR/2(p)(u) ≤ CRn−s,

and there exists ε0 = ε0(n, s, m) such that for ε < ε0

EPot
BR/2(p)(u) ≤ C

( ε

R

)β
Rn−s,

where C = C(n, s, m) and β := min
( 1−s

2 , s
)
> 0.

Section 3.2.4 will prove the following result, and which will give, among other things, that the level sets
of Allen-Cahn solutions converge to the limit (hyper)surfaces in the Hausdorff distance of sets.

Proposition 1.29 (Density estimates). Let u : M → (−1, 1) be a solution of (5) in BR(p) ⊂ M with Morse index
mBR(p)(u) ≤ m, and suppose that FA2(M, g, R, p, φ) holds —see Definition 1.22. Then, there exist positive constants
ω0, C0 and ε0, depending only on n, s, and m, such that the following holds: whenever ε ≤ ε0, R ≥ C0ε and

R−n
ˆ

BR(p)
|1 + uε| ≤ ω0

(
respectively, R−n

ˆ
BR(p)

|1 − uε| ≤ ω0

)
,

then {
uε ≥ − 9

10
}
∩ BR/2(p) = ∅

(
respectively,

{
uε ≤ 9

10
}
∩ BR/2(p) = ∅

)
.
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1.5.3 Convergence results

In Section 3.3, the estimates we have just stated are used to show the convergence, as ε → 0, of solutions of
(5) to a limit interface.

The complete statement of our convergence result is the following.

Theorem 1.30. (Convergence as ε → 0+). Fix s ∈ (0, 1). Let uε j be a sequence of solutions of (5) on M with
parameters ε j → 0 and Morse index m(uε j) ≤ m. Then, there exist a subsequence, still denoted by uε j , and an
s-minimal surface Σ = ∂E with Morse index at most m, such that

uε j
Hs/2
−−−→ u0 = χE − χEc .

In particular ESob
M (uε j) → Pers(E) = ESob

M (u0). Moreover, EPot
M (uε j) → 0 = EPot

M (u0).

In addition, up to changing E on a set of measure zero, we have

int(E) ⊇
{

p ∈ M : lim inf
r↓0

|E∩Br(p)|
|Br(p)| = 1

}
, (9)

M \ E ⊇
{

p ∈ M : lim sup
r↓0

|E∩Br(p)|
|Br(p)| = 0

}
,

Σ =
{

p ∈ M : |E∩Br(p)|
|Br(p)| ∈ [δ, 1 − δ] ∀ r ∈ (0, rp), for some rp > 0

}
, (10)

where δ = δ(n, s, m) ≪ 1 and Σ = ∂E represents the topological boundary of E. Moreover, for all given c ∈ (−1, 1)

dH({uε j ≥ c}, E) → 0 , as j → ∞ ,

where dH(X, Y) = inf{ρ > 0 : X ⊆ ⋃
y∈Y Bρ(y) and Y ⊆ ⋃

x∈X Bρ(x)} denotes the standard Hausdorff distance
between subsets of M.

As explained in Section 1.5.1, this result combined with Theorem 1.21 gives Theorem 1.10.

1.5.4 Regularity in low dimensions

Sections 4.1–4.5 are devoted to proving the uniform regularity and separation estimate in low dimensions
of Theorem 1.17, as well as the result of Theorem 1.12 on the size of the singular set in higher dimensions.

First, Sections 4.1 and 4.2 define and describe the properties of blow-ups of s-minimal surfaces, in partic-
ular when they are the limits of Allen-Cahn solutions with bounded index.

Then, in Section 4.3 it is shown that such blow-ups converge to a single hyperplane in Rn, under the
assumption that stable s-minimal cones in Rn are flat; that is, when n < n∗

s is less than the critical dimension
of Definition 1.11. This classification result for blow-ups is used in Section 4.4 to prove Theorem 1.17. The
proof is done by a blow-up and contradiction strategy to show that the surfaces are flat at some fixed scale,
and an improvement of flatness theorem5 which holds for all nonlocal minimal surfaces which are viscosity
solutions of the zero nonlocal mean curvature equation, a criticality condition much weaker than minimality.

Finally, a dimension-reduction argument combined with the previous strategy allows to prove Theorem
1.12 for all n.

1.5.5 Bernstein and De Giorgi type results

Section 4.6 establishes the validity of the “finite Morse index versions” of the nonlocal De Giorgi and Bern-
stein conjectures, once again under the assumption of the classification of stable cones. This represents a
remarkable departure from the behavior of classical minimal surfaces and of solutions to the classical (local)
Allen-Cahn equation with a bounded index.

5This improvement of flatness theorem was proved on Rn in the seminal article [17] which first defined nonlocal minimal surfaces,
and the version of it on manifolds has been recently proved in [55].
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The proof of both results uses the same strategy as the proof, in Section 4.3, of the fact that blow-up
limits of s-minimal surfaces satisfying a certain list of properties, which are in particular satisfied by limits
of Allen-Cahn need to be half-spaces.

The Bernstein conjecture (today theorem) states that graphical complete minimal hypersurfaces must be
hyperplanes in low dimensions. See [2, 10, 24, 30, 38, 58, 63] for related generalizations to the classes of
minimizing and stable hypersurfaces.

In Section 4.6 we establish:

Theorem 1.31 (Finite index nonlocal Bernstein-type result). Let s ∈ (0, 1) and 3 ≤ n < n∗
s , where n∗

s is the
critical dimension (see Definition 1.11).

Then, any finite Morse index s-minimal surface in Rn of class C2 is a half-space.

Under the assumption of stability (Morse index zero) the previous theorem was established in [14] and
in the case of minimizers if follows from [17].

The De Giorgi conjecture is a famous related statement about certain entire solutions to the Allen-Cahn
equation being one-dimensional or equivalently about their level sets being hyperplanes in low dimensions.
See [1, 6, 33, 43, 60, 14] for related previous results in the minimizing and stable cases. In Section 4.6, we
show:

Theorem 1.32 (Finite index nonlocal De Giorgi-type result). Let s ∈ (0, 1) and 3 ≤ n < n∗
s , where n∗

s is the
critical dimension (see Definition 1.11).

Then, every finite Morse index solution u of (−∆)s/2u + W ′(u) = 0 in Rn is a 1D layer solution, namely,
u(x) = ϕ(e · x) for some e ∈ Sn−1 and increasing function ϕ : R → (−1, 1).

Under the assumption of stability (Morse index zero), the previous theorem was established in [14], and
for minimizers, it followed from [17, 28].

Remark 1.33. Recall that n∗
s ≥ 5 for s ∈ (s0, 1) for some universal constant s0 ∈ (0, 1). In particular,

Theorems 1.31 and 1.32 hold for n = 3, 4 and s ∈ (s0, 1).

2 The fractional setting on manifolds

Throughout the paper (M, g) will denote a closed (i.e. compact and without boundary) Riemannian mani-
fold of dimension n, unless otherwise stated. We refer to [21] for a more detailed introduction to fractional
Sobolev spaces on Riemannian manifolds, including the proofs of all of the results in this section.

2.1 The fractional Laplacian on (M, g)

Taking inspiration from the case of Rn (see [66] for instance), in this section we give several equivalent
definitions for the fractional Laplacian on a closed Riemannian manifold (M, g). It is natural here to define
the fractional powers (−∆)s/2 for any s ∈ (0, 2). On the other hand, in the rest of the paper we will always
restrict to s ∈ (0, 1): the norm Hs/2(M) used to define the fractional perimeter is only considered with
s ∈ (0, 1) since the H1/2 energy of a characteristic function is infinite.

2.1.1 Spectral and singular integral definitions

The fractional Laplacian (−∆)s/2 can be defined as the s/2-th power (in the sense of spectral theory) of the
usual Laplace-Beltrami operator on a Riemannian manifold, through Bochner’s subordination.

Given real numbers λ > 0 and s ∈ (0, 2), the following numerical formula holds

λs/2 =
1

Γ(−s/2)

ˆ ∞

0
(e−λt − 1)

dt
t1+s/2 , (11)

which can be proved by a simple substitution in the integral on the right-hand side. Formally applying the
above relation to the operator L = (−∆) in place of λ, one obtains the following definition for the fractional
Laplacian.
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Definition 2.1 (Spectral definition). Let s ∈ (0, 2). The fractional Laplacian (−∆)s/2 is the operator that acts
on regular functions u by

(−∆)s/2 u =
1

Γ(−s/2)

ˆ ∞

0
(et∆u − u)

dt
t1+s/2 . (12)

Here, the expression et∆u is to be understood as the solution of the heat equation on M at time t and with
initial datum u.

Remark 2.2. On a closed Riemannian manifold, a closely related definition of the fractional Laplacian is
available: if {ϕk}∞

k=1 is an L2(M) orthonormal basis of eigenfunctions for (−∆) with eigenvalues

0 = λ1 < λ2 ≤ . . . ≤ λk
k→∞−−−→ +∞

and u ∈ L2(M) then

(−∆)s/2u =
∞

∑
k=1

λs/2
k ⟨u, ϕk⟩L2(M)ϕk .

Since the solution to the heat equation on M with initial datum an eigenfunction ϕk is given by et∆ϕk =
e−λktϕk, the above definition is easily shown to be identical (for u regular) to (12) by first observing that they
coincide for eigenfunctions (thanks to (11)), and then extending the result by approximation.

The second definition for the fractional Laplacian, closely related to the spectral one, expresses it as a
singular integral. It will be our working definition in a substantial portion of the article.

Definition 2.3 (Singular integral definition). The fractional Laplacian (−∆)s/2 of order (of differentiation)
s ∈ (0, 2) is the operator that acts on a regular function u by

(−∆)s/2u(p) =
ˆ

M
(u(p)− u(q))Ks(p, q) dVq , (13)

where Ks(p, q) : M × M → R is given by6

Ks(p, q) =
s/2

Γ(1 − s/2)

ˆ ∞

0
HM(p, q, t)

dt
t1+s/2 ,

and where HM : M × M × (0, ∞) → R denotes the usual heat kernel on M.

Remark 2.4. If the manifold M is replaced by the Euclidean space Rn, then (we refer also to [5, Section 9.1]
for the very same computation) we have

Ks(x, y) =
s/2

Γ(1 − s/2)

ˆ ∞

0
HRn(x, y, t)

dt
t1+s/2 =

s/2
Γ(1 − s/2)

ˆ ∞

0

(
1

(4πt)
n
2

e−
|x−y|2

4t

)
dt

t1+s/2 =
αn,s

|x − y|n+s ,

where

αn,s =
2sΓ
(

n+s
2

)
πn/2|Γ(−s/2)|

=
s2s−1Γ

(
n+s

2

)
πn/2Γ(1 − s/2)

.

Hence, we recover the usual form of the fractional Laplacian on Rn. See also

The equivalence7 between the two definitions (12) and (13) is seen by expressing the solution et∆u to the
heat equation in terms of the initial datum u as

(et∆u)(p) =
ˆ

M
u(q)HM(p, q, t) dVq ,

using
´

M HM(p, q, t) dVq = 1 and changing the order of integration.

6Note that 1
|Γ(−s/2)| =

s/2
Γ(1−s/2) .

7With our choice of constants, this is an equality and not only an equivalence.
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2.1.2 Properties of the kernel

In this section, we recall some important estimates on the singular kernel Ks(p, q) taken from [21], which
are proved by means of analogous local estimates for the heat kernel.

In all the sections, we will use the (standard) multi-index notation for derivatives. A multi-index α =
(α1, α2, . . . , αn) will be an n-tuple of nonnegative integers (in other words α ∈ Nn). We define

|α| := α1 + α2 + · · ·+ αn.

For a function f : Rn → R of class Cℓ we shall use the notation

∂|α|

∂xα
f :=

∂α1+α2+···αn f
(∂x1)α1(∂x2)α2 · · · (∂xn)αn

.

For α = 0, we put ∂|0|

∂x0 f := f .

Proposition 2.5 ([21]). Let (M, g) be a Riemannian n-manifold, not necessarily closed, s ∈ (0, 2) and let p ∈ M.
Assume FAℓ(M, g, R, p, φ) holds and denote K(x, y) := Ks(φ(x), φ(y)).

Given x ∈ BR(0), let A(x) denote the positive symmetric square root of the matrix (gij(x)) —gij being the metric
in coordinates φ−1— and, for x, z ∈ BR/2(0), define

k(x, z) := K(x, x + z) and k̂(x, z) := k(x, z)− αn,s

|A(x)z|n+s .

Then ∣∣k̂(x, z)
∣∣ ≤ R−1 C(n, s)

|z|n+s−1 for all x, z ∈ BR/4(0) \ {0}, (14)

and, for every multi-indices α, β with |α|+ |β| ≤ ℓ, we have∣∣∣∣ ∂|α|

∂xα

∂|β|

∂zβ
k(x, z)

∣∣∣∣ ≤ C(n, s, ℓ)
|z|n+s+|β| for all x, z ∈ BR/4(0) \ {0}.

The constants C(n, s) and C(n, s, l) stay bounded for s away from 0 and 2.

Moreover, for all x ∈ BR/4(0) and for all q ∈ M \ φ(BR(0)) we have∣∣∣∣ ∂|α|

∂xα
Ks(φ(x), q)

∣∣∣∣ ≤ C(n, ℓ)
Rn+s ,

and ˆ
M\φ(BR(0))

∣∣∣∣ ∂|α|

∂xα
Ks(φ(x), q)

∣∣∣∣dVq ≤ C(n, ℓ)
Rs , (15)

for every multi-index α with |α| ≤ ℓ.

Lemma 2.6 ([21]). Let s0 ∈ (0, 2) and s ∈ (s0, 2). Let (M, g) be a Riemannian n-manifold and p ∈ M. Assume that
FA1(M, g, p, 1, φ) holds. Then

c7
αn,s

|x − y|n+s ≤ Ks(φ(x), φ(y)) ≤ c8
αn,s

|x − y|n+s ,

for all x, y ∈ B1/2(0), where c7, c8 > 0 depends on n and s0.

The next property concerns the behavior of the kernel when the two points p and q are separated from
each other.
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Proposition 2.7 ([21]). Let (M, g) be a Riemannian n-manifold and s ∈ (0, 2). Assume that for some p, q ∈ M both
FAℓ(M, g, 1, p, φp) and FAℓ(M, g, 1, q, φq) hold, and suppose that φp(B1(0)) ∩ φq(B1(0)) = ∅. Put Kpq(x, y) :=
Ks(φp(x), φq(y)). Then ∣∣∣∣ ∂|α|

∂xα

∂|β|

∂yβ
Kpq(x, y)

∣∣∣∣ ≤ C(n, ℓ) for all |x| < 1
2 and |y| < 1

2 ,

whenever |α|+ |β| ≤ ℓ.

The next results regards the behavior of the singular kernel Ks when translating its arguments under the
flow of a vector field.

Proposition 2.8 ([21]). Let (M, g) be a closed n-dimensional Riemannian manifold and s ∈ (0, 2). Consider any
smooth vector field X ∈ X(M), and fix points p, q ∈ M. Writing ψt for the flow of X at time t, then the kernel satisfies∣∣∣∣ dℓ

dtℓ

∣∣∣∣
t=0

Ks(ψ
t(p), ψt(q))

∣∣∣∣ ≤ C(1 + Ks(p, q)).

for some constant C = C(M, s, ℓ, max0≤k≤ℓ ∥∇kX∥L∞(M)). Moreover, given T > 0 we have that, for all 0 ≤ t ≤ T,∣∣∣∣∣ dℓ

dtℓ
Ks(ψ

t(p), ψt(q))

∣∣∣∣∣ ≤ CT(1 + Ks(p, q)) , (16)

where CT = CT(M, s, ℓ, T, max0≤k≤ℓ ∥∇kX∥L∞(M)). Both C and CT stay bounded for s away from 0 and 2.

We also record a version of Proposition 2.8 which depends only on local quantities:

Proposition 2.9 ([21]). Let (M, g) be a closed n-dimensional Riemannian manifold and s ∈ (0, 2). Assume that
the flatness assumption FAℓ(M, g, R, p, φ) holds, and let X ∈ X(M) be a smooth vector field supported on φ(BR/4).
Writing ψt for the flow of X at time t, then for every x, y ∈ BR/4(0) with x ̸= y we have∣∣∣∣ dℓ

dtℓ

∣∣∣∣
t=0

Ks(ψ
t(φ(x)), ψt(φ(y)))

∣∣∣∣ ≤ CKs(φ(x), φ(y)) ≤ C
αn,s

|x − y|n+s ,

for some constant C = C(n, s, ℓ, ∥X∥Cℓ(φ(BR/4))
). Moreover, given T > 0 we have that, for all 0 ≤ t ≤ T,∣∣∣∣ dℓ

dtℓ
Ks(ψ

t(φ(x)), ψt(φ(y)))
∣∣∣∣ ≤ CTKs(φ(x), φ(y)) ≤ CT

αn,s

|x − y|n+s , (17)

where CT = CT(n, s, ℓ, T, max0≤k≤ℓ ∥∇kX∥L∞(φ(BR/4))
).

Proposition 2.8 is used to bound time derivatives of the energy of “flown objects” by their energy at time
zero.

Lemma 2.10 ([21]). Let s ∈ (0, 2) and v ∈ Hs/2(M) be a function with |v| ≤ 1. Let X ∈ X(M) be a smooth vector
field and vt := v ◦ ψ−t, where ψt is the flow of X at time t. Then, for all T > 0 there holds

sup
0<t<T

∣∣∣∣ dℓ

dtℓ
EM(vt)

∣∣∣∣ ≤ C
(
1 + EM(v)

)
,

for some constant C = C(M, s, ℓ, T, max0≤k≤ℓ ∥∇kX∥L∞(M)).

Lemma 2.10 has a local version, which comes from applying local estimates for the kernel instead.

Lemma 2.11 ([21]). Let M satisfy the flatness assumptions FAℓ(M, g, R, p, φ). Let s ∈ (0, 1) and v ∈ Hs/2(M) be
a function with |v| ≤ 1. Let X ∈ X(M) be a smooth vector field supported on φ(BR/2), and put vt := v ◦ ψ−t

X , where
ψt

X is the flow of X at time t. Then, for all T > 0 there holds

sup
0<t<T

∣∣∣∣∣ dℓ

dtℓ
Eφ(BR/2)

(vt)

∣∣∣∣∣ ≤ C(1 + Eφ(BR/2)
(v)) ,

for some constant C = C(s, ℓ, T, max0≤k≤ℓ ∥∇kX∥L∞(φ(BR/2))
).
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2.1.3 Caffarelli-Silvestre type extension

Definition 2.12. We define the weighted Sobolev space

H̃1(M̃) = H̃1(M × (0, ∞))

as the completion of C∞
c (M × [0, ∞)) with the norm

∥U∥2
H̃1 := ∥TU∥2

L2(M) + ∥∇̃U∥2
L2(M̃,z1−sdVdz), (18)

where TU = U(·, 0) is the trace of U and ∇̃U = (∇U, Uz) denotes the gradient in M̃ = M × (0,+∞)
endowed with the natural product metric. This is a Hilbert space with the natural inner product that
induces the norm above. Moreover, basically by definition, any U ∈ H̃1(M̃) leaves a trace in L2(M × {0}).

Remark 2.13. The space H̃1(M̃) can be concretely realized as a space of functions U in L2
loc(M̃) having weak

derivatives ∇̃U in the same weighted space. Indeed, by the fundamental theorem of calculus and Hölder’s
inequality (see, for example, the proof of [21, Lemma 3.3]) we have

ˆ
M×(0,R)

|U|2 dVdz ≤ CR
ˆ

M
|TU|2 dV + CRs

ˆ
M×(0,R)

|∇̃U|2z1−s dVdz,

for every U ∈ C∞
c (M × [0, ∞)) and R > 0. This inequality easily implies that every Cauchy sequence (with

respect to (18)) of smooth functions converges to an actual function in L2
loc(M̃), and the limit is well-defined

pointwise almost everywhere.

The following essential result from [21], analogous to the classical one for Rn in [19], shows that the
fractional power of the Laplacian on M can be realized as a Dirichlet-to-Neumann map via an extension
problem.

Theorem 2.14 ([21]). Let (Mn, g) be a closed Riemannian manifold, and let s ∈ (0, 2) and u ∈ Hs/2(M). Consider
the product manifold M̃ = M × (0,+∞) endowed with the natural product metric. Then, there is a unique solution
U : M × (0, ∞) → R among functions in H̃1(M̃) to8{

d̃iv(z1−s∇̃U) = 0 in M̃ ,
U(p, 0) = u(p) for p ∈ ∂M̃ = M .

(19)

Moreover, if u is smooth then

lim
z→0+

z1−s ∂U
∂z

(p, z) = −β−1
s (−∆)s/2u(p) ,

where the fractional Laplacian on the right-hand side is defined by either (12) or (13) and

βs =
2s−1Γ(s/2)
Γ(1 − s/2)

. (20)

2.1.4 Modifications of definitions for the Euclidean space and other noncompact manifolds

We observe that (3) can also be used to define the fractional perimeter for any (possibly noncompact)
complete manifold N for which a fractional Hilbert norm Hs/2(N) is defined. It will be clear from our
proofs that, in the case of noncompact manifolds for which the equivalence of (i) and (iii) can be established,
s-minimal surfaces will enjoy the same (local) properties as the ones established here in the case of compact
manifolds (e.g. the monotonicity formula), with almost identical proofs. See [21] and [8] for more details
about this equivalence.

8Here d̃iv denotes the divergence operator on M̃.
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2.2 The fractional Sobolev energy

Definition 2.15. We define the fractional Sobolev seminorm [u]Hs/2(M) for s ∈ (0, 2) as

[u]2Hs/2(M)
=

¨
M×M

(u(p)− u(q))2Ks(p, q) dVpdVq . (21)

Then, the associated functional space Hs/2(M) is

Hs/2(M) = {u ∈ L2(M) : [u]2Hs/2(M)
< ∞} ,

and is called the fractional Sobolev space of order s/2. This is a Hilbert space with norm given by

∥u∥2
Hs/2(M)

= ∥u∥2
L2(M) + [u]2Hs/2(M)

.

A one-line computation using (13) shows:

Proposition 2.16. For a smooth function, one has that

[u]2Hs/2(M)
= 2

ˆ
M

u(−∆)s/2u dV .

In general, the fractional Sobolev seminorm can also be expressed using spectral or extension approaches:

Proposition 2.17 ([21]). Let u ∈ Hs/2(M). Then, with the notation in the previous sections, the fractional Sobolev
seminorm (21) is equal to

[u]2Hs/2(M)
= 2

∞

∑
k=1

λs/2
k ⟨u, ϕk⟩2

L2(M)

and

[u]2Hs/2(M)
= inf

v∈H̃1(M̃)

{
2βs

ˆ
M̃
|∇̃v|2z1−s dVdz : v(·, 0) = u(·) in L2(M)

}
. (22)

Moreover, the infimum in (22) is attained by the unique U ∈ H̃1(M̃) given by Theorem 2.14. In particular, we also
have that

[u]2Hs/2(M)
= 2βs

ˆ
M̃
|∇̃U|2z1−s dVdz ,

where βs is the constant defined in (20).

We end this section by recalling two related interpolation results. The first one, after a finite covering
argument, it implies in particular that the characteristic function χE of any set of finite perimeter E ⊂ M is
in Hs/2(M), as long as s ∈ (0, 1).

Proposition 2.18. Let s ∈ (0, 1), and let u : B1 ⊂ Rn → R be a function of bounded variation. Then,
¨

B1×B1

|u(x)− u(y)|2
|x − y|n+s dx dy ≤ C(n)

(1 − s)s
[u]sBV(B1)

∥u∥1−s
L1(B1)

.

Proof. See, for instance, Proposition 4.2 in [12].

The second interpolation result comes from relating the first one with the extension problem.

Lemma 2.19 ([21]). Let s0 ∈ (0, 1) and s ∈ (s0, 1). Let M satisfy flatness assumptions FA1(M, g, 1, p, φ). Using
the ball notation in (23), let also U : B̃+

1 (p, 0) → (−1, 1) be any function solving

d̃iv(z1−s∇̃U) = 0 ,

and let u be its trace on B1(p). Then for all ϱ > 0, R ≥ 1, k ∈ R and q ∈ B1/2(p) such that BRϱ(q) ⊂ B3/4(p),

ϱs−nβs

ˆ
B̃+

ϱ (q,0)
z1−s|∇̃U|2 dVdz ≤ C

Rs +
C

1 − s

(
ϱ−n

ˆ
BRϱ(q)

|u + k| dV
)1−s(

ϱ1−n
ˆ

BRϱ(q)
|∇u| dV

)s

,

where the constant C depends only on n and s0, and βs is the constant defined in (20).
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2.3 Monotonicity formula for stationary points of semilinear elliptic functionals and
s-minimal surfaces

The following monotonicity formula from [21] applies to any critical point of a semilinear elliptic functional
with a nonnegative potential term, hence including the fractional Allen-Cahn energy and s-minimal surfaces.
For r > 0 and p ∈ M denote

Br(p) =
{

q ∈ M : dg(q, p) < r
}

,

B̃+
r (p, 0) =

{
(q, z) ∈ M̃ : dg̃((q, z), (p, 0)) < r

}
,

∂B̃+
r (p, 0) = ∂

(
B̃+

r (p, 0)
)

∂+B̃+
r (p, 0) = ∂B̃+

r (p, 0) ∩ {z > 0} .

(23)

In the present section, we use ∇ instead of ∇̃ to denote the gradient in M̃ with respect to the product metric.

Theorem 2.20 ([21]). Let (Mn, g) be an n-dimensional, closed Riemannian manifold. Let s ∈ (0, 2) and

E(v) = [v]2Hs/2(M)
+

ˆ
M

F(v) dV,

where F is any smooth nonnegative function. Let u : M → R be stationary for E under inner variations, meaning
that E(u) < ∞ and for any smooth vector field X on M there holds d

dt

∣∣
t=0E(u ◦ ψt

X) = 0, where ψt
X is the flow of X

at time t. For (p◦, 0) ∈ M̃ define

Φ(R) :=
1

Rn−s

(
βs

ˆ
B̃+

R (p◦ ,0)
z1−s|∇U(p, z)|2 dVpdz +

ˆ
BR(p◦)

F(u) dV

)
,

where U is the unique solution given by Theorem 2.14. Then, there exist constants C = C(n) and Rmax =
Rmax(M, p◦) > 0 with the following property: whenever R◦ ≤ Rmax and K is an upper bound for all the sectional
curvatures of M in BR◦(p◦), then

R 7→ Φ(R)eC
√

KR is nondecreasing for R < R◦ ,

and the inequality

Φ′(R) ≥ −C
√

KΦ(R) +
s

Rn−s+1

ˆ
BR(p◦)

F(u) dV +
2βs

Rn−s

ˆ
∂+ B̃+

R (p◦ ,0)
z1−s⟨∇U,∇d⟩2 d σ̃

holds for all R < R0, with d(·) = dg̃((p◦, 0), · ) the distance function on M̃ from the point (p◦, 0).

Moreover, in the particular case where M = Rn, F ≡ 0, s ∈ (0, 1), and u = χE − χEc where E is an s-minimal
surface, there holds

Φ′(R) =
2βs

Rn−s

ˆ
∂+B̃+

R (p◦ ,0)
z1−s⟨∇U,∇d⟩2 dxdz ≥ 0 ,

which shows that Φ is nondecreasing and that it is constant if and only if E is a cone.

Remark 2.21. It follows from the proof of Theorem 2.20 in [21] that the radius Rmax in Theorem 2.20 can
be taken to be Rmax = injM(p◦)/4. Moreover, since M is compact Rmax is uniformly bounded below as
Rmax(M, p◦) ≥ injM/4, for all p◦ ∈ M.

3 Existence of min-max solutions to Allen-Cahn and convergence to a
limit nonlocal minimal surface

3.1 Existence results – Proof of Theorem 1.21

In what follows, (Mn, g) will be an arbitrary closed, n-dimensional Riemannian manifold, and s0 ∈ (0, 1)
will be fixed. Moreover, we will use the notation E ε

M(v) for the Allen-Cahn energy from (4) to make the
parameter ε explicit in the notation.
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3.1.1 Min-max procedure

The solutions in Theorem 1.21 are obtained using an equivariant min-max procedure, based on the con-
struction in [39] and the min-max theorems of [41], [42] and [49]. Since the topology of Hs/2(M) is trivial,
this is done by exploiting the Z2-symmetry of the functional E ε

M. Indeed, we consider the family Fp of all
sets A ⊂ Hs/2(M)\{0} which are continuous odd images of p-spheres:

Fp :=
{

A = f (Sp) : f ∈ C0(Sp; Hs/2(M)\{0}) and f (−x) = − f (x) ∀ x ∈ Sp
}

.

Remark 3.1. This min-max family has been chosen for simplicity and is well known in critical point theory
(see, for example, [29]), but other min-max families can be considered; see the seminal article [49] by Lazer-
Solimini, as well as the discussion in Remark 3.7 of [39]. In particular, one can obtain solutions in Theorem
1.21, which also satisfy lower bounds for their (extended) Morse indices, and such that the corresponding
min-max families come from a topological index. We nevertheless remark that a growth for the (proper!)
index of the solutions is already implied in our case, by combining the lower energy bound in Theorem 1.21
with the upper energy bounds in Theorem 1.28 (which will be proved later).

For fixed ε, the min-max value of the family Fp is defined as

cε,p := inf
A∈Fp

sup
u∈A

E ε
M(u). (24)

Note that, defining T(u) := max{−1, min{u,+1}} the truncation of u between the values ±1, we have that
|T(u)|(x) ≤ 1 for all x ∈ M and E ε

M(T(u)) ≤ E ε
M(u). Hence

cε,p = inf
A∈Fp

sup
u∈A

E ε
M(u) = inf

A∈F̃p

sup
u∈A

E ε
M(u) ,

where
F̃p = {A ∈ Fp : |u| ≤ 1 for all u ∈ A}.

This shows that we can consider, in the arguments that follow, that the functions in the min-max sets have
absolute values pointwise bounded by one. The proof of Theorem 1.21 relies on the existence result given
by the min-max scheme and the following bound on the min-max values.

Theorem 3.2. Let (Mn, g) be a compact Riemannian manifold, s0 ∈ (0, 1) and s ∈ (s0, 1). Then, for every p ∈ N

there exists εp > 0, depending on M, s and p, such that the min-max values (24) satisfy

C−1

1 − s
ps/n ≤ cε,p ≤ C

1 − s
ps/n , for all ε ∈ (0, εp) , (25)

for some constant C = C(M, s0).

Proof. The proof of this is contained in Subsections 3.1.2 and 3.1.3 below, which deal with the lower bound
and upper bound, respectively.

To apply the existence result, we need the energy E ε
M to satisfy the Palais-Smale condition along appro-

priately bounded sequences, and this is addressed by the next lemma. We remark that the proofs of the
Palais-Smale property and of the lower bound are quite similar to those of the classical Allen-Cahn equation
in [39].

Lemma 3.3. Let ε > 0 and s ∈ (0, 1). Suppose that (uk)k ⊂ Hs/2(M) is a sequence of functions satisfying |uk| ≤ 1,
|E ε

M(uk)| ≤ C, and dE ε
M(uk) → 0 strongly in Hs/2(M). Then, there is a subsequence of (uk)k converging strongly

in Hs/2(M).

Proof. The proof is an adaptation of Proposition 2.25 in [13]. We just prove the statement for ε = 1, as exactly
the same proof works for every fixed ε > 0. The boundedness of the energies EM(uk) gives the convergence

uk
L2
−→ u and uk

Hs/2
−−−⇀ u
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of a subsequence, that we do not relabel, to some u ∈ Hs/2(M). To upgrade the convergence to be in the
strong sense, we use the particular form of the functional. First, note that given v ∈ Hs/2(M) we have

dE ε
M(u)[v] =

1
4

¨
(u(p)− u(q))(v(p)− v(q))Ks(p, q) dVpdVq +

ˆ
W ′(u)v dV

= lim
k→∞

1
4

¨
(uk(p)− uk(q))(v(p)− v(q))Ks(p, q) dVpdVq +

ˆ
W ′(uk)v dV

= lim
k→∞

dE ε
M(uk)[v] = 0 ,

where we used |uk| ≤ 1 to pass to the limit in the term
´

W ′(uk)v. In other words, u is a critical point of E ε
M.

From this we deduce that

0 = lim
k→∞

(dE ε
M(uk)[uk − u]− dE ε

M(u)[uk − u])

= ESob
M (uk − u) +

ˆ
(W ′(uk)− W ′(u))(uk − u) dV,

and since the second term tends to zero, the first term must do so as well. This proves that uk → u strongly
in Hs/2(M) and concludes the proof.

Theorem 3.4. For every p ∈ N, there exists εp > 0 such that: for all ε ∈ (0, εp) there exists uε,p ∈ Hs/2(M) which
is a critical point of E ε

M with E ε
M(uε,p) = cε,p and Morse index m(uε,p) ≤ p (see Definition 1.15).

Proof. Since E ε
M satisfies the Palais-Smale condition along appropriately bounded sequences (see Lemma 3.3

above) and since d2E ε
M is a Fredholm operator at critical points, the min-max theorems in [41] will imply

that there exists a critical point uε,p for E ε
M at energy level cε,p and with Morse index m(uε,p) ≤ p. There is

only one detail that we have to address: the min-max theorems in [41] would apply directly to a complete,
connected Banach manifold X on which Z2 acted freely; in our case, we want to consider the space Hs/2(M),
together with the action x 7→ −x under which Fp is an invariant p-dimensional homotopic family, but which
is not free as it maps the point 0 to itself. This is not an issue in our case: the min-max value cε,p satisfies the
upper bound in (25), as we will prove in Subsection 3.1.3, and this bound holds independently of ε. On the
other hand, the Allen-Cahn energy of the zero function tends to infinity as ε ↘ 0, which shows that there
is εp > 0 such that, for all ε ∈ (0, εp), every min-max sequence is uniformly separated from 0 ∈ Hs/2(M).
Hence, the min-max theorems in [41] hold also in our case, and this concludes the proof of existence.

Proof. First, note that F̃p is an invariant p-dimensional homotopic family without boundary, in the sense
of Section 3 in [42] with B = ∅. Moreover, for every ε > 0, E ε

M satisfies the Palais-Smale condition along
appropriately bounded sequences (see Lemma 3.3 above) and d2E ε

M is a Fredholm operator on critical points.
Then, [42, Corollary 13] applied with B = ∅ (see also [42, Theorem 4]) implies that there exists a critical
point uε,p for E ε

M at energy level cε,p and with Morse index m(uε,p) ≤ p.

There is only one detail that we have to address: [42, Corollary 13] would apply directly to a complete
connected Banach manifold X on which Z2 acted freely. In our case, we want to consider X = Hs/2(M),
together with the action x 7→ −x under which F̃p is an invariant p-dimensional homotopic family, but which
is not free since it maps the point 0 to itself. This is not an issue for the following reason. By the upper
bound for the min-max values (25) (that we will prove in Subsection 3.1.3), we have that cε,p ≤ C(s, p, n)
for every ε ∈ (0, εp), for some εp = εp(M, s, p) > 0. On the other hand, the Allen-Cahn energy of the zero
function tends to infinity as ε ↘ 0, which shows that there is εp > 0 such that, for all ε ∈ (0, εp), every
min-max sequence is uniformly separated from 0 ∈ Hs/2(M). Hence, for a small r > 0 the min-max result
[42, Corollary 13] can be applied to X = Hs/2(M) \ {∥u∥Hs/2 < r} on which the action x 7→ −x is free.

Hence, to obtain Theorem 1.21 we are only left with proving the lower and upper bounds in (25). The
analog bounds in the case of min-max families of hypersurfaces and their areas were first proved by Gromov
in [44]. In [46], Guth gave an elegant new proof of the result by Gromov on which the proof of our bounds
is partially based. See also [50] for an adaptation of the proof by Guth to the setting of closed manifolds,
as well as [39] for the adaptation to the classical Allen-Cahn case. Nevertheless, our proof of the bounds is
closer to (and also simpler than) those in [46] or [50], thanks to the fact that sets of finite perimeter embed
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naturally9 in the same function space Hs/2(M) as their fractional Allen-Cahn approximations, as long as
s ∈ (0, 1).

3.1.2 Lower bound

In the proofs of both the upper and lower bounds, we will make use of the following simple fact.

Lemma 3.5. Let (Mn, g) be a closed, n-dimensional Riemannian manifold. Then, there exist positive constants
C0, C1, C2 depending only on M such that: for every p ∈ N there exist N disjoint balls Br(q1), . . . Br(qN) with

C1 p ≤ N ≤ C2 p ,

r = C0 p
−1/n ,

and ⋃
i≤N

B3r(qi) = M .

Proof. Since M is compact, by a comparison argument there exists a constant c = c(M) > 1 such that

c−1rn ≤ Hn(Br(q)) ≤ c rn , for all q ∈ M , r < inj(M) . (26)

We claim that, for C0 = inj(M)/3, the statement holds. Indeed, with this choice r = C0 p
−1/n ≤ inj(M)/3 for

all p ∈ N. Consider the cover
⋃

q∈M Br(q) of M, and let Br(q1), . . . , Br(qN) be a maximal disjoint collection.
Then, by maximality

⋃
i≤N B3r(qi) = M. Moreover, comparing volumes

c−1rnN ≤ ∑
i≤N

Hn(Br(qi)) ≤ Vol(M) ≤ ∑
i≤N

Hn(B3r(qi)) ≤ c3nrnN ,

which by the choice of r implies

C1 p :=
Vol(M)

c3nCn
0

p ≤ N ≤ cVol(M)

Cn
0

p =: C2 p .

The proof of the lower bound, which is based on the one in [46], depends on the next two lemmas.

Lemma 3.6. Let {Br(qi)}pi=1 be a family of p balls on M. Then, given any A ∈ Fp, there exists some u ∈ A such
that ˆ

Br(qi)
u = 0 for all i = 1, . . . , p.

Proof. This is simply a consequence of the Borsuk-Ulam theorem. Indeed, let A be the continuous odd image
of f : Sp → Hs/2(M) \ {0}. Define the (odd) function

g : Hs/2(M) → Rp by g(u) :=

(ˆ
Br(q1)

u, . . . ,
ˆ

Br(qp)
u

)
.

Then g ◦ f : Sp → Rp is an odd, continuous map, and by the Borsuk-Ulam theorem there exists a ∈ Sp with
g ◦ f (a) = 0. Hence, taking u = f (a) finishes the proof.

For the next lemma, it will be convenient to define the local part of the Sobolev energy as follows. Recall

ESob
Ω (v) =

1
4

¨
M×M\Ωc×Ωc

(v(p)− v(q))2Ks(p, q)dVpdVq

=
1
4

¨
Ω×Ω

(v(p)− v(q))2Ks(p, q)dVpdVq +
1
2

¨
Ω×Ωc

(v(p)− v(q))2Ks(p, q)dVpdVq .

9Via functions of the form χE − χEc .
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Then, we set

ESob|Ω(v) :=
1
4

¨
Ω×Ω

(v(p)− v(q))2Ks(p, q)dVpdVq .

Moreover, we also denote by
Pers|Ω(E) := ESob|Ω(χE − χEc)

the local part of the nonlocal perimeter.

We stress that Pers|Ω(E) ≤ Pers(E, Ω), with equality iff E ∩ Ω = ∅ or Ec ∩ Ω = ∅.

With this notation, let us recall the fractional isoperimetric inequality (which is implied, actually equiva-
lent, to the fractional Sobolev inequality, for example, in [37]).

Let s ∈ (0, 1). Then, there exists ciso = ciso(n, s) > 0 such that for every E ⊂ B1

Pers|B1(E) ≥ ciso min
{

|E|
|B1|

,
|B1 \ E|
|B1|

} n−s
n

, (27)

and actually if s ∈ (s0, 1) then ciso ≥ c′
1−s for some c′ = c′(n, s0) .

Lemma 3.7. Let s0 ∈ (0, 1). Then, there exists a constant c0 = c0(n, s0) > 0 such that the following holds:
Let q ∈ M, and assume that the flatness hypothesis FA1(M, g, q, 2R0, φ) holds. Given s ∈ (s0, 1), there exists
ε0 = ε0(n, s) > 0 such that: for every r ≤ R0 and ε ≤ ε0r, given any u ∈ Hs/2(M) with |u| ≤ 1 and

´
Br(q) u = 0

there holds
E ε|Br(q)(u) ≥

c0

1 − s
rn−s .

Proof. Let ψ : BR0(q) → Rn be normal coordinates at q, and let gij denote the metric in these coordinates. It
is not difficult to show that FA1(M, g, q, 2R0, φ) implies

1
C

id ≤ (gij)(x) ≤ Cid in BR0

for some C > 1 depending only on n.
Let v = u ◦ ψ−1. By assumption we have

´
Br

v
√
|g| dx = 0, and |v| ≤ 1. This implies

−1 + 1/C ≤
 
Br

v ≤ +1 − 1/C .

By Lemma 2.6

ESob|Br(q)(u) + ε−s
ˆ

Br(q)
W(u) dV ≥ 1

C

(
1
4

¨
Br×Br

|v(x)− v(y)|2
|x − y|n+s dxdy + r−s(ε/r)−s

ˆ
Br

W(v) dx
)

. (28)

We claim that the right-hand side of (28) is bounded below by ciso
4C2 rn−s, provided ε/r ≤ ε0(n, s), where ciso

is the constant in the fractional isoperimetric inequality (27).

To prove this lower bound, by scaling invariance we may assume without loss of generality r = 1. We
argue by contradiction. Suppose there exist sequences εk ↓ 0 and vk ∈ Hs/2(B1) with |vk| ≤ 1,

ffl
B1

vk ∈
[−1 + 1/C, 1 − 1/C], but such that

1
4

¨
B1×B1

|vk(x)− vk(y)|2
|x − y|n+s dxdy + ε−s

k

ˆ
B1

W(vk) dx <
ciso
4C

. (29)

In particular, ∥vk∥2
Hs/2(B1)

is uniformly bounded in k and
´
B1

W(vk) → 0. Hence, up to subsequences (that

we do not relabel), we have that vk −⇀ v∞ weakly in Hs/2(B1) and vk → v almost everywhere. Then, by
Fatou’s Lemma,

´
B1

W(v∞) = 0 and therefore |v∞| = 1 almost everywhere. Moreover
 
B1

v∞ ∈ [−1 + 1/C, 1 − 1/C] .
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This implies that v∞ = χE − χEc for some set E ⊂ B1 with 1
|B1|

min{|E|, |B1 \ E|} ≥ 1
2C . By the lower-

semicontinuity of the Sobolev seminorm, the fractional isoperimetric inequality (27) and (29) we get

ciso
2C

≤ Pers|B1(E) ≤ 1
4

lim inf
k→∞

¨
B1×B1

|vk(x)− vk(y)|2
|x − y|n+s dxdy ≤ ciso

4C
,

a contradiction.

Going back to (28), we have therefore proved that there exists ε0 = ε0(n, s) > 0 such that, for every ε ≤ ε0r
and every u as in the statement

E ε|Br(q)(u) ≥
ciso
4C2 rn−s .

Since the constant ciso = ciso(n, s) for the fractional isoperimetric inequality satisfies that ciso ≥ c′(n,s0)
1−s for

some c′ = c′(n, s0) > 0, we conclude the desired result.

We can now give the proof of the lower bound.

Proof of Theorem 3.2 (part 1). The lower bound in (25) follows, in a simple manner, from the lemmas above:
Given p ∈ N, by Lemma 3.5 find N ≥ C1p disjoint balls {Br(qi)}N

i=1 in M with radius r = C0 p
−1/n.

Moreover, up to taking C1 bigger and C0 smaller, we can also assume that r < R0, where R0 is such that
FA1(M, g, q, 2R0, φ) holds for all q ∈ M (see Remark 1.23). Given any A ∈ Fp, by Lemma 3.6 there exists
u ∈ A such that ˆ

Br(qi)
u = 0 for all i = 1, . . . , N.

Then, by Lemma 3.7, for ε ≤ ε0r we have

E ε|Br(qi)
(u) ≥ c0

1 − s
rn−s for all i = 1, . . . N,

which by the choice of r implies

E ε
M(u) ≥

N

∑
i=1

E ε|Br(qi)
(u) ≥ N

c0

1 − s
rn−s ≥ C−1

1 − s
ps/n ,

for some constant C that depends only on M and s0. Since we have found such a u ∈ A given any A ∈ Fp,
we deduce the desired lower bound.

3.1.3 Upper bound

While the lower bound required finding a function with high energy inside every admissible set A ∈ Fp,
the upper bound requires finding a single admissible set A such that all its elements have ”low” energy. We
will explicitly construct a continuous odd map f : Sp → Hs/2(M) \ {0} so that all the elements in A = f (Sp)
have controlled energy. These functions will be of the form χE − χEc , for some set E ⊂ M, and our task is
then to bound the fractional perimeter of these sets.

The proof of the upper bound in (25) goes as follows.

Proof of Theorem 3.2 (part 2). By Lemma 3.5 (with p replaced by k), for every k ≥ 1 there exist N ≤ C2k
disjoint balls Br(q1), . . . , Br(qN) of radius r = C0k−1/n and with

⋃
i≤N B3r(qi) = M. Moreover, recalling the

proof of Lemma 3.5, the bounds (26) hold for such an r.

Now, given (a0, a1, . . . , ap) ∈ Sp consider the polynomial Pa(z) = a0 + a1z+ . . .+ apzp and name {α1, . . . , αℓ}
its real roots in increasing order, so that ℓ ≤ p. In Rn consider the set

E :=
N⋃

i=1

B3r(3r(2i + 1), 0, . . . , 0) ;
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these are N aligned balls, tangent to each other, with centers on the x1-axis. Now we split the set E into
two disjoint subsets E = E+ ∪ E−. Given the real roots {α1, . . . , αℓ}, assign the set E ∩ {x1 ≤ α1} to
E+ if Pa(z) ≥ 0 for all z ∈ (−∞, α1], and else assign it to E− if Pa(z) ≤ 0 for all z ∈ (−∞, α1]. Then,
analogously assign E ∩ {α1 < x1 ≤ α2} to E+ if Pa(z) ≥ 0 for all z ∈ (α1, α2], and assign it to E− if
Pa(z) < 0 for z ∈ (α1, α2]. Repeat this procedure until E is divided into the two subsets E+ and E−. Note
that there are at most p transitions10 between E+ and E−, and thus E+ has perimeter at most |∂E+| ≤
N|∂B̃3r| + (6r)n−1p. Now, basically we want to do the same on the balls {B3r(qi)}N

i=1 on M identifying
B3r(qi) with B3r(3r(2i + 1), 0, . . . , 0) via the exponential map, that we consider as a map

expqi
: B3r(3r(2i + 1), 0, . . . , 0) → B3r(qi) .

In order to do so, we first have to make the covering {B3r(qi)}N
i=1 of M disjoint. For this purpose, for all

1 ≤ i ≤ N we consider
Qi := B3r(qi) \

⋃
j≤i−1

B3r(qj) ,

and note that {Qi}N
i=1 is a disjoint partition of M with Qi ⊂ B3r(qi). Let ua : M → {+1,−1} be defined as

ua(q) :=

{
+1 if q ∈ Qi and (expqi

)−1(q) ∈ E+,

−1 if q ∈ Qi and (expqi
)−1(q) ∈ E−.

Set Σa := ∂{ua = 1}. By interpolation (use for example Proposition 2.18 applied to a covering of M with
small enough balls) there exists C = C(M, s0) so that

ESob
M (ua) =

1
4
[ua]

2
Hs/2(M)

= Pers({ua = 1})

≤ C
1 − s

Hn−1(Σa)
s Vol({ua = 1}) ≤ C

1 − s
Hn−1(Σa)

s. (30)

Moreover, by (26) we have

Hn−1(Σa) ≤ C(N|∂B3r|+ rn−1p)

≤ C(krn−1 + prn−1) = C(k1/n + pk−1+1/n) ,

for all k ≥ 1, with C that depends only on M. Clearly, the optimal value of the right-hand side is attained
for k = p and gives Hn−1(Σa) ≤ Cp1/n. This, together with (30) and the fact that EPot

M (ua) = 0, implies

E ε
M(ua) = ESob

M (ua) ≤
C

1 − s
ps/n , (31)

for every a ∈ Sp and ε > 0, with C depending only on M and s0.
From the definition of E±, it is clear that u−a(x) = −ua(x). Hence, to conclude that a 7→ ua is an element

of Fp we are left to show that this map is continuous for the strong Hs/2(M) topology. This easily follows
by interpolation. Indeed, for every a, b ∈ Sp, by Proposition 2.18 (again applied to a finite covering of M
with small balls) we have

[ua − ub]
2
Hs/2(M)

≤ C
1 − s

[ua − ub]
s
BV(M)∥ua − ub∥1−s

L1(M)

≤ C
1 − s

(
Hn−1(Σa) +Hn−1(Σb)

)s
∥ua − ub∥1−s

L1(M)
≤ Cps/n

1 − s
∥ua − ub∥1−s

L1(M)
,

where we have used that supa∈Sp Hn−1(Σa) ≤ Cp1/n. From here, continuity follows since a 7→ ua is contin-
uous in L1(M) by construction.

Together with the bound (31), which holds for all a ∈ Sp, this concludes the proof.

10This corresponds to the case when Pa(z) has p distinct real roots in the interval (0, 6rN).
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One should compare the simplicity of this construction, with the one in [39] for the classical Allen-Cahn
equation and the classical perimeter, In that case, to define the p-sweepouts with the correct interface one
has to consider functions that are compositions of:

(i) The solution to the 1-dimensional Allen-Cahn equation with parameter ε > 0.

(ii) A “modified” distance function, measuring the distance to hyperplanes {x1 ≤ c} (which play a sim-
ilar role to those in our construction) but also accounting for the complex parts of the roots of the
polynomials in order to smooth out the cancellations of the leaves.

Using this composition of functions is necessary in the classical Allen-Cahn case in order to regularize the
construction, as characteristic functions of sets of finite perimeter do not belong to H1(M), while they do
belong to Hs/2(M) for s < 1.

Remark 3.8. Notice that, for every fixed p, both the proofs of the lower bound and the upper bound in
(25) rely on the fact that there is the same ”critical scale” r = Cp−1/n in the construction. This is given by
dividing M in N ∼ p disjoint patches of volume of order ∼ 1/p. The lower bound shows that, given any
A ∈ Fp, there is one element of A that has zero average - see Lemma 3.6 - in each of these patches, and
in particular this element has energy uniformly bounded from below of order ps/n. On the other hand, the
upper bound shows that this configuration, i.e. making the transitions take place in N ∼ p disjoint patches
that cover M, is also (of the order of) the best that one can achieve.

As a consequence of the results above, we deduce our complete existence result.

Proof of Theorem 1.21. The statement follows from combining the existence result of Theorem 3.4 and the
bounds on the min-max values given by Theorem 3.2.

3.2 Estimates for Allen-Cahn solutions with bounded Morse index

By Theorem 2.14, notice that u is a solution to the Allen-Cahn equation

(−∆)s/2u + ε−sW ′(u) = 0 on M ,

if and only if the Caffarelli-Silvestre extension U, i.e. the unique solution to (19), solves{
d̃iv(z1−s∇U) = 0 , in M̃
limz→0+ z1−sUz( · , z) = β−1

s ε−sW ′(u(·)) , on M.
(32)

Recall the definition of finite Morse index solutions of Definition 1.15.

3.2.1 Finite Morse index and almost stability

For critical points of local functionals, it is well known that having Morse index bounded by m implies
stability in one out of every m + 1 disjoint open sets. In the nonlocal case this is not the case anymore, but in
one of the sets we will be able to obtain a weaker, quantitative lower bound on the second derivative which
we will refer to as almost stability.

Definition 3.9 (Almost stability). Let Ω ⊂ M open and u : M → (−1, 1) be a critical point of EΩ. Given
Λ ∈ R, we say that u is Λ-almost stable in Ω if

E ′′
Ω(u)[ξ, ξ] ≥ −Λ∥ξ∥2

L1(Ω) ∀ ξ ∈ C1
c (Ω) .

Lemma 3.10 (Finite Morse index and almost stability). Let u : M → (−1, 1) be a solution of the Allen-Cahn
equation (−∆)s/2u + ε−sW ′(u) = 0 on M with Morse index at most m (see Definition 1.15, with Ω = M). Consider
a collection U1, . . . ,Um+1 ⊂ M of (m + 1) disjoint open sets at positive distance from each other, and set

Λ := m max
i ̸=j

sup
Ui×Uj

Ks(p, q) < +∞.

Then, there is (at least) one set Uk among U1, . . . ,Um+1 such that u is Λ-almost stable in Uk, that is

E ′′(u)[ξ, ξ] ≥ −Λ∥ξ∥2
L1(Uk)

∀ ξ ∈ C1
c (Uk) .
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Proof. We prove the Lemma just for m = 1 for the sake of clarity, the proof goes on exactly the same for
general m. Let ξ1 ∈ C∞

c (U1) and ξ2 ∈ C∞
c (U2). Testing the second variation of the Allen-Cahn energy,

explicitly in (6), with linear combinations of ξ1 and ξ2 gives

E ′′(u)[aξ1 + bξ2] = a2E ′′(u)[ξ1, ξ1] + b2E ′′(u)[ξ2, ξ2]− 2ab
¨

U1×U2

ξ1(p)ξ2(q)Ks(p, q) .

Since Ks(p, q) ≤ Λ for all (p, q) ∈ U1 ×U2, the interaction term can be bounded as

−2ab
¨

U1×U2

ξ1(p)ξ2(q)Ks(p, q) ≤ 2abΛ∥ξ1∥L1(U1)
∥ξ2∥L1(U2)

≤ a2Λ∥ξ1∥2
L1(U1)

+ b2Λ∥ξ2∥2
L1(U2)

.

Hence

E ′′(u)[aξ1 + bξ2] ≤ a2
(
E ′′(u)[ξ1, ξ1] + Λ∥ξ1∥2

L1(U1)︸ ︷︷ ︸
=:F1(ξ1)

)
+ b2

(
E ′′(u)[ξ2, ξ2] + Λ∥ξ2∥2

L1(U2)︸ ︷︷ ︸
=:F2(ξ2)

)
. (33)

We want to show that either F1(ξ1) ≥ 0 for all ξ1 ∈ C∞
c (U1) or F2(ξ2) ≥ 0 for all ξ2 ∈ C∞

c (U2). Suppose
neither of these two held, then there would exist ξ1 ∈ C∞

c (U1), ξ2 ∈ C∞
c (U2) such that F1(ξ1) < 0 and

F2(ξ2) < 0. This would imply, however, that (33) is negative for all (a, b) ̸= (0, 0), thus contradicting that the
Morse index of u is at most one.

3.2.2 Control of EPot by ESob

For the next results, recall the notation for balls in the extended manifold (23). We begin with an auxiliary
lemma.

Lemma 3.11. Let s ∈ (0, 1), (M, g) satisfies the flatness assumption FA2(M, g, 2, p, φ), and let η ∈ C2
c (B3/4(0)) be

a cutoff function with η = 1 in B1/2(0). Define η0 = φ ◦ η and let η̃ solve
d̃iv(z1−s∇̃η̃) = 0 in B̃+

1 (p, 0) ,

η̃ = 0 on ∂+B̃1(p, 0) ,

η̃ = η0 on B1(p)× {0} .

Then, for all q ∈ B3/4(p) there holds that

βs

∣∣∣(− z1−s∂zη̃
)
(q, 0+)

∣∣∣ ≤ C and βs

ˆ
B̃+

1 (p,0)
z1−s|∇̃η̃|2dVdz ≤ C , (34)

for some dimensional C = C(n) > 0, where βs is the constant defined in (20).

Proof. Let U0 ∈ H̃1(M × (0, ∞))—see Definition 2.12—be the unique Caffarelli-Silvestre extension of η0
(considered on M extended by zero outside B1(p)), in the sense of Theorem 2.14. Since U0 and η̃ are two
different solutions of d̃iv(z1−s∇̃U) = 0 with the same trace on B1(p), by Lemma 3.12 in [21] (rescaled) we
have that βs z1−s|∇̃(U0 − η̃)| ≤ C in B̃+

3/4(p) for some dimensional C. Hence in B3/4(p) there holds

βs

∣∣∣(− z1−s∂zη̃
)
( · , 0+)

∣∣∣ ≤ βs

∣∣∣(− z1−s∂zU0
)
( · , 0+)

∣∣∣+ C =
∣∣(−∆)s/2η0

∣∣+ C ,

where we have used Theorem 2.14 in the last equality. Now, a dimensional bound for the
∣∣(−∆)s/2η0

∣∣
follows, for q ∈ B3/4(p), by writing

(−∆)s/2η0(q) =
ˆ

B1(p)
(η0(q)− η0(r))Ks(q, r) dVr +

ˆ
M\B1(p)

(η0(q)− η0(r))Ks(q, r) dVr

and using Lemma 2.6 and (15) of Proposition 2.5 respectively to bound these two integrals. This concludes
the proof of the first estimate in (34).

The second estimate follows from the first one just integrating by parts and using FA2(M, g, 1, p, φ).
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Lemma 3.12. Let R ∈ (0, 1], and assume M satisfies flatness assumption FA2(M, g, 2R, p, φ). Let ε > 0, s ∈ (0, 1)
and u : M → (−1, 1) be a solution of the Allen-Cahn equation

(−∆)s/2u + ε−sW ′(u) = 0 (35)

in BR(p), that is Λ-almost stable in BR(p), in the sense of Definition 3.9, for Λ ≤ Λ0/Rn+s. Then, there exists a
positive constant C = C(n, Λ0) such that, for all a ∈ (0, 1]

Rs−nEPot
BR/2(p)(u) ≤ C

(
βs

a
Rs−n

ˆ
B̃+

R (p,0)
z1−s|∇̃U|2 + a + (ε/R)sRs−nEPot

BR(p)(u)

)
,

where βs is the constant defined in (20). In particular, since |u| ≤ 1 for a = 1 we have

Rs−nEPot
BR/2(p)(u) ≤ C

(
βsRs−n

ˆ
B̃+

R (p,0)
z1−s|∇̃U|2 + 1

)
.

Proof. Notice that, as ε > 0 is arbitrary, the statement is scaling invariant. Indeed, if u : BR(p) → (−1, 1) is a
Λ-almost stable solution of (35) with parameter ε and Λ, then, on the rescaled manifold (M, R−2g), u is an
(Rn+sΛ)-almost stable solution of (35) with parameter ε replaced by ε/R, and Λ replaced by Rn+sΛ ≤ Λ0
since R ≤ 1 by hypothesis. Hence, we can assume R = 1.

In what follows, C denotes a general constant that depends only on n. To compare the potential energies
on M with the Sobolev energies in the extended manifold, we need a well-chosen cutoff function η̃ defined
on the extended manifold M̃. To this aim, let η̃ solve

d̃iv(z1−s∇̃η̃) = 0 in B̃+
1 (p, 0) ,

η̃ = 0 on ∂+B̃1(p, 0) ,

η̃ = η0 on B1(p)× {0} ,

where η0 = φ ◦ η ∈ C2
c (B1(p)) and η is a fixed cutoff function with η = 1 in B2/3(0) and η = 0 outside

B3/4(0). First, since FA2(M, g, 2, p, φ) holds, by the estimates of Lemma 3.11 we have for all q ∈ B1(p)

βs

∣∣∣(− z1−s∂zη̃
)
(q, 0+)

∣∣∣ ≤ C and βs

ˆ
B̃+

1 (p,0)
z1−s|∇̃η̃|2 ≤ C ,

for some dimensional constant C = C(n). Note also that |η̃| ≤ 1. Then

EPot
B1/2(p) =

ε−s

4

ˆ
B1/2(p)

(1 − u2)2 ≤ ε−s

4

ˆ
B1(p)

(1 − u2)2η2
0

=
1
4

(
ε−s

ˆ
B1(p)

u2(1 − u2)2η2
0 + ε−s

ˆ
B1(p)

(1 − u2)3η2
0

)
=:

1
4
(I + J) .

On the one hand by (35) and the divergence theorem

I ≤
ˆ

B1(p)
ε−su2(1 − u2)η2

0 =

ˆ
B1(p)

uη2
0(−∆)s/2u

= βs

ˆ
B1(p)

uη2
0
(
− z1−sUz

)
( · , 0+)

= βs

ˆ
B̃+

1 (p,0)
d̃iv(z1−s∇̃U Uη̃2)

= βs

ˆ
B̃+

1 (p,0)
z1−s(|∇̃U|2η̃2 + 2η̃U∇̃η̃ · ∇̃U)

≤ βs

ˆ
B̃+

1 (p,0)
z1−s

((
1 + 1

a
)
|∇̃U|2η̃2 + aU2|∇̃η̃|2

)
≤ Cβs

a

ˆ
B̃+

1 (p,0)
z1−s|∇̃U|2 + Ca ,
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where βs is the constant defined in (20) (see also Proposition 2.17) and we have used (32) and Young’s
inequality in the second to last line.

On the other hand, since W ′′(u) = 3u2 − 1 and u is Λ-almost stable (recall Definition 3.9 and the form of
the second variation (6) for the Allen-Cahn equation), testing almost stability with ξ = (1 − u2)η0 we have

J =
ˆ

B1(p)
ε−s(1 − 3u2 + 2u2)

(
(1 − u2)η0

)2

= −ε−s
ˆ

B1(p)
W ′′(u)

(
(1 − u2)η0

)2
+ 2ε−s

ˆ
B1(p)

u2(1 − u2)2η2
0

≤ ESob
B1(p)((1 − u2)η0) + Λ

( ˆ
B1(p)

∣∣(1 − u2)η0
∣∣)2

+ 2I

≤ βs

4

ˆ
B̃+

1 (p,0)
z1−s∣∣∇̃((1 − U2)η̃

)∣∣2︸ ︷︷ ︸
=:J1

+C
ˆ

B1(p)
(1 − u2)2η2

0︸ ︷︷ ︸
=:J2

+2I.

Here we have bounded ESob((1 − u2)η0) by J1 since the former is the infimum of βs
4
´

z1−s|∇̃V|2 over all
the extensions V of (1 − u2)η, and (1 − U2)η̃ is one such extension. Now, since η̃ ≡ 0 on ∂+ B̃1(p, 0) and
d̃iv(z1−s∇̃η̃) = 0 we have

J1 =
βs

4

ˆ
B̃+

1 (p,0)
z1−s

(
4U2|∇̃U|2η̃2 + 1

2 ∇̃
(
(1 − U2)2) · ∇̃(η̃2) + (1 − U2)2|∇̃η̃|2

)
=

βs

4

(
4
ˆ

B̃+
1 (p,0)

z1−sU2|∇̃U|2η̃2 −
ˆ

B1(p)
z1−s(1 − u2)2η0∂zη̃+

−
ˆ

B̃+
1 (p,0)

(1 − U2)2d̃iv(z1−sη̃∇̃η̃) +

ˆ
B̃+

1 (p,0)
(1 − U2)2|∇̃η̃|2

)
= Cβs

ˆ
B̃+

1 (p,0)
z1−sU2|∇̃U|2η̃2 +

ˆ
B1(p)

(1 − u2)2η0
(
− βsz1−s∂zη̃

)
( · , 0+)

≤ Cβs

ˆ
B̃+

1 (p,0)
z1−s|∇̃U|2 + CεsEPot

B1(p) ,

and also
J2 =

ˆ
B1(p)

(1 − u2)2η2
0 ≤ CεsEPot

B1(p).

Thus

J = J1 + CJ2 + 2I ≤ C

(
βs

a

ˆ
B̃+

1 (p,0)
z1−s|∇̃U|2 + a + εsEPot

B1(p)

)
,

for some C = C(n, Λ0). Putting together the estimates above gives the result.

3.2.3 BV estimate – Proof of Theorem 1.26

The aim of this subsection is to prove Theorem 1.26.

Lemma 3.13. Assume M satisfies the local flatness assumption FA2(M, g, 1, p, φ). Let X be a vector field with
spt X ⊂ B3/4(p), and denote by ξ : B1(0) → Rn the pull back ξ := φ∗X of X via the chart φ−1. Let ε > 0,
s ∈ (0, 1) and u : M → (−1, 1) be a solution of the Allen-Cahn equation (−∆)s/2u + ε−sW ′(u) = 0 in B1(p). Then

E ′′(u)[∇Xu,∇Xu] ≤ C
(

βs

ˆ
B̃+

3/4(p,0)
|∇̃U|2z1−sdVdz +

ˆ
B3/4(p)

ε−sW(u)dV
)

,

where C = C
(
n, ∥ξ∥C2(B1)

)
> 0, U is the extension of u, and βs is the constant defined in (20).
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Proof. Denote by ψt
X the flow of X at time t and ut := u ◦ ψ−t

X , then by vanishing of the first variation

E ′′(u)[∇Xu,∇Xu] =
d2

dt2

∣∣∣∣
t=0

E(ut) = lim
t→0

E(ut) + E(u−t)− 2E(u)
t2 . (36)

Let X̃ be any smooth extension of X in B̃+
3/4(p, 0) with support compactly contained in B̃+

3/4(p, 0), in other
words X̃ vanishes in a neighborhood of ∂+B̃+

3/4(p, 0), and such that X̃ n+1 ≡ 0. This last condition implies,
if ψ̃ t is the flow of X̃, that ψ̃ t leaves invariant the z-component in the extended manifold M̃.

To bound the above we split the energy E in its Sobolev part and potential part. For the Sobolev part, by
the minimality of the extension in the energy space

ESob(ut) =
βs

4

ˆ
M̃

z1−s|∇̃ũt|2 dVdz ≤ βs

4

ˆ
M̃

z1−s|∇̃Ut|2 dVdz ,

where βs is the constant in Theorem 2.14. Here ũt is the extension of ut and Ut := U ◦ ψ̃−t. We emphasize
that, with our current notation, Ut is not the extension of ut, but instead the translation of U via ψ̃ t in the
extended manifold M̃. Denote

I(t) :=
ˆ

M̃
|∇̃Ut|2z1−sdVdz .

We then have

lim
t→0

ESob(ut) + ESob(u−t)− 2ESob(u)
t2 ≤ βs

4

(
lim
t→0

I(t) + I(−t)− 2I(0)
t2

)
=

βs

4
d2

dt2

∣∣∣∣
t=0

I(t)

=
βs

4
d2

dt2

∣∣∣∣
t=0

ˆ
B̃+

|∇̃Ut|2z1−sdVdz ,

Now, since M satisfies local flatness assumption FA2(M, g, 1, p, φ), setting φ̃(x, z) = (φ(x), z), Ω̃ := φ̃−1(B̃+
3/4(p, 0)),

ϕt := φ̃−1 ◦ ψ̃ t ◦ φ̃, and Ũ := U ◦ φ̃, we have

I(t) =
ˆ

B̃+
3/4(p,0)

|∇̃(U ◦ ψ̃−t)|2z1−sdVdz =

ˆ
Ω̃

g̃ij∂i(Ũ ◦ ϕ−t)∂j(Ũ ◦ ϕ−t)z1−s
√
|g| dxdz

=

ˆ
Ω̃

g̃ij((∂kŨ) ◦ ϕ−t)∂iϕ
k
−t ((∂lŨ) ◦ ϕ−t)∂jϕ

l
−tz

1−s
√
|g| dxdz

=

ˆ
ϕ−t(Ω̃)

(∂kU)(∂lU)

(
g̃ij∂iϕ

k
−t∂jϕ

l
−t

√
|g|
)
◦ ϕt(ϕ

n+1
t )1−s dϕ1

t ∧ · · · ∧ dϕn+1
t

=

ˆ
Ω̃
(∂kU)(∂lU)z1−s

(
g̃ij (∂iϕ

k
−t∂jϕ

l
−t

√
|g|
)
◦ ϕt |Dϕt| dxdz

Hence

I′′(0) =
ˆ

Ω̃
(∂kU)(∂lU)z1−s ∂2Fkl

∂t2 (0, x, z) dxdz ,

where

Fkl(t, · , · ) :=
(

g̃ij∂iϕ
k
−t∂jϕ

l
−t

√
|g̃|
)
◦ ϕt |Dϕt|.

Since ϕ : [0, ∞)× Ω̃ → Rn+1 is the flow of (ξ, 0), together with the flatness assumption, a direct computation
shows that ∥∥∥∥∥∂2Fkl

∂t2 (0, · )
∥∥∥∥∥

L∞(Ω̃)

≤ C
(
n, ∥ξ∥C2(B1)

)
.
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Thus

I′′(0) ≤ C
ˆ

Ω̃

n+1

∑
k=1

|∂kU|2z1−s dxdz ≤ C
ˆ

B̃+
3/4(p,0)

|∇̃U|2z1−s dVdz ,

where C = C
(
n, ∥ξ∥C2(B1)

)
and we have used the flatness assumption to compare the Euclidean metric on

Rn+1 to the one on M̃.

Similarly, for the potential part of the energy

lim
t→0

EPot(ut) + EPot(u−t)− 2EPot(u)
t2 =

d2

dt2 E
Pot(ut) .

Arguing as in the last part of the proof of Lemma 2.10 (the one regarding the potential part of the energy,
with ℓ = 2) we have

d2

dt2 E
Pot(ut) ≤ CEPot

B3/4(p)(u) = C
ˆ

B3/4(p)
ε−sW(u) dV ,

where C > 0 depends only on ∥ξ∥C2(B1)
since by direct computation for the Jacobian∥∥∥∥ ∂2

∂t2

(√
|g||Dψt|

)
(0, · )

∥∥∥∥
L∞

≤ C
(
∥ξ∥C2(B1)

)
.

This, together with (36) and the bound for I′′(0), concludes the proof.

Proposition 3.14 (Almost stability ⇒ BV). Let p ∈ M, s0 ∈ (0, 1), s ∈ (s0, 1) and assume that M satisfies the
flatness assumption FA2(M, g, 1, p, φ). Let u : M → (−1, 1) be a solution of (−∆)s/2u + ε−sW ′(u) = 0 which is
Λ-almost stable in B1(p) ⊂ M (see Definition 3.9).

Then, there exist constants Λ0 and C, depending only on n and s0, such that: if Λ ≤ Λ0 then
ˆ

B1/4(p)
|∇u| dV ≤ C

1 − s
.

Remark 3.15. We emphasize that in Theorem 3.14 above, C does not depend on ε.

Remark 3.16. The blow up rate (1− s)−1 as s ↗ 1 is not expected to be sharp, but (1− s)−1/2 is; see Remark
2.3 in [14].

To prove Proposition 3.14 we will need the following lemma.

Lemma 3.17. Let n ≥ 2, p ∈ M, s0 ∈ (0, 1), s ∈ (s0, 1) and assume that M satisfies the flatness assumption
FA2(M, g, R, p, φ). Then, there exist Λ0 and C0, depending only on n and s0, such that the following property holds.
Let u : M → (−1, 1) be a solution of (−∆)s/2u + ε−sW ′(u) = 0 which is Λ-almost stable in BR(p) ⊂ M for
Λ ≤ Λ0/Rn+s (see Definition 3.9). Then, for every δ > 0

R1−n
ˆ

BR/2(p)
|∇u|dV ≤ C0

(1 − s)δ
+ δR1−n

ˆ
BR(p)

|∇u|dV .

Proof. Since the statement is scaling invariant, as the constant C does not depend on ε, we can assume R = 1.
See the beginning of the proof of Lemma 3.12 for details on the scaling.

We show that there exists a constant C0 = C0(n, s0) > 0 such that, for any given δ > 0, there holds

∥∇u∥L1(B1/2(p)) ≤
C

(1 − s)δ
+ δ∥∇u∥L1(B1(p)) .

In particular, this C does not depend on ε.

Let X be a vector field compactly supported in B3/4(p) to be chosen later, and let us denote B := B1(p)
during this proof. Let also ∇Xu := ⟨X,∇u⟩. Since the second variation (6) is continuous with respect to
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the Hs/2(M) topology, by density we can test the almost stability inequality with any ξ ∈ Hs/2(M) (and in
particular, for any ξ Lipschitz). Testing the almost stability inequality with ξ = |∇Xu| gives

0 ≤ E ′′
B (u)[|∇Xu|, |∇Xu|] + Λ∥∇Xu∥2

L1(B) .

On the other hand,

E ′′
B (u)[|∇Xu|, |∇Xu|] = E ′′

B (u)[∇Xu,∇Xu]− 4
ˆ

B

ˆ
B
(∇Xu)+(p)(∇Xu)−(q)Ks(p, q)dVpdVq ,

thus we find that

4
ˆ

B

ˆ
B
(∇Xu)+(p)(∇Xu)−(q)Ks(p, q)dVpdVq ≤ E ′′

B (u)[∇Xu,∇Xu] + Λ∥∇Xu∥2
L1(B) .

Moreover, by Lemma 3.13 and Lemma 3.12 respectively, we have

E ′′
B (u)[∇Xu,∇Xu] ≤ C

(
βs

ˆ
B̃+

3/4(p,0)
|∇̃U|2z1−sdVdz + EPot

B3/4(p)(u)

)

≤ C

(
βs

ˆ
B̃+

1 (p,0)
|∇̃U|2z1−sdVdz + 1

)
,

for some C = C(n, ∥ξ∥C2(B1(0)), Λ0), where ξ i = Xi ◦ φ and Λ0 will be chosen shortly depending only on n
and s0. Hence

4
ˆ

B

ˆ
B
(∇Xu)+(p)(∇Xu)−(q)Ks(p, q)dVpdVq ≤ C

(
βs

ˆ
B̃+

|∇̃U|2z1−sdVdz + 1
)
+ Λ∥∇Xu∥2

L1(B) .

Now, since by Lemma 2.6 there holds Ks(p, q) ≥ c0 > 0 for all (p, q) ∈ B × B, for some constant c0 =
c0(n, s0) > 0, we have

∥(∇Xu)+∥L1(B)∥(∇Xu)−∥L1(B) =

ˆ
B

ˆ
B
(∇Xu)+(p)(∇Xu)−(q)dVpdVq

≤ 1
c0

ˆ
B

ˆ
B
(∇Xu)+(p)(∇Xu)−(q)K(p, q)dVpdVq .

Also

∥(∇Xu)+∥L1(B) − ∥(∇Xu)−∥L1(B) =

ˆ
B
∇Xu dV =

ˆ
B
⟨∇u, X⟩ dV

=

ˆ
B

div(uX)− udiv(X) dV =

ˆ
∂B

u⟨X, N⟩ dσ −
ˆ

B
udiv(X) dV ,

where N is the outer unit normal vector field to ∂B. Then, since |u| ≤ 1∣∣∣∥(∇Xu)+∥L1(B) − ∥(∇Xu)−∥L1(B)

∣∣∣ ≤ ∥X∥L∞(B) + ∥div(X)∥L∞(B) ≤ C
(
∥ξ∥C1(B1(0))

)
Hence, we get

∥∇Xu∥2
L1(B) =

(
∥(∇Xu)+∥L1(B) + ∥(∇Xu)−∥L1(B)

)2

=
(
∥(∇Xu)+∥L1(B) − ∥(∇Xu)−∥L1(B)

)2
+ 4∥(∇Xu)+∥L1(B)∥(∇Xu)−∥L1(B)

≤ Cβs

ˆ
B̃+

|∇̃U|2z1−sdVdz + C +
Λ
c0
∥∇Xu∥2

L1(B) .
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Thus, for Λ ≤ 1
2c0

=: Λ0 we obtain

∥∇Xu∥2
L1(B) ≤ Cβs

ˆ
B̃+

|∇̃U|2z1−sdVdz + C.

Moreover, by Lemma 2.19 with R = 1, k = 0 we have

βs

ˆ
B̃+

|∇̃U|2z1−sdVdz ≤ C
1 − s

(1 + ∥∇u∥L1(B)).

Hence, for every δ > 0 by Young’s inequality

∥∇Xu∥L1(B) ≤ C + C
√

1
1 − s

(1 + ∥∇u∥L1(B))

≤ C
(1 − s)δ

+ δ∥∇u∥L1(B).

Now, let η be a smooth cutoff compactly supported in B3/4(p) and with η ≡ 1 on B1/2(p). Choosing
X = η ∂

∂xi above and summing up from i = 1 to i = n, together with (8), gives

∥∇u∥L1(B1/2(p)) ≤
C

(1 − s)δ
+ δ∥∇u∥L1(B1(p)),

for some C = C(n, s0), and this concludes the proof.

Before giving the proof of Proposition 3.14, we recall a useful covering lemma by L. Simon [62].

Lemma 3.18 ([62]). Let β ∈ R, M0 > 0, ρ > 0 and S : B → [0,+∞) be a nonnegative function defined on the
family B of open balls contained in the Euclidean ball Bρ(0) ⊂ Rn that is subadditive for finite unions, meaning that
whenever B ⊂ ⋃

i Bi a finite union then S(B) ≤ ∑i S(Bi). Then, there exists a constant δ = δ(n, θ, β) > 0 such that,
if

rβS(Bθr(x0)) ≤ δrβS(Br(x0)) + M0 whenever Br(x0) ⊂ Bρ(0),

then
S(Bρ/2(0)) ≤ CM0 ,

for some constant C = C(n, β, ρ) > 0.

We can now give the proof of Proposition 3.14.

Proof of Proposition 3.14 . Let Λ0 and C0 be the constants given by Lemma 3.17. Fix any Euclidean ball
Br(x) ⊂ B3/4(0). Consider the subadditive function (defined on the family of Euclidean balls contained in
B3/4(0))

S(Br(x)) :=
ˆ

φ(Br(x))
|∇u| dV .

Notice that FA2(M, g, 1, p, φ) implies B4r/5(φ(x)) ⊂ φ(Br(x)) and φ(B1/8(x)) ⊂ Br/5(φ(x)). Hence, by
Lemma 3.17 applied with R = 4r/5, for every δ > 0 and Br(x) ⊂ B3/4(0) we have

r1−nS(Br/8(x)) ≤ δr1−nS(Br(x)) +
C

(1 − s)δ
,

for some C = C(n, s0) > 0. Using Lemma 3.18, taking δ the one given by the lemma with β = 1− n, ρ = 3/4,
θ = 1/8, we find that

S(B3/8(0)) =
ˆ

φ(B3/8(0))
|∇u| dV ≤ C

1 − s
,

where C depends only on n and s0. In particular, since B1/4(p) ⊂ φ(B3/8(0)) this concludes the proof.
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Now, we will prove the full BV estimate by iteratively reducing to the almost-stable case thanks to a
covering lemma, which is inspired by the proof of Proposition 2.6 in [34].

In the following lemma we denote by Qr(x) ⊂ Rn the (hyper)cube of center x and side r.

Lemma 3.19. Let n ≥ 1, m ≥ 0, θ ∈ (0, 1), D0 > 0 and β > 0. Let S : B → [0,+∞) be a subadditive11 function
defined on the family B of the (hyper)cubes contained in Q1(0) ⊂ Rn, such that

(i) sup
{x :Qr(x)∈B}

S(Qr(x)) → 0 as r → 0.

(ii) Whenever Qr(x0),Qr(x1), . . . ,Qr(xm) ⊂ Q1(0) are (m + 1) disjoint cubes of the same side at pairwise dis-
tance at least D0r, then

∃ i ∈ {0, 1, . . . , m} such that S(Qθr(xi)) ≤ rβ M0 .

Then
S(Q1/2(0)) ≤ CM0 ,

for some C = C(n, θ, m, β, D0) > 0.

Proof. Let ρ = 2−k, for a fixed integer k > 1, and consider the regular partition of Qθ(0) into 2kn cubes of
sidelength θϱ. Let us call F1 := {Q1

i } the family of cubes in this partition. In this way, clearly #F1 ≤ ρ−n.
Let x1

i denote the center of the cube Q1
i and, for every λ > 0 and cube Q of side r, let λQ be the cube with

the same center and side λr.

Now, we split the family F1 as F1 = G1 ∪B1 into the families of good and bad cubes as follows. Start by
considering Q1

1, if there holds
S(Q1

1) ≤ M0ρβ (37)

then it is considered a good cube, we assign it to G1 and we remove it from F1. On the other hand, if Q1
1

does not satisfy (37), then we assign it to the bad cubes B1 and remove it from F1. Moreover, if this happens,
also all the cubes Q ∈ F1 such that the distance of 1

θQ from 1
θQ

1
1 is less than D0ρ are considered bad as well,

so they are assigned to B1 and removed from F1. Importantly, this last rule (of labeling the neighbouring
cubes as also bad) is applied only to the cubes that are still in F1. Once a cube is classified as good and
placed in G1, it is no longer reclassified in later steps.

By a simple count, there are at most (2 + 2D0 + 4
√

n/θ)n such cubes. We continue this procedure of
splitting F1 in good cubes and bad cubes until there are no cubes left.

By property (ii), we may have assigned cubes to the bad set B1 at most at m steps. Since at each of these
steps we removed at most (2 + 2D0 + 4

√
n/θ)n cubes, this means that #B1 ≤ m(2 + 2D0 + 4

√
n/θ)n =: N0.

Regarding the good set G1, we know it contains at most #F1 ≤ ρ−n cubes since this is just the total
number of cubes in the cover. Moreover, by construction in every Q ∈ G1 we have

S(Q) ≤ M0ρβ .

Hence

S(Qθ(0)) ≤ ∑
Q∈G1

S(Q) + ∑
Q∈B1

S(Q) ≤ M0ρβ−n + ∑
Q∈B1

S(Q) .

The argument continues iteratively under the same scheme, on the union of the at most N0 bad cubes that
are in B1. Consider the partition F2 := {Q2

i } of the cubes in B1 obtained splitting each cube into 2kn smaller
cubes of side θρ2. Notice that #F2 ≤ N0ρ−n. Now assign cubes in F2 to the good cubes G2 or bad cubes B2
as before: starting from Q2

1, assign it to G2 if

S(Q2
1) ≤ M0ρ2β ,

and then remove it from F2. Else, if this is not the case we assign Q2
1 to the bad cubes B2 and remove

it, together with all the cubes Q ∈ F2 such that 1
θ Q is at distance less than D0ρ2 from 1

θQ
2
1. Continue the

11Meaning subadditive for finite unions of (hyper)cubes.
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procedure until there are no cubes left in F2. By property (ii) again, exactly the same argument as in the
first part shows that F2 contains at most N0 = m(2 + 2D0 + 4

√
n/θ)n cubes assigned to the bad set, that is

#B2 ≤ N0. This produces a partition F2 = G2 ∪B2, and we get

∑
Q∈B1

S(Q) ≤ ∑
Q∈G2

S(Q) + ∑
Q∈B2

S(Q) ≤ N0M0ρ2β−n + ∑
Q∈B2

S(Q) .

Iterating this argument, after k steps we have always #Bk ≤ N0, and in particular by (i) and subadditivity

S(Bk) ≤ ∑
Q∈Bk

S(Q) → 0 ,

since each Q ∈ Bk has side θρk → 0. Thus, the set of the points belonging to infinitely many bad families is
S-negligible. Hence12

S(Qθ(0)) ≤ M0ρβ−n + N0M0ρ2β−n + N0M0ρ3β−n + . . .

≤ N0M0ρβ−n ∑
j≥0

ρjβ =
N0

ρn(ρ−β − 1)
M0 . (38)

Now notice that Q1/2(0) can be covered, for some ξ = ξn dimensional constant, by ξnθ−n many cubes of
side θ/10 such that the cube with the same center and side 1/10 still is contained in Q1(0). Since property
(ii) is translation invariant, covering Q1/2(0) in such a way gives

S(Q1/2(0)) ≤
ξnθ−nN0

ρn(ρ−β − 1)
M0 =

ξnθ−nm(2D0 + 3
√

n/θ)n

ρn(ρ−β − 1)
M0 ,

and as this holds for every ρ = 2−k, just choosing any fixed k gives the desired estimate.

Theorem 3.20. Suppose that M satisfies the flatness assumption FA2(M, g, 1, p, φ), in the sense of Definition 1.22.
Let s0 ∈ (0, 1), s ∈ (s0, 1) and u : M → (−1, 1) be a solution of the Allen-Cahn equation (5) in B1(p) ⊂ M with
parameter ε, and with Morse index mB1(p)(u) ≤ m. Then

ˆ
B1/2(p)

|∇u|dx ≤ C
1 − s

,

for some constant C = C(n, s0, m).

Proof. For a set E ⊂ Rn denote by λE := {λy : y ∈ E}. Consider the subadditive function13

S(Q) :=
ˆ

φ
(

1
2
√

n Q
) |∇u| dV ,

defined on the cubes Q ⊂ Q1(0).

Claim. S satisfies properties (i) and (ii) of Lemma 3.19 with M0 = C/(1 − s), β = n − 1, θ = 1/8, and
D0 depending only on n, s0 and m.

Proof of the claim. The first property is clear from the definition of S , since u is smooth. The second property
is a consequence of the Morse index of u being at most m:

Indeed, let Qr(x0),Qr(x1), . . . ,Qr(xm) ⊂ Q1(0) be (m + 1) disjoint cubes of the same side at pairwise
distance at least D0r, and let qi := φ(xi). Then, since Br/2(xi) ⊂ Qr(xi) by Lemma 3.10 and Lemma 2.6 for
at least one ℓ ∈ {1, . . . m}, the inequality

E ′′(u)[ξ, ξ] ≥ − C1m
(D0r/2)n+s ∥ξ∥2

L1(Br/2(qℓ))

12Note that we could also have stopped the exhaustion process when the error in the tail of (38) is less than the constant on the
right-hand side, and we would have obtained the estimate with two times this constant.

13The factor 1
2
√

n inside φ
( 1

2
√

nQ
)

is needed to have 1
2
√

nQ ⊂ B1/2(0) for Q ⊂ Q1(0) in order to apply Lemma 2.6.
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holds for all ξ ∈ C∞
c (Br/2(qℓ)), for some C1 = C1(n, s0). That is, u is a Λ-almost stable solution (in the

sense of Definition 3.9) in Br/2(qℓ) with Λ = C1m
(D0r/2)n+s . Note that, in this case, on the rescaled manifold

M̂ := (M, (2/r)2g) we have that u is a Λ(r/2)n+s-almost stable solution of (−∆)s/2u + (2ε/r)−sW ′(u) = 0
in B̂1(qℓ), and the flatness assumption FA2(M, (2/r)2g, 1, qℓ, φxℓ,r/2) holds.

Let Λ0 be the constant given by Proposition 3.14. Then, there exists D0 = D0(n, s0, m) > 0 so that u is a
Λ-almost stable solution of the Allen-Cahn equation in B̂1(qℓ) with Λ = C1m

(D0r/2)n+s ≤ Λ0, for D0 sufficiently
large. Hence, by Proposition 3.14 we get

ˆ
B̂1/4(qℓ)

|∇u|ĝ dV̂ ≤ C
1 − s

,

and, since φ
(
Q r

16
√

n
(xℓ)

)
⊂ Br/8(qℓ), scaling back this inequality on M gives

S(Qr/8(xℓ)) ≤
ˆ

Br/8(qℓ)
|∇u| dV ≤ C

1 − s
rn−1 ,

for some C = C(n, s0, m), and this concludes the proof of the claim.

Hence, by Lemma 3.19

S(Q1/2(0)) =
ˆ

φ
(
Q 1

4
√

n
(0)
) |∇u| dV ≤ C

1 − s
.

Now, the fact that the BV estimate holds in B1/2(p) follows by FA2(M, g, 1, p, φ) and a standard covering
argument, and this concludes the proof.

As a corollary, simply by scaling we immediately get Theorem 1.26.

Proof of Theorem 1.26. Since FA2(M, g, R, p, φ) holds, then the rescaled manifold M̂ := (M, R−2g) satisfies
FA2(M, R−2g, 1, p, φ0,R). Hence, Theorem 3.20 gives

ˆ
B1/2(p)

|∇u|ĝ dV̂ ≤ C
1 − s

,

for some C = C(n, s0, m). Scaling back this inequality on M gives the result.

3.2.4 Density estimates – Proof of Proposition 1.29

Proof of Proposition 1.29. Since the statement is scaling-invariant, we prove the result just for R = 1. In what
follows, C, c > 0 denote constants depending only on n,s, and m that can change from line to line, and, in
general, C is big and c is small.

We argue by contradiction, suppose that
´

B1(p) |1 + uε| ≤ ω0 and that {uε ≥ − 9
10} ∩ B1/2(p) ̸= ∅, for

some 1 ≥ C0ε. The constant C0 = C0(n, s, m) > 0 that will be chosen during the proof.

First, by continuity of uε and by taking ω0 < |B1/2(p)|, there will be a point q ∈ B1/2(p) for which
|uε(q)| ≤ 9

10 .
Step 1. Density lower bound.
We first show: Claim. There exists α = α(n, s) ∈ (0, 1) such that

[uε]Cα(Bε/3(q)) ≤ Cε−α, for all ε ≤ 1/10.

Indeed, let η ∈ C∞
c (B2(0)) be a cutoff function with χB3/2(0) ≤ η ≤ χB2(0). Then, the function ũ(x) :=

uε(φ(φ−1(q) + εx))η(x) is well defined on the whole Rn, since ũ depends only on the values of uε in
φ(B2ε(φ−1(q))) ⊂ φ(B1). Now, by the flatness assumption FA2(M, g, 1, p, φ) we have that ũ satisfies |Lũ| ≤ C
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in B1(0), where the kernel of L satisfies (73) by Proposition 2.5—see in particular inequality (14). Hence, by
Lemma A.1 we have [ũ]Cα(B1/2(0)) ≤ C, thus [uε]Cα(Bε/3(q)) ≤ Cε−α as desired.

By the claim, for all ε sufficiently small (depending on n and s), we have |uε| ≤ 19
20 in the ball Bε(q). Using

that W(u) = 1
4 (1 − u2)2, we deduce

εs−n · ε−s
ˆ

Bε(q)
W(uε) dV ≥ cn > 0

for some dimensional constant cn.

Let now U be the Caffarelli-Silvestre extension of uε in M̃ = M × (0, ∞). The previous lower bound on
the potential energy in Bε(q) leads to

εs−nẼB̃+
ε
(U) = εs−n

(
βs

2

ˆ
B̃+

ε (q,0)
z1−s|∇U|2 dVdz + ε−s

ˆ
Bε(q)

W(uε) dV

)
≥ cn.

Step 2. Monotonicity and almost-stable annulus.
By the monotonicity formula of Theorem 2.20, for λ ∈ (0, 1), we deduce that

ẼB̃+
ρ
(U)

ρn−s ≥ c
ẼB̃+

λρ
(U)

(λρ)n−s , ∀ ρ ∈ (0, Rmon),

where Rmon is the radius given by the monotonicity formula and can be taken to be Rmon = injM(q)/4—see
Remark 2.21—and thus by hypothesis is Rmon ≥ 1/8. In particular, subtracting ρs−nẼB̃+

λρ
(U) in both sides

and using Step 1 gives
ẼB̃+

ρ \B̃+
λρ
(U)

ρn−s ≥ c
(
1 − c−1λn−s) ẼB̃+

λρ
(U)

(λρ)n−s ≥ ccn

2
, (39)

provided ε ≤ λρ, ρ < 1/8, and c−1λn−s ≤ 1
2 . Define λ0 = min{(c/2)4/(n−s), 1

4}; in particular, c−1λ
(n−s)/4
0 ≤

1
2 .

In other words, we also have a lower density bound on (appropriate) annuli instead of balls. We want to
find an almost stable one: Let ℓ ≥ 0 be an integer that will be chosen later sufficiently large, depending only
on m, n, and s. For k ∈ {ℓ, ℓ+ 1 . . . , ℓ+ m}, consider the annuli

Ak := B
λ2k+3

0
(q) \ B

λ2k+4
0

(q), and Ã+
k := B̃+

λ2k+3
0

(q, 0) \ B̃+
λ2k+4

0
(q, 0).

These are (m + 1) disjoint annuli at pairwise distance at least λ
2(m+ℓ)+3
0 . Since u has Morse index at most m

by hypothesis, by Lemma 3.10 there is one of these annuli, say Ak, where u is Λ-almost stable in Ak with

Λ = m max
i ̸=j

sup
Ai×Aj

C
d(x, y)n+s ≤ C(m, λ0).

Step 3. Conclusion.
Set ρk := λ2k+3

0 , i.e. the outer radius of Ak. Observe that B
λ1/4

0 ρk
\ B

λ1/2
0 ρk

⊂ Ak. By Lemma 3.12—applied to

a suitable finite cover of B
λ1/4

0 ρk
\ B

λ1/2
0 ρk

by balls— for every a ∈ (0, 1) we have

ρs−n
k EPot

B
λ1/4

0 ρk
\B

λ1/2
0 ρk

(uε) ≤
C
a

ρs−n
k

ˆ
Ã+

k

z1−s|∇U|2 dVdz + Ca + Cεsρ−n
k EPot

Ak
(uε)

≤ C
a

ρs−n
k

ˆ
Ã+

k

z1−s|∇U|2 dVdz + Ca + Cεs.
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By (39) applied with λ = λ1/4
0 and ρ = λ1/4

0 ρk, and using that

B̃+

λ1/4
0 ρk

\ B̃+

λ1/2
0 ρk

⊂ Ã+
k ,

this implies

c ≤
(
λ1/4

0 ρk
)s−nẼB̃+

λ1/4
0 ρk

\B̃+

λ1/2
0 ρk

(U)

≤ Cρs−n
k

ˆ
Ã+

k

z1−s|∇U|2 dVdz + Cρs−n
k EPot

B
λ1/4

0 ρk
\B

λ1/2
0 ρk

(uε)

≤ Cρs−n
k

ˆ
Ã+

k

z1−s|∇U|2 dVdz +
C
a

ρs−n
k

ˆ
Ã+

k

z1−s|∇U|2 dVdz + Ca + Cεs

≤ Cρs−n
k

ˆ
Ã+

k

z1−s|∇U|2 dVdz +
c
4
+

c
4

,

provided we take a and ε sufficiently small (depending only on m, n and s). Hence, absorbing the last two
terms to the left and using Lemma 2.19 with k = 1, we get

c
2
≤ Cρs−n

k

ˆ
B̃+

ρk

z1−s|∇U|2 dVdz

≤ C
rs + C

(
ρ−n

k

ˆ
Brρk (q)

|1 + uε|
)1−s(

ρ1−n
ˆ

Brρk (q)
|∇uε|

)s

,

for all r ≥ 1 provided 2rρk ≤ 1/2.

Choosing r = (c/4C)−1/s, we can absorb the first term to the left in the last inequality. After doing so,
here we have to choose ℓ large (depending only on m, n and s) in order to have, with the previous choice of
r, that

rρk ≤ rλ2l+3
0 ≤ 1/2.

With these choices
c
4
≤ Cω1−s

0

( ˆ
B1/2(q)

|∇uε|
)s

,

and by the BV-estimate of Theorem 1.26 we reach a contradiction if the density ω0 is too small. This
concludes the proof.

From the proof we can extract an additional auxiliary result.

Proposition 3.21. Let u : M → (−1, 1) be a solution of (5) in BR(p) ⊂ M with Morse index mBR(p)(u) ≤ m, and
suppose that M satisfies the flatness assumption FA2(M, g, R, p, φ). Then, there exist positive constants C0 and ε0,
depending only on n, s, and m, such that the following holds: whenever ε ≤ ε0 and R ≥ C0ε, if for some q ∈ BR/2(p)
we have |uε(q)| ≤ 9

10 then ˆ
BR/2(q)

|∇uε| dV ≥ c0Rn−1 , (40)

for some c0 = c0(n, s, m). This fact will be useful in the proof of Proposition 3.23 below.

Proof. It follows by simply repeating the proof of Proposition 1.29 above, from when we found a point q ∈
B1/2(p) with |uε(q)| ≤ 9

10 to the very last line, and using that |uε| ≤ 1 to estimate the density
´

B1/2(q)
|1 + uε|

from above instead of using the bound ω0.
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3.2.5 Decay of EPot – Proof of Theorem 1.28

Lemma 3.22. Let s ∈ (0, 1), p ∈ M, and assume that FA2(M, g, p, R, φ) holds; recall Definition (1.22). Let
uε : M → (−1, 1) be a solution of (5) in BR(p). Then, there exist positive constants C = C(n, s) such that, if ε < 1
and 1 − |uε| ≤ 1

10 in φ(BR(0)), then

0 ≤ 1 − |uε| ≤ C(ε/R)s in φ(BR/2(0)).

Proof. Since the statement is scaling-invariant, we assume R = 1. Suppose in addition that 9
10 ≤ uε ≤ 1 in

φ(B1(0)); the case −1 ≤ uε ≤ − 9
10 can be reduced to the previous by the even symmetry of W (i.e., replacing

uε by −uε). Then, since uε solves (5) we see that v := 1 − uε satisfies

Lv := (−∆)s/2v +
1

2εs v ≤ 0, in φ(B1(0)).

Now we simply build a barrier from above for v. Fix a smooth function ξ◦ ∈ C∞(Rn) such that χB1/2(0) ≤
1 − ξ◦ ≤ χB3/4(0) and consider the function ξ := ξ◦ ◦ φ−1 defined on M, considered to be identically 1
outside φ(B1(0)). Since FA2(M, g, p, 1, φ) holds, we have that FA2(M, g, q, 1/10, φφ−1(q),1/10) holds for every
q ∈ φ(B3/4(0)) (see (c) in Remark 1.25). Then, for every q ∈ φ(B3/4(0)) we have∣∣(−∆)s/2ξ

∣∣(q) ≤ ˆ
M
|ξ(q)− ξ(p)|Ks(p, q) dVp

≤ C
ˆ

B1/10(q)
dist(p, q)Ks(p, q) dVp + 2

ˆ
M\B1/10(q)

Ks(p, q) dVp ≤ C0,

for some C0 > 0 that depends only on n and s. The last estimate follows, respectively, from Lemma 2.6 and
Theorem 2.5 (in particular, from (15)). Then, using that ξ ≥ 0, we have

L(ξ + 2C0εs) = (−∆)s/2ξ +
1

2εs (ξ + 2C0εs) ≥ −C0 + C0 = 0, in φ(B3/4(0)).

Since ξ + 2C0εs > 1 ≥ v in M \ φ(B3/4(0)) we get, by the maximum principle, that v ≤ ξ + 2C0εs in
φ(B3/4(0)). Hence, using that ξ ≡ 0 in φ(B1/2(0)), we have shown that 1 − uε ≤ 2C0εs in φ(B1/2(0)), as
desired.

The following proposition shows the quantitative convergence to zero, as ε ↘ 0, of the potential energy
of finite index solutions to the A-C equation (5). The statement and proof are inspired by the ones of
Proposition 6.2 in [15], which deals with stable solutions of the fractional Allen-Cahn equation in Rn. We
moreover simplify the proof in [15], by using the lower bound (40) on the BV norm that we have obtained
as a byproduct of (the proof of) Proposition 1.29.

Proposition 3.23. Let s ∈ (0, 1), p ∈ M, and assume that the flatness assumption FA2(M, g, p, R, φ) holds. Let
uε : M → (−1, 1) be a solution of (5) in BR(p) ⊂ M with Morse index mBR(p)(uε) ≤ m. Then, there exist constants
C and ε0, depending only on n, s, and m, such that for all ε ≤ ε0:

ε−s
ˆ

BR/2(p)
W(uε) dV ≤ CRn−s(ε/R)β ,

where β := min
( 1−s

2 , s
)
> 0.

Proof. Given q ∈ BR/2(p), let

rq := max(min
( R

16 , 1
2 dist(q, {|u| ≤ 9

10})), C0ε),

where C0 > 0 is a large constant, depending only on n and s, to be chosen later.
Observe that, if R

16 ≤ C0ε then

(ε/R)−s
ˆ

BR/2(p)
W(uε) dV ≤ (16C0)

s(max[−1,1]W)|BR/2(p)| ≤ CRn ≤ CCβ
0 (ε/R)βRn.
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Thus, we may (and do) assume that R
16 > C0ε. In particular, rq ∈

[
C0ε, R

16
]

for all q ∈ BR/2(p).
Claim. For some constant c = c(n, s, m) > 0, there holds

ˆ
B4rq (q)

|∇uε| ≥ c(rq)
n−1 whenever rq < R

16 . (41)

Indeed, if rq < R
16 then necessarily R

16 ≥ 1
2 dist(q, {|u| ≤ 9

10}), otherwise we would obtain

rq = max(min
( R

16 , 1
2 dist(q, {|u| ≤ 9

10})), C0ε) = max( R
16 , C0ε) ≥ R

16 ,

which contradicts that rq < R
16 . Hence R

16 ≥ 1
2 dist(q, {|u| ≤ 9

10}) and

rq = max( 1
2 dist(q, {|u| ≤ 9

10})), C0ε) ≥ 1
2 dist(q, {|u| ≤ 9

10})).

Thus, since also q ∈ BR/2(p), there exists q′ ∈ {|uε| ≤ 9
10} ∩ B R

2 +
R
16
(p) such that dist(q, q′) ≤ 2rq. Then,

choosing ε0 small and C0 big (depending only on n, s and m) according to the constants in Proposition 1.29,
by (40) we have ˆ

B4rq (q)
|∇uε| ≥

ˆ
B2rq (q′)

|∇uε| ≥ c(2rq)
n−1,

and the claim is proved.

We now produce a covering of BR/2(p) by some of the balls {Brq(q)}q∈BR/2(p) as follows. Given k ≤ −5,
let Xk := {q ∈ BR/2(p) : rq ∈ (2kR, 2k+1R]} and let Jk be a discrete index set such that {qk

j }j∈Jk forms a

maximal subset of Xk with the property that the balls Br(qk
j )/4(q

k
j ) are pairwise disjoint, where we denote

r(qk
j ) := rqk

j
. By construction of Xk, it follows that

Xk ⊂
⋃

j∈Jk

Br(qk
j )
(qk

j ),

and that the family of enlarged balls {
B4r(qk

j )
(qk

j )
}

j∈Jk

has (dimensional) finite overlapping.14 Note also that since R/16 > C0ε we have ⌊log2(C0ε/R)⌋ ≤ −5 and,
by construction, the union of the sets Xk when k runs on {⌊log2(C0ε/R)⌋ ≤ k ≤ −5} covers all of BR/2(p).

Now, on the one hand, by the BV-estimate of Theorem 1.26 we have
´

B3R/4(p) |∇uε| ≤ CRn−1, and this
yelds

#Jk ≤ C2−k(n−1) , (42)

for all k ≤ −5. Indeed, this follows using the fact that the balls
{

B4r(qk
j )
(qk

j )
}

j∈Jk
have finite overlap and are

all contained in B3/4R(p). Indeed, when k < −5 then r(qk
j ) <

R
16 and hence all the balls satisfy (41) and are

strictly contained in B3/4R(p) by construction, while for k = −5 the radius of the balls is at least R
16 so their

number must be bounded.

On the other hand, for any given α ∈ [0, 2s], we claim that Lemma 3.22 yields
 

Brq (q)
W(uε) dV =

 
Brq (q)

1
4
(1 − u2

ε )
2 dV ≤ C

( ε

rq

)α
,

14That is, every point q ∈
{

B4r(qk
j )
(qk

j )
}

j∈Jk
belongs to at most N = N(n) of these balls. This is easy to check: if q belongs to N

of such balls, we would have the existence of N points qk
j in B4·R2k+1 (p) such that the balls B 1

4 R2k (qk
j ) are disjoint and contained in

B9·R2k (p). Then, comparing the volumes and using that FA2(M, g, p, R, φ) holds gives a dimension bound on N.
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where
ffl

denotes the integral average. Indeed, note that if rq = C0ε the previous estimate is trivial, while if
rq > C0ε then rq = 1

2 dist(q, {|u| ≤ 9
10}) and hence we may apply Lemma 3.22 (recall that rq ≥ C0ε ≥ ε) in

B2rq(q) to get the desired bound.

Therefore, choosing α := min
( 1+s

2 , 2s
)
∈ (0, 1) we obtain—using (42)—that

(ε/R)−s
ˆ

BR/2(p)
W(uε) dV ≤ C

−5

∑
k=⌊log2(C0ε/R)⌋

∑
j∈Jk

(ε/R)−s
ˆ

B
r(qk

j )
(qk

j )
W(uε) dV

≤ C
−5

∑
k=⌊log2(C0ε/R)⌋

∑
j∈Jk

(ε/R)−s
( ε

rqk
j

)α
rn

qk
j

≤ C
−5

∑
k=⌊log2(C0ε/R)⌋

(ε/R)−s
( ε

2kR

)α
(2k+1R)n(#Jk)

≤ C
−5

∑
k=⌊log2(C0ε/R)⌋

(ε/R)α−sRn2k(n−α)2−k(n−1)

≤ CRn(ε/R)α−s
−5

∑
k=−∞

(2k)1−α

≤ CRn(ε/R)β,

as we wanted to show.

With the above estimates at hand, the proof of Theorem 1.28 is straightforward.

Proof of Theorem 1.28. The bound on the Sobolev part of the energy is a direct consequence of the BV estimate
of Theorem 1.26 and the interpolation inequality Proposition 2.18, and the bound on the Potential part is
exactly the statement of Proposition 3.23 above.

3.3 Strong convergence to a limit interface – Proof of Theorem 1.30

With the estimates for Allen-Cahn solutions of Section 3.2 at hand, we can finally prove Theorem 1.30.

Proof of Theorem 1.30. We split the proof according to the different statements in the Theorem.

Step 1. Convergence in Hs/2(M).

Since M is compact, there is a small radius R = R(M) > 0 so that the flatness assumption FA2(M, g, R, p, φp)
holds for every p ∈ M; see Remark 1.23. We can then apply the BV estimate of Theorem 1.26 to get a bound
on the BV norm [uε j ]BV(BR/2(p)) independently of p ∈ M. For any σ ∈ (0, 1), the interpolation result of
Proposition 2.18 together with the comparability between Kσ(φp(x), φp(y)) and 1

|x−y|n+σ (see Lemma 2.6)
gives then the bound

¨
BR/2(p)×BR/2(p)

|uε j(p)− uε j(q)|
2Kσ(p, q) dVp dVq ≤ C(n, σ) ,

valid for any p ∈ M. Combining this with (15) of Theorem 2.5 (with α = 0), we see that
¨

BR/4(p)×M
|uε j(p)− uε j(q)|

2Kσ(p, q) dVp dVq ≤ C(n, σ) ,

which after covering M with finitely many such balls of radius R/4 shows that

∥uε j∥Hσ/2(M) ≤ C(M, σ) .
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In particular, we can choose some fixed σ > s. Then, the (standard) compactness of the inclusion15

Hσ/2(M) ↪→ Hs/2(M) shows that a subsequence converges strongly in Hs/2(M) to a limit function u0 ∈
Hs/2(M). Moreover, after extracting a further subsequence (that we do not relabel), we also assume that the
convergence holds almost everywhere on M.

Step 2. Convergence of the Potential energies EPot
M (uε j) to zero and structure of u0.

Again as in Step 1, covering M with a finite number of balls of radius R so that FA2(M, g, R, p, φp) holds for
all p ∈ M, applying Proposition 3.23 to each ball of the covering we get (for j large) that

EPot
M (uε j) ≤ C(M, s, m)ε

β
j , (43)

which shows that EPot
M (uε j) → 0 as j → ∞ (since then ε j → 0).

The fact that the limit function is of the form u0 = χE − χEc for a set E ⊂ M follows: since we just proved
that ε−s

j
´

M W(uε j) → 0 as j → ∞, of course
´

M W(uε j) → 0 as well. By Fatou’s Lemma, we deduce that´
M W(u0) = 0, which shows that the limit u0 can only take the values ±1. Hence u0 = χE − χEc for some

measurable set E ⊂ M, which is actually a set of finite perimeter since the uε j satisfy uniform BV estimates.
The fact that (9)-(10) hold, after choosing the representative of E for which every point of E with density 1
belongs to its interior and every point of density 0 belongs to its complement, follows from the convergence
in L1(M) and the density estimate of Proposition 1.29.

Step 3. Convergence of the level sets to ∂E in the Hausdorff distance.

This is a direct consequence of Lemma 3.22 and the density estimate in Proposition 1.29. Fix c ∈ (−1, 1).
Arguing by contradiction, assume one could find points pj ∈ {uε j ≥ c} and qj ∈ E with d(pj, qj) ≥ r > 0 and
Br/2(pj)∩ E = ∅, for some small r > 0. By compactness for a subsequence there is p◦ such that pj → p◦, and
in particular Br/4(p◦) ⊂ Ec. This implies (up to subsequences, that we do not relabel) that limj→∞ uε j = −1
a.e. in Br/4(p◦). By the density estimate of Proposition 1.29 then uε j ≤ − 9

10 in Br/8(p◦) for all j sufficiently
large, and with Lemma 3.22 this implies uε j ≤ −1 + C(ε j/r)s. This contradicts uε j(pj) ≥ c > −1 for j large,
and concludes the proof.

Step 4. The limit set E is stationary for the fractional perimeter.

Claim. Let X be a vector field of class C∞ on M, and let ψt := ψt
X denote its flow at time t. Putting

uε j ,t(p) := uε j(ψ
−t(p)), then

dℓ

dtℓ
ESob

M (uε j ,t) →
dℓ

dtℓ
Pers(ψ

t(E)) and
dℓ

dtℓ
EPot

M (uε j ,t) → 0 , as j → ∞ . (44)

Proof of the Claim. Changing variables with the flow ψt, and denoting its Jacobian at time t as Jt, gives that

dℓ

dtℓ
ESob

M (uε j ,t) =
dℓ

dtℓ

¨
|uε j(ψ

−t(p))− uε j(ψ
−t(q))|2Ks(p, q)dVp dVq

=

¨
|uε j(p)− uε j(q)|

2 dℓ

dtℓ
[
Ks(ψ

t(p), ψt(q))Jt(p)Jt(q)
]
dVp dVq , (45)

and likewise

dℓ

dtℓ
Pers(ψ

t(E)) =
¨

|u0(p)− u0(q)|2
dℓ

dtℓ
[
Ks(ψ

t(p), ψt(q))Jt(p)Jt(q)
]
dVp dVq . (46)

The passage of the derivatives under the integral sign in these lines can be justified as follows. For every

p ̸= q, which is a set of full measure in M × M, the derivative dℓ
dtℓ

[
Ks(ψt(p), ψt(q))Jt(p)Jt(q)

]
exists for all

15The compactness of this inclusion is well known on balls of Rn. This immediately gives one way of showing it for compact
manifolds as well, after covering them with a finite number of small coordinate balls and using the same estimations for the kernel as
in the present proof.
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t > 0. Moreover, by (16) we see that

sup
t∈(0,T)

∣∣∣∣∣ dℓ

dtℓ
[
Ks(ψ

t(p), ψt(q))Jt(p)Jt(q)
]∣∣∣∣∣ ≤ CTKs(p, q), ∀ T > 0. (47)

Hence, uniformly for t ∈ (0, T), the integrand in (45) is bounded by (a constant times) |uε j(p)−uε j(q)|2Ks(p, q),
which is a function in L1(M × M) since uε j ∈ Hs/2(M). The dominated convergence theorem easily implies
then that we can pass the derivative under the integral sign. The same argument applies to (46).

Now, we can rewrite the first expression as

dℓ

dtℓ
ESob

M (uε j ,t) =

¨
|uε j(p)− uε j(q)|

2Ks(p, q)
dℓ
dtℓ

[
Ks(ψt(p), ψt(q))Jt(p)Jt(q)

]
Ks(p, q)

dVp dVq .

Since uε j → u0 in Hs/2(M) by Step 1, we immediately see that

Aj := |uε j(p)− uε j(q)|
2Ks(p, q) → |u0(p)− u0(q)|2Ks(p, q) =: A, in L1(M × M) .

On the other hand, by the bound in (47) the fixed function B := 1
Ks(p,q) ·

dℓ
dtℓ

[
Ks(ψt(p), ψt(q)) Jt(p)Jt(q)

]
belongs to L∞(M × M). Therefore, AjB → AB in L1(M × M) as well, which gives the first part of the claim.

For the second part of the claim, which regards the derivatives of the potential energy, we change variables
once again with the flow ψt, finding that

dℓ

dtℓ
EPot

M (vt) =
dℓ

dtℓ

ˆ
ε−sW(v(ψ−t(p))dVp =

ˆ
ε−sW(v(p))

dℓ

dtℓ
Jt(p)dVp .

Bounding the derivatives of the Jacobian (in absolute value) by a constant, we deduce that∣∣∣∣∣ dℓ

dtℓ
EPot

M (vt)

∣∣∣∣∣ ≤ CEPot
M (v) .

Combining this with (43), we conclude that

dℓ

dtℓ
EPot

M (uε j ,t) → 0 as j → ∞

as desired.

Now that we have shown the claim, the fact that E is stationary for the fractional perimeter follows from
considering a vector field X of class C∞ on M, and applying the claim (with ℓ = 1 and t = 0) and the
stationarity of uε j for the Allen-Cahn energy:

d
dt

∣∣∣∣
t=0

Pers(ψ
t(E)) = lim

j→∞

d
dt

∣∣∣∣
t=0

[
ESob

M (uε j ,t) + EPot
M (uε j ,t)

]
= 0 .

Step 5. E has Morse index at most m (recall Definition 1.7).

To check this, consider (m + 1) vector fields X0, ..., Xm of class C∞ on M. Letting a := (a0, a1, ..., am) ∈
Rm+1 and X[a] = a0X0 + ... + amXm, we can define the quadratic form Qε j(a) := d2

dt2

∣∣∣
t=0

E(uε j ◦ ψ−t
X[a]), which

we can write as Qε j(a) = Qkl
ε j

akal for some coefficients Qkl
ε j

. From (44) and the polarization identity for a

quadratic form, it is immediate to see that Qkl
ε j
→ Qkl

0 as j → ∞, where

Q0(a) :=
d2

dt2

∣∣∣
t=0

Pers(ψ
t
X[a](E)) = Qkl

0 akal .
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Now, since uε j have Morse index ≤ m (with respect to the standard notion of index in Definition 1.15), by
definition we know that for every j there must exist some aj ∈ Sm such that

Qε j(aj) =
d2

dt2

∣∣∣
t=0

E(uε j ◦ ψ−t
X[aj ]

) ≥ 0.

Then, the convergence of the coefficients Qkl
ε j
→ Qkl

0 immediately shows that Q0(a) ≥ 0 for some a ∈ Sm as
well.

The rest of this section is devoted to proving that the sets constructed as limits of solutions to the Allen-
Cahn equation (and which were shown to be critical points of the fractional perimeter under inner variations)
are actually viscosity solutions to the NMS equation.

Lemma 3.24 (Palatucci-Savin-Valdinoci [56]). There exists a unique increasing function v◦ : R → (−1, 1) with
v◦(0) = 0 that solves (−∆)s(v◦) + W ′(v◦) = 0 in R.

Remark 3.25. The following fact will be useful: Let A be any symmetric positive definite matrix with
Ain = δin, 1 ≤ i ≤ n. Defining vε,τ(x) = v◦

(
ε−1(xn − τ)

)
(where v◦ is the function of Lemma 3.24) we still

have that

αn,s

ˆ
Rn

(
vε,τ(x)− vε,τ(y)

)
|A(x − y)|n+s |A|dy + ε−s

j W ′(vε,τ) = 0,

where |A| denotes the determinant of A. In other words, vε,τ is also an Allen–Cahn solution “in this new
metric”.

Remark 3.26. We will implicitly use the following fact many times. Let φ : Br◦(0) → M be a diffeomorphism
onto its image with φ(0) = p, and let F ⊂ M be a measurable set. Then, for s ∈ (0, 1) the limit

lim
r↓0

ˆ
M\Br(p)

(χF − χFc)(q)Ks(p, q) dVq

exists if and only if the limit

lim
r↓0

ˆ
M\φ(Br(0))

(χF − χFc)(q)Ks(p, q) dVq

exists, and if they do exist they coincide. This is not due to cancellations and can be seen as follows: for r
sufficiently small (so that FA1(M, g, p, r, φ) holds), by Lemma 2.6 we can estimate∣∣∣∣ ˆ

M\Br(p)
(χF − χFc)(q)Ks(p, q) dVq −

ˆ
M\φ(Br(0))

(χF − χFc)(q)Ks(p, q) dVq

∣∣∣∣
≤ C

ˆ
Br(p)∆φ(Br(0))

1
d(q, p)n+s dVq ≤ C

rn+s Vol
(

Br(p)△φ(Br(0))
)
= O(r1−s) → 0,

as r → 0+, since Vol
(

Br(p)△φ(Br(0))
)
= O(rn+1) for small r.

Proposition 3.27. Assume that uε j are solutions to the A-C equation (5) on M, with parameters ε j → 0 and Morse
index m(uε j) ≤ m, and that moreover uε j → u0 := χE − χEc in Hs/2(M). Then ∂E is a viscosity solution of the
NMS equation in the following sense: whenever p ∈ ∂E, and φ : Bϱ◦(0) → V is a diffeomorphism from Bϱ◦ to an open
neighborhood V ⊂ M of p satisfying φ(0) = p and V+ := φ(B+

ϱ◦) ⊂ E (where we denote B+
r := Br ∩ {xn > 0}) we

have
lim
r↓0

ˆ
M\Br(p)

(χF − χFc)(q)Ks(p, q) dVq ≤ 0, for F = V+ ∪ (E \ V).

Proof. We suppose by contradiction that for some p and φ : Bϱ◦ → V as in the statement of the proposition
we had

lim
r↓0

ˆ
M\Br(p)

(χF − χFc)(q)Ks(p, q) dVq ≥ 2δ > 0, for F = V+ ∪ (E \ V). (48)

Our goal is now to obtain a contradiction.
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Let us make the following useful observation that we will use several times throughout the proof. Let
ψ := Bϱ → W ⊂ V be another diffeomorphism with ψ(0) = p such that φ(B+

ϱ◦) ∩ W ⊂ ψ(B+
ρ ). Put

G = ψ(B+
ϱ ) ∪ (E \ ψ(Bϱ)); then,

(χG − χGc)(q) ≥ (χF − χFc)(q) for all q ∈ M.

Hence, the integral (48) only grows when replacing F by G. In particular, this applies to “restrictions of
domain”, such as ψ = φ|Bϱ

for any ϱ < ϱ◦.

Step 1. Setting x = (x′, xn), we claim that we can replace F by

Ft := φ({x ∈ Bϱ◦ : xn > t|x′|2}) ∪ (E \ V)

in (48), for t > 0 sufficiently small, provided that we also replace 2δ by δ. In fact, this is a consequence of

f (t) := lim
r↓0

ˆ
M\Br(p)

(χFt − χFc
t
)(q)Ks(p, q) dVq

being continuous in t: Since f (0) ≥ 2δ, for t > 0 sufficiently small, we will still have f (t) ≥ δ > 0. We now
prove that f is continuous indeed:

Fix 0 < σ < t, ϱ sufficiently small so that FA1(M, g, p, 2ϱ, φ) holds (here we use the observation at the
beginning of the proof regarding the domain restriction) and r ≪ ϱ. Let

S := Fσ \ Ft ⊂ V = φ(Bϱ).

We have ∣∣∣∣∣
ˆ

M\Br(p)
(χFσ − χFσ

c)(q)Ks(p, q) dVq −
ˆ

M\Br(p)
(χFt − χFt

c)(q)Ks(p, q) dVq

∣∣∣∣∣
= 2

ˆ
V\Br(p)

χS(q)Ks(p, q) dVq

= 2
ˆ
Bϱ\φ−1(Br(p))

χφ−1(S)(z)Ks(p, φ(z))|Jφ| dz

≤ C
ˆ
Bϱ\Br/2

χφ−1(S)(z)

|z|n+s dz, (49)

where we have computed the integral in coordinates φ−1 and we have used Lemma 2.6 to estimate the kernel
Ks(p, φ(z)) = Ks(φ(0), φ(z)). By the very definition of S, for 0 < R < ϱ, it follows that Hn−1(φ−1(S) ∩
∂BR) ≤ CRn−2 · C|t − σ|R2 = C|t − σ|Rn. Hence, by polar coordinates

ˆ
Bϱ\Br/2

χφ−1(S)(z)

|z|n+s dz =

ˆ ϱ

r/2

1
Rn+s H

n−1(φ−1(S) ∩ ∂BR) dR

≤ C|t − σ|
ˆ ϱ

r/2
R−s dR =

C
1 − s

|t − σ|(ϱ1−s − (r/2)1−s).

Thus, letting r → 0+ in (49) gives
| f (t)− f (σ)| ≤ C|t − σ|ϱ1−s.

In particular, f is continuous and this concludes Step 1.

Next, fix t = t◦ > 0 small and choose “Fermi coordinates” adapted to the hypersurface Γ := φ({xn =
t◦|x′|2}) around p. More precisely: there exists a diffeomorphism ψ : Bϱ1 → W = ψ(Bϱ1), with ψ(0) = p
and W ⊂ V open neighborhood of p, such that for all x ∈ Bϱ1 ,

d(ψ(x), Γ) =

{
xn if xn ≥ 0
−xn if xn ≤ 0
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and ψ(B+
ϱ1
) = W ∩ φ(Bϱ◦ ∩ {xn > t|x′|2}).

Moreover, since G := ψ(B+
ϱ1
) ∪ (E \ W) contains Ft we have

lim
r↓0

ˆ
M\Br(p)

(χG − χGc)(q)Ks(p, q) dVq ≥ δ > 0 . (50)

Also, by construction we have
ψ(Bϱ1 ∩ {xn ≥ −c|x′|2}) ⊂ E,

where c > 0 depends on t◦.
Step 2. We now perform a key computation in coordinates. Let us now choose a smooth cutoff function

η : Rn → R+ satisfying χB1 ≤ η ≤ χB2 and put:

ηϱ(x) := η(x/ϱ) and η̄ϱ := ηϱ ◦ ψ−1. (51)

Let K(x, y) = Ks(φ(x), φ(y)) be the expression in coordinates ψ−1 of the kernel Ks(p, q) for p, q ∈ W, that
is, for x, y ∈ B1. Let gij : Bϱ1 → Rn2

denote the components of the metric in the coordinates ψ−1. Since ψ−1

are Fermi coordinates, we have
gni = gin = δni, 1 ≤ i ≤ n. (52)

This will be crucially used later.
Fix ϱ ∈ (0, ϱ1/2) small to be chosen later. By (50), we have for Gϱ := ψ(B+

ϱ ) ∪ (E \ ψ(Bϱ)) and H :=
{xn > 0} ⊂ Rn

lim
r↓0

ˆ
B2ϱ\Br

(χH − χHc)(y)K(0, y)ηϱ(y)
√
|g|(y) dy = lim

r↓0

ˆ
M\Br(p)

(χGϱ
− χGc

ϱ
)(q)Ks(p, q)η̄ϱ(q) dVq

≥ δ −
ˆ

M\ψ(Bϱ)
(χE − χEc)(q)Ks(p, q)(1 − η̄ϱ)(q) dVq.

Notice that Br(0) is not the same as φ−1(Br(p)), however as it will become clear from the proof below, the
limits as r ↓ 0 of the corresponding integrals give the same value.

Let us also write
K(x, y)

√
|g|(y) = αn,s

|A(x)(x − y)|n+s

√
|g|(x) + K̂(x, y),

where A(x) is the nonnegative definite symmetric square root of the matrix (gij(x)). Notice that, thanks to
(52), we have Ani(x) = Ain(x) = δni for all 1 ≤ i ≤ n. Also, by Proposition 2.5 the kernel K̂(x, y) is not
singular, in the sense that ∣∣K̂(x, y)

∣∣ ≤ C(1 + |x − y|−n−s+1).

We thus have

αn,s lim
r↓0

ˆ
Bϱ1\Br

(χH − χHc)ηϱ(y)
|A(0)(0 − y)|n+s

√
|g|(0)dy ≥ δ −

ˆ
M\ψ(Bϱ)

(χE − χEc)(q)Ks(p, q)(1 − η̄ϱ)(q) dVq

−
ˆ
Bϱ1

(χH − χHc)(y)K̂(0, y)ηϱ(y) dy
(53)

Let us now recall the assumption that uε j → u0 = χE − χEc , and let us define for x in a neighbourhood of
0

f j(x) = −
ˆ

M\ψ(Bϱ)
uε j(q)K(ψ(x), q)(1 − η̄ϱ)(q) dVq −

ˆ
B2ϱ

(uε j ◦ ψ)(y)K̂(x, y)ηϱ(y) dy

and

f∞(x) = −
ˆ

M\ψ(Bϱ)
(χE − χEc)(q)K(ψ(x), q)(1 − η̄ϱ)(q) dVq −

ˆ
B2ϱ

(χE − χEc)(ψ(y))K̂(x, y)ηϱ(y) dy
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Define also

I(ϱ) :=
ˆ
B2ϱ

(χE − χEc)(ψ(y))K̂(0, y)ηϱ(y) dy −
ˆ
B2ϱ

(χH − χHc)(y)K̂(0, y)ηϱ(y) dy

Fixing ϱ > 0 small enough, we will have |I(ϱ)| ≤ δ/4. Then, is not difficult to show (using the kernel
bounds of Proposition 2.5 and of Lemma 2.6) that f j(x) → f∞(x) uniformly for all x in a neighborhood of 0,
and that f∞ is continuous in a neighborhood of 0. As a consequence, we have | f j(x)− f∞(0)| < δ/4 for all
x ∈ Br◦(0) and j ≥ j◦, for some j◦.

On the other hand, recall that (−∆)suε j + ε−s
j W ′(uε j) = 0 in M. Hence, in particular

lim
r↓0

ˆ
M\Br(ψ(x))

(
uε j(ψ(x))− uε j(q)

)
Ks(p, q) dVq + ε−s

j W ′(uε j(ψ(x))) = 0

for all x ∈ Br◦(0). Proceeding similarly the previous equation can be rewritten as

αn,s

ˆ
Bϱ

(
(uε j ◦ ψ)(x)− (uε j ◦ ψ)(y)

)
ηϱ(y)

|A(x)(x − y)|n+s

√
|g|(x) dy + ε−s

j W ′(uε j(ψ(x))) = f j(x) . (54)

Notice also that (53) can be rewritten as

αn,s lim
r↓0

ˆ
B2ϱ\Br

(χH − χHc)ηϱ(y)
|A(0)(0 − y)|n+s

√
|g|(0) dy ≥ δ + f∞(0) + I(ϱ) .

We now define vε,τ(x) = v◦
(
ε−1(xn − τ)

)
, where v◦ : R → (−1, 1) is the function from Lemma 3.24. In

view of Remark 3.25, we have for x ∈ Br◦(0), j large, and |τ| sufficiently small,

αn,s

ˆ
B2ϱ

(
vε j ,τ(x)− vε j ,τ(y)

)
ηϱ(y)

|A(x)(x − y)|n+s

√
|g|(x) dy + ε−s

j W ′(vε j ,τ) ≤
δ

4
.

This implies that whenever x ∈ Br◦ , j sufficiently large, and |τ| sufficiently small

αn,s

ˆ
B2ϱ

(
vε j ,τ(x)− vε j ,τ(y)

)
ηϱ(y)

|A(x)(x − y)|n+s

√
|g|(x) dy + ε−s

j W ′(vε j ,τ) ≤ f j(x)− δ

4
. (55)

In other words, we have shown that vε j ,τ is a strict subsolution of (54).

Step 3. We now reach the desired contradiction. Fix now θ ∈
(

0, 1
100

)
sufficiently small (to be chosen)

and let

ξθ(t) :=


−1 + θ if t ∈ [−1,−1 + θ],
t if t ∈ [−1 + θ, 1 − θ],
1 − θ if t ∈ [1 − θ, 1].

By the Hausdorff convergence of the level sets of uε j which we have proved in Step 3 at page 41, for any
t ∈ [−1 + θ, 1 − θ] the set {x ∈ B2ϱ : (uε j ◦ φ) ≥ t} converges in Hausdorff distance towards ψ−1(E) ⊃ {x ∈
B2ϱ : xn ≤ −c|x′|2}.

Hence, for every fixed τ > 0 we have, for all j sufficiently large,

ξθ ◦ uε j ◦ ψ ≥ ξθ ◦ vε j ,τ in B2ϱ . (56)

Let us define
τj := min

{
τ ∈ R | (56) holds for j

}
.

Notice that by definition of τj there is xj ∈ B2ϱ ∩ {|uε j | ≤ 1 − θ} ∩ {|vε j ,τ | ≤ 1 − θ}. By the previous
Hausdorff convergence property of level sets, it must be xj → 0 and τj → 0 as j → ∞.
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Let us show that, if θ is chosen sufficiently small, we have

uε j ◦ ψ ≥ vε j ,τj in Br◦/2 . (57)

Indeed, thanks to (54)-(55) the difference

w := uε j ◦ ψ − vε j ,τj

satisfies

Lw(x) := αn,s

ˆ
Bϱ

(
w(x)− w(y)

)
ηϱ(y)

|A(x)(x − y)|n+s

√
|g|(x) dy ≥ δ

4
+ ε−s

j
(
W ′(vε j ,τj)− W ′(uε j ◦ ψ)

)
(x) in Br◦ . (58)

Notice that since (56) holds for τ = τj we have w = vε j ,τj − (uε j ◦ φ) ≥ −θ in B2ϱ.

Assume now by contradiction that infBr◦/2
w < 0. Recall (51) and define

ηt = −θ + tηr◦/2 .

and let t∗ ∈ [0, θ) be the supremum of the t ≥ 0 such that w ≥ ηt in B2ϱ. By construction there exists
x∗ ∈ Br◦ such that

(w − ηt∗)(x∗) = 0 while w − ηt∗ ≥ 0 in B2ϱ.

Now evaluating the integro-differential operator L (whose kernel is supported in B2ϱ; see (58)) at the
point x∗ we obtain

Cθ ≥ Lηt∗(x∗) ≥ Lw(x◦) ≥
δ

4
+ ε−s

j
(
W ′(vε j ,τj)− W ′(uε j ◦ φ)

)
(x◦) ≥

δ

4
,

Notice that W ′′ > 0 in the interval [uε j ◦ φ(x◦), vε j ,τj(x◦)] because (56) holds for τ = τj, and hence either
uε j ◦ φ(x◦) ≥ 1 − θ or vε j ,τj(x◦) ≤ −1 + θ. Therefore, choosing θ > 0 sufficiently small so that Cθ < δ/4 we
reach a contradiction. Hence, we have proved that w ≥ 0 and (57) holds.

Finally, take j large so that xj ∈ Br◦/4 (recall that xj → 0 as j → ∞). Using that w ≥ 0 in Br◦/2, w(xj) = 0,
and w ≥ −θ in B2ϱ \ Br◦ and evaluating Lw at the point xj ∈ Br◦/4 we obtain, similarly as before

C(r◦)θ ≥ −αn,s

ˆ
Bϱ

w(y)ηϱ(y)
|A(xj)(xj − y)|n+s

√
|g|(xj) dy = Lw(xj) ≥

δ

4
.

Choosing θ > 0 sufficiently small, we obtain a contradiction, and this completes the proof.

Theorem 1.30 motivates the definition of Am(M) given in the introduction, see Definition 1.16.

The “surfaces” Σ belonging to the class Am(M) enjoy some properties additionally to those already
described in Theorem 1.30 and Proposition 3.27. We record them in the remark below.

Remark 3.28. Every Σ = ∂E ∈ Am(M) also satisfies that if FA2(M, g, R, p, φ) is satisfied, then the following
hold:

(1) BV and energy estimate. For some C = C(n, s, m) > 0 there holds

Per(E; BR/2(p)) ≤ CRn−1 and Pers(E; BR/2(p)) ≤ CRn−s.

(2) Density estimate. For some positive constant ω0, which depends only on n, s and m, we have that if
R−n|E ∩ BR(p)| ≤ ω0 then |E ∩ BR/2(p)| = 0.

Indeed, by Definition 1.16 of Am(M) we can find a sequence uε j , made of A-C solutions with Morse
index ≤ m and parameters ε j → 0, converging to E in L1(M), and also in Hs/2(M) thanks to Theorem 1.30.
Then, property (1) follows from the lower semicontinuity of the BV norm under L1 convergence and the
convergence of Sobolev energies under strong Hs/2 convergence, together with the fact that the uε j satisfy
uniform BV and Sobolev estimates themselves by Theorems 1.26 and 1.28. Similarly, property (2) follows
from the L1 convergence and the density estimates of Proposition 1.29 satisfied by the uε j themselves.
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3.4 The Yau conjecture for nonlocal minimal surfaces – Proof of Theorem 1.10

We can now combine the existence and convergence results in the previous sections to prove the Yau con-
jecture for nonlocal minimal surfaces.

Proof of Theorem 1.10. Fix p ∈ N. Theorem 1.21 gives the existence, for all ε ∈ (0, εp), of a solution uε,p to the
fractional Allen-Cahn equation with Morse index m(uε,p) ≤ p and energy bounds

C−1ps/n ≤ (1 − s)E ε
M(uε,p) ≤ Cps/n. (59)

Thanks to the convergence result in Theorem 1.30, we can find a subsequence {ε j}j such that the uε j ,p

converge in Hs/2(M) to a limit function

u0,p = χEp − χM\Ep ,

where ∂Ep is an s-minimal surface and ∂Ep ∈ Ap(M) by definition. Moreover, by (59) and the strong
convergence of the Allen-Cahn energies stated in Theorem 1.30, we deduce that the fractional perimeter of
Ep satisfies the bounds

C−1ps/n ≤ (1 − s)Pers(Ep) ≤ Cps/n.

In particular, the fractional perimeter of the Ep goes to infinity as p → ∞, thus we conclude that the family
{Ep}p∈N is infinite.

Remark 3.29. We emphasise that, unlike in [39] or [50], due to the strong convergence as ε → 0 there is no
multiplicity phenomenon. We have used the following in the previous proof: Consider two sets Ep and Ep′

as in the proof of Theorem 1.10 above, corresponding to respective limits of the sequences uε,p and uε,p′ as
ε → 0, and assume that

lim
ε→0

(1 − s)E ε
M(uε,p) ̸= lim

ε→0
(1 − s)E ε

M(uε,p′) ;

then, they are necessarily distinct sets. Hence, their boundaries correspond to geometrically distinct s-
minimal surfaces. We note that this does not prevent, however, that Ep = Ep+1 for some value of p, since it
could be that (1 − s)Pers(Ep) = (1 − s)Pers(Ep+1); nevertheless, as p → ∞

4 Regularity and rigidity results

4.1 Blow-up procedure

The goal of this subsection is to explicitly show how to perform blow-ups of (sequences of) s-minimal sur-
faces around points with flatness assumptions, proving strong convergence results for the blow-up sequence
to a Euclidean limit surface in a manner similar to Section 3.3.

Definition 4.1 (Blow-up sequence). Let (Mj, g(j)) be a sequence of closed manifolds of dimension n, and let
pj ∈ Mj be points such that Mj satisfies the flatness assumption FA3(Mj, g(j), 1, pj, φj). Suppose in addition

that g(j)
kl (0) = δkl , i.e. that the metric of Mj with respect to the chart φ−1

j at the point 0 is the Euclidean
metric.

For each j, let ∂Ej be an s-minimal surface in Mj, satisfying uniform BV estimates in the sense that there
is some C0 independent of j such that

Per(φ−1
j (Ej); Br(x)) ≤ C0rn−1 for all x ∈ B1/2 and r ∈ (0, 1/4) ,

where we put φ−1
j (Ej) := {y ∈ B1 : φj(y) ∈ Ej}.

Given rj ↘ 0, a sequence of subsets of Rn of the form

Fj :=
1
rj

φ−1
j (Ej) ⊂ B1/rj

⊂ Rn

(for some Mj, pj, Ej as above) is called a blow-up sequence.
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Remark 4.2. Fj is a blow-up sequence if and only if there exist (M̂j, ĝ(j)), p̂j ∈ M̂j, and Rj ↗ ∞ such that

• Per(Fj; Br(x)) ≤ C0rn−1 for all x ∈ BRj/2 and r ∈ (0, Rj/4);

• FA3(M̂j, ĝ(j), Rj, p̂j, φ̂j) holds and ĝ(j)
kl (0) = δkl , where ĝ(j)

kl = ĝ(j)((φ̂j)∗(ek), (φ̂j)∗(el)) denotes the met-
ric in coordinates;

• For each j there is an s-minimal surface ∂Êj in M̂j such that Fj = φ̂−1
j (Ej).

Proof of the remark. This follows from putting M̂j = Mj, p̂j = pj, ĝ(j) = 1
r2

j
g(j) and Rj =

1
rj

in Definition 4.1

and considering the scaling properties stated in Remark 1.25.

We record some auxiliary results. The notation KM̂j
will be used instead of Ks when we want to explicit

which manifold the kernel Ks is being considered on.

Proposition 4.3. Let Fj ⊂ Rn be a blow-up sequence, with associated (M̂j, ĝ(j)), Êj ⊂ M̂j and Rj → ∞ as in Remark
4.2. The following hold:

(i) The components ĝ(j)
kl of the metric of M̂j (using the chart parametrization φ̂j) converge locally uniformly to the

Euclidean ones, in the sense that given R0 > 0,

sup
x∈BR0

∣∣ĝ(j)
kl (x)− δkl

∣∣→ 0 as j → ∞.

(ii) The kernel KM̂j
converges locally uniformly to the Euclidean one, in the sense that given R0 > 0,

sup
(x,y)∈BR0×BR0

∣∣∣∣∣KM̂j
(φ̂j(x), φ̂j(y))

αn,s
|x−y|n+s

− 1

∣∣∣∣∣→ 0 as j → ∞.

Proof. The first part follows from the definition of the flatness assumptions and the fact that Rj → ∞.

As for part (ii), it is a consequence of Proposition 2.5. Precisely, it follows from putting R = Rj and
z = y − x in (14) of Proposition 2.5.

Lemma 4.4. Let Fj ⊂ Rn be a blow-up sequence, with associated (M̂j, ĝ(j)), Êj ⊂ M̂j and Rj → ∞ as in Remark 4.2.
Put

Kj(x, y) := KM̂j
(φ̂j(x), φ̂j(y))

and (for a fixed ρ < Rj/4)

Per(j)
s (Fj;Bρ) :=

1
4

¨
(BRj

×BRj
)\(Bc

ρ×Bc
ρ)
|uj(x)− uj(y)|2Kj(x, y)

√
g(j)(x)

√
g(j)(y) dx dy ,

where uj := χFj − χFc
j
.

Given a vector field X ∈ C∞
c (Bρ; Rn), define Xj := (φ̂j)∗X and extend it by zero to a vector field on M̂j. The following

hold:

(1) Let 0 ≤ ℓ ≤ 3. Then ∣∣∣∣ dℓ

dtℓ
(

Per
M̂j
s (ψt

Xj
(Êj); φ̂j(Bρ))− Per(j)

s (ψt
X(Fj);Bρ)

)∣∣∣∣ ≤ CX
Rs

j
.

(2) If χFj → χF in Hs/2
loc (R

n), then for 0 ≤ ℓ ≤ 2

dℓ

dtℓ
Per(j)

s (ψt
X(Fj);Bρ) →

dℓ

dtℓ
PerRn

s (ψt
X(F);Bρ) .

49



Proof. We begin by proving (1). Let vt
j := χψt

Xj
(Êj)

− χψt
Xj
(Êc

j )
and ut

j := χψt
X(Fj)

− χψt
X(Fc

j )
.

By splitting the domain of the corresponding integral and then passing to coordinates, we can write

Per
M̂j
s (ψt

Xj
(Êj); φ̂j(Bρ)) =

1
4

¨
(φ̂j(BRj

)×φ̂j(BRj
))\(φ̂j(Bρ)c×φ̂j(Bρ)c)

|vt
j(p)− vt

j(q)|2 KM̂j
(p, q) dVp dVq

+
1
2

¨
φ̂j(Bρ)×φ̂j(BRj

)c
|vt

j(p)− vt
j(q)|2 KM̂j

(p, q) dVp dVq

=
1
4

¨
(BRj

×BRj
)\(Bc

ρ×Bc
ρ)
|ut

j(x)− ut
j(y)|2Kj(x, y)

√
g(j)(x))

√
g(j)(y)) dx dy

+
1
2

¨
φ̂j(Bρ)×φ̂j(BRj

)c
|vt

j(p)− vt
j(q)|2 KM̂j

(p, q) dVp dVq

= Per(j)
s (ψt

X(Fj);Bρ) +
1
2

¨
φ̂j(Bρ)×φ̂j(BRj

)c
|vt

j(p)− vt
j(q)|2 KM̂j

(p, q) dVp dVq .

From this computation, changing variables with the flow as in (45) and then passing to coordinates in the
first variable we can compute

∣∣∣∣ dℓ

dtℓ
(

Per
M̂j
s (ψt

Xj
(Êj); φ̂j(Bρ))− Per(j)

s (ψt
X(Fj);Bρ)

)∣∣∣∣ =
=

1
2

∣∣∣∣ dℓ

dtℓ

¨
φ̂j(Bρ)×φ̂j(BRj

)c
|vt

j(p)− vt
j(q)|2 KM̂j

(p, q) dVp dVq

∣∣∣∣
=

1
2

∣∣∣∣¨
φ̂j(Bρ)×φ̂j(BRj

)c
|vj(p)− vj(q)|2

dℓ

dtℓ
[
KM̂j

(ψt
Xj
(p), q) Jt(p)

]
dVp dVq

∣∣∣∣
≤ C

¨
Bρ×φ̂j(BRj

)c

∣∣∣∣ dℓ

dtℓ
[
KM̂j

(φ̂j(ψ
t
X(x)), q) Jt(p)

]∣∣∣∣ dx dVq .

Bounding the derivatives in time of the Jacobian Jt(p) by a constant, and using (15) with R = Rj to bound
the integral in q, we conclude the result in (1).

To see (2), let R > ρ and put f j(t) := Per(j)
s (ψt

X(Fj);Bρ). Changing variables with the flow (as above) and
splitting the domain of the integral, for R < Rj we can write

dℓ

dtℓ
Per(j)

s (ψt
X(Fj);Bρ)

=
1
4

¨
(BR×BR)\(Bc

ρ×Bc
ρ)
|uj(x)− uj(y)|2

dℓ

dtℓ
[
Kj(ψ

t
X(x), ψt

X(y))
√

g(j)(ψt
X(x))

√
g(j)(ψt

X(y))Jt(x)Jt(y)
]

dx dy

+
1
2

¨
Bρ×(φ̂j(BRj

)\φ̂j(BR))
|uj(x)− uj(φ−1(q))|2 dℓ

dtℓ
[
KM̂j

(φ̂j(ψ
t
X(x)), q)

√
g(j)(ψt

X(x))Jt(x)
]

dx dVq .

Let 0 ≤ ℓ ≤ 3. Thanks to the flatness assumptions and (15) of Proposition 2.5, we can bound

∣∣∣∣¨
Bρ×(φ̂j(BRj

)\φ̂j(BR))
|uj(x)− uj(φ−1(q))|2 dℓ

dtℓ
[
KM̂j

(φ̂j(ψ
t
X(x)), q)

√
g(j)(ψt

X(x))Jt(x)
]

dx dVq

∣∣∣∣
≤ C

¨
Bρ×(M̂j\φ̂j(BR))

∣∣∣∣ dℓ

dtℓ
[
KM̂j

(φ̂j(ψ
t
X(x)), q)

√
g(j)(ψt

X(x))Jt(x)
]∣∣∣∣ dx dVq

≤ C
Rs . (60)
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On the other hand, by the flatness assumptions and (17) in Proposition 2.9 we have that, for t ∈ (−T, T)
and j large enough so that R < Rj/4,

¨
(BR×BR)\(Bc

ρ×Bc
ρ)
|uj(x)− uj(y)|2

∣∣∣∣ dℓ

dtℓ
[
Kj(ψ

t
X(x), ψt

X(y))
√

g(j)(ψt
X(x))

√
g(j)(ψt

X(y))Jt(x)Jt(y)
]∣∣∣∣ dx dy

≤ CT

¨
BR×BR

|uj(x)− uj(y)|2
αn,s

|x − y|n+s dx dy

≤ CT ,

where in the last line we combined the fact that Fj has bounded classical perimeter in BRj/4 with the
interpolation result in Proposition 2.18.

This shows that the functions dℓ
dtℓ f j(t) are locally uniformly bounded for 0 ≤ ℓ ≤ 3; in particular, for

0 ≤ ℓ ≤ 2 we deduce that the dℓ
dtℓ f j(t) are locally uniformly bounded and moreover have a uniform modulus

of continuity, thus by Arzelà-Ascoli they subsequentially converge locally uniformly. By standard single-
variable calculus, to conclude our desired result it then suffices to show that f j(t) converges pointwise to
g(t) := PerRn

s (ψt
X(F);Bρ), since then the first two derivatives of the limit function g(t) will be the limits of

the derivatives of the f j(t). We shall now prove the pointwise convergence result.

Denote ut := χψt
X(F) − χψt

X(Fc). We can then write

g(t) = PerRn

s (ψt
X(F);Bρ)

=
1
4

¨
(BR×BR)\(Bc

ρ×Bc
ρ)
|u(x)− u(y)|2 αn,s

|ψt
X(x)− ψt

X(y)|n+s Jt(x)Jt(y) dx dy

+
1
2

¨
Bρ×Bc

R

|u(x)− u(y)|2 αn,s

|ψt
X(x)− y|n+s Jt(x) dx dy .

Clearly ¨
Bρ×Bc

R

|u(x)− u(y)|2 αn,s

|ψt
X(x)− y|n+s Jt(x) dx dy → 0 as R → ∞ ,

since the integrand is absolutely integrable by (15) in Proposition 2.5. Together with (60), given ε > 0, we
deduce that there exists an R > ρ (depending only on ρ and ε) such that the aforementioned terms are both
smaller than ε/2 for all j large enough. From this fact and a simple triangle inequality, we find that∣∣∣∣Per(j)

s (ψt
X(Fj);Bρ)− PerRn

s (ψt
X(F);Bρ)

∣∣∣∣
≤ 1

4

¨
(BR×BR)\(Bc

ρ×Bc
ρ)
|uj(x)− uj(y)|2·

·
∣∣∣∣Kj(ψ

t
X(x), ψt

X(y))
√

g(j)(ψt
X(x))

√
g(j)(ψt

X(y))−
αn,s

|ψt
X(x)− ψt

X(y)|n+s

∣∣∣∣ Jt(x)Jt(y) dx dy

+
1
4

∣∣∣¨
(BR×BR)\(Bc

ρ×Bc
ρ)

(
|uj(x)− uj(y)|2 − |u(x)− u(y)|2

) αn,s

|ψt
X(x)− ψt

X(y)|n+s Jt(x)Jt(y) dx dy
∣∣∣

+ ε .
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Regarding the first term, thanks to Proposition 4.3 and (17) in Proposition 2.9 it can be bounded as follows:
¨

(BR×BR)\(Bc
ρ×Bc

ρ)
|uj(x)− uj(y)|2·

·
∣∣∣∣Kj(ψ

t
X(x), ψt

X(y))
√

g(j)(ψt
X(x))

√
g(j)(ψt

X(y))−
αn,s

|ψt
X(x)− ψt

X(y)|n+s

∣∣∣∣ Jt(x)Jt(y) dx dy

=

¨
(BR×BR)\(Bc

ρ×Bc
ρ)
|uj(x)− uj(y)|2

αn,s

|ψt
X(x)− ψt

X(y)|n+s ·

·

∣∣∣∣∣∣
Kj(ψ

t
X(x), ψt

X(y))
√

g(j)(x)
√

g(j)(y)
αn,s

|ψt
X(x)−ψt

X(y)|n+s

− 1

∣∣∣∣∣∣ Jt(x)Jt(y) dx dy

≤ oj(1)
¨

BR×BR

|uj(x)− uj(y)|2
αn,s

|ψt
X(x)− ψt

X(y)|n+s dx dy

≤ oj(1)CT

¨
BR×BR

|uj(x)− uj(y)|2
αn,s

|x − y|n+s dx dy ,

where oj(1) → 0 as j → ∞. This implies that the whole expression goes to zero since the factor
˜

BR×BR
|uj(x)−

uj(y)|2
αn,s

|x−y|n+s dx dy can be bounded by a constant independent of j: indeed, for j large enough so that
R < Rj/4, the Fj satisfy uniform perimeter estimates in BR by assumption (see Remark 4.2), and thus also
uniform fractional energy estimates by interpolation (see Proposition 2.18).

As for the second term, we can write∣∣∣∣¨
(BR×BR)\(Bc

ρ×Bc
ρ)

(
|uj(x)− uj(y)|2 − |u(x)− u(y)|2

) αn,s

|ψt
X(x)− ψt

X(y)|n+s Jt(x)Jt(y) dx dy
∣∣∣∣ =

=

∣∣∣∣¨
(BR×BR)\(Bc

ρ×Bc
ρ)

(
|uj(x)− uj(y)|2 − |u(x)− u(y)|2

) αn,s

|x − y|n+s ·

·
αn,s

|ψt
X(x)−ψt

X(y)|n+s Jt(x)Jt(y)
αn,s

|x−y|n+s

dx dy
∣∣∣∣ . (61)

Since uj → u in Hs/2
loc (R

n) by assumption, one immediately sees that

Aj(x, y) :=
(
|uj(x)− uj(y)|2 − |u(x)− u(y)|2

) αn,s

|x − y|n+s → 0 in L1
loc .

On the other hand,

B(x, y) :=

αn,s
|ψt

X(x)−ψt
X(y)|n+s Jt(x)Jt(y)

αn,s
|x−y|n+s

is a fixed function in L∞
loc by (17) in Proposition 2.9. Thus AjB → 0 in L1

loc, and this means that (61) goes to
0 as j → ∞ as well.

Putting everything together, we deduce that

lim sup
j→∞

∣∣∣Per(j)
s (ψt

X(Fj);Bρ)− PerRn

s (ψt
X(F);Bρ)

∣∣∣ ≤ ε ;

since ε was arbitrary, we conclude that

f j(t) = Per(j)
s (ψt

X(Fj);Bρ) → PerRn

s (ψt
X(F);Bρ) = g(t) .

As explained before, this gives the desired result.
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The main result of this section is the following:

Theorem 4.5 (Convergence to a limit). Let Fj ⊂ Rn be a blow-up sequence. Then, there exists a Euclidean s-
minimal surface F ⊂ Rn such that a subsequence of the vj := χFj − χ(Rn\Fj)

converges to v := χF − χ(Rn\F) in

Hs/2
loc (R

n).

Proof. We divide the proof in two steps.

Step 1. Convergence to a limit set F.

Fix a radius R. For j large enough so that R < Rj/4, the Fj satisfy a uniform BV estimate in BR, as indicated
in the third bullet of Proposition 4.3. As in Step 1 of the proof of Theorem 1.30 (see page 40), a bound
on the BV norm implies that a subsequence of the vj = χFj − χFc

j
converges strongly in Hs/2(BR) norm.

Iterating the same reasoning on increasingly large balls and using a diagonal selection argument, we can
find a subsequence (still denoted by vj) converging in each of the norms Hs/2(Bk), k ∈ N, to a limit function
v = χF − χFc .

Step 2. Proof that F is stationary for the fractional perimeter.

Fix an arbitrary Euclidean vector field X ∈ C∞
c (Bρ), for some ρ > 0, and let ψt

X denote its flow at time t.
Since the Fj are a blow-up sequence, let Êj ⊂ M̂j and Rj → ∞ be those given by Remark 4.2. For j large
enough so that ρ < Rj, define Xj = (φ̂j)∗(X); extending it by 0, we obtain a vector field Xj defined on all of

M̂j. Since ∂Êj is an s-minimal surface in M̂j, d
dt

∣∣
t=0Per

M̂j
s (ψt

Xj
(Êj); φ̂j(Bρ)) = 0. Lemma 4.4 gives then that∣∣∣∣ d

dt

∣∣∣∣
t=0

PerRn

s (ψt
X(F);Bρ)

∣∣∣∣ = lim
j→∞

∣∣∣∣ d
dt

∣∣∣∣
t=0

Per(j)
s (ψt

X(Fj);Bρ)

∣∣∣∣ ≤ lim
j→∞

CX
Rs

j
= 0

as desired.

We will next prove that the convergence in the theorem also holds in the Hausdorff distance sense. First,
we show that the assumptions in Definition 4.1 imply uniform density estimates.

Lemma 4.6. Let (M, g) be a closed manifold of dimension n, satisfying the flatness assumption FA3(M, g, R, p, φ).
Suppose in addition that g(j)

kl (0) = δkl , i.e. the metric of M with respect to the chart φ−1 at the point 0 is the Euclidean
metric. Let E be an s-minimal surface in M, satisfying a uniform BV estimate in the sense that there is some C0 such
that

Per(φ−1(E);Br(x)) ≤ C0rn−1 for all x ∈ BR/2 and r ∈ (0, R/4) .

Then there exists a positive constant ω0 = ω0(n, s, C0) such that if

r−n|E ∩ Br(q)| ≤ ω0

for some q ∈ φ(BR/2) and r ∈ (0, R/8), then

|E ∩ Br/2(q)| = 0 .

Proof. Notice that since the statement is scaling-invariant, it suffices to prove it for R = 1. We also recall
that the stationarity of E implies that it satisfies the monotonicity formula of Theorem 2.20 (with potential
F ≡ 0). Observe also that up to modifying E on a set of measure zero we can assume that its topological
boundary coincides with its essential boundary. We then proceed as follows:

Step 1. Positive density of the extended energy at every boundary point.

Since φ−1(E) is a set of finite perimeter in B1/2, De Giorgi’s structure theorem for sets of finite perimeter
gives that if x ∈ ∂φ−1(E) ∩ B1/2 is in the reduced boundary, given rj → 0 the sequence of sets Hj =
1
rj
(φ−1(E)− x) converges in L1

loc(R
n) to a half-space H passing through 0.

For a fixed x as above, defining Mj = M, Ej = E, pj = φ(x), rj =
1
j , and φj(y) = φ(x + A(x)y), where

A(x) is a matrix chosen so that the metric of M is the identity at 0 in the coordinates given by φj, the
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associated Fj := 1
rj

φ−1
j (E) ⊂ Rn are a blow-up sequence (in the sense of Definition 4.1). Thus, by Theorem

4.5 they converge in L1
loc to a limit F. On the other hand, Fj = A(x)−1 1

rj
(φ−1(E)− x) = A(x)−1Hj, so that in

fact F = A(x)−1H and thus it is also a hyperplane passing through 0.

Let Nj denote the rescaled manifold (M, 1
r2

j
g), and write uj = χE − χEc , viewed as a function on Nj. Write

Uj for its Caffarelli-Silvestre extension to Nj ×R+, and V for the Caffarelli-Silvestre extension of χF − χFc to
Rn × R+. By the lower semicontinuity of the extended Sobolev energy under a blow-up, seen for example
arguing as in Step 2 in the proof of Lemma 4.16,

lim inf
j→∞

ˆ
B̃

Nj
1 (pj ,0)

|∇̃Uj(p, z)|2 dVp z1−sdz ≥
ˆ
B̃1

|D̃V(x, z)|2dx z1−sdz = c(n, s) > 0 . (62)

If U denotes the Caffarelli-Silvestre extension of u = χE − χEc (viewed as a function on M) to M × R+, by
scaling (recall that Nj is just (M, 1

r2
j
g)) the inequality (62) can be written as

lim inf
j→∞

1
rn−s

j

ˆ
B̃M

rj (φ(x),0)
|∇̃U(p, z)|2dVp z1−sdz ≥ c(n, s) > 0 .

In words, we have found that E has extended energy density uniformly bounded from below by a constant
c(n, s) at p = φ(x), for every reduced boundary point p as above. On the other hand, the reduced boundary
is dense in the essential boundary, as one can see, for example, by the isoperimetric inequality. Then, since
we have shown that the above lower bound holds at all reduced boundary points p ∈ ∂E, by the upper
semicontinuity of the extended energy density (proved as in case of classical minimal surfaces, using the
monotonicity formula of Theorem 2.20) it actually holds at every p ∈ ∂E.

Step 2. Conclusion.

Assume that there are q ∈ φ(B1/2) and r ∈ (0, 1/8) such that r−n|E ∩ Br(q)| ≤ ω0 but |E ∩ Br/2(q)| > 0; if
ω0 is small enough, then automatically also |Ec ∩ Br/2(q)| > 0. By the isoperimetric inequality, this implies
that ∂E ∩ Br/2(q) ̸= ∅ as well.

Let p ∈ ∂E ∩ Br/2(q); we can now argue as in the proof of Proposition 1.29, which showed density
estimates in the case of solutions of the Allen-Cahn equation. First, a uniform lower bound on the density
holds in our case for all 0 ≤ ρ ≤ Rmon, thanks to combining Step 1 and the monotonicity formula. We
then apply the interpolation Lemma 2.19, after which the BV estimate assumption allows us to conclude the
argument as in the proof of Proposition 1.29.

Proposition 4.7. In the conclusions of Theorem 4.5, the convergence also holds locally in the Hausdorff distance sense.

Proof. Let Ej be as in Remark 4.2, so that Fj = φ̂−1
j (Ej). Applying Lemma 4.6 and the flatness assumption

on the metric we find that the Fj satisfy density estimates in BRj/16, with Rj → ∞. The local convergence in

the Hausdorff distance follows then arguing by contradiction, simply due to local L1 convergence to F and
the density estimates.

4.2 Properties of blow-ups of Allen-Cahn limits

We define the class of all surfaces which are blow-up limits of sets in Am (recall Definitions 1.16 and 4.1).

Definition 4.8. A set ∂F ⊂ Rn is said to be in the class ABlow−up
m if it is a blow-up limit of sets in Am. This

means that there exist Σj = ∂Ej ∈ Am(Mj) and rj → 0 such that the associated Fj = r−1
j φ−1

j (Ej) are a blow-

up sequence converging to F in L1
loc(R

n) as j → ∞ (by Theorem 4.5 and Proposition 4.7, the convergence
can then be upgraded to be in Hs/2

loc (R
n) and locally in the Hausdorff distance sense).

Remark 4.9. Since ∂Ej ∈ Am(Mj), the assumption in Definition 4.1 that the sets Fj satisfy the classical
perimeter estimates is automatically satisfied if the rest of assumptions are, thanks to (1) in Remark 3.28.
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We now prove a precise almost-stability inequality for sets in ABlow−up
m , which will be used in the next

section. We begin by showing its counterpart for Allen-Cahn solutions.

Lemma 4.10. Assume that M satisfies the flatness assumptions FA1(M, g, 1, p, φ), and let uε : M → R be a solution
to the Allen-Cahn equation in φ(B1) with Morse index at most m. Let A1, ..., Am+1 ⊂ φ(B1/2) be (m + 1) open sets,
with pairwise distances denoted by Dij := dist(Ai, Aj), and for every 1 ≤ i < j ≤ m + 1 choose any positive weights
λij > 0. Then, in at least one of the Ai there holds that

E ′′
(uε)[ξ, ξ] ≥ −C∥ξ∥2

L1(Ai)

(
∑
j<i

1
λji

D−(n+s)
ij + ∑

j>i
λijD

−(n+s)
ij

)
∀ ξ ∈ C1

c (Ai) ,

for some C = C(n, s, m).

Proof. The statement is a more precise version of Lemma 3.10, and the proof proceeds similarly. Using (6),
we compute the second variation at uε for linear combinations of m + 1 test functions ξi, supported each in
the corresponding Ai, getting

E ′′
(uε)[a1ξ1 + a2ξ2 + . . . + am+1ξm+1, a1ξ1 + a2ξ2 + . . . + am+1ξm+1]

= a2
1E

′′
(u)[ξ1, ξ1] + . . . + a2

m+1E
′′
(u)[ξm+1, ξm+1]

+ 2a1a2

¨
A1×A2

(ξ1(p)− ξ1(q))(ξ2(p)− ξ2(q))Ks(p, q) dVp dVq

+ . . .

+ 2amam+1

¨
Am×Am+1

(ξm(p)− ξm(q))(ξm+1(p)− ξm+1(q))Ks(p, q) dVp dVq .

Thanks to the flatness assumptions and Lemma 2.6, we have that Ks(φ(x), φ(y)) ≤ C
|x−y|n+s , for some C =

C(n, s) and for (φ(x), φ(y)) ∈ Ai × Aj. Recall that the supports of ξi and ξ j are the disjoint subsets Ai, Aj ⊂
φj(B1/2). Then, the term containing the double integral over Ai × Aj with i < j can be bounded as follows:

2aiaj

¨
Ai×Aj

(ξi(p)− ξi(q))(ξ j(p)− ξ j(q))Ks(p, q) dVpdVq

= −2aiaj

¨
Ai×Aj

ξi(p)ξ j(q)K(p, q) dVp dVq

≤ 2|aiaj|CD−(n+s)
ij ∥ξi∥L1(Ai)

∥ξ j∥L1(Aj)

≤ λija2
i CD−(n+s)

ij ∥ξi∥2
L1(Ai)

+
C
λij

a2
j D−(n+s)

ij ∥ξ j∥2
L1(Aj)

,

where we have applied Young’s inequality in the last line. Substituting this into the second variation ex-
pression gives

E ′′
(u)[a1ξ1 + a2ξ2 + . . . + am+1ξm+1, a1ξ1 + a2ξ2 + . . . + am+1ξm+1]

≤
m+1

∑
i=1

a2
i

[
E ′′

(u)[ξi, ξi] + C∥ξi∥2
L1(Ai)

(
∑
j<i

1
λji

D−(n+s)
ij + ∑

j>i
λijD

−(n+s)
ij

)]
.

The condition that the Morse index is at most m implies that the expression cannot be < 0 for all
(a1, . . . , am+1) ̸= 0. Hence, we find that there must exist some i such that

E ′′
(u)[ξi, ξi] ≥ −C∥ξi∥2

L1(Ai)

(
∑
j<i

1
λji

D−(n+s)
ij + ∑

j>i
λijD

−(n+s)
ij

)

holds for all ξi ∈ C1
c (Ai), and this concludes the proof.
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From this, we will obtain the desired almost-stability inequality for blow-up sets.

Lemma 4.11. Let F ∈ ABlow−up
m . Let X1, X2, ..., Xm+1 be smooth vector fields on Rn with disjoint compact supports

A1, A2, ..., Am+1, and denote Dkℓ := dist(Ak, Aℓ). For 1 ≤ i < ℓ ≤ m + 1, choose positive weights λiℓ > 0. Then,
for at least one of the i (depending on F) we have that

d2

dt2

∣∣∣∣
t=0

Pers(ψ
t
Xi
(F); Ai) ≥ −C∥Xi∥2

L∞ diam(Ai)
2(n−1)

(
∑
ℓ<i

1
λℓi

D−(n+s)
iℓ + ∑

ℓ>i
λiℓD−(n+s)

iℓ

)
, (63)

where C = C(n, s, m).

Proof. Since F ∈ ABlow−up
m , from the definition and proceeding as in Remark 4.2 there exist (M̂j, ĝ(j)), p̂j ∈

M̂j, and Rj ↗ ∞ satisfying the assumptions in the Remark and Êj ∈ Am(M̂j) such that the associated
Fj = φ̂−1

j (Êj) converge to F in the appropriate sense. Fix one such j; since Êj ∈ Am(M̂j), by definition

there exists a sequence {uk}k∈N of solutions to Allen-Cahn on M̂j, with parameters εk → 0, converging to
χÊj

− χÊc
j

in L1(M̂j) as k → ∞. By Lemma 4.10, given k we can find an index i(k), 1 ≤ i(k) ≤ m + 1, such

that the inequality in the Lemma is true for uk on φ̂j(Ai(k)) ⊂ M̂j. We select an index i so that the inequality
is valid for a whole subsequence of the uk (which we do not relabel), so that

E ′′
(uk)[ξi, ξi] ≥ −C∥ξi∥2

L1(φ̂j(Ai))

(
∑
ℓ<i

1
λℓi

D̂−(n+s)
iℓ + ∑

ℓ>i
λiℓD̂−(n+s)

iℓ

)

for all ξi ∈ C1
c (φ̂j(Ai)) and k ∈ N. Here D̂iℓ = dist(φ̂j(Ai), φ̂j(Aℓ)).

Put Xi,j := (φ̂j)∗Xi, and extend it by zero outside its domain of definition to a vector field on all of M̂j.
Selecting ξi = ∇Xi,j uk, we arrive at

d2

dt2

∣∣∣∣
t=0

E(uk ◦ ψ−t
Xi,j

) = E ′′
(uk)[∇Xi,j uk,∇Xi,j uk]

≥ −C∥∇Xi,j uk∥2
L1(φ̂j(Ai))

(
∑
ℓ<i

1
λℓi

D̂−(n+s)
iℓ + ∑

ℓ>i
λiℓD̂−(n+s)

iℓ

)
.

(64)

Thanks to the BV estimate of Theorem 1.26 and the flatness assumption on the metric, we can bound

∥∇Xi,j uk∥2
L1(φ̂j(Ai))

≤ C∥Xi,j∥2
L∞ diam(φ̂j(Ai))

2(n−1) ≤ C∥Xi∥2
L∞ diam(Ai)

2(n−1) ,

and also
D̂i,l = dist(φ̂j(Ai), φ̂j(Al)) ≤ Cdist(Ai, Al) = CDi,l .

Substituting this into (64), and using that by (44) there holds

d2

dt2

∣∣∣∣
t=0

E(uk ◦ ψ−t
Xi,j

) → d2

dt2

∣∣∣∣
t=0

Per
M̂j
s (ψt

Xi,j
(Êj); φ̂j(Ai)) as k → ∞ ,

we obtain that

d2

dt2

∣∣∣∣
t=0

Per
M̂j
s (ψt

Xi,j
(Êj); φ̂j(Ai)) ≥ −C∥Xi∥2

L∞ diam(Ai)
2(n−1)

(
∑
ℓ<i

1
λℓi

D−(n+s)
iℓ + ∑

ℓ>i
λiℓD−(n+s)

iℓ

)
.

On the other hand, by Lemma 4.4 we have that

d2

dt2

∣∣∣∣
t=0

PerRn

s (ψt
Xi
(F); Ai) = lim

j

d2

dt2

∣∣∣∣
t=0

[
Per(j)

s (ψt
Xi
(Fj); Ai)

]
= lim

j

d2

dt2

∣∣∣∣
t=0

[
Per

M̂j
s (ψt

Xi,j
(Êj); φ̂j(Ai))

]
,

which then proves (63).
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4.3 Classification of blow-up limits

The main result of this section is the following classification result:

Theorem 4.12 (Classification result). Let s ∈ (0, 1) and 3 ≤ n < n∗
s . Let F be any family of sets of Rn satisfying

the following properties:

(1) Stationarity. Every set E ∈ F is an s-minimal surface, in the sense of Definition 1.5.

(2) BV estimate. There is C◦ such that for every E ∈ F , x ∈ Rn, and R > 0 we have

Per(E; BR(x)) ≤ C◦Rn−1 .

(3) Viscosity solution of the NMS16 equation. If x0 ∈ ∂E and E admits an interior (resp. exterior) tangent ball
at x0, then

´ χE(y)−χEc (y)
|x0−y|n+s dy ≤ 0 (resp. ≥ 0).

(4) Almost-stability in one out of (m + 1) disjoint sets. There exists some (fixed) m ∈ N such that the
following holds. Let X1, X2, ..., Xm+1 be smooth vector fields with disjoint compact supports A1, A2, ..., Am+1, and
denote Dkl := dist(Ak, Al). For 1 ≤ i < l ≤ m + 1, choose positive weights λil > 0. Then, given E ∈ F , for at least
one of the i (depending on E) we have that

d2

dt2

∣∣∣
t=0

Pers(ψ
t
Xi
(E); Ai) ≥ −C∥Xi∥2

L∞ diam(Ai)
2(n−1)(∑

ℓ<i

1
λℓi

D−(n+s)
iℓ + ∑

ℓ>i
λiℓD−(n+s)

iℓ ) , (65)

where C = C(F ).

(5) Completeness under scalings and L1
loc(R

n) limits. If E ∈ F , then any translation, dilation and rotation of
E is in F as well. Moreover, if Ei is a sequence of elements of F and Ei → E∞ in L1

loc(R
n), then E∞ ∈ F as well.

(6) Cones with n − 2 translation-invariant directions are half-spaces. If E ∈ F is a cone and there is a linear
(n − 2)-dimensional subspace L ⊂ Rn such that E + x = E for all x ∈ L, then ∂E must be a hyperplane.

Then, every E ∈ F which is not equal (up to null sets) to Rn or ∅ must be a half-space.

An important property follows from (1) and (2) above:

Lemma 4.13. Let F be a family of sets of Rn satisfying properties (1) and (2) in Theorem 4.12. Then, any set E ∈ F
also satisfies density estimates, meaning that there exists a positive constant ω0 = ω0(n, s, C0) such that if

R−n|E ∩ BR(q)| ≤ ω0

for some q ∈ φ(B1/2) and R ∈ (0, 1/8), then

|E ∩ BR/2(q)| = 0 .

Moreover, if Ei ∈ F and Ei → E∞ in L1
loc(R

n), then they also converge to E∞ locally in the Hausdorff distance sense.

Proof. Same as for Lemma 4.6 and Proposition 4.7.

We will need the following result, which is obtained by combining the C1,α improvement of flatness
theorem in [17] and the C1,α-to-C∞ bootstrap result for nonlocal minimal graphs in [9].

Theorem 4.14 ([9, 17]). Let s ∈ (0, 1). Then, there exists σ > 0, depending on n and s, such that the following holds:
let E ⊂ Rn and x ∈ ∂E, and assume that

(i) The set E is a viscosity solution of the NMS equation in Br(x), in the sense of Proposition 3.27.

(ii) The boundary ∂E is included in a σ-flat cylinder in Br(x), that is

∂E ∩ Br(x) ⊂ {y ∈ Rn : |e · (y − x)| ≤ σr},

for some direction e ∈ Sn−1.
16Meaning “nonlocal minimal surface”.
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Then ∂E is a C∞ graph in the direction e in Br/2(x), with uniform estimates. In particular, its second fundamental
form II∂E satisfies

sup
y∈∂E∩Br/2(x)

|II∂E|(y) ≤
C
r

, (66)

with C = C(n, s).

We will also need the following intuitive lemma, to be read as “cones with finite Morse index are stable
outside the origin”, and which will be proved after Theorem 4.12.

Lemma 4.15. Let E ⊂ Rn be a cone with Pers(E;B1(0)) < +∞. Assume that E is stationary for the s-perimeter,
in the sense of Definition 1.5, and that it satisfies property (4) in the statement of Theorem 4.12. Then E is stable in
Rn \ {0}.

We will now prove Theorem 4.12.

Proof of Theorem 4.12. Let E∞ be a blow-down limit of E, i.e., a limit of a sequence Ei =
1
ri

E, with ri → ∞ (by
property (5), such a limit exists, and it is also a member of F ). Then E∞ is a cone: Let U, U∞ and Ui denote
the Caffarelli-Silvestre extensions of u := χE − χEc , u∞ := χE∞ − χEc

∞ and ui := χEi − χEc
i
, respectively.

Using the notation ΦV(r) := rs−n ´
B̃+

r (0,0) z1−s|∇V(x, z)|2dx dz, by convergence of the extended energies17

and scaling we have that
ΦU∞(r) = lim

i
ΦUi (r) = lim

i
ΦU(rri) .

By the monotonicity of ΦE, which we know since E is an s-minimal surface by property (1) and thus satisfies
Theorem 2.20, the limit limR→∞ ΦU(R) exists, and by property (2) and the interpolation result in Lemma
2.19 it is a finite constant. The equality above then shows that ΦU∞(r) is equal to this constant independently
of r. Since E∞ is also an s-minimal surface (by properties (1) and (5)), the last paragraph in Theorem 2.20
gives that E∞ is a cone.

We will now prove that E∞ is in fact a hyperplane; by the local Hausdorff convergence of the Ei =
1
ri

E to
E∞ (see Lemma 4.13 above), E then satisfies the hypotheses of Theorem 4.14 for every r > 0, and therefore
by (66) E then needs to be a hyperplane as well (since II∂E vanishes).

First, Lemma 4.15 states that E∞ is stable outside the origin. If it also were smooth outside the origin, the
assumption that 3 ≤ n < n∗

s would imply that ∂E∞ is a hyperplane and we would finish the proof.
If, arguing by contradiction, there is instead some point x1 ̸= 0 where E∞ is not smooth, we need to apply
a dimension reduction argument: blowing up around x1, we obtain a new cone E1 ∈ F which is now
translation invariant along some direction; after a rotation, we can write E1 = Ẽ1 × R, and this is allowed
by property (5).

We claim that E1 cannot be smooth outside the origin. First, if that were the case, E1 would be a hyper-
plane, since 3 ≤ n < n∗

s . Now, the blow-up rescalings of E∞ around x1 converge locally in the Hausdorff
distance sense to E1 by Lemma 4.13, and they are viscosity solutions of the NMS equation by property (3).
If E1 were indeed a hyperplane, the assumption in the improvement of flatness Theorem 4.14 would be
satisfied for the blow-up rescalings of E∞ around x1 (for large enough indices in the sequence). Thus E∞
would be smooth in a neighborhood of x1, a contradiction.

Now that we know that E1 is not smooth outside the origin, we can iterate the argument with this new
cone: Since E1 = Ẽ1 × R is not smooth outside the origin, there is some point x2 ∈ Rn−1 \ {0} where Ẽ1 is
not smooth. Hence, we can blow up again around (x2, 0) and obtain a new cone E2, which is now translation
invariant with respect to two orthogonal directions. After a rotation, E2 = Ẽ2 × R2. Moreover, E2 cannot be
smooth outside the origin, by the same improvement of flatness argument we applied to E1.
Iterating this reasoning n − 2 times, we end up with a cone that is translation invariant in n − 2 orthogonal
directions, i.e., of the form Ẽ ×Rn−2 after a rotation, and which is not smooth outside the origin. This is not
possible by property (6), and therefore we reach a contradiction.

We now give the proof of Lemma 4.15.

17Follows easily from convergence in Hs/2
loc (R

n). The latter is proved, thanks to property (2), as in Step 1 in the proof of Theorem 4.5.
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Proof of Lemma 4.15. Consider an annular region of the form A0 = B1 \ BR0 with 0 < R0 < 1, centered at the
origin. It suffices to show that E is stable in A0, by the arbitrariness of R0 and the dilation invariance of E.

The strategy is the following. Let X be a vector field supported on the annulus A0. Let A1, ..., Am+1 be
(m + 1) rescaled copies of A0 of the form Ai = RAi−1 = Ri A0, with R > 0 sufficiently large so that they
are disjoint. Likewise, consider the (m + 1) rescaled vector fields Xi := RiX(x/Ri), which are supported in
the respective Ai. Since E satisfies property (4) in the statement of Theorem 4.12, we know that the almost-
stability inequality (65) will hold in at least one of the Ai. Moreover, since E is dilation invariant, we will be
able to translate this information back into A0, and taking R arbitrarily large we will find that E is actually
stable on A0 and conclude the proof.

Define u := χE − χEc , and let ψt
X denote the flow of the vector field X at time t. Observe that ut

i :=
χψt

Xi
(E) − χψt

Xi
(E)c is the composition of u = χE − χEc with the flow of Xi = RiX(x/Ri), which is given by

ψt
Xi

= Riψt
X(x/Ri). By the dilation-invariance of the cone E, and hence of u∞, we have that

ut
i(x) = u(Riψt

X(x/Ri)) = u(ψt
X(x/Ri)) = ut(x/Ri);

the scaling property of the fractional Sobolev energy then gives

Pers(ψ
t
Xi
(E); Ai) = ESob

Ai
(ut

i) = ESob
Ai

(ut(x/Ri)) = Ri(n−s)ESob
A0

(ut) = Ri(n−s)Pers(ψ
t
X(E); A0) ,

so that in particular
d2

dt2

∣∣∣∣
t=0

Pers(ψ
t
Xi
(E); Ai) = Ri(n−s) d2

dt2

∣∣∣∣
t=0

Pers(ψ
t
X(E); A0) . (67)

Now, by assumption, we know that the almost-stability inequality (65) will be satisfied in one of the Ai.
Combined with (67), we obtain that

Ri(n−s) d2

dt2

∣∣∣∣
t=0

Pers(ψ
t
X(E); A0) ≥ −C∥Xi∥2

L∞ diam(Ai)
2(∑

ℓ<i

1
λℓi

D−(n+s)
iℓ + ∑

ℓ>i
λiℓD−(n+s)

iℓ ) ,

where λij are positive weights and Dij = dist(Ai, Aj). We can bound

∥Xi∥2
L∞ diam(Ai)

2(n−1) = ∥X∥2
L∞(Ri)2(Ridiam(A0))

2(n−1) ≤ CX,A0 R2ni .

We also observe that
Di,l = dist(Ri A0, Rl A0) ≥ cRmax{i,l}

for some small c, for all R sufficiently large depending on A0.

Substituting into the inequality we obtained and dividing both sides by Ri(n−s), we get

d2

dt2

∣∣∣∣
t=0

Pers(ψ
t
X(E); A0) ≥ −CX,A0 Ri(n+s)(∑

ℓ<i

1
λℓi

R−i(n+s) + ∑
ℓ>i

λiℓR−ℓ(n+s))

= −CX,A0(∑
ℓ<i

1
λℓi

+ ∑
ℓ>i

λiℓR−(ℓ−i)(n+s)) .

Now, choosing the positive weights as λij = R
n+s

2 for every pair i < j, we obtain

d2

dt2

∣∣∣∣
t=0

Pers(ψ
t
X(E); A0) ≥ −CX,A0(∑

ℓ<i
R− n+s

2 + ∑
ℓ>i

R−(ℓ−i− 1
2 )(n+s)) ,

so that all the powers of R become strictly negative. Letting R → ∞, we deduce that

d2

dt2

∣∣∣∣
t=0

Pers(ψ
t
X(E); A0) ≥ 0

as desired.
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We will, in particular, apply Theorem 4.12 to the class ABlow−up
m . The next lemma proves that property

(6) in the assumptions holds for this class. This is the (nonlocal and finite index) analogue of a result of
Schoen–Simon [61, p. 785-787]; see also [67, Proposition 3.2].

Lemma 4.16. Let n ≥ 3. Assume that some nontrivial cone E ⊂ Rn belongs to ABlow−up
m and is of the form Ẽ×Rn−2

for some cone Ẽ ⊂ R2. Then, ∂E is a hyperplane.

Proof. We divide the proof into two steps.

Step 1. Let us show the following claim: assume that FA1(M, g, 1, p, φ) holds, and u : M → (−1, 1) is
a solution of Allen-Cahn with parameter ε ∈ (0, 1) in B1(p) (equivalently a critical point of EB1(p)) that is
Λ-almost stable in B1(p) (see Definition 3.9). Let U : M × R+ → (−1, 1) be the Caffarelli-Silvestre extension
of u. Then, for some constant C = C(n, s, Λ) > 0 we have:

ˆ
B̃+

1/2(p,0)
A2(U) dV z1−sdz ≤ C ,

where

A2(U) :=
(
|∇2U|2 − |∇|∇U||2

)
χ{|∇u|>0} =

(
|∇2U|2 −∇2U

(
∇U
|∇U| ,

∇U
|∇U|

))
χ{|∇u|>0} ≥ 0 .

Here ∇2U denotes the “horizontal” Hessian of U(·, z) —i.e. for z fixed— with respect to g.

Indeed since u is Λ-almost stable, for all ξ ∈ C1(B̃+
1 (p, 0)) with support contained in B̃+

3/4(p, 0) and trace
ξ0 on z = 0, we have

Ẽ ′′
1 (U)[ξ, ξ] = βs

ˆ
B̃+

1

z1−s|∇ξ|2 dVdz + ε−s
ˆ

B1

W ′′(u)ξ2
0 dV

≥ E ′′
B1
(u)[ξ0, ξ0] ≥ −Λ∥ξ0∥2

L1(B1)
,

where B̃+
1 and B1 are brief notations for B̃+

1 (p, 0) and B1(p).

Thus, testing the above almost stability inequality with a test function that is product ξ = cη we obtain
(with a simple integration by parts similar to [16, Proof of Theorem 1.3])

ˆ
B1

c
(

βs(z1−s∂z)c( · , 0+)− ε−sW ′′(u)
)
η2dV

≤ βs

ˆ
B̃+

1

(
c2z1−s|∇̃η|2 − cd̃iv(z1−s∇̃c)η2)dVdz + Λ

( ˆ
B1

|cη|dV
)2

. (68)

Taking the horizontal gradient ∇ of βs(z1−s∂z)U( · , 0+) − ε−sW ′(u) = 0 at z = 0, and computing the
scalar product with ∇u, we obtain

βs(z1−s∂z)|z=0+(∇U) · ∇u − ε−sW ′′(u)|∇u|2 = 0 .

Using βs(z1−s∂z)|z=0+(∇U) · ∇u = βs
2 (z1−s∂z)|z=0+ |∇U|2 = βs

2 |∇U|(βsz1−s∂z)|z=0+ |∇U| we obtain that
c = |∇U| makes the left hand side of (68) vanish. Hence, for this choice of c we obtain

0 ≤ βs

ˆ
B̃+

1

(
c2z1−s|∇̃η|2 − cd̃iv(z1−s∇̃c)η2)dVd + Λ

( ˆ
B1

|cη|dV
)2

. (69)

Notice that

cd̃iv(z1−s∇̃c) = z1−sc∆c + c∂z(z1−s∂zc) =
( 1

2 ∆(c2)− |∇c|2)
)
z1−s + c∂z(z1−s∂zc) .

Now, since c = |∇U|, the Bochner identity —applied to each “horizontal slice” M × {z} of M̃— yields

1
2 ∆(c2) = ∇U · ∇(∆U) + |∇2U|2 + Ric(∇u,∇u) .
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Since, by the equation defining the extension, z1−s∆U = −∂z(z1−s∂zU), we obtain

z1−s∇U · ∇(∆U) = −∇U · ∂z(z1−s∂z∇U) .

But explicit computation shows that

|∇U|∂z(z1−s∂z|∇U|) = |∇U|∂z

(
z1−s∂z(

1
2 |∇U|2)

|∇U|

)
= ∇U∂z

(
z1−s · ∂z∇U)

)
+ z1−s

(
|∂z∇U|2 −

(
∂z|∇U|

)2
)

≥ ∇U · ∂z(z1−s∂z∇U) .

Hence, estimating Ric(∇U,∇U) ≥ −C|∇U|2, we deduce that

cd̃iv(z1−s∇̃c) ≥ z1−s(|∇2U|2 − |∇|∇U||2 − C|∇U|2
)
χ{|∇u|>0} .

Inserting this in (69), we reach
ˆ

B̃+
1

z1−sA2(u)η2dVdz ≤ βs

ˆ
B̃+

1

|∇U|2z1−s(|∇̃η|2 + Cη2)dVdz + Λ
( ˆ

B1

|∇u||η|dV
)2

.

From this we conclude the claim in Step 1, fixing a cutoff satisfying χB̃+
1/2

≤ η ≤ χB̃+
3/4

and using the

estimates for βs
´

B̃+
3/4

z1−s|∇U|2dVdz and
´

B3/4
|∇u|dV proved in Section 3.2.3. In particular, Lemma 2.19

with R = 1, k = 0 and the fact that Λ-almost stability implies a uniform BV estimates, that is Proposition
3.14.

Step 2. Recall now that, as recorded in Remark 4.2, if E belongs to ABlow−up
m we have sequences of:

• closed manifolds (Mj, gMj);

• points pj ∈ Mj and scales Rj ↑ ∞ for which FA3(Mj, gMj , Rj, pj, φj) holds and g
Mj
kℓ (0) = δkℓ.

• solutions of Allen-Cahn uj : Mj → (−1, 1) with parameters ε j ↓ 0 and Morse index bounded by m
such that (uj ◦ φj) → u◦ := χE − χEc in L1

loc(R
n).

Let Uj : M̃j → (−1, 1) be the extensions of the uj and and observe that Uj ⇀ U◦ in weakly in L1
loc(R

n+1
+ ),

where U◦ is the (unique, bounded) Caffarelli-Silvestre extension of u◦ to Rn+1
+ . Actually, thanks to Theorem

4.5, one could prove local strong convergence in the weighted Hilbert space H1
loc(R

n+1
+ ; |z|1−sdxdz), although

(much rougher) weak L1
loc will suffice here.

Notice also that in the local coordinates φ−1
j we will have g

Mj
kℓ → δkℓ in C2

loc(R
n)), since Rj → ∞. Hence

by standard elliptic estimates Uj ◦ φ̃j → U◦ in C2
loc(R

n × (0,+∞)) (up to subsequence), where φ̃j(x, z) =
(φj(x), z).

Now, for all j ≫ 1 sufficiently large, take the m + 1 balls {B1(φj(3ie3))}i≤m, i = 0, 1, . . . , m. By property
(4) —i.e. almost stability in one out of (m + 1) disjoint sets— Uj will be almost stable in one of them. We
may assume without loss of generality (up to translation and subsequence) that it actually is B1(φ1(0)), and
then Step 1 gives ˆ

φj(B+
1/2)

A2(Uj)dVj z1−sdz ≤ C .

After passing to the limit (using that Uj ◦ φj → U◦ in C2
loc) we obtain, for every δ > 0 :

ˆ
B+

1/2−δ∩{z>δ}

(
|D2U◦|2 − D2U◦

(
DU◦
|DU◦ | ,

DU◦
|DU◦ |

))
χ{|DU◦ |>δ} dx z1−sdz ≤ C. (70)
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On the other hand, if E = Ẽ × Rn−2 for some nontrivial cone Ẽ ⊂ R2, then the associated extension U◦
of u◦ = χE − χEc depends only on the first two variables and is 0-homogeneous. This implies that A(U◦) is
homogeneous of degree −2, leading (since also A(U◦) is not indentically zero as E is not flat) to a blow-up
of the integral ˆ

A2(U◦) dxz1−sdz

around the origin. This would contradict (70) and thus E is flat.

The properties proved so far for the family F = ABlow−up
m (see Definition 4.8) show that it satisfies the

hypotheses of Theorem 4.12, whence we deduce

Corollary 4.17 (Blow-ups of limit surfaces of Allen-Cahn are hyperplanes). Let s ∈ (0, 1) and 3 ≤ n < n∗
s .

Then, any nonempty ∂F in ABlow−up
m is a hyperplane.

Proof. It follows from applying Theorem 4.12 to the class F = ABlow−up
m . Properties (1) and (5) in the

assumptions of Theorem 4.12 follow immediately from (the proof of) Theorem 4.5. Property (2) follows from
(1) in Remark 3.28 and the lower semicontinuity of the BV seminorm under L1-convergence. Properties (4)
and (6) have been proved, respectively, in Lemma 4.11 and Lemma 4.16. Finally, property (3) —namely that
blow-ups are viscosity solutions of the NMS equation in Rn— follows easily from Proposition 3.27 and the
convergence of boundaries in Hausdorff distance under a blow-up (Proposition 4.7), using the convergence
of the kernels in Proposition 4.3 part (ii). See [17] and [18].

4.4 Uniform regularity and separation in low dimensions – Proof of Theorem 1.17

In this section we will prove Theorem 1.17, which stated that sets in Am(M), i.e. the limits of Allen-Cahn
solutions on M with index at most m, are smooth with uniform regularity and separation estimates in low
dimensions.

We will need the following improvement of flatness theorem for sets which are viscosity solutions of
the NMS equation in a Riemannian manifold, proved in [55] more generally assuming boundedness of
the nonlocal mean curvature, and which extends the result in [17] to the setting of ambient Riemannian
manifolds.

Theorem 4.18 ([55]). Let s ∈ (0, 1) and 0 < α < s. Then, there exists σ > 0, depending on n,s and α, such that
the following holds. Let (M, g) be an n-dimensional Riemannian manifold. Take p ∈ M, and assume that the flatness
assumption FA1(M, g, r, p, φ) holds. Let E ⊂ M with p ∈ ∂E, and assume that

(i) The set E is a viscosity solution of the NMS equation in φ(Br(0)), in the sense of Proposition 3.27.

(ii) The boundary φ−1(∂E) is included in a σ-flat cylinder in Br(0), that is

φ−1(∂E) ∩ Br(0) ⊂ {|e · x| ≤ σr},

for some direction e ∈ Sn−1.

Then φ−1(∂E) is a single C1,α graph in the direction e in Br/2(0), with uniform estimates.

Proof of Theorem 1.17. We will first show that E is trapped (in the coordinates given by φ−1) in a very flat
cylinder, as recorded in the next claim:

Claim. Let σ > 0. Then there exists a uniform constant Rσ = Rσ(m, s, σ) and a unit vector e ∈ Sn−1 such
that

−σRσ ≤ y · e ≤ σRσ for all y ∈ φ−1(∂E) ∩ BRσ . (71)

Proof of the Claim: Fix σ > 0; the proof will be by contradiction and blow-up. Let Rj = 1/j. If the Claim
were false, then for every j ∈ N there would exist closed manifolds Mj satisfying the flatness assumptions
FA3(Mj, g, 1, pj, φj), and some sets Ej ∈ Am(Mj) so that pj ∈ ∂Ej but such that (71) is not satisfied for any
unit vector (with Ej, Rj and φj in place of E, Rσ and φ).
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Consider, then, the blow-up sequence Fj = 1
Rj

φ−1
j (Ej). By Proposition 4.7, a subsequence of the Fj

converges (in particular) locally in the Hausdorff distance sense to a limit set F ∈ ABlow−up
m . Moreover, since

0 ∈ Fj, we see that 0 ∈ F as well.

Now, from the classification result of Corollary 4.17, we know that ∂F is, in fact, a hyperplane passing
through the origin. The local Hausdorff convergence of the ∂Fj =

1
Rj

φ−1
j (∂Ej) to the hyperplane ∂F implies

then that the condition
−σ ≤ y · e ≤ σ for all y ∈ 1

Rj
φ−1

j (∂Ej) ∩ B1

will be satisfied for all j large enough in the subsequence and for e the normal vector to the limit hyperplane.
Rescaling this condition by a factor Rj, we obtain exactly that (for j large) the Ej satisfy (71) with Ej, Rj and
φj, contradiction. This finishes the proof of the claim.

Now that the claim is known to be true, choosing σ in it to be the constant in Theorem 4.18 (recall that sets
in Am(M) are viscosity solutions of the NMS equation by Proposition 3.27, and that our notion of viscosity
solution in Proposition 3.27 is equivalent to the one used in [55] to obtain Theorem 4.18), we obtain that
φ−1(∂E) ∩ BRσ/2 is a single graph with uniform C1,α estimates.

4.5 Dimension reduction – Proof of Theorem 1.12

This section proves Theorem 1.12. We will call singular points those points x ∈ ∂E where ∂E cannot be
described as a C1,α graph around x, and we will denote by sing(∂E) or sing(E) the (closed) set of all the
singular points of ∂E. We state here a more general result about regularity for s-minimal surfaces, which
are limits of Allen-Cahn, and immediately show how it proves Theorem 1.12.

Theorem 4.19. Let s ∈ (0, 1). Let (M, g) be a closed Riemannian manifold of dimension n ≥ 3, and let ∂E ∈ Am(M).
Then:

• If n < n∗
s , then ∂E is a C∞ hypersurface.

• If n = n∗
s , ∂E is a C∞ hypersurface outside of a discrete set.

• If n > n∗
s , then ∂E is a C∞ hypersurface outside of a closed set of Hausdorff dimension at most n − n∗

s .

We readily deduce:

Proof of Theorem 1.12. The surfaces Σp = ∂Ep in Theorem 1.10 belong to Ap(M) by construction (see Section
3.4 for the proof of Theorem 1.10). Therefore, Theorem 4.19 applies to them, which gives Theorem 1.12.

Theorem 4.19 will be proved after two preliminary lemmas.

Lemma 4.20. Let ∂E ∈ ABlow−up
m and let x ∈ sing(∂E). Choose rj → 0; then, the blow-up sequence 1

rj
(E − x)

converges in L1
loc and locally in the Hausdorff distance sense to a singular cone C∞ ∈ ABlow−up

m which is stable in
Rn \ {0}. If, moreover, x is an accumulation point of sing(∂E), then rj can be chosen so that C∞ has a singular point
on ∂B1 (thus an entire line of singular points).

Proof. Recall that ABlow−up
m satisfies the properties in the statement of Theorem 4.12, see the proof of Corol-

lary 4.17. The convergence of the Fj := 1
rj
(E − x) to a cone C∞ in the appropriate sense follows then as in

the beginning of the proof of Theorem 4.12, and Lemma 4.15 gives the stability of C∞ outside the origin.

If C∞ were non-singular (i.e. if C∞ were a half-space), then the Hausdorff convergence of the Fj =
1
rj
(E − x) to C∞ on B1 would imply that the assumption of the improvement of flatness result of Theorem

4.14 is satisfied by E on a small ball centered at x. Hence ∂E would be a C1,α hypersurface around x, and this
would contradict the assumption that x is a singular point. Moreover, in case x is a limit point of a sequence
xj ∈ sing(∂E), choosing rj := dist(x, xj) the Fj =

1
rj
(E − x) have singular points at 0 and at 1

rj
(xj − x) ∈ ∂B1.

Selecting a subsequence jk such that the xjk converge to a limit point x′ ∈ ∂B1, the improvement of flatness
argument above shows that the limit cone of the Fjk must have a singular point at x′ ∈ ∂B1.
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Lemma 4.21. Let C ⊂ Rn be a cone in ABlow−up
m , with n ≥ n∗

s . Then Ht(sing(C)) = 0 for all t > n − n∗
s .

Moreover, in the case n = n∗
s , C is smooth outside the origin.

Proof. Fix t > n − n∗
s , and assume for contradiction that Ht(sing(C)) > 0 (or that C is not smooth outside

the origin in the case n = n∗
s ).

Claim. If n > n∗
s , there exists x ∈ sing(C) ∩ ∂B1 such that, blowing up around x, we find a cone of the

form C̃ × R (up to a rotation) with Ht−1(sing(C̃)) > 0.

Proof of the claim. Since we are assuming that Ht(sing(C)) > 0, there must exist some point x ∈ sing(C) ∩
∂B1 of positive Ht

∞-density, in the sense that (with the appropriate constant normalization) there exists
a sequence rj → 0 such that Ht

∞(sing(C) ∩ Brj(x)) ≥ rt
j for all j. Consider the blow-up sequence Cj =

1
rj
(C − x); by Lemma 4.20, a subsequence will converge locally in the Hausdorff distance sense to a limit

cone C∞ which (since C is itself already a cone) is of the form C∞ = C̃∞ × R, up to performing a rotation.
Assume by contradiction that Ht−1(sing(C̃∞)) = 0, or equivalently that Ht(sing(C∞)) = 0.
Now, given any fixed finite cover by open sets of sing(C∞) ∩ B̄1, for j large enough the sing(Cj) ∩ B1 are
also contained in the cover: otherwise, we would have a subsequence yj ∈ sing(Cj) converging to some
y ∈ (C∞ \ sing(C∞)) ∩ B̄1, so that by Hausdorff convergence the Cj would be contained (for j large enough)
in an arbitrarily flat piece of slab around the yj (thanks to the regularity of C∞ at y); by the improvement of
flatness result of Theorem 4.14, the yj would be regular points as well, a contradiction. By arbitrariness of
the finite open cover of sing(C) ∩ B̄1, the assumption that Ht(sing(C̃∞)) = 0 and the definition of Ht

∞ lead
us to deduce that Ht

∞(sing(Cj) ∩ B1) converges to zero. Scaling back (recall that Cj =
1
rj
(C − x)), we find

that for some j large enough Ht
∞(sing(C) ∩ Brj(x)) ≤ 1

2 rt
j , a contradiction with how x was chosen.

With the claim at hand, the proof now continues as follows.
In the case n > n∗

s , since we assumed t > n − n∗
s , the claim can be easily further iterated up to (n − n∗

s )

times. This leads to the existence, in the class ABlow−up
m , of a cone of the form C̃ × Rn−n∗

s with C̃ ⊂ Rn∗
s and

Ht−(n−n∗
s )(sing(C̃)) > 0. In particular, C̃ is not smooth outside the origin.

In the case n = n∗
s , we are already assuming by contradiction that C̃ := C ⊂ Rn∗

s is not smooth outside the
origin.
The rest of the proof is now common for both cases. Let y ∈ Rn∗

s be such that y ∈ sing(C̃) ∩ ∂B1. Blowing
up around (y, 0) ∈ Rn, we obtain a new cone that is translation invariant with respect to an additional
orthogonal direction. Moreover, this new cone will not be smooth outside the origin either, since otherwise
the definition of n∗

s would imply that it is a half-space, and then the Hausdorff convergence and the im-
provement of flatness result in Theorem 4.14 would give that C̃ is smooth around y. Iterating this argument,
we obtain in the end a cone in ABlow−up

m which is translation invariant with respect to n − 2 directions and
which is not a half-space by the improvement of flatness argument we have repeatedly been using. Lemma
4.16 then gives a contradiction, concluding the proof.

Proof of Theorem 4.19. Let ∂E ∈ Am(M), with M of dimension n ≥ 3. We distinguish between the three cases
depending on n∗

s :

• Assume n∗
s > n. At every p ∈ ∂E, the flatness assumptions FA3(M, g, R0, p, φp) will be satisfied for

some R0 > 0 (recall (d) in Remark 1.25), so that we can apply Theorem 1.17 after scaling and conclude
the C1,α regularity (in fact, with quantitative estimates) of ∂E around p.

• Assume n∗
s < n. Fix any t > n − n∗

s ; by Theorem 4.5 and the arguments in Lemma 4.20, given any
q ∈ sing(E) we can blow up around q and find a cone Cq. Applying Lemma 4.21, we deduce that
Ht(sing(Cq)) = 0.
Now, assume for contradiction that Ht(sing(E)) > 0. We can then apply the same argument as in the
Claim in the proof of Lemma 4.21, but with sing(E) instead of sing(C) ∩ ∂B1; this shows the existence
of a point q ∈ sing(E) such that, blowing-up around q, we would find a cone with Ht(sing(Cq)) > 0,
thus reaching a contradiction.
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• Assume n∗
s = n. Suppose that q ∈ sing(E) is an accumulation point. By Theorem 4.5 and the

arguments in Lemma 4.20, we can blow up around q and find a cone Cq which is not smooth outside
the origin. Lemma 4.21 then gives a contradiction.

This proves that E is C1,α outside of a set of the desired size. The fact that C1,α s-minimal surfaces are
smooth (C∞) is proved in [36].

4.6 The De Giorgi and Bernstein conjectures in the finite Morse index case – proof of
Theorems 1.32 and 1.31

We will now first prove Theorem 1.32. We will need the following result, which is a consequence of an
improvement of flatness theory for phase transitions in the “genuinely nonlocal” regime, meaning that the
order s of the operator is strictly less than 1.

Theorem 4.22 (Theorem 1.2 in [28]). Let n ≥ 2, s ∈ (0, 1), and W(u) = 1
4 (1 − u2)2. Let u : Rn → (−1, 1) be a

solution of (−∆)s/2u + W ′(u) = 0 in Rn.
Assume that there exists a function a : (1, ∞) → (0, 1] such that a(R) → 0 as R → +∞ and such that, for all

R > 0, we have

{eR · x ≤ −a(R)R} ⊂
{

u ≤ − 4
5
}
⊂
{

u ≤ 4
5
}
⊂ {eR · x ≤ a(R)R} in BR , (72)

for some eR ∈ Sn−1 which may depend on R.

Then, u(x) = ϕ(e · x) for some direction e ∈ Sn−1 and an increasing function ϕ : R → (−1, 1).

Proof of Theorem 1.32. Let u : Rn → (−1, 1) be a finite Morse index solution of the Allen-Cahn equation with
parameter ε = 1. For every R > 0 we introduce the blow-down rescalings

uR(x) := u(Rx).

These are solutions of the Allen-Cahn equation with parameter ε = 1/R and the same Morse index as u.
By the strong convergence result of Theorem 1.30 (whose proof on Rn is identical to the closed-manifold

case, plus a diagonal argument to get convergence in each of the balls Bk for k ∈ N), there exists a sequence
Rj → ∞ and an s-minimal surface E ⊂ Rn such that

uRj −→ uE := χE − χEc in L1
loc(R

n).

In particular, E belongs to the class Am(Rn) (see Definition 1.16). The properties in the hypotheses of
Theorem 4.12 can be proved for the class Am(Rn), exactly as they were proved for the class ABlow−up

m as
recorded in Corollary 4.17. In fact, all necessary results have been stated with local assumptions, other than
the use of the kernel Ks(x, y), which becomes αn,s|x − y|−n−s on Rn, and in fact, several proofs could be
simplified due to working on Rn.

Applying Theorem 4.12 to the class Am(Rn) we deduce that E must be a half-space. Moreover, the local
convergence in the Hausdorff distance of the level sets of uRj to ∂E—see Theorem 1.30—shows that both
{uRj ≤ −4/5} and {uRj ≤ 4/5} converge (in Hausdorff distance) in B1 to a half-plane. Rescaling back
to u gives that (72) is eventually satisfied in BRj . Then, Theorem 4.22 gives that u is a one-dimensional
solution.

We turn now to the proof of Theorem 1.31, the finite Morse index analog for s-minimal surfaces of class
C2 of the Bernstein conjecture. We recall that this result is false for classical minimal surfaces since for
example, the catenoid in R3 is a complete minimal surface with Morse index 1, and that even under the
assumption of stability, this result is only known up to dimension 4 despite stable classical minimal cones
being known to be hyperplanes up to dimension 7. See the Introduction for more details.
To prove Theorem 1.31, we will again apply the classification result of Theorem 4.12. For that reason, we
introduce the following definition.

Definition 4.23. We say that a set E ⊂ Rn belongs to the class A′
m(R

n) if there exists a sequence of sets
Ej ⊂ Rn with Ej → E in L1

loc(R
n) such that:
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(i) the boundaries ∂Ej are (n − 1)-dimensional manifolds of class C2;

(ii) Ej are critical sets for the s-perimeter in Rn with Morse index ≤ m in the weak sense.

Proposition 4.24. Let n ≥ 3. Then the family A′
m(R

n) satisfies the properties in the hypotheses of Theorem 4.12.

Proof. For E an s-minimal surface of class C2 and Morse index at most m in Rn:

• A uniform BV estimate holds, which one can see by considering the proof for stable s-minimal surfaces
in [26] and adapting it to the finite Morse index case using the ideas in the present paper, or by directly
interpreting the arguments in the present paper for s-minimal surfaces of class C2 and Morse index at
most m in Rn instead of for solutions of the Allen-Cahn equation. More precisely, the C2 assumption
allows one to use the geometric formula on Rn for the second variation of the fractional perimeter (see
Theorem 6.1 and Remark 6.2 in [32]) instead of the second-variation formula for the Allen-Cahn energy,
with which one first proves an almost-stability inequality like the one in Lemma 3.10. Afterwards, one
shows the BV estimate arguing as in Section 3.2.3. See [35, Theorem 5.4] for a full proof.

• The surface E is a viscosity solution of the NMS equation, since it is stationary and of class C2 (in
particular, its nonlocal mean curvature is well defined and equal to 0 at every boundary point).

• The almost-stability inequality (4) is proved exactly like the one in Lemma 4.10 considering the formula
for the second variation of the fractional perimeter and test functions ξi = Xi · ν∂E instead, where ν∂E
denotes the outer normal vector.

If we then consider E to be any element of A′
m(R

n), not necessarily of class C2, by definition we can
approximate it with Ei satisfying the above. This readily shows that E inherits the properties of the Ei,
which proves (1)-(5) for the class A′

m(R
n). Regarding property (6), concerning the classification of cones

in A′
m(R

n) with n − 2 directions of translation invariance, it is proved as in Lemma 7.7 in [14], the latter
dealing with limits of Allen-Cahn solutions in the stable case and in Rn. Instead of the inequality (7.17)
in [14], which is stated for solutions of Allen-Cahn, one considers the second variation formula for the
fractional perimeter. The almost-stability inequality (4) together with the assumption of having at least one
direction of translation invariance (recall that we are assuming n ≥ 3) then results in an inequality analogous
to (7.17) in [14], with an additional term coming from the assumption of almost-stability (instead of stability)
but which is immediately seen to be bounded thanks to the BV estimate.

Proof of Theorem 1.31. Thanks to Proposition 4.24, we can apply Theorem 4.12 to the family A′
m(R

n) and
conclude the result.

A Hölder estimates for nonlocal equations

Lemma A.1. Let v : Rn → R be Lipschitz function with ∥v∥L∞(Rn) ≤ C◦ satisfying |Lv(x)| ≤ C◦ for every
x ∈ B1(0), where L is an integro-differential operator of order s ∈ (0, 1) of the integral form

Lu(x) =
ˆ

Rn
(u(x)− u(y))K(x, y) dxdy ,

and K is a nonnegative kernel comparable to the one of the fractional s-Laplacian, that is satisfying

c
|y|n+s ≤ K(x, x − y) ≤ C

|y|n+s ∀ x, y ∈ Rn, (73)

for some constants c, C > 0. Then

[v]Cα(B1/2(0)) ≤ C(n, s)C◦ , (74)

for some small positive α = α(n, s).

Proof. The result is a standard consequence of [59, Theorem 5.1]. Let us point out that Theorem 5.1 in [59]
would seem to require assumption [59, (2.2)] to hold for all r > 0. However, it is clear from its (very short)
proof that (74) only requires assumption [59, (2.2)] to be verified at “small” scales r ∈ (0, 1) (and in our
setting this can be easily verified using (73)).
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