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Abstract

For centuries, mathematicians and, later, statisticians, have found natural
research and employment opportunities in the realm of insurance. By defini-
tion, insurance offers financial cover against unforeseen events that involve
an important component of randomness, and consequently, probability the-
ory and mathematical statistics enter insurance modeling in a fundamental
way. In recent years, a data deluge, coupled with ever-advancing information
technology and the birth of data science, has revolutionized or is about to
revolutionize most areas of actuarial science as well as insurance practice.
We discuss parts of this evolution and, in the case of non-life insurance, show
how a combination of classical tools from statistics, such as generalized lin-
ear models and, e.g., neural networks contribute to better understanding and
analysis of actuarial data.We further review areas of actuarial science where
the cross fertilization between stochastics and insurance holds promise for
both sides. Of course, the vastness of the field of insurance limits our choice
of topics; we mainly focus on topics closer to our main areas of research.
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1. INTRODUCTION

Early pioneers in insurance mathematics were the Dutch statesman Johan de Witt (1625–1672),
with his essay ”The Worth of Life Annuities to Redemption Bonds,” and the Swiss theologian
and mathematician Jakob Bernoulli (1655–1705), with his masterpiece Ars Conjectandi, where
he proved an early version of the law of large numbers. In his correspondence with Gottfried
Wilhelm Leibniz, Jakob Bernoulli mentioned in the context of his new asymptotic theory that
the most important part of his work was still missing—namely, the application of his theoretical
results to real world problems. Leibniz was not too enthusiastic about Bernoulli’s idea and argued
that Bernoulli’s model was much too simple to answer real-world questions. It was his nephew
Niklaus Bernoulli who later applied his uncle’s theory to mortality computations; we refer readers
to Bolthausen & Wüthrich (2013).

From the very beginning, actuarial science has been a discipline in statistical modeling that
has been driven by practical problems in insurance. Teaching rigorous mathematical lectures on
actuarial science only gained ground much later. The theoretical cornerstones of actuarial sci-
ence were the work of Cramér (1930, 1994) and the book by Bühlmann (1970), who introduced
the stochastic model approach toward non-life insurance.The latter was in contrast with the more
deterministic view of life insurance at that time. In an influential 1989 editorial in the ASTIN Bul-
letin, the editor then, Bühlmann (1989), famously introduced the so-called Actuary of the Third
Kind, an actuary who uses his/her technical skills not only on the liability side of the insurance
company’s balance sheet but also on the asset side. This actuary stands between the First Kind
(the deterministic model–guided life actuary), the Second Kind (the stochastic model–oriented
non-life actuary), and the Fourth Kind (the enterprise risk management–oriented actuary). These
different kinds should not be interpreted as a reinvention of the actuarial profession; rather, they
reflect the evolving societal conditions (demographic, technological, environmental, political, and
legal) within which the actuarial profession fulfills its important tasks. On several occasions, we
have defined the Actuary of the Fifth (final!) Kind as a data driven and model guided, critical and
socially responsible financial decision maker in an ever changing world governed by uncertainty.
As such, the Fifth Kind is not all that distant from the etymology of the word actuarius, originating
in the mid-sixteenth century as meaning copyist or account keeper. In Roman times, the actuar-
ius was a quartermaster keeping the legion’s books—so, surely, someone strongly linked with and
helpful in reaching business or strategic decisions based on data.

Lester (2004) discusses the major challenges facing the actuarial profession going forward.
They include the following: (a) the world has become a more uncertain place, (b) there are
numerous vigorous competitors, (c) the corporate governance and transparency push is placing
increasing responsibility on boards and senior management, (d) communication is becoming a
key success factor, and (e) the actuarial vocation is growing and spreading. Though written in
2004, points a–e not only remain true but have become more accentuated. Modern society no
doubt offers many new challenges for actuaries. Examples include supply chain insurance, crop
insurance, longevity bonds, the evolving world of catastrophe insurance, pandemic bonds, para-
metric insurance, and innovative pension systems in a historically low-interest-rate environment,
as well as the always-present market for insurance linked securities (ILSs). Areas like personalized
medicine and telematics for auto insurance are newly born, drones take to the sky, and robots
replace humans at an increasing rate. Several (but surely not all) of these new developments are
driven by so-called big data and data science. The only viable way forward for actuaries is to
embrace data science techniques or work closely with data scientists. A key anchor point, however,
remains that an insurance product by (legal) definition offers a policyholder the relief of losses due
to risks encountered. These products have to be well defined, technically understood, properly
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marketed, regulatory agreed on, to a certain extent not discriminating, and correctly priced and
reserved, as well as clearly communicated. This will always call for actuarial understanding and an
education that goes beyond mathematics and statistics. A modern actuarial qualification includes
education in legislation, economics, accounting, professional behavior, and communication, and
such a qualification also asks for a recognized program of continuous professional development
to not lose sight of the evolving state of the art.

In this review we mainly focus on recent challenges of statistical modeling in actuarial science.
To this purpose, we divide actuarial science into three different branches: In Section 2, we discuss
challenges in non-life insurance modeling; in Section 3, we present recent developments in sta-
tistical modeling of life insurance; and in Section 4, we study reinsurance, risk management and
specific applications to operation risk and cyber risk. This classification in three branches is quite
typical—on the one hand, there are legal reasons for this partition of insurance because products
in these three different branches typically require different legal entities for their marketing and
sale. On the other hand, these branches have rather different characteristics (risk drivers) that re-
quire different statistical modeling approaches. A bit outstanding is health and accident insurance,
which has features of both life and non-life insurance as well as a strong intersection with social
insurance, the latter being organized quite differently from the others.

The confines of a relatively short article on a field as vast as actuarial science limit not only the
topics we can treat but also the depth we can go into for those topics we discuss. We very much
hope, however, that the more statistically oriented reader will get a good feeling for the kind of
statistical techniques that enter the field of actuarial science.The rather extensive list of references
offers sources for further reading.

2. NON-LIFE INSURANCE MODELING

2.1. A Brief Overview of Non-life Insurance

The term non-life insurance is mainly used in Europe, and it summarizes all direct insurance
products that are different from life insurance. In the United Kingdom, non-life insurance is also
termed general insurance, and in the United States and Canada it is called property and casualty
insurance. In non-life insurance, one typically distinguishes two functions: There is the pricing
actuary who designs and prices (new) insurance products, and there is the reserving actuary who
predicts cash flows of insurance claims (which typically run over multiple years).These predictions
are used for insurance accounting, risk management, and product development.

2.2. Non-life Insurance Pricing

Non-life insurance pricing is the actuarial domain that runs at the forefront of statistical modeling
and data science. It is a traditional discipline where the statistical modeling cycle is explored; here
we refer readers to McCullagh & Nelder (1983, section 2.1) and Box & Jenkins (1976). Typically
in non-life insurance, one faces the problem of having a heterogeneous portfolio of insurance
policyholders, and one aims at charging risk-adjusted prices to each of these customers. This is a
classical regression problem where one tries to find the systematic effects in data that discriminate
policyholders. In contrast to many other fields in statistical modeling, actuarial problems are not
based on causal graphs (and relations) but, at best, suitable proxies are found that explain propen-
sity to claims. Actuaries are mainly interested in best predictions, however, at a level of model
complexity for which products and prices can be clearly communicated to management and cus-
tomers. Here we are reminded of the discussion of Breiman (2001), which lies at the heart of the
conflict of choosing the best predictive algorithm versus the requirement of explainability.
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2.2.1. From generalized linear models to neural networks. Most of the actuarial pric-
ing methods used today are based on the seminal work of Nelder & Wedderburn (1972) and
McCullagh & Nelder (1983) on generalized linear models (GLMs). Currently, actuarial pricing
in car insurance is typically based on 40 to 50 covariates that discriminate policyholders. Over
the past decades, the actuarial profession has gained much practical experience in engineering this
information to make it useful for predictive modeling within GLMs. Actuaries have to cope with a
couple of noteworthy difficulties. First of all, the majority of explanatory variables are of categor-
ical type, and as a consequence, a statistical analysis faces complications such as, e.g., the sparsity
of the underlying design matrix. Furthermore, in the regression functions, covariates interact in a
nontrivial way, making proper estimation a challenging task. Claims frequency modeling is a rare
event prediction problem (class imbalance problem) where actuaries try to find systematic effects
in data that are heavily dominated by the noisy (random) part. Because there is no simple off-
the-shelf distributional model, claim size modeling aims at finding a good compromise between
model complexity and accuracy. This, for instance, holds true within the exponential dispersion
family (EDF) that usually does not suit the whole range of claim sizes. For this reason, increasingly
complex models are widely explored with resulting technical complications. For instance, there is
an active stream of literature on mixture models (see Lee & Lin 2010, Miljkovic & Grün 2016,
Yin & Lin 2016, Fung et al. 2019).

The ever-growing repository of data, however, makes it increasingly difficult to maintain man-
ual feature engineering,1 and actuaries have to rely more and more on representation learning2

using tools like neural networks. There are many active actuarial communities that drive this field
of research; we may, for instance, refer to the actuarial data science initiative of the Swiss Associa-
tion of Actuaries (https://www.actuarialdatascience.org/) that produces tutorials and computer
code based on publicly available insurance data.3

2.2.2. The balance property. GLMs are based on the EDF. If we use GLMs with the canonical
link then they enjoy a particularly nice property, which in actuarial science is called the balance
property. This property appears in the original work of Nelder &Wedderburn (1972).We briefly
describe this balance property because it plays a crucial role in actuarial and financial modeling.

Assume we have a sequence of independent random variables Y1, . . . , Yn that can be described
by the following one-dimensional linear EDF density:

Yi ∼ f (y; θi, vi/ϕ) = exp
{
yθi − κ (θi )

ϕ/vi
+ a(y; vi/ϕ)

}
, 1.

where

vi > 0 is the given exposure (weight, volume) of risk 1 ≤ i ≤ n;

ϕ > 0 is the dispersion parameter;

θi ∈ � is the canonical parameter of risk 1 ≤ i ≤ n in the effective domain �;

κ : � → R is the cumulant function; and

a(·; ·) is the normalization, not depending on the canonical parameter θ .

1We denote by feature engineering the process of extracting features (covariates) from raw data using (insur-
ance) domain knowledge to select the relevant information.
2We denote by representation learning the process of letting machine learning tools explore suitable covariate
structure from raw data so that it can be used in a regression analysis.
3A nice source of publicly available insurance data is the RCore Team (2018) package CASdatasets of Dutang
& Charpentier (2019).
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Expression 1 defines a density with respect to a given σ -finite measure on R; for more details on
the EDF, we refer readers to Barndorff-Nielsen (2014) and Jørgensen (1986, 1987, 1997). This
model enjoys the properties

μi = Eθi [Yi] = κ ′(θi ) and Varθi (Yi ) = ϕ

vi
κ ′′(θi ).

For a GLM we choose a suitable link function g such that we can express the systematic effects as
follows:

xi �→ g(μi ) = g (κ ′(θi )) = 〈β, xi〉, 2.

where β ∈ R
q+1 is the regression parameter, xi ∈ {1} × R

q is the covariate information, and 〈·,·〉
is the scalar product in the Euclidean space Rq+1. Importantly, the covariate information xi = (1,
xi, 1, . . . , xi, q)� includes an intercept term (the constant) in the first component.

If we choose the canonical link g = (κ ′)−1, the maximum likelihood estimator (MLE) β̂
MLE

of
β enjoys the balance property on the considered portfolio—that is,

n∑
i=1

viμ̂i =
n∑
i=1

viEθ̂i
[Yi] =

n∑
i=1

viκ
′
〈̂
β
MLE

, xi
〉

!!=
n∑
i=1

viYi. 3.

This means that the total premium
∑n

i=1 viμ̂i charged over the entire portfolio (for the next ac-
counting year) equals the total claim amount

∑n
i=1 viYi observed in the last accounting year.Why

is this important? Suppose that we do not change the underlying portfolio. In that case the re-
sulting pricing principle is unbiased—in fact, it is uniformly minimum variance unbiased. This is
crucial in actuarial and financial applications because it explains that the price charged over the
entire portfolio is on the right level: Underpricing would lead to financial ruin in the short or long
run, whereas if we overpriced the portfolio, we would lose our market competitiveness. However,
the balance property in Equation 3 is even more remarkable.Note that it holds no matter whether
the chosen GLM is suitable or not. That is, even under a completely wrong GLM for describ-
ing the observations Y1, . . . , Yn, the balance property holds. This means that the prices viμ̂i may
be completely misspecified on an individual policy level i, but nevertheless, we charge the right
overall price

∑n
i=1 viμ̂i over the entire portfolio 1 ≤ i ≤ n. Of course, one should try to avoid this

latter kind of unintended cross-subsidy because it would also imply that we are not competitive
on certain parts of the portfolio.

This example of the balance property shows that there are required key properties in actuarial
modeling that differ from typical applications in statistics.On the one hand, large parts of actuarial
modeling rely on MLE; however, unbiasedness is a key property in actuarial and financial pricing.
On the other hand, we emphasize the importance of MLE or, equivalently, of minimizing the
corresponding deviance loss function. We mention this because in many applications it is crucial
to choose a problem adapted objective function for model calibration. This requires an extended
domain knowledge about the data and the problem at hand (which links our discussion to the
modeling cycle mentioned at the beginning of Section 2.2): Data collection, data cleaning, and
data preprocessing are key to the understanding and selection of a problem-adapted modeling
solution. In low-frequency problems and potentially large event simulations, themodels need to be
able to appropriately judge such observations, which is hardly the case with the squared-error loss
function that is predominantly used in recent data science developments. Robustness is another
important property that the procedures should have. However, outliers in insurance typically are
not data errors but large financial claims that are an important pricing component; note that
insurance is a domain where often the largest 20% of claims account for 80% of the total claim
amount (we refer readers to the lecture notes of Wüthrich 2020b, figure 3.5). This corresponds
to the so-called 20-80 Pareto rule (see, for instance, Embrechts et al. 1997, section 8.2.3).
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2.2.3. Neural networks and representation learning. Above, we have emphasized the role of
the actuary and his/her domain knowledge for preprocessing data to make it suitable for GLMs.
Increasingly, the task of data preprocessing is taken over by machine learning methods. On the
one hand, this is motivated by the fact that networks may find structure beyond actuarial domain
knowledge, and on the other hand, increasing data repositories make it difficult to cope with the
speed of new data collection. In this sense, we would like to see (feed-forward) neural networks
as an extension of GLMs. This extension is most easily understood by revisiting the regression
function in Expression 2 as follows:

xi �→ g(μi ) = g (κ ′(θi )) = 〈
β, z(d:1)(xi )

〉
, 4.

where z(d:1) is a composition of d ∈ N hidden neural network layers z(d:1) = z(d)°. . .°z(1) (we use the
symbol ° for compositions of functions). These hidden neural network layers z(k) : Rqk−1 → R

qk

are nonlinear transformations of raw covariate information so that the learned representations
zi = z(d:1)(xi) are suitable inputs for the GLM in (Expression 4). An example of depth
d = 3 is illustrated in Figure 1a. The three hidden layers (black circles) preprocess the co-
variate information xi �→ zi = z(3:1)(xi), and the orange box gives the GLM in Expression 4 on
these learned representations zi.

Based on well-known universality theorems (see, e.g., Cybenko 1989, Hornik et al. 1989,
Isenbeck & Rüschendorf 1992), we know that large enough feed-forward neural networks are
sufficiently flexible to approximate any continuous and compactly supported regression function
arbitrarily well. Moreover, Elbrächter et al. (2021) have recently proven that deep networks
enjoy better convergence properties over shallow ones. This emphasizes that we should use
sufficiently large deep feed-forward neural networks for feature engineering in Expression 4.
State-of-the-art network calibration uses variants of the stochastic gradient descent (SGD)
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Figure 1

(a) Feed-forward neural network of Expression 4 of depth d = 3. (b) Feed-forward neural network using embedding layers of
dimension 2 for categorical covariates (green and purple).
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algorithm (see Goodfellow et al. 2016). Early stopping of these SGD algorithms is a crucial
regularization technique to prevent these large networks from overfitting to the (in-sample) data.
This early stopping plays an essential role in successfully fitting the neural network regression
model; however, it also induces some undesirable side effects:

� First, early stopping implies that the fitted model does not correspond to a critical point of
the objective function. This implies that, under the choice of the deviance loss function, an
early stopped neural network calibration cannot be an MLE and, henceforth, the balance
property similar to Equation 3 will typically fail. This has been pointed out by Wüthrich
(2020a), who discusses methods to eliminate this deficiency.

� Second, each run of the SGD algorithm requires a starting value (seed), and early stopping
implies that for each different starting value we typically receive a different neural network
calibration and, henceforth, different prices for the same insurance policyholder. This is
particularly troublesome in insurance because it implies that insurance prices have an el-
ement of randomness resulting in different prices for the same customer in different runs
of the algorithm. Emphasizing the importance that insurance prices need to be explain-
able to management and customers, this implies that such methods cannot directly be used
for insurance pricing (since this element of randomness may imply price fluctuations that
cannot be objectively justified). There have been some attempts that try to average (blend)
over multiple neural network prices (see, e.g., Richman & Wüthrich 2020). A final solution
to this problem has not yet been found since maintaining multiple neural network models
is not feasible economically. In fact, the claims frequency problem studied by Richman &
Wüthrich (2020) needs averaging over 400 different network calibrations to obtain suitable
stability for prices on an individual policy level.

Another interesting feature in neural network modeling is embedding layers that allow for a
different treatment of categorical covariates from dummy coding inGLMs (see Richman 2021a,b).
These recent developments are strongly inspired by natural language processing (see Bengio et al.
2003, 2013). These authors propose to embed categorical variables into low-dimensional Eu-
clidean spaces such that proximity in embeddings is equivalent to similarity for regression mod-
eling. Such embeddings typically reduce the complexity of the network: In Figure 1, we illustrate
the same regression problem in a situation where we have two categorical covariates. The net-
work in Figure 1a uses dummy coding for these two covariates, and the network in Figure 1b
uses two-dimensional embedding layers.Obviously, these embedding layers for categorical covari-
ates reduce the complexity of the network. Optimal embeddings of categorical variables can also
be learned as part of SGD model calibration. Such learned embeddings allow for useful graphi-
cal illustrations, possibly augmented by a principal component analysis (PCA) and/or a K-means
clustering step. Taken together, they contribute toward an efficient representation and statistical
explanation of the chosen models. An example is found in Perla et al. (2021, figure 8) for a US
mortality study using the US states’ information as categorical variables. The resulting learned
representation has surprising similarity with the US map, indicating that neighboring states have
similar mortality behavior (which, of course, makes perfect sense).

We conclude this subsection with a few remarks and recent developments.
� Increasingly, unstructured data are used in regression models. In insurance, unstructured

data are mostly available in the form of claims reports, medical reports, etc. A first case
study in this direction has been conducted by Lee et al. (2020).

� The neural network regression model in Expression 4 does not directly build on improving
the weaknesses of a preliminarily chosen GLM, nor does it help to improve a GLM. A
simple way to build on an existing GLM is to boost this GLM with a neural network (or
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any other machine learning approach); this approach has been emphasized in the ASTIN
Bulletin editorial by Wüthrich & Merz (2019).

� Neural networks are often criticized for not being interpretable because feature engineering
and variable selection are done internally by the neural network in a nontransparent way. In
a recent work, Richman&Wüthrich (2021) introduce the so-called LocalGLMnet, which is
a new neural network architecture that shares many properties of GLMs.This new architec-
ture provides an additive decomposition that is interpretable, allows for variable selection,
and enables interaction effects to be studied.

� At themoment, neural networkmodeling is still at the early stage of finding good algorithms
for best predictors. As emphasized by Hans Bühlmann in a panel discussion at the Insurance
Data Science Conference 2019 (https://insurancedatascience.org/), we should only start
to call a predictive method scientific once we are able to quantify prediction uncertainty.
Unfortunately, many fields of modern machine learning are not there yet.

� The above GLM and neural network approaches are sometimes also called a priori pricing
approaches because they rely on policyholder information that is available at execution of
the contract. For renewals of contracts, individual past claims experience of policyholders is
available, which allows the insurer to include experience rating in renewal prices. An active
field of actuarial research is the design of bonus-malus systems (BMSs) that rewards good
claims experience with bonuses. BMSs go back to, and have been developed in, the work
of Loimaranta (1972), De Pril (1987), Lemaire (1995), Denuit et al. (2007), Brouhns et al.
(2003), and Ágoston & Gyetvai (2020). This stream of literature mainly studies optimal
designs of BMSs with their economic implications, such as the bonus hunger of customers.
A second stream of literature studies instead the question of optimally extracting feature
information from an existing BMS to predict future claims (see Boucher & Inoussa 2014,
Verschuren 2021).

2.2.4. Discrimination and telematics car driving data. As described in the introduction to
Section 2.2, available characteristics of insurance policyholders are used as proxies to explain
propensity to claims. For instance, the age of a car driver might be a good proxy to describe driving
experience and skills. This practice may lead to discussions with insurance customers because, for
instance, not every young car driver is a bad driver. Moreover, by law, there are protected charac-
teristics that are not allowed to be used for insurance pricing. For instance, in Europe, gender is
a so-called protected variable that is not allowed to influence insurance prices. The use of other
characteristics may not (yet) be forbidden by law but is treated as problematic from a reputational
point of view; one such example is ethnicity. Legislation on discrimination has recently raised
many discussions in the actuarial community, and as a consequence, more and more contributions
in the actuarial literature focus on such questions; Guillén (2012) and Chen et al. (2018) provide
two references on this topic. A key issue in developing so-called discrimination-free prices is to
ensure that discrimination also does not take place indirectly, because the more information we
have about policyholders, the better we can determine their protected features. This has been
studied by Lindholm et al. (2020), who give a proposal that avoids direct and indirect discrim-
ination. An important finding of their proposal is that fully avoiding (indirect) discrimination
requires full knowledge of protected features of customers. Of course, the latter might be rather
problematic in practice because the insurer has to have full information about gender, ethnicity,
and so on in order to mitigate indirect discrimination (on these covariates), otherwise he/she is
not able to unravel all the different effects. Apparently, this discrimination-free pricing framework
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Figure 2

Individual trip of drivers A, B, and C. The top curve (red) shows acceleration/braking, the middle one (gray) shows the change in
direction over 180 s, and the bottom curve (blue) shows the speed.

has strong similarity with the do-operator in causal statistics, and it is also closely related to the
partial dependence plots of Friedman (2001) and Zhao & Hastie (2021).

There is some hope that the discussion of discrimination can be circumvented by personal and 
behavioral data, such as telematics car driving data. Such data are much more targeted toward 
propensity to claims, but their use also raises legal issues, this time related to privacy concerns. 
Telematics car driving data are high-frequency data that record driving information, say, second 
by second. For instance, they may record Global Positioning System location, speed, acceleration, 
change of direction, etc. every second. Moreover, they may give information about road conditions, 
traffic, weather conditions, time stamps of trips, driving above speed limits, etc. Thus, such data are 
very transparent about driving habits and driving style of car drivers, and it seems rather clear that 
this will characterize propensity to claims much better than any other feature. The main issues in 
handling this data are the size of the data (typically in the magnitude of terabytes) and the preci-
sion of telematics data. Recent actuarial work has started to extract features from telematics data. 
On the one hand, specific information is extracted from these data such as speeding, hard 
acceler-ation, and total distances (see, e.g., Ayuso et al. 2016, 2019; Boucher et al. 2017; Huang 
& Meng 2019; Lemaire et al. 2016; Paefgen et al. 2014; Sun et al. 2020; Verbelen et al. 2018). On 
the other hand, a more integral approach is taken by Weidner et al. (2016) and Gao et al. (2019, 
2021): These papers directly focus on extracting driving style features from telematics data, 
which can then be entered into regression models. The former paper uses a Fourier 
decomposition, whereas in the latter papers the telematics data are directly processed through a 
neural network.

We close this section with a small example taken from Gao & Wüthrich (2019) that highlights 
the privacy concerns that should be raised when using telematics data. We select at random three 
car drivers from our portfolio and study their speed, acceleration, and change of angle patterns 
of their individual trips. Figure 2 shows for each of these three selected drivers (called A, B and 
C) a car driving trip of length 180 seconds. Gao & Wüthrich (2019) showed that it is not too 
difficult to train a convolutional neural network classification model to correctly allocate such 
patterns of (only) 180 seconds to the right driver. Thus, from telematics data, it is not too difficult 
to determine which family member is currently driving the car, whether the car driver is in good 
health, and so on. Not surprisingly, society is alarmed by such transparency, and policymakers
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need to clearly define the conditions under which what kind of data can be used to guarantee a
necessary level of privacy.

2.3. Claims Reserving in Non-life Insurance

Claims reserving in non-life insurance is concerned with predicting claims cash flows that can
last over multiple years; an introduction to claims reserving is provided by the monograph by
Wüthrich & Merz (2008). Claims reserving can roughly be divided into four different historical
stages. The first stage was the algorithmic time, when actuaries developed algorithms to predict
claims cash flows. Only in the second stage were these algorithms lifted to full stochastic models;
we mention here the path-breaking work of Mack (1993) and Renshaw & Verrall (1998). The
uncertainty tools developed at that time focused on a static total uncertainty view considering
simultaneously the entire lifetime of the cash flows. This static view is not in line with modern
solvency and accounting requirements where incoming new information constantly changes best
predictors and, therefore, prediction uncertainty has to be understood as a dynamic process. In
the third stage emerged the notion of claims development results that can be viewed as martin-
gale innovations (see Merz & Wüthrich 2008, 2014; Röhr 2016). These first three stages focused
on modeling aggregated claims, and only very recently have developments on individual claims
reserving started to flourish in the fourth stage—of course, benefiting heavily from data science
tools such as regression trees and neural networks. The stochastic basis for this individual claims
reserving view was already introduced in the 1990s by Arjas (1989) and Norberg (1993, 1999).
First real data applications of these stochastic concepts have still been too rigid in practice (see
Antonio & Plat 2014, Pigeon et al. 2013).However, recently, considerable progress has been made
in this area of actuarial modeling; references are Baudry & Robert (2019), Delong et al. (2021),
Gabrielli (2020), Kuo (2020), Lopez et al. (2019), Wang et al. (2021) and Wüthrich (2018).

One difficulty in this field of research is the availability of data. Usually, individual claims re-
serving data are confidential, protecting the privacy of injured people and business strategies of
insurance companies. This makes it difficult to further develop these tools. There are recent ini-
tiatives that aim at generating synthetic individual claims data that share the same features as real
data. Currently, two stochastic scenario generators are available (see Gabrielli & Wüthrich 2018,
Avanzi et al. 2020).

3. LIFE INSURANCE MODELING

3.1. A Brief Overview of Life and Pension Insurance

The nature of life and pension insurance is rather different from non-life insurance; the latter typ-
ically offers financial protection against unforeseen events over the next accounting year. Life and
pension insurance insures life and protects against disability and death of individual policyholders
over possibly their entire lifetimes. For instance, one can buy an annuity product that guaran-
tees fixed payments over the entire remaining lifetime of the policyholder. Such a product can
be bought by a single up-front premium payment at the inception of this multiple-year contract.
As a consequence, life insurance is very much concerned with predicting mortality and longevity
trends over several decades into the future. This prediction is typically based on time series mod-
els. Furthermore, life insurance needs to organize investments and hedging of long-term financial
guarantees that are granted at inception to the policyholders. This requires good financial and
economic models, as well as suitable optimization tools for multi-period portfolio optimization.
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3.2. Mortality Modeling
Clearly, the more statistical part of life and pension insurance modeling is mortality forecasting. 
Mortality forecasting has a long tradition. As mentioned in the first paragraph of the Introduction, 
by the seventeenth century, governments had started to organize social old-age welfare systems 
that were based on mortality projections. Today, the most popular stochastic mortality projection 
models are the Lee & Carter (1992) (LC) model and the Cairns et al. (2006) (CBD, for Cairns, 
Black & Dowd) model. Since then, a vast literature on stochastic mortality modeling has devel-
oped, with most of the approaches being offspring and generalizations of either the LC or the CBD 
model. A taxonomy of the most commonly used models is provided by Cairns et al. (2009, table 1). 
This progress accelerated after the turn of the millennium and the subsequent financial crisis. The 
financial crisis has led to a low-interest-rate environment where more accurate mortality 
projections have gained crucial importance. In a low-interest-rate environment, misspecification 
of longevity trends can no longer be covered by high financial returns on investments. Moreover, 
national so-cial security systems have also recently come under financial pressure, which makes 
the field of mortality projection a central object of interest to politicians, economists, and 
demographers [see, e.g., Hyndman & Ullah (2007) and Hyndman et al. (2013) for relevant 
literature in demography]. We briefly describe the LC model to mathematically ground this 
discussion on mortality and longevity projection. Typically, one starts with national mortality 
data obtained from the Human Mortality Database (HMD) (https://www.mortality.org). These 
data comprise two components: the death counts dt, x and the exposures et, x by calendar year t and 
age x. These data are collected separately for both genders and over several countries in the 
HMD. Based on this information, one calculates the raw (crude) mortality rate for age x in 
calendar year t by

mt,x = dt,x/et,x.

Since age x can be defined in different ways for a given calendar year t and since the exposures et, x
can be distorted by migration (i.e., raw mortality rates are not calculated on a closed population),
data quality has to be analyzed carefully at this stage.

In Figure 3, we illustrate raw log-mortality rates log (mt, x) for calendar years 1900–2016 and
ages 0–99 of Swiss females and Swiss males.We observe the familiar patterns: Female mortality is
lower than male mortality, population mortality is decreasing over time, and major improvements
in mortality are observed after World War II. Furthermore, in the male heat map, we see the
emergence of HIV for males aged between 20 and 40 after 1980 (the light blue band).The Spanish
flu in calendar years 1918–1920 leads to a visible vertical structure. Based on these observations,
we aim at projecting mortality beyond the latest observed calendar year.

We now describe the LC model. The LC model can be understood as a regression model
based on categorical variables for calendar year t and age x. It makes the following structural
assumption:

log (mx,t ) = ax + bxkt + εt,x, 5.

where

ax is the average force of mortality at age x,

kt is the time index describing the change of force of mortality for calendar year t,

bx is the rate of change of force of mortality broken down to the different ages x, and

εt,x are independent and centered error terms.
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Figure 3

Raw log-mortality rates log (mt, x) for calendar years 1900–2016 and ages 0–99 of Swiss females (left) and Swiss males (right); both plots
use the same color scale. The different colors illustrate different levels of mortality ranging from low mortality (magenta-blue) to high
mortality (yellow-orange).

The LC model is fitted to each population and each gender separately—i.e., the model given
in Equation 5 does not immediately allow us to consider multiple populations simultaneously.
Fitting and prediction is done in two steps. In the first step, one fits the parameters (ax )x0≤x≤x1,
(kt )t0≤t≤t1, and (bx )x0≤x≤x1 to the available raw log-mortality dataM = (log(mt,x ))t0≤t≤t1,x0≤x≤x1. This
estimation step can be done by using the singular value decomposition (SVD) providing the
first principal component as a description of the centered log-mortality data matrix of M. In the
second step, the SVD estimated change of force of mortality (̂kt )t0≤t≤t1 is extrapolated beyond
calendar year t1 using a time series model, which in the simplest case is a random walk with drift.

The LC model of Equation 5 has been generalized in many directions. First, note that by us-
ing the SVD, we implicitly assume that the error terms in Equation 5 are Gaussian. Brouhns et al.
(2002) modified model estimation to the more reasonable Poisson case. Renshaw & Haberman
(2006) added a cohort effect b(1)x γt−x to the LC model because they observed that in many pop-
ulations there is a strong cohort effect in mortality data. Hyndman & Ullah (2007) explored a
functional data method using penalized regression splines, and Hainaut & Denuit (2020) adopted
this approach to a wavelet-based decomposition enjoying favorable properties in time-series
modeling. Shang (2019) extended the classical LC model based on a static PCA to a dynamic
PCA regression, and Villegas et al. (2018) studied computational aspects of model fitting.

Recent research has increasingly focused on joint mortality modeling of multiple populations:
We mention the common age effect model of Kleinow (2015), the augmented common factor
model of Li & Lee (2005), and the functional time series models of Hyndman et al. (2013) and
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Shang & Haberman (2020). Not surprisingly, machine learning methods have also moved into
this area of statistical modeling. For instance, Perla et al. (2021) gave a large-scale multiple pop-
ulation forecast that is based on recurrent neural networks and convolutional neural networks,
respectively. This model allows for an interpretation within the LC structure.

Another interesting area of research is the study of long-memory in mortality data (Yan et al.
2020) and socioeconomic differences in mortality (Cairns et al. 2019). In relation to the current
coronavirus 2019 (COVID-19) pandemic, one rather explores continuous time hazard rate mod-
els because these can easily be distorted on shorter timescales. We expect these models to be
researched in more detail in the near future, also including investigations on cause of mortality
and healthcare device tracking.

3.3. Insurance Product Design and Valuation of Cash Flows

Because life and pension insurance are of a long-term nature, product design is especially impor-
tant to guaranteeing long term financial stability. This involves cash flow valuation, hedging of
long-term financial guarantees, and minimizing of lifetime ruin probabilities. There is a vastly
growing literature in this field of actuarial science that is based on stochastic process modeling,
optimal control, and, increasingly, onmachine learningmethods like neural networks or reinforce-
ment learning. It would go too far at this stage to dive into the actuarial literature on these topics;
therefore, we only give selected interesting aspects. Clearly, it is crucial to have good stochastic
models that allow us to project cash flows into the future and value these cash flows for insur-
ance pricing, accounting, and risk management. For cash flow valuation one typically separates
mortality risk drivers from financial and economic risk drivers, more mathematically speaking, by
assuming that these risk drivers can be described by independent stochastic processes. This inde-
pendence assumption then allows different valuation methods to be implemented and calculated
more easily. These are mostly based on the no-arbitrage principle resulting in the consideration of
martingales for price processes. Relevant work in this field of research has been done by Delong
et al. (2019a,b) and Deelstra et al. (2020).

These valuation methods play a crucial role in solvency assessments, long-term investment
considerations, and naturally, in product design. Related to the latter, we focus on one particular
idea that has recently gained some popularity. In view of increasing mortality improvements, low-
interest-rate environments, and increasing regulatory constraints, private life insurance companies
are more and more reluctant to offer long-term longevity and financial guarantees to customers.
Therefore, in the actuarial literature, the old idea of the so-called tontine has returned. The first
tontine system was developed in 1653 by the Italian Lorenzo de Tonti, and tontines gained much
popularity between the seventeenth and nineteenth century, especially in France and the United
Kingdom. In those times, tontines were used as investment plans to raise capital.

A tontine is a financial scheme that is organized by either a government or a corporation.
Everyone can subscribe to a tontine scheme by paying an amount of capital into the tontine. This
investment then entitles the subscriber to receive an annual interest until he/she dies. When a
subscriber of the tontine scheme passes away, his/her share is reallocated among the survivors of
this subscriber. This process terminates as soon as the last subscriber has died. Thus, the tontine
essentially is a self-organizing pension system that does not involve an insurance company, and it
also does not involve any longevity guarantees. It only needs a body that organizes the scheme and
that manages the capital of the subscribers. In contrast to private (personal) investments, family
members will not inherit tontine shares in case of death of the tontine subscriber, but these shares
go instead to the survivors in the tontine scheme.
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Such tontine considerations have recently gained popularity in the actuarial literature. Sabin 
(2010) studies the fair tontine annuity where subscribers can join the scheme at any time; they may 
have different age and gender and, thus, different expected remaining lifetimes. Under these con-
ditions, Sabin (2010) defines a fair scheme, proves under which assumptions such a scheme exists, 
and provides an algorithm for constructing such a fair transfer plan. This stream of life and pen-
sion insurance has been carried forward by Milevsky & Salisbury (2015); Chen et al. (2020) study 
optimal combinations between tontine shares and classical annuity life insurance, and Bernhardt 
& Donnelly (2021) study minimal sizes of such annuity funds to achieve income stability. Natu-
rally, an accurate mortality table is crucial in the construction of a fair transfer plan according to 
Sabin (2010) because tontine subscribers may have different age and gender to which changes of 
mortality can act rather differently. Note that such tontines do not have a sponsor in terms of an 
insurance company that covers longevity risk, but the tontine scheme has to manage and organize 
change of mortality itself. Similar ideas have recently also come up in non-life insurance under 
the name peer-to-peer insurance (see Denuit 2020).

4. RISK MANAGEMENT AND SELECTED TOPICS

4.1. Reinsurance
By definition, the insurance industry offers risk mitigation products and tools for its customers. 
The industry itself functions under carefully worked out risk management guidelines in order to be 
able to fulfill its contractual requirements toward these policyholders as well as to be attractive to 
its investors. The reinsurance industry provides specific services and products so that the primary 
(direct) insurers, referred to as ceding companies, can cap or reengineer their insurance product 
portfolios. Within the confines of this article, we are not able to enter into a  detailed discussion 
of the reinsurance business, but we offer some reference pointers. In 2014 the Swiss Reinsurance 
Company Ltd, Swiss Re for short, celebrated its 150-year anniversary. On that occasion several 
publications described the industry (see, e.g., James et al. 2013, Haueter & Jones 2016). Swiss Re’s 
sigma publications (https://www.swissre.com/institute/research/sigma-research.html) yield 
up-to-date developments of the industry and the underlying markets. A more mathematical in-
troduction is given by Albrecher et al. (2017).

An important development that enters the reinsurance world relates to so-called alterna-
tive risk transfer (ART) products. These products typically originate in the realm of financial 
institutions—Wall Street, say—and become attractive especially when the reinsurance market 
is under stress because of high insured losses. Also driving ART markets are arguments of 
risk diversification; actuarial losses are perceived as having low correlation to financial markets 
(for an overview on ART, see, e.g., Culp 2002). In this context we also like to mention ILSs 
as investment instruments whose value is driven by insurance loss events (see, e.g., Barrieu & 
Albertini 2009). An excellent business barometer for the ART and ILS markets, as well as useful 
repository for interesting publications, is the website of Morton Lane, one of the pioneers in 
the field ( http://lanefinancialllc.com/). It  is  no  co incidence th at th e ART ma rket fo r CAT 
products experienced a peak after the occurrence of Hurricane Andrew in August of 1992. Early 
analyses of the Chicago Board of Trade’s 1992 futures written on US property insurance contracts 
were provided by Embrechts & Meister (1997) and Cummins & Geman (1995). These markets 
continue to pose major methodological challenges for actuaries.

The reinsurance industry, especially, faces serious challenges emerging from climate change 
due to its perceived impact on climatological catastrophes and related insurance covers. 
There currently is an explosion of publications, both academic and industry based, on this topic. 
Some industry-based examples are presented in a publication from the Zurich Insurance Group
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(2019). Other noteworthy publications include that of Bevere & Gloor (2020) and the excellent
position paper of the CRO Forum (2019). We leave it to the reader to sift through the almost
daily appearing academic papers on climate change.We highlight some issues that no doubt play
a dominant role from an actuarial point of view. First, climate change typically spreads over longer
time periods, and hence discounting over such time spans is important. In this context, the work
of Gollier (2001, 2013) is relevant. Second, the climate change debate is marred by considerable
uncertainty about predictions. Here it is worthwhile to look at the so-called Dismal Theorem of
Weitzman (2009, 2011), one of the fathers of the economics of climate change. In the face of deep
structural uncertainty, Weitzman questioned classical cost-benefit analysis. This led to intensive
debates, especially with Nordhaus, laureate of the 2018 Nobel Prize in Economic Sciences (see,
e.g., Nordhaus 2009, 2011). Of course, in insurance, the problem with (non-)insurability in mar-
kets under deep structural uncertainty, very fat tails, is well known (see, e.g., Ibragimov et al. 2015).
Such markets often lead to diversification disasters (Ibragimov et al. 2011) as well as to nondiversi-
fication traps (Ibragimov et al. 2009). The mathematical background to some of the above results
in insurance and economics is provided by Embrechts et al. (1997) and McNeil et al. (2015).

4.2. From Risk Measures to Capital Adequacy

Since the early 1970s, capital adequacy regulation for banking and insurance has undergone major
changes. The thrust of these changes clearly has been from a more traditional rules-based sol-
vency system to a principal-based one leading to forward-looking risk-based guidelines. Different
governments and industries implement these rules in different ways: For banking, these are the
subsequent Basel guidelines (currently in transition from Basel III to IV); for European insurers,
they are the different solvency guidelines (currently Solvency II); and for Switzerland, insurances
are regulated via the Swiss Solvency Test. Risk-based capital rules require insurance companies
to hold capital in relation to their risk profiles to guarantee that they have enough financial re-
sources to withstand financial difficulties. McNeil et al. (2015, chapter 1) give an overview and
further references; in chapter 2, they review the main developments concerning risk measures. A
risk measure maps a risk position (e.g., a financial instrument, a portfolio of insurance contracts, a
book of loans) to a real number, where McNeil et al. (2015) interpret a positive value as a net-risk
position for which regulatory capital has to be put aside. There exists a considerable literature on
the various sets of mathematical axioms financial and insurance risk measures have to satisfy; we
refer readers to Föllmer & Schied (2011) for an in-depth discussion and further references.

Mainly driven by international regulatory capital requirements (Basel and Solvency), two
risk measures came to the forefront: first, the quantile-type value-at-risk (VaR), and second,
expected shortfall (ES), also referred to as tail VaR or conditional VaR. VaR originated in the
early 1990s through the RiskMetrics publications from J.P. Morgan (see, e.g., Jorion 2007). Early
on, academics warned that VaR in general fails to be subadditive. We note that VaR, as a quantile
risk measure, answers questions of the if type and is frequency oriented. In contrast, ES is of the
more important what-if type and is subadditive, indeed coherent (see Acerbi & Tasche 2002).
Theorem 8.28 of McNeil et al. (2015) is key to understanding the link between the model
assumptions on a portfolio X = (X1, . . . , Xn) of one-period risk factors and the resulting prop-
erties of VaR-type risk measures. The key assumption in the theorem is that X is elliptically
distributed (see McNeil et al. 2015, definition 6.25). In this case, risk management is standard:
VaR is subadditive; stress scenarios can be based on elliptical stress regions; and for a wide class
of risk measures (including VaR and ES), Markowitz mean-variance portfolio optimization yields
the same optimal portfolio. The theorem also yields methodological justification for the standard
formula (solvency capital requirement) under Solvency II for risk aggregation [see McNeil et al.
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2015, section 8.4, and the European Insurance and Occupational Pensions Authority (EIOPA)
(https://www.eiopa.europa.eu)]. Dhaene et al. (2006) give a review of risk measurement in
insurance.

Once a risk measure has been defined for a given risk management problem, the next steps
involve statistical estimation, goodness of fit (backtesting) given historical data, and practical im-
plementation and communication. On these topics, very many scientific papers, books, and in-
dustry internal as well as regulatory documents have been written. We mention McNeil & Frey
(2000) linking extreme value theory (EVT) with dynamic VaR estimation and backtesting. In or-
der to compare the forecasting properties of competing risk measures, the work on elicitability
is relevant; Gneiting (2011) provides a general paper. Applications to finance and insurance are
discussed by Ziegel (2016), Nolde & Ziegel (2017) and Davis (2017). A further interesting paper
on backtesting is that of Gordy & McNeil (2020). In this context, we definitely want to highlight
Davis (2016). The overall area remains a highly relevant and very active field of research with
important practical applications.

4.3. From Operational Risk to Cyber Risk

Every year, the insurance company Allianz publishes its Risk Barometer listing the top cor-
porate perils (https://www.agcs.allianz.com/content/dam/onemarketing/agcs/agcs/reports/
Allianz-Risk-Barometer-2020.pdf ).The 2020 version is based on the insight ofmore than 2,700
risk management experts from 102 countries and territories. The annual corporate risk survey
is conducted among Allianz customers (global businesses), brokers and industry trade organi-
zations. The top three risks are (a) cyber incidents (e.g., cyber crime, IT failure/outage, data
breaches, fines and penalties); (b) business interruption (including supply chain disruption); and
(c) changes in legislation and regulation. These risks are akin to operational risks. Under the
EIOPA, operational risk is defined as “the risk of loss arising from inadequate or failed inter-
nal processes, personnel or systems, or from external events. Operational risks include compli-
ance/legal risks, but exclude reputational, strategic and political/regulatory risks” (EIOPA 2019,
p. 2). Operational risk no doubt constitutes a fundamental risk class for banks as well as for insur-
ance companies.This became clear in the aftermath of the financial crisis, when large international
banks lost a substantial percentage of market capitalization mainly due to legal fines linked to toxic
financial instruments sold in the run-up to the crisis. Though cyber risk data have rather distinc-
tive features, from a statistical point of view, they nonetheless show several communalities with
operational risk data: nonhomogeneity, heavy tailedness, and intricate interdependencies between
the various subcategories. Consequently, statistical modeling and estimation are difficult. Here,
actuaries have a lot to offer. Operational risk data, and for that matter cyber risk data, show many
properties well known to non-life actuaries. Textbook references on operational risk include Cruz
et al. (2015) and McNeil et al. (2015, chapter 13) on insurance analytics and operational risk. The
story behind the name “insurance analytics” is told by Embrechts (2002); the story stresses the fact
that tools from actuarial mathematics are canonical for the modeling of operational and cyber risk.
Because of the extreme heavy tailedness of operational risk data, EVT methodology is relevant
(see, e.g., Chavez-Demoulin et al. 2016, Embrechts et al. 2018).Nešlehová et al. (2006) discuss the
problem of extreme heavy-tailedness; readers are also directed to the references therein. There is
a direct link to the Dismal Theorem of Weitzman (2009, 2011), discussed in Section 4.1 above.

The need for interdisciplinary approaches for handling cyber risk is discussed by Falco et al.
(2019). Capital requirements for cyber risk and cyber risk insurance are discussed by Eling &
Schnell (2020). An interesting overview on insurance and cyber risk in Sweden is that of Franke
(2017); the paper also contains an extensive list of references on cyber-insurance in general.
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4.4. A Comment on COVID-19
The Allianz Risk Barometer included, as major risks facing industry going forward, supply 
chain and business interruption risk. Both (obviously related) risks have been accentuated by the 
COVID-19 pandemic. Actuaries are to play a key role in these areas. Regulators early on warned 
about the threat facing society from viral pandemics and the potential disruption they may cause 
on supply chains. Business interruption risk was singled out as an especially important concern 
(see, e.g., Tripart. Auth. 2008). An important pre-COVID-19 example of supply chain risk is the 
2011 Thai flood (see Gale & Saunders 2013). Also, the emergence of COVID-19 will have 
important consequences to life and health insurance, both on the statistical modeling and on the 
insurance product sides.

5. CONCLUSION
In our definition of the Actuary of the Fifth Kind in Section 1, we stressed the fact that an actuary 
is working in an ever changing world governed by randomness. Whereas our article gives several 
examples of this, one could have replaced “randomness” by “randomness and technology.” We 
have seen that data science is becoming increasingly ubiquitous for the modern actuary. Beyond 
the more statistically oriented development, changes are also taking place more at the techni-
cal core of information technology; these changes will have an impact not only on products but 
also on how insurance markets of the future and the various agents in those markets function. 
One example is that insurance companies have started to store their data in the cloud, where huge 
computational resources are available and where many insurance processes can be evaluated in real 
time. Of course, the latter is very much at the core of the discussion of whether to build statistical 
models that lead to a deeper understanding of structures in the data, or whether to be satisfied by 
just using big data to find the relevant correlations to make optimal predictions. We have empha-
sized that mathematics and statistics will likely play a crucial role in actuarial modeling also in the 
future. Another example is the potential impact of blockchain-like technology as well as artificial 
intelligence. The interested reader can for instance consult Meeusen & Sorniotti (2017) for a first 
impression. In a recent issue, the Economist published an article titled “Ping An. Metamorphosis. 
The world’s most valuable insurer has transformed itself into a fintech super-app. Could others 
follow its lead?” Time no doubt will tell. This brings us to a conclusion concerning the actuarial 
profession. In 2003, the readers of the Institute and Faculty of Actuaries’ publication The Actuary 
voted Frank Mitchell Redington (1906–1984) as the greatest British actuary ever. His collected 
publications and speeches, posthumously published as Redington (1986), yield important insight 
into the development of twentieth-century actuarial thinking, especially in the life insurance and 
pensions industries. Perhaps his most famous quote is, “the actuary who is only an actuary is not an 
actuary” (Benjamin & Redington 1968, p. 348). This quote very much reflects the ever changing 
world and the way in which actuaries over the centuries have used their technical skills for the 
better of society. As we have seen, statistics does play a fundamental role in this respect!
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