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OVERVIEW

•Motivation

•TheFXdata

•Deseasonalisation

•Staticcopulafitting

•Dynamicdependencestructuremodelling

•Time-invariantcopulamodel

•Taildependenceanalysis

•Time-varyingcopulamodel

•Copulachange-pointdetection

•Conclusion
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OVERVIEWOFTHEFXCOPULAANALYSIS

tick-by-tickFXdata

deseasonaliseddata

staticcopulafittingmarginalGARCHtypefiltering

time-invariantcopulafitting

time-varyingcopulafitting

copulachange-pointanalysis
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MOTIVATION

•TheGoal:

Studyingthedynamicdependencestructureacrosstimescales

•Why?

–Thechangeofthebehaviorasafunctionofthetimehorizonmaycontain

importantinformation

–Improvesextrapolationfromsmalltolargetimehorizons

•Requires:

Characterisingdependenceforhorizonsfromminutestomonths

•Here:

Restrictiontohigh-frequencyregion(1hour–1day)

•Pecularitiesofhigh-frequencydataaretakenintoaccount
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THEDATA

•Tick–by–tickbidandaskquotes

•Period:Febr1986–Dec1998

•CollectedandfilteredbyOlsenData

•Irregularlyspaced

•About10milliondatapointsforasingleseries

•Regularisationto5min.timeseriesbylinearinterpolation

•Reductiontologarithmicmiddleprices:

ξα,t=
log

(

p
Bid
α,t·p

Ask
α,t

)

2

c©2004(A.DiasandP.Embrechts,ETH-Zürich)5



FXPRICESFORUSD/DEMANDUSD/JPY
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DESEASONALISATIONOFFINANCIALDATA

•Highfrequencyfinancialdatapresentstrongseasonalities

•Mainperiodicities:dailyandweekly

•Seasonalitiescovermoresubtlestatisticalproperties

•AffectedbyDaylightSavingTime(DST)

•Theoryofstochasticprocessesfavorstimetransformationtoanactivity-

basedtimescale,but:

→Lossofsynchronicityinthemultivariatecase

•Instead:

→Volatilityweightingbasedonweeklyactivitypattern
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HOURLYRETURNSOFUSD/DEM

1987198819891990199119921993199419951996199719981999
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AUTOCORRELATIONFUNCTIONSOF
ABSOLUTERETURNS
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MODELLINGREQUIREMENTS

•Theflexibilityofmodellingarbitrarypatternsthatdisplayabruptvolatility

changes(→Japaneselunchbreak)

•Takingintoaccountslowtemporalchangesinthehabitsofthemarket

participants,institutionalchanges,etc

•KeepingtrackofDaylightSavingTime(DST)totakeintoaccounttheone

hourdisplacementbetweenDSTandnon–DSTperiods

•Themodellingofthegeographicaldecompositionofmarketactivitytotake

intoaccountlocalpublicholidaysandotherirregularities
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THEVOLATILITYPATTERN

•Integratedsquaredvolatility:V2
t=

∑

t′≤t(vt′[δ])
2

•Volatilitywrthorizon∆T:

∆V2
t[∆T]≡V2

t−V2
t−∆T=

∑

n−1
i=0

(

vt−iδ[δ]
)

2
=(vt[∆T])

2

•Deseasonalisedreturns:

xt[∆T]=
ξt−ξt−∆T √

∆V
2
t[∆T]

.

•δ=5minutes:elementarytimestep;n=∆T/δ

•Aggregationproperty:

xt[∆T]=
xt−∆T2[∆T1]

√

∆V
2
t−∆T2[∆T1]+xt[∆T2]

√

∆V
2
t[∆T2]

√

∆V
2
t[∆T]
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COMPUTINGTHEVOLATILITYPATTERN

•Decompositionofthevolatility:

v
2
t[δ]=at

(

v
(d)
τ[δ]

)

2

–withrelativemarketactivityfactoratand

–volatilityaveragedoverDSTperioddconditionaltothetimeintheweek,

τ=tmod(1week):

(

v
(d)
τ[δ]

)

2
=

1

Nd

Nd ∑

i=1

(rti+τ[δ])
2

•Weekendvolatility:

v
(w)

[δ]=

∣

∣

∣

∣r
t
(end)
w

[∆Tw]

∣

∣

∣

∣

√

δ

∆Tw
,

–withweekendlength∆Tw=t
(end)
w−t

(start)
w
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THEWEEKLYVOLATILITYPATTERN
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ACFOFDESEASONALISEDHOURLY
ABSOLUTERETURNS
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DESEASONALISEDRETURNS

1 hour returns USD/DEM
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DEPENDENCESTRUCTUREMODELLING

•Staticcopulafitting

•MarginalGARCHtypefiltering

•Time-invariantcopulasacrosstimescales

•Copulafitting

•Goodnessoffitandellipticalitytest

•Tailcoefficient

•Spectralmeasureandbivariateexcesses

•Multivariate(matrix-diagonal)GARCH

•Time-varyingcopulasacrosstimescales

•Change-pointdetection
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DEPENDENCESTRUCTURE

X=(X1,...,Xd)d-dimensionalvectorofriskfactors

•Marginaldistributions(assumedcontinuous)

F1(x1)=P(X1≤x1),...,Fd(xd)=P(Xd≤xd)

•Jointdistribution

FX(x)=P(X1≤x1,...,Xd≤xd)

=P(F1(X1)≤F1(x1),...,Fd(Xd)≤Fd(xd))

=P(U1≤F1(x1),...,Ud≤Fd(xd))

(U1,...,Ud)
d
∼Con[0,1]d:thecopula

•Copularepresentation(Sklar):

FX(x)=C(F1(x1),...,Fd(xd))

C(u1,u2,...,ud)=FX

(

F
−1
1(u1),...,F

−1
d(ud)

)
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FAMILIESOFCOPULAS

•Gaussiancopulaforcorrelationρ:

C
Ga
ρ(u,v)=

∫

Φ−1(u)

∞

∫

Φ−1(v)

∞

1

2π
√

(1−ρ2)
exp

{

−
(s2−2ρst+t2)

2(1−ρ2)

}

dsdt

•t–copulaforνdegreesoffreedomandcorrelationρ:

C
t
ν,ρ(u,v)=

∫

t
−1
ν(u)

∞

∫

t
−1
ν(v)

∞

1

2π
√

(1−ρ2)

{

1+
(s2−2ρst+t2)

ν(1−ρ2)

}

−
(ν+1)

2

dsdt

•Claytoncopula:

C
Cl
β(u,v)=max

[

−
{

(−logu)
1/β

+(−logv)
1/β

}

β
,0

]
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FAMILIESOFCOPULAS

•Gumbelcopula:

C
Gu
β(u,v)=exp

[

−
{

(−logu)
1/β

+(−logv)
1/β

}

β
]

•MixtureofGumbelandsurvivalGumbelcopulas:

C(u1,u2;θ)=θ3CGu(u
1,u2;θ1)+(1−θ3)(u1+u2−1+CGu(1−u1,1−u2;θ2))

=θ3u
21/θ1
1+(1−θ3)

(

2u1−1+(1−u1)
21/θ2

)

•Frankcopula:

C
Fr
β(u,v)=−

1

β
log

[

1+
(e−βu−1)(e−βv−1)

e−β−1

]
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COPULADENSITIESFORSELECTED
COPULAS
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CONTOUR-PLOTSOFDESEASONALISED
USD/DEMANDUSD/JPYRETURNS
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FITTINGSTATICCOPULAMODELS

SUMMARYOFTHERESULTS

•Usepseudo-likelihoodmethod

•t-copulafitsbestacrossallfrequencies

•Persistenceoftaildependence

•Dataarenon-ellipticalforhigherfrequencies

Reference:[1]
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MARGINALGARCHTYPEFILTERING

UnivariateARMA-GARCHmodel:

Xt=µt+εt

µt=µ+

p1∑

i=1

φi
(

Xt−i−µ
)

+

q1∑

j=1

θjεt−j

εt=σtZt

σ
2
t=α0+

p2∑

i=1

αiε
2
t−i+

q2∑

j=1

βjσ
2
t−j

whereZt∼tν

USD/DEM
Frequencyp1q1p2q2ν̂(ˆs.e.)
1hour––113.693(0.054)
2hours22213.708(0.044)
4hours–5113.975(0.105)
8hours24114.679(0.234)
12hours1–115.385(0.326)
1day1–115.797(0.556)

USD/JPY
Frequencyp1q1p2q2ν̂(ˆs.e.)
1hour––113.654(0.052)
2hours1–213.759(0.077)
4hours442∗13.819(0.109)
8hours221∗14.357(0.195)
12hours1–1∗14.574(0.251)
1day10–1∗14.889(0.412)

Marginalresiduals:ẑt=(xt−µ̂t)/σ̂t

∗leverageeffect:σ2
t=α0+

∑

p2
i=1αi(|εt−i|+γiεt−i)2+

∑

q2
j=1βjσ2

t−j
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Sampleautocorrelograms

Absolutevaluesoftheonehour
USD/DEMandUSD/JPYresiduals

 USD/DEM  

A
C

F

02004006008001000

0.0
0.2

0.4
0.6

0.8
1.0

 USD/DEM and USD/JPY

02004006008001000

0.0
0.1

0.2
0.3

0.4

 USD/JPY and USD/DEM

Lag

A
C

F

−1000−800−600−400−2000

0.0
0.1

0.2
0.3

0.4

 USD/JPY  

Lag
02004006008001000

0.0
0.2

0.4
0.6

0.8
1.0

Multivariate Series : USD.DEMvsUSD.JPY
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CONTOUR-PLOTSOFFILTERDUSD/DEM
ANDUSD/JPYRETURNS
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GOODNESSOFFIT

FORDIFFERENTFREQUENCIES
RELATIVETOTHEt-COPULA

0000
0

0

Frequency of return residuals

( A
IC

(t copula)−
A

IC
(copula) ) / n.obs.

−
0.08

−
0.06

−
0.04

−
0.02

0.0

1
1

1
1

1

1

22
2

2
2

2

33
333

3 44444

4

55
55

5

5

6
6

6

66
6

7
7

7
77

7

8
8

8

8

8

8

999999

Ret 1hRet 2hRet 4hRet 8hRet 12hRet 1d

0Gumbel
1Surv.Gumbel
2Gumbel+Surv.Gumbel
3Clayton+Surv.Clayton
4Clayton+Gumbel

5Surv.Clayton+Surv.Gumbel
6Frank
7Plackett
8Gaussian
9t

(4.9)(4.8)(4.7)(5.3)(5.8)(6.0)
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GOODNESSOFFIT

ofthetandGumbelmisturemodels
fittedtotheresiduals

Frequencysamplesizet-modelGumbelmixture

1hour78,23900
2hour39,11900
4hour19,5590.03480.0006
8hour9,7790.38080.1079
12hour6,5190.24710.1949
1day3,2590.72110.6775
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ELLIPTICALITYTEST

FORTHEBIVARIATERESIDUALS

FrequencyOriginalmarginstmargins

1hour00
2hours00
4hours00.348
8hours0.0010.069
12hours0.1450.501
1day0.3890.451
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TAIL-DEPENDENCEANALYSIS

•Tail-dependencecoefficient

LetX1andX2berandomvariableswithdistributionsF1andF2,suchthat

lim
u→1−

P
(

X2≥F
−1
2(u)|X1≥F

−1
1(u)

)

=λU

exists.IfλU∈(0,1]then(X1,X2)hasuppertail-dependencecoefficientλU
and(X1,X2)hasnouppertaildependenceifλU=0

•Spectralanalysis

Assumption:Multivariateregularvariationof(X1,X2)

•Asymptoticclustering

BivariateArchimedeanexcesseshaveaClaytoncopula(asymptotically)

[3]JuriandWüthrich(2002).Copulaconvergencetheoremsfortailevents.

InsuranceMath.Econom.,30:405–420
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TAIL-DEPENDENCECOEFFICIENT

ESTIMATESFORTHERESIDUALS

tcopulaGumbelmixture

FrequencyλλLλU
1hour0.2420.2090.250
2hour0.2610.2070.269
4hour0.2730.2650.225
8hour0.2610.2160.289
12hour0.2470.2880.224
1day0.2400.2860.226
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SPECTRALANALYSIS

•Supposethatthed-dimensionalrandomvectorXhasaregularlyvarying

taildistribution,i.e.,thetailbehaviourofXischaracterisedbyatailindex

αandthelimit

P(‖X‖>tx,X/‖X‖∈·)

P(‖X‖>t)

v
−→x

−α
P(Θ∈·),

wherex>0,t→∞,exists.ThedistributionfunctionofΘisthespectral

distributionofX

•Estimator:

P̂(Θ∈S)=
1

kn

n∑

i=1

εxi/‖x‖k
n,n(V(S))

whereV(S)={x∈S
d−1
+:x/‖x‖∈S}
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SPECTRALMEASUREESTIMATION

c©2004(A.DiasandP.Embrechts,ETH-Zürich)33



SPECTRALANALYSIS

FORTHEBIVARIATERESIDUALS

1 Hour residuals

Angle

spectral density estim
ate

0.0
0.2

0.4
0.6

0Pi/2Pi3Pi/22Pi

2 Hour residuals

Angle
spectral density estim

ate

0.0
0.2

0.4
0.6

0Pi/2Pi3Pi/22Pi

4 Hour residuals

Angle

spectral density estim
ate

0.0
0.2

0.4
0.6

0Pi/2Pi3Pi/22Pi

8 Hour residuals

Angle

spectral density estim
ate

0.0
0.2

0.4
0.6

0Pi/2Pi3Pi/22Pi

12 Hour rsiduals

Angle

spectral density estim
ate

0.0
0.2

0.4
0.6

0Pi/2Pi3Pi/22Pi

1 Day rsiduals

Angle
spectral density estim

ate

0.0
0.2

0.4
0.6

0Pi/2Pi3Pi/22Pi
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ASYMPTOTICCLUSTERINGOF

BIVARIATEEXCESSES

•Extremetaildependencecopularelativetoathresholdt:

Ct(u,v)=P(U≤F
−1
t(u),V≤F

−1
t(v)|U≤t,V≤t)

withconditionaldistributionfunction

Ft(u):=P(U≤u|U≤t,V≤t),0≤u≤1

•Archimedeancopulas:∃cont.,strictlydecreasingfunction

ψ:[0,1]7→[0,∞]withψ(1)=0,s.t.

C(u,v)=ψ
[−1]

(ψ(u)+ψ(v))

•For“sufficientlyregular”Archimedeancopulas(JuriandWüthrich(2002)):

lim
t→0+

Ct(u,v)=CClayton
α(u,v)
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BIVARIATEEXCESSESFORDIFFERENT
THRESHOLDS
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COPULAFITTINGOFMULTIVARIATE

EXCESSES

1
1
11111

11

1

11
111

111
1

Threshold

( A
IC

(t−
copula)−

A
IC

(copula) ) / no.obs.

−
0.15

−
0.10

−
0.05

0.0
0.05

0.10

22
222

2222

2

2
222222

2
2

33
333

33
3

3

3
3

3

333333
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4
44
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4
4

5
5
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5
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555
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55 0000000000000000000

0t−copula
1Gumbel
2Surv.Gumbel
3Clayton
4Surv.Clayton
5Gaussian

0.030.20.40.60.811.21.41.61.81.97
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MULTIVARIATE(MATRIX-DIAGONAL)GARCH

d–dimensionalmatrix–diagonalGARCHprocesswithanARcomponent:

Xt=µt+εt

µt=µ+
p1∑

i=1

Mi
(

Xt−i−µ
)

εt=Σ
1/2
tZt

Σt=A0A
t
0+

p2∑

i=1

(AiA
t
i)⊗(εt−iε

t
t−i)+

q∑

j=1

(BjB
t
j)⊗Σt−j

where

AiandBjarelowertriangulard×dmatrices

MiisafullmatrixinRd×d

(Zt)t∈Zisaniidvectorsequencewithzeromeanvectorandunitvariances

Σtistheconditionalcovariancematrixofthevectorεt

⊗istheHadamardproduct
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CONDITIONALCROSS-CORRELATION
ESTIMATEDBYMATRIX-DIAGONALGARCH

Conditional cross−correlation of 1 hour returns

1987198819891990199119921993199419951996199719981999

−0.4
0.0

0.4
0.8

2 hour returns

1987198819891990199119921993199419951996199719981999

−0.6
−0.2

0.2
0.6

4 hour returns

1987198819891990199119921993199419951996199719981999

−0.2
0.0

0.2
0.4

0.6
0.8
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CONDITIONALCROSS-CORRELATION
ESTIMATEDBYMATRIX-DIAGONALGARCH

Conditional cross−correlation of 8 hour returns

1987198819891990199119921993199419951996199719981999

−0.2
0.0

0.2
0.4

0.6
0.8

12 hour returns

1987198819891990199119921993199419951996199719981999

0.0
0.2

0.4
0.6

0.8

1 day returns

1987198819891990199119921993199419951996199719981999

0.0
0.2

0.4
0.6

0.8
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TIME-VARYINGCOPULASACROSSTIME
SCALES

•MultivariateGARCHmodelwithtime-varyingcopula:

Xt=c+εt

εt=σtZt

σ
2
t=A0+

p∑

i=1

Ai⊗(εt−iεt
t−i)+

q∑

j=1

Bj⊗σ
2
t−j

whereAiandBjarediagonald×dmatrices

•AssumethatZthasabivariatet-copulawithtimedependentparameters

νt=νforallt,

ρt=h
−1

(r0+r1z1,t−1z2,t−1+s1h(ρt−1)),

whereh(·)isFisher’stransformationforthecorrelation

h(ρ)=log

(

1+ρ

1−ρ

)

.
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Dynamiccopulamodelling

•Standardisedresidualreturnseriesobtainedfromtheunivariatefiltering:

{(ẑ1,t,ẑ2,t):t=0,...,n}

•Standardizedresidualreturnsmappedinto[0,1]2:

{(

tν̂1

(
√

ν̂1
ν̂1−2

ẑ1,t

)

,tν̂2

(
√

ν̂2
ν̂2−2

ẑ2,t

))

,t=1,...,n

}

.
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Dynamiccopularesults

TimeParameterEstimates(ˆs.e.)
frequencynon–dynamicdynamic

ν̂4.935(0.108)ν̂6.330(0.167)
ρ̂0.558(0.002)r̂00.0005(0.0002)

1hourr̂10.0193(0.0010)
ŝ10.9921(0.0005)

AIC-31517.70AIC-34488.72

ν̂4.822(0.147)ν̂6.203(0.230)
ρ̂0.580(0.003)r̂0-0.0004(0.0002)

2hoursr̂10.0128(0.0009)
ŝ10.9952(0.0004)

AIC-17192.73AIC-19349.29

ν̂4.669(0.195)ν̂6.072(0.313)
ρ̂0.592(0.005)r̂0-0.0008(0.0002)

4hoursr̂10.0147(0.0011)
ŝ10.9947(0.0004)

AIC-9085.848AIC-10262.23
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Dynamiccopularesults

TimeParameterEstimates(ˆs.e.)
frequencynon–dynamicdynamic

ν̂5.296(0.339)ν̂7.206(0.584)
ρ̂0.612(0.006)r̂00.0005(0.0005)

8hoursr̂10.0173(0.0014)
ŝ10.9927(0.0006)

AIC-4813.6AIC-5456.312

ν̂5.830(0.499)ν̂8.053(0.884)
ρ̂0.620(0.008)r̂00.0002(0.0008)

12hoursr̂1-0.0249(0.0023)
ŝ10.9901(0.0010)

AIC-3299.16AIC-3744.28

ν̂5.945(0.758)ν̂8.573(1.455)
ρ̂0.619(0.011)r̂0-0.0023(0.0017)

1dayr̂1-0.0343(0.0041)
ŝ10.9846(0.0021)

AIC-1644.549AIC-1881.760
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Time–varyingcross–correlationsestimatedbythe
time–varyingcopula–basedmodel

Conditional cross−correlation of 1 hour returns

Conditional correlation

1987198819891990199119921993199419951996199719981999

0.0
0.2

0.4
0.6

0.8

Time varying correlation
Constant correlation
95% CI for const. correl.

Conditional cross−correlation of 2 hour returns

Conditional correlation

1987198819891990199119921993199419951996199719981999

−0.1
0.3

0.5
0.7

0.9

Time varying correlation
Constant correlation
95% CI for const. correl.

Conditional cross−correlation of 4 hour returns

Conditional correlation

1987198819891990199119921993199419951996199719981999

0.2
0.4

0.6
0.8

Time varying correlation
Constant correlation
95% CI for const. correl.
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Time–varyingcross–correlationsestimatedbythe
time–varyingcopula–basedmodel

Conditional cross−correlation of 8 hour returns

Conditional correlation

1987198819891990199119921993199419951996199719981999

0.2
0.4

0.6
0.8

Time varying correlation
Constant correlation
95% CI for const. correl.

Conditional cross−correlation of 12 hour returns

Conditional correlation

1987198819891990199119921993199419951996199719981999

0.3
0.5

0.7
0.9Time varying correlation

Constant correlation
95% CI for const. correl.

Conditional cross−correlation of daily returns

Conditional correlation

1987198819891990199119921993199419951996199719981999

0.4
0.5

0.6
0.7

0.8
0.9Time varying correlation

Constant correlation
95% CI for const. correl.
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THEGENERALCHANGE–POINTPROBLEM

X1,X2,...,Xnindependent,from

C(x;θ1,η1),...,C(x;θn,ηn)

H0:θ1=θ2=...=θnandη1=η2=...=ηn

HA:θ1=...=θk∗6=θk∗+1=...=θnandη1=η2=...=ηn

Likelihoodratiotest

Zn=max
1≤k<n

(−2log(Λk))

with

Λk=

sup
(θ,η)∈Θ(1)×Θ(2)

∏

1≤i≤n
f(Xi;θ,η)

sup
(θ,θ

′
,η)∈Θ(1)×Θ(1)×Θ(2)

∏

1≤i≤k
f(Xi;θ,η)

∏

k<i≤n
f(Xi;θ′,η)
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CHANGE-POINTDETECTION

ASIMULATEDEXAMPLE
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500 points simulated from a Gumbel copula
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SEVERALPROBLEMS

•Thepowerofthetest

•Boundarychanges

•Sizeofthechange

•Confidenceintervals
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Change-pointanalysisforUSD/DEMand

USD/JPYspotrateresiduals

z
1/2
nobsnP

(

Z
1/2
n>z

1/2
nobs

)

H0(0.95)Timeofchange

13.2632590reject8Nov.1989

5.969230.0000004”29Dec.1986
5.3123360.0000143”18June1997

2.991760.0689621notrej.(23June1986)
3.107470.0709747”(31July1989)
5.8619850.0000007reject23Oct.1990
2.363510.3380491notrej.(8Sep.1998)

2.7817360.1873493”(21Oct.1996)
2.862490.1061709”(21March1990)
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Change-pointanalysisforUSD/DEMand

USD/JPYspotrateresiduals
Change−point statistical analysis

1987198819891990199119921993199419951996199719981999

20
60

100
140

8 Nov

1987198819891990199119921993199419951996199719981999

0
5

10
15

20
25
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35

29 Dec18 Jun

1987198819891990199119921993199419951996199719981999

0
5

10
15

20
25
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(23 Jun)(31 Jul)

23 Oct

(8 Sep)
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Change-pointsdetectedontheUSD/DEMand

USD/JPYspotrateresiduals

•December,291986

•November,81989:falloftheBerlinwall

•October,231990:burstintheJapaneseassetpricebubble

•June,181997:beginningoftheAsiacrisis
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Estimatedt-copulaconditionalcorrelation

ofdailyreturnsontheFX

USD/DEMandUSD/JPYspotrates

Conditional cross−correlation of daily returns

1987198819891990199119921993199419951996199719981999

0.4
0.5

0.6
0.7

0.8
0.9Change−point model

Time varying correlation
Constant correlation
95% CI for const. correl.
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Summaryandfurtherwork

Summary:

•Deseasonalisationformultivariatetick-by-tickdata

•Staticversusdynamiccopulafitting

•t-copulaisoverallfine

•Persistenttail-dependence

•Testedforellipticality

•Change-pointanalysis

Furtherwork:

•d>2,othermodels

•Deseasonalisation,multivariatetimechange

•Testsforparameterconstancy

•LinktomultivariateEVT

•GeneralJuriandWüthrich(2002)result
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