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Abstract. We consider differential operators of type

o 0%u(x)

2t1
0z

 0%2u(x)

Au(w) = ux) + (-1) o,
Lo

+(=1)

)
x = (x1,m2) € R2,

and Sierpinski carpets C R2.

The aim of the paper is to investigate spectral properties of the fractal
differential operatorA=! o tr!" acting in the anisotropic Sobolev space

Wétl’tz)(Rz) wheretr! is closely related to the trace operator.
Mathematics Subject Classification (19935P15, 46E35, 28A90

1 Introduction

Let {2 be a bounded domain R" havingC> boundaryds?, let(—A)~! be
the inverse of the Dirichlet Laplacian i, let W, (§2) be the usual Sobolev

space, and le7L(£2) = {u € W}(£2) : ud2 = 0}.
Let I" be some compact fractal witli'| = 0 andI” C 2. The operator
trl’, closely related to the trace operatof, is defined by

(" f)(p) = /F (trrf)(3) (PID) () du(y), € D(R), (L)

wherey is the Radon measure underlying the fractal
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The distribution of the eigenvalues of the operator

B=(-A)1tow! (1.2)

acting in the Sobolev spa@%%((z) is a topic extensively treated in the book
[32] of H. Triebel.

These investigations are motivated in a natural way by the so-called
fractal drums. If\;, k € N, are the positive eigenvalues@f A)~! o tr!,
ordered l?y magnitude and counted with respect to their multiplicities, then

Ne = A,? are the eigenfrequencies of a vibrating membrane (interpreted
as the bounded domaif2), fixed at its boundary, having the whole mass
concentrated on the fractal C (2.

We want to mention here that the notion of fractal drums has several
meanings. As for the intention described above (which is that from [32]) to
study fractal membranes in smooth domains, we know only a few further
papers in literature, see T. Fujita [14], K. Naimark and M. Solomyak [20]
and [21], M. Solomyak and E. Verbitsky [26], and the more recent article
of D. E. Edmunds and H. Triebel [5].

Further results on the vibrations of “fractal drums” are obtained in dif-
ferent settings. Maybe the best known version is connected with the study of
the Laplacian on a fractal, as itis done for example in the works of J. Kigami
and M. L. Lapidus, see [16] and [17] and the relevant references therein.

A detailed discussion on these different aspects concerning fractal drums
can be found in [32], especially in Sects. 26.2 and 30.1-30.5, where one can
find also comprehensive references extending the subject.

Let0 < d < n. ThenI is called ad-set if there are a Radon measure
w in R™ and two positive numbers andc, such that for all ballg3(~y, )
centred aty € I" and of radiug) < r < 1,

suppp =1 and ¢ r? < u(B(y,r)) < card. (1.3)

The notion of (isotropic)X-set occurs both in the theory of function
spaces and in fractal geometry, see [15], [32], [6], [7].

Consideringl” ad-set withn —2 <d <n (0 < d < 1if n = 1)itturns
out that the fractal differential operator from (1.2) is compact, non-negative,

and self adjoint operator W?/% (£2); its positive eigenvaluek; ( B), repeated
according to multiplicity and ordered by their magnitude, can be estimated
by

M(B)~E™% | keN, (1.4)
wherej = (2—n+d)/d > 0, see [32, Theorem 30.2] for proofs and details.

Concerning the determination of the eigenvalues, even under the restric-
tion of self similarity for the fractal”, there is no hope to refine (1.4) by an
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asymptotic assertion of typl,(B) = ¢k~ tD/d(1 4 o(1)), k — oo,
see the discussion in [26] (far = 1) and [32, Sect. 30.4].

Of course the eigenvalues and eigenfunctions of the opefatoan
depend orf? but, as proved in [32, Theorems 30.2,28.6], it turns out that
this is not the case for the exponent in (1.4).

Motivated by these observations one can replace the inverse of the Dirich-
let Laplacian(—A)~! by (—A + id)~! in R™ or, more generally, by a
pseudo-differential operatd(z, D) belonging to some Brmander class
Wﬂé‘(R”) with 5 > 0 and0 < p < 1, and obtain counterparts of (1.4) for
the eigenvalues of the new fractal differential operator, see [32, Sects. 27,28]

New effects appear whefi is replaced by anisotropit-sets inR? as in
[32, Definition 5.2]. In this case instead of (1.4) one has for the eigenvalues
of B only two side estimates of type

CL k™1 < \p(B) < Co k™ (1.5)

for appropriate positive numbets andws with w; > 1 > ws, see [32,
Theorem 30.7].

However the exponents in (1.5) are not equal in the general case, see
the precise formulation in [32, Theorem 30.7]. Some improvements of (1.5)
were discussed in [11].

The factthatthe two exponentsin (1.5) are notequal in the case of general
anisotropiai-sets should be not a big surprise since one can imagine that the
different nature of the (isotropic) operaterA and the (anisotropic) structure
of I" would cause difficulties, see also the discussion in [32, Sect. 4.16].

We will consider here only regular anisotropic fractalsn R2.

The aim of this paper is to show that sharp estimates of \ype k—°
for the eigenvalues of operators of tyge! otr!" asin (1.2) can be obtained
if there is a certain compatibility between the anisotropy of the frattal
and the "anisotropy” of the differential operatdr

Let0 < d < 2and leta = (a1,a2) With 0 < as < a1 < 00, a1 + ag =
2. A regular anisotropiel-set with respect to the anisotropyis, roughly
speaking, a compact sét C R? which can be covered for any € Ny
with V; ~ 274 disjoint rectangles having sides parallel to the axes and with
side lengths', ', 1 = 1, ..., N; satisfyingr/! ~ 279% fori = 1,2 (the
equivalence constants being independent, éf ), cf. [32, Sect. 4.18] and
see the precise definition in Sect. 3. Those fractals, usually called Sierpinski
carpets in fractal geometry, see for example [19] and [7, Example 9.11], are
in fact anisotropic generalisations of the Cantor set in the plane.

Let I" ¢ R? be a regular anisotropi:set with respect to the anisotropy
a = (a1, az) as described above. Lat t, € N be such that;a; = teas =
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t. Considering the semi - elliptic differential operator

t 0?u(x) t 0?2 (x)

A = (-1
'U/(:U) ( ) al'%tl 8$gt2

+u(z), z = (21, 22) € R?,

+(=1)

andtr! the trace operator in the interpretation (1.1), the main objective of
our work is to study spectral properties of the operatot o tr!" acting in
the anisotropic Sobolev spati(*1*2) (R?).

We will show thatA~! o tr!" is compact, non-negative, and self adjoint
in (t1t2)(R?) and that there exist constantsC' > 0 such that its pos-
itive eigenvalues, repeated according to multiplicity and ordered by their
magnitude, can be estimated by

ka2 <\ (A o trl) < CRma@H2D) | ke N (L6)

The precise formulation of (1.6) is contained in Theorem 4.1.

We think that the proof of Theorem 4.1, in particular of the proof of the
estimates (1.6), is of interest for its own sake.

First it is proved that thé.,,- spaces on the regular anisotropic fradtal
can be identified with certain subspaces of some anisotropic Besov spaces,
see the precise formulations in Sect. 3.

The results in Sect. 3 are not only anisotropic counterparts of the results
obtained in [33] (where H. Triebel and H. Winkelvol3 proved that there
is a perfect link betweetL,- spaces on isotropid-sets and the Fourier
analytically defined - isotropic - Besov spacB§, on R", see also [32,
Theorems 18.2,18.6]), but they play a key role in the proof of the main
result of this paper, see Theorem 4.1 and the proof in Sect. 6.

Secondly, the methods how the two sides of (1.6) are obtained are rather
different.

Using the subatomic decomposition theorem for anisotropic function
spaces from [10] we estimate the entropy numbers of some embeddings
between function spaces. These estimates generalise to the anisotropic case
Theorems 20.5, 20.6 from [32] and complement Theorem 22.2 in [32]; to
return to the eigenvalues and to the proof of the estimate from above in (1.6)
one has then only to apply Carl's inequality (see [2]).

To prove the estimate from below in (1.6) we investigate the approxi-
mation numbers of the operatod—' o t/")1/2 and here we use the atomic
decomposition theorem in anisotropic function spaces proved in [10].

Briefly about the organising of the paper.

We start (in Sect. 2) with a collection of basic facts concerning anisotropic
Besovand Sobolev spaces. Regular anisotrdgiets and., - spaces on such
fractals are presented in Sect. 3. The main result is formulated in Sect. 4.
Proofs are given in Sects. 5 and 6.
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As usualN are the natural numbers aiig = NU {0}. For a normed or
quasi-normed spack we denote byjx | X || the norm of the vectar. The
embedding of the quasi-normed sp&aceénto the quasi-normed spaégeis
denotedX — Y.

All unimportant positive constants are denoted witbccasionally with
additional subscripts within the same formulas.

2 Basic facts on anisotropic function spaces

If 1 < p < oo and(sy,ss2) is a pair of natural numbers then the classical

anisotropic Sobolev spadéqgsl’”)(RQ) is the collection of all tempered
distributionsf € S’(R?) such that

is finite. In contrast to the usual (isotropic) Sobolev spage=f s;) the

smoothness properties of an element flﬁ’fﬁl’SQ) (R?) depend on the cho-
sen direction ifR?.
The number defined by

1 1 /1 1
- == ( + > (2.2)
s 2\s1 S9
is usually called the "mean smoothness” ang (a1, az), wherea; = i ,
ag =2, characterises the anisotropy. Sometimes we will use the notation

W, *(R?) for these spaces.

o f 0% f

AL O

\L (R?)

IF W ®2)] = || £ | L, <R2>||+H

Apaira = (aj,a2) wWith 0 < aj, a2 < oo anda; + ae = 2 is called an
anisotropy.

If a = (1,1) then we speak about thisotropic case”.

Letl <p<oo,s€Rands; == and52

Anisotropic Bessel potential spaces or fractlonal Sobolev spaces, de-

fined by
< oo}

generalise in a natural way the above spaces (as Lygtgéare respectively
the Fourier and the inverse Fourier transfornyaf S’(R?)).

H]s),a (R2)

~{resw|(+d®rarahi) e

We recall now the definition of anisotropic Besov space®on
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First we fix some notation. The action &f [0, 00) onz = (z1,22) €
R? is defined by the formula:

0% = (0" x1,0%x9) .

Forf > 0 ands € R let§**z = (6°)%. In particular let) ™z = (0~ Hox
and27 7% = (277)%.

Forz = (z1,72) € R?, z # 0, let|z|, be the unique positive numbér
such that

2 2
T Ty 1
92(11 92(12 -

and let|0|, = 0. By M. Yamazaki, [35, Theorem 1.4/3,8], |, is an
anisotropic distance function ii>°(R?\{0}). Remark that in the isotropic
caselz|, is the Euclidean distance ofto the origin.

Let oo aC™ function onR?, po(z) = 1if |z[q < 1, supppo C {z €
R? : |z|, <2} andpj(z) = @o(277%) — @o(2(77TDe) if j € N. Then

o

> pi(x) = 1if z € R?* and (;)jen, is @ smooth anisotropic dyadic
§=0

resolution of unity, cf. [24, Sect. 4.2].

Let0 < p < 00,0 < ¢ < o0, s € R. The anisotropic Besov space
Bypy'(R?) consists of all tempered distributiorfse S’(R?) for which the
quasi-norm

1/q

1F | Byt R3] = | D 2%l(ps )Y | Lp(®?)®
j=0

(with usual modification iy = co) is finite.

These are quasi-Banach spaces (Banach spageg ifl andg > 1)
which are independent of the choice(gf;) e, -

The spacdl,;“(R?) = B;y'(R?) is the anisotropic fractional Sobolev
space. In particular, if; = > ands, = 2 are natural numbers then
B3y (R?) = Wy“(R?).

Directly from the definition we have

BSFe(R?) «— B52(R?) if &> 0, (2.3)

Pao pq1

foranys € R,any0 < p < coand anyd < qg, g1 < oo see [28, Proposition
2.3.2/2]. Anisotropic function spaces &f,"(R?) type,0 < p < oo, are
defined changing the roles of the spatg&R?) andl, in the above definition
but we do not stress this point here.

The above spaces are denoﬁiy(R?) inthe isotropic case. A systematic
treatment of the theory of isotropiB;, (R?) and F;, (R?) spaces may be
found in the books of H. Triebel [28], [30].
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Anisotropic function spaces have been studied in great detail by S. M.
Nikol'skij, see [22], and by O. V. Besov, V. P. II'in and S. M. Nikol'skij,
see [1]. In [10] we have given a longer list of contributions to the theory of
anisotropic function spaces.

3 L,,- spaces on anisotropic Cantor sets
3.1 Regular anisotropid-sets inR?
Example 3.1 The Sierpinski carpéet @ = [0, 1] x [0, 1] and letlog be

taken with respect to the base 2,1ek K, < K; be natural numbers and
let

_ log K3

1 log K-
/é::ilog(KlKg) . ay , ag = o6 A2

(3.1)

K

In particular0 < ay < a1 < 00, a1 + a2 = 2, anda = (a1,a9) iS an
anisotropy.
Let (A,,)N_, be N > 2 contractions ofR? into itself specified by

Ay 0 = (x1,22) = (" 27" xy, 0yt 27" x9) + 2™ (3.2)
for everym = 1,...,N whereni", ny* € {—1,+1} (including possible
reflections). We assumg,,Q € Qforallm=1,.... N, A,, QNA,, Q=

N
0 if m £ m' and 3 vol4,,Q < 1. For example, we suppose that the

m=1
rectanglesi,,@ are located in the columns as indicated in Fig. 1.
Let

2,Q 5 (AQ)°=Q ;

1

AQ = (AQ)' =

ﬁCz
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(AQ)” = A ((AQ)"™Y) = U Apy 0.0 Ay, @Q 5 veN.

1<my,...,my <N

This sequence of sets is monotonically decreasing and by [6, Theorem 8.3]
its limit

I'=(4Q)* = ((4Q)" = lim (4Q) (3.3)

v—00
veN

is the uniquely determined fractal generated by the contractiops’y_; .

Fractals constructed in this way are anisotropic generalisations of the
Cantor set inR? and were called Sierpinski carpets in [19] or regular
anisotropic fractals in [32, Sect. 4.18].

The Hausdorff dimension for this type of fractals was computed in [19],
see also[7, Example 9.11]. We want to remark that it depends not only on the
number of rectangles selected at each stage but also on their relative position,
more precisely it depends dty, K5 and on the number of rectanglds, @
selected in each column.

Let (A,,)N_, be theN > 2 affine maps introduced in (3.2). Tladfine
dimensiorof I = (AQ)*°, see [32, Definition 4.12], is the uniquely deter-
mined positive numbet = dim4 1" such that

N
> (vol 4,Q)*? =1. (3.4)

m=1

In what follows we give the definition of regular anisotropisets and
after that we will show that Sierpinski carpets are typical examples of those
sets.

If j € No andN; € Ny we deal with sets of open rectanglgB;; :

[ =1,...,N;}in R? having sides parallel to the axes; the side length of the
rectangleRz;; with respect to the; - axis is denoted byf’l wherei = 1, 2.
We will always assume that the side lengths of the rectarigjjesre ordered

inthe same way, for exampié' < I foranyj € Npandany = 1, ..., N;.
Definition 3.2 LetQ be a cube irR? with side length 1, leb < d < 2, let

a = (a1, az) a given anisotropy and let;, co > 0 given numbers.
Let Ny = 1 and for anyj € N let N, be a natural number satisfying

C1 de S Nj S (6] 2jd.

A compact sef” C R? is called a regular anisotropid-set (with respect
to the anisotropy:) if for any j € Ny there exists a finite sequence of open
rectangles R;; : | = 1,..., N;} having sides parallel to the axeBy; =@,
such that:
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(i) there exists a constarit < ¢y < 1 such that for allj € Ny and all
l=1,..,N;

(c279)% <t <o7da | =12

(iii) for any rectangleR;; j there exists a rectangl&;; , | = I(k), such
thatRj+17k C Rﬂ ,
(iv) foranyj e Ngandanyl =1,...,N;

d
2

vl

(VOlR;;)2 = Z (VOIRj 1)

Rj+1,5CRj1

oo Nj
V) I'=N URj.
j=0 1=1

Remark 3.3If there exists anumbér< ¢ < 1 suchthat2=% < vol Rj; <
2% for anyj € Np and anyl = 1, ..., N;, and if condition (i) in the above
definition is replaced by:

(i*) there exists a numbed < ¢ < 1 (called the anisotropic deviation)

and a numbejy € Ny such that the side Iength{%l andr;l of the rectangle
Rj; satisfy

9—i(l+e) < r{’l < r%’l < 9—i(l—¢)

forany j>jo andany [ =1,..,N;

then we obtain the definition of an anisotrogiset (with anisotropic devi-
atione) as it was given by H. Triebel in [32, 5.2].

Theorem 3.4 Letay, as defined in (3.1) and lef’ be the Sierpinski carpet
generated by the contractions (3.2).

If I" has affine dimensiod according to (3.4) then” is a regular
anisotropicd-set with respect to the anisotropy= (a1, az).

Proof. By construction we have < d < 2 andN = 2", It is clear that
foranyr € Nand anymy,...,m, € {1, ..., N} the setd,,,, o...oA,, Qs
a rectangle having sides parallel to the axes and having side lexTgtffs,
27v#42 -+ the number of such rectanglesi®’ = Qvkd,

If j € Nletv = v(j) = [%} +1,let N; = N*U) and let

o

{Rjy : 1=1,..,N;j} ={Ap, 0...o Ay, Q@: 1 <my,....,m, <N}
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Clearly we find two constants, c» > 0 such that; 2/¢ < N; < ¢y 294 for
anyj € N. Furthermore, the side Iengthﬁl andr%’l of the rectangleR;
satisfyr/' < ri' and

(co279)% <Pt < 279% with i =1,2,

wherecy = 27%. Using (3.4) it is easy to see that all the other required
properties are satisfied.

Theorem 3.5 ([32, Theorems 5.5,4.15]) Ldft be a regular anisotropic
d-set with respect to the anisotropy= (a1, a2) andlet{ R;; : j € No,l =
1,...,N;} be the rectangles from Definition 3.2. Then there exists a Radon
measureu in R? uniquely determined withupp 1 = I" and

(I N Rj) = (vol Rj)Y? forall jeN, andall [=1,..,N;.
3.5)

Example 3.6In specification of the situation in Fig. 1 we suppose now that
in each column precisely one rectangdlgQ is located. Le% =2k-+1for
somek € N and let the rectangles,,@ be arranged as deplcted in Fig. 2:
we choose in (3.2) alwayg,® = 1 and we choos@(" = 1 in the first Ky
columns* = —1 in the secondk’, columns (additional reflection) then
againn]® = 1 in the third K» columns and so on, see Fig. 2.

Under these assumptions the resulting Sierpinski carpet frAdtathe
graph of a continuous function, for a proof see [32, Sect. 4.21]. It is clear
thatI” may be interpreted as a generalisation of Hironaka'’s curve (briefly
presented in [19]).

Moreover,I" is an isotropicD-set, see (1.3), wher® = dimgl’ =
2 —ag/ay, see [32, Sects. 4.22, 4.23]. It is not difficult to see thas a
regular anisotropid-set withd = a;.
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Comments. As remarked in [32, Sects. 4.14,4.22] if the anisotrapy:
(a1, az2) is non-trivial, that means = (aj,a2) # (1, 1), then the number
d from (3.4) and the Hausdorff dimension dini" (computed in [19]) of
the Sierpinski carpefl’, see (3.3), generated by the contractions defined in
(3.2), are completely unrelated.

Furthermore, Example 3.6 shows that it can happen that the regular
anisotropicd-set!” is also an isotropid’-set withd + d’'.

From (1.3) we know that if " is an isotropial-set with underlying mea-
surep and if0 < » < 1 then

w(B(y, )N T) ~ uw(B(y,r) N T) ~ ¢ (3.6)

where the equivalence constants depend«dsut not ony € I" and0 <
r <1.

Foraregular anisotropitset/” we have (3.5) but no counterpart of (3.6).
At least a weak version of (3.6) will be needed0lk s < 1 thensxRj
denotes the rectangle concentric withy and with side lengths respectively
%r{’l, %r%’l.
Definition 3.7 Aregular anisotropicl-set equipped with measyieaccord-
ing to Theorem 3.5 is called proper if there exist two numifiets > < 1
and0 < ¢ < 1 such that

uw(I'N%Ry) > ¢ (ol Ry)Y* , jeNy , I1=1,.,N;, (3.7)
where{R;; : j € Ng,l =1,..., N;} are the rectangles from Definition 3.2.

Remark 3.8If I" is a Sierpinski carpet generated by the linear contractions
(3.2), following the lines of the proof of [32, Proposition 5.13] it turns out

that if ' Q+ () thenI is proper. Hence condition (3.7) is rather natural.

3.2 Embeddings in anisotropic Besov spaces

Let I" be a regular anisotropié-set with respect to the given anisotropy
a = (a1,a2). The L,- spaces onl’, 0 < p < oo, are introduced in the
usual way with respect to the underlying Radon meagwe I" according
to Theorem 3.5.

If 1 < p < ooanyfr € Ly(I") will be interpreted as a tempered
distribution f € S’(R?) given by:

f(g) = /F fr) (@) du(r), ¢ €SR?,  (3.8)

wherep|I" is the restriction ofp to I'.
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Theorem 3.9 Let0 < d < 2 and letI” be a regular anisotropid-set inR?
with respect to the anisotropy= (a1,a2). If 1 < p < o0 and% + 1% =1
then (in the sense of (3.8))
_2-d, .
Ly(I) ={f € Bpod" " (R?) : f(p) =0 if @€ SR, |l =0}.
(3.9)

We will restrict ourselves in Sect. 5.1 to the proof of the embedding
"—" because only this part of the theorem will be used in the main result
of this work. The reverse embedding can be proved using the technique
from [33] (adapted to our anisotropic situation); for details one can see [8,
Theorem 3.11].

3.3 Traces

Assume thatl” is a regular anisotropid-set inR? with respect to the
anisotropya = (a1, az2). If ¢ € S(R?) thentrro = ¢|I' makes sense
pointwise. If0 < p, ¢ < oo ands € R then the embedding - By;' (R?) —
L,(I") must be understood as follows: there exists a positive numied
such that for any € S(R?): |[[trre | Ly(D)|| < ¢ ||¢ | Bpyg (R?)]| .

SinceS(R?) is dense inB,;"(R?) for 0 < p, q < oo this inequality can
be extended by completion to afiyc B,;"(R?) and the resulting function
is denotedr f.

In addition, the equalityrrB,;' (R?) = L,(I") means that any, €
L,(I") is the trace of a suitable € By;"(R?) on I" and|| fr| L,(I)| ~
inf{|lg| By (R?)|| « trrg = fr}.

Theorem 3.10Let0 < d < 2 and letI" be a regular anisotropici-set
in R? with respect to the anisotropy = (a1,as). If ¢ < p < oo and
0 < ¢ < min(1,p) then

2-d 4
trrByd  (R?) = Ly(T). (3.10)
We want to remark that in Sect. 5.2 we will prove only the embedding

2=d
trrBpd " (R?) < L,(I"). Only this part of Theorem 3.10 will be used in
the main result of this paper. The reverse embedding can be proved using
the technique from [33], see also [8, Theorem 3.12].

As mentioned in the Introduction, Theorems 3.9 and 3.10 pave the way
to the main result of this work but they seem to be of independent interest
since they are anisotropic counterparts of Theorems 2 and 3 in [33], see also
[32, Theorems 18.2,18.6]. The extension of Theorem 3.10 o<alp < oo
and the obtaining of a counterpart of Theorem 18.12 in [32] were discussed
in [8, Sect. 4.3].
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4 The main result

Let I" be a regular anisotropié-set with respect to the anisotropy =
(a1,a2).

In the sequel we shall not distinguish betwgeras an element of some
L,(I") and as the distributioffi belonging to somé3,“ (R?) according to
(3.9) and (3.8).

To avoid any misunderstanding we emphasise that the trace operator has
two different meanings which we distinguish by andtr! if extra clarity
is desirable. Let, for examplé,< p < oo, then by (3.10)

2—d
—_—,a

trr: By7 “(R?) = Ly(I) (4.1)

and if one applies in addition (3.9)

2—d 2—d
—,a - a
I P/ ’

ol B 7 (R - Bt (R, 4.2)

The latter can be rephrased asking for an optimal extensiorf ofon-
sidered as a mapping from(RR?) into D’(R?) given by (1.1).

Lettq,t2 € Nand lett € R defined from

1 1 1+1
t 2\t to/)°

Let A be the operator defined by

b 0% u(z)

2t
Oxy

1, 072 u(z)

2to
0x5

Aufz) = (~1)

+ (-1) + u(x) (4.3)

wherez = (z1,72) € R2. Using elementary properties of the Fourier
transform we have

Au=((1+ &1 1)

for anyu € S'(R?).
It is well known, see for example [18], or it is easy to prove, thas a
lift operator for the scalé,;'(R?),s € R,0 < p < 00,0 < ¢ < oo.
More preciselyA maps any spacB;;"(R?) isomorphic ontaBs, 2" (R2)
and||A(-) | Bi; *“(R?)|| is an equivalent quasi-norm dBy, 2“ (R2).
The inversed ! of A has to be understood in this way.
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Theorem 4.1 Let0 < d < 2 and letI” C (2 be a regular anisotropid-set
with respect to the anisotropy= (a1, a»). Lettr! be the trace operator in
the interpretation (4.2) and (1.1) whereas- stands for the trace operator
according to (4.1).

Lett € R such thatt; = i € Nandty, = é € N and letA be the
operator from (4.3).

() The operator
T=A" otr! (4.4)

is compact, non-negative, self adjointﬁﬁz(tl’”)(RQ) and has null space
N(T) = {f e W™ (R?) : trpf = 0}. (4.5)

Furthermore,T is generated by the quadratic form Wz(“’t2)(R2)

/Ff(’y)g(’y) du(y) = (Tf, g)Wétl,tQ)(RQ) where f,g € WQ(tl,tz)(Rz)’

(4.6)
and is the Radon measure according to Theorem 3.5.
(i) There exists a constant > 0 such that the positive eigenvalugg 7"
of T, repeated according to multiplicity and ordered by their magnitude, can
be estimated by

Ao(T) < Ck—aldt2=2) p e N, (4.7)

If, in addition, I" is proper according to Definition 3.7 then there exists a
constantc > 0 such that

ckmal@t2=2) < N\ (T) | keN. (4.8)

The main ideas of the proof of Theorem 4.1 were briefly mentioned in
the Introduction. The detailed proof is given in Sect. 6.

Remark 4.2The additional assumption afi to be proper in the estimate
(4.8) excludes by Remark 3.8 only pathological cases where the whole fractal
retreats in the boundary of the starting square.

Remark 4.3lt is clear how one can define-dimensional ¢ > 2) regular
anisotropicd-sets, withn-dimensional Sierpinski carpets as standard ex-
amples. It will turn out that the proof of the above theorem can be done
in ann-dimensional setting using the same arguments. Considering the
dimensional counterpart of the operatbthe estimates for the eigenvalues

would be (ifn — 2t < d < n)
Ck—%(d—&-Qt—n) < )\k(T) < Ok—%(d—i—Qt—n) ., keN,

and this is in accord with [32, Theorem 28.6].
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Comments.Some interesting results can be obtained by specialisiagd
to.

() If t1 =ty = 1thenA = —A+idandl is an isotropiel-set (in particular
the Sierpinski carpet would be generated by the similaritiés)\_,).
Consequently,

ckt < M((—A+id)totrly < CEY | keN.
(ii) If t; =1 andt, = 2 then

B 0?u(x) N 0*u(x)

A =
u(@) 893% 8:6‘21

+u(z), x=(x1,29) € R

Operators of this type have been investigated by H. Triebel in [29], by
V. Shevchik in [25], and recently in [9]. Consideriiga regular anisotropic
d-set with respect to the anisotropy= (3, %) we obtain:

ek 3D < n(AT o) < R L e

This is accordance with the results obtained in [9].

5 Proofs of the results in Sect. 3
5.1 Proof of Theorem 3.9

As it was already mentioned we prove here only the embedding ih
(3.9).
Let fr € L,(I") and letf be given by (3.8). We prove thgt is an
2—d

,a

element ofB,.”” ~ (R2) and that for some > 0

2—d
I

1f | By “(RA| < ¢ | fr | Lp(D)]- (5.1)

If kis aC™ function inR? with suppk C {y € R? : |y, < 1} and
f € S'(R?) then we introduce the local means (cf. [30, Formula 2.4.6/1])

kD)) = [ k) ety =2 [ ke —a) ) dz

which make sense for anfyc S’(R?) (appropriately interpreted).

In [10, Theorem 4.9] we obtained equivalent quasi-norms in anisotropic
function spaces using local means. In case of negative smoothness we can
weaken the assumptions used there; to do this we have only to repeat the
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arguments from [34, Theorem 3.1] and [33, Remark 6] and obtain for an
appropriateC'™ functionk onR2 with suppk € {y € R? : |y|, < 1}:

—2=d, . , .
151 B ®2) ~ sup (270 k(2 )| L@2)]). (5.2
JEN

Let p < oo; the modification of the following estimates are obvious if
p = oo. Using the definition off and ofk(277, f) and applying lder’s
inequality there exists a constant- 0 such that:

k277, f)(2)]
/R k(y) f(z+277%) dy’

< 2% /F k(2 (3 = )7 [ fr(3)] - 127 (7 — )7 dpa()
. . 1/p 4 )
<2 ( /F Ifr(v)!p!k@]“(v—w))du(v)) u(B* (@, 279) N I)/?

whereBY(z,277) = {y e R? : |y — 2|, <279} c {y € R? : |y; —
x| < c277% 4 =1,2}. By Theorem 3.4/(i)B%(z,277) has a nonempty
intersection with at mosiV rectanglesk;; (I = 1,...,N;) whereN is
independent of. Using (3.5) we gefu(B%(z,277) N TI") < ¢ 277¢ where
¢ > 0isindependent of. It follows

. o, . 1/p
(2, ) ()] < 1 2% 2794 ( [ e ke - ) dum) |
Using Fubini’s theorem we obtain

k(2. )| L,(B2)]
o, ) 1/p
< oy 2% 93l < [irrane) | |k<2ﬂa<v—x>>|dx)
I R2
— ey 9D | | (D) (5.3)

wherec; andc, are independent gf € Ny. Clearly (5.3) and (5.2) lead to
(5.12).

It is easy to see that we can use the above technique algo=far and
obtain L, (I") — B?C’)‘;(RQ) but this case is not especially interesting since
the dimensiond of I" completely disappears in the smoothness parameter
of the B- space.



Fractal semi-elliptic differential operators 307

5.2 Proof of Theorem 3.10

As it was already mentioned we prove here only the embedding

,a

2—d
trrBpd T (R?) < L,(I).

A preparation: atomic decomposition in anisotropic function spacést

a = (a1, az) be a given two dimensional anisotropy andZétbe the lattice

of all points inRR? with integer-valued components. f € Ny andm =
(m1,m2) € Z? we denoteR?,, the rectangle irR? centred aR="%m =
(27"1mq,27Y*2my) which has sides parallel to the axes and side lengths
respectivel\2=*+, 2792, Remark that)§,, is a square with side length 1.

If Q2. is such a rectangle iR? andc > 0 thencQ?,, is the rectangle in

R? concentric withQ?, . and with side lengths respectively—v1, c2772,

If 3 = (B1,B2) € N2 the derivativesD” have the usual meaning and
if © = (x1,29) € R? thena® = xflng. The scalar product between the
anisotropya = (a1, a2) andgis af = a1 51 + asfs.

Definition 5.1 Lets e R,0<p < oo, K, L €R,¢c > 1.
A functionp : R? — C for which there exist all derivative®”p if
af < K (continuous ifK < 0) is called an anisotropi¢s, p) i, .-atom, if:

suppp C ¢cQ%,, forsome v €N andsome m € Z?, (5.4)
1DPp(a)| < 277 2ve8 it ap < K, (5.5)
/ Pp(x)de =0 if aB < L. (5.6)

]R2

If conditions (5.4) and (5.5) are satisfied for= 0 thenp : R? — C is
called an anisotropid x-atom.

If the atomp is located at)?,, (that meanssupp p?,,, C cQ?,, with
v € Ng, m € Z2, ¢ > 1) then we will write itp?,,.

We give some technical explanations. The value of the numbet in
(5.4) is unimportant. It simply makes clear that at the lex&me controlled
overlapping of the supports of,, must be allowed. I < 0 then (5.5) is
Ip(x)] < 27070,
The moment conditions (5.6) can be reformulatedd$(0) =0 if af
< L, which shows that a sufficiently strong decay ft the origin is
required. If L. < 0 then (5.6) simply means that there are no moment con-
ditions.

The reason for the normalising factor in (5.5) is that there exists a constant
¢ > 0 such that for all these atoms we hadie| B,;'(R?)|| < c. Hence, as
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in the isotropic case, atoms are normalised building blocks satisfying some
moment conditions.

This construction generalises isotropic atoms as they are in the works of
M. Frazier and B. Jawerth, see [12] and [13].

If 0 <p <oocand0 < g < oothenb,, is the collection of all sequences
A={\m €C : veNy,m € Z?} such that

a/p\ V4
MOl = | D D0 oml?
v=0 \'meZz?

(with the usual modification ip = oo and/org = o0) is finite. Clearlyb,,
is a quasi-Banach space.

Theorem 5.2 Leta = (a1, az) a given anisotropy witls < a;.

Let0 < p < 00,0 < g < 0,5 € RandletK, L € R such that
KZal—i—sifszOandLZQ(%—1)+—s.

Theng € S'(R?) belongstaB,;" (R?) if, and only if, it can be represented
as

9=Y_ Y Mmply , convergence being ir§’(R?), (5.7)

v=0meZz?

wherepy,,, are anisotropid x-atoms { = 0) or anisotropic(s, p) k7, -atoms

(v € N)and\ € by, where = {\,., : v € Ng,m € Z?}.

Furthermore,inf ||A|b,,|| where the infimum is taken over all admissible
representations (5.7), is an equivalent quasi-nornijif’ (R?).

A proofis givenin[10, Theorem 3.3]. We will refer to the above theorem
as to the atomic decomposition theorem in anisotropic function spaces.

We return now to the proof of Theorem 3.10.
Leta = (a1, a2) be a given anisotropy with, < ay. Let K, L given
numbers such that' > a; + 24 andL < 0. Letp € S(R?).

2-d
We represenp using the atomic decomposition theorenBp; ’a(RQ):

o
e=> > Ampl, convergencein S'(R?),
v=0 mez?
wherep?,  is ananisotropit x-atom ¢ = 0) oran anisotropi¢2;fd,p)K,L-
atom ¢ € N) and
2-d g
¢ | Bpg 7 (RQ)

||)\|bpq|| <c . (5.8)
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In particular (5.5) withs = 2-4 leads tojp¢,, ()| < ovd/p,

For everyr € Ny we denotep, = > A,mp%,,. Using the controlled
meZ2
overlapping of the supports at the levelve have:

p

|| Ly(I !p—/ > Aembln ()| dp(y)

meZ?2
<c/ S Pol? (29 S [ i) < 3 Aol (5.9)

me7Z? meZ2

where in the calculation above we denofgg, the characteristic function
of the rectangleQ?,,, wherep?,  is supported.

Applying now the triangle inequality for thé,- norm if p > 1 or the
p- triangle inequality if0 < p < 1 and using the restriction apwe obtain
from (5.8) and (5.9):

[l [ Lp(D) < ¢ [[A [ bpgll < ¢!

2y
]prqp (®?)

and this shows, after a standard completlon argument,tthats a well
defined linear and bounded operator frmp ho (R?)into L, (I).

It turns out that the embeddlrtngpq (R ) — L,(I") holds for all
0<p<ocandalld < g < min(1,p).

6 Proof of Theorem 4.1

We start with a subsection which has a preparatory character.

6.1 Entropy numbers for traces on regular anisotrogisets

Let By and B; two quasi-Banach spaces. The family of all linear bounded
operatord/ : By — By is denoted by.(B;, Bs) or L(By) if By = Ba.

We will assume that the reader is familiar with the definition of the
entropy numbers; (U), k € N, of a compact magy/ € L(Bj, Bz). This
definition is given, for example, in [4, Definition 1.3.1] where one can find
also comments and historical references.

In this subsection we will obtain estimates for entropy numbers of traces
on regular anisotropid-sets. We think they are of independent interest
since they generalise to the anisotropic case the results from [32, Theorems
20.6,22.2].
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Theorem 6.1 Let0 < d < 2 and letI” be a regular anisotropid-set inR?
with respect to the anisotropy= (a1, az). Let0 < p; < 00,0 < p2 < o0,
0 < g < coands € R such that

1 1
5+:s—d<—> > 0. (6.1)
b1 P2/
Then the trace operator
s+ﬂ,a
trr @ Bpg™ " (R?) — Ly, (I) (6.2)

is compact and there exists a constéht> 0 such that for allk € N,

2—d

en(trr : Bog™ “(R?) = L,,(I') < C k4. 6.3)

Comments. We want to remark that if, in additiod, is proper according
to Definition 3.7 then there exists a constant 0 such that for alk € N,

2—d

s s+=——,a
ck™a <ep(trr @ Bpg™  (R*) — Ly, (I)). (6.4)

To prove (6.4) one has to use the technique from [32, Theorem 20.6]
adapted to our anisotropic situation. But we do not go into further details
here. The interested reader can find a proof of (6.4) in [8, Theorem 3.13].

We want to remark also that the assumption (6.1) is crucial for the com-
pactness of the operator in (6.2) and that this assumption cannot be weakened
by é,. = 0, see [32, Sect. 20.7].

Proof. (Theorem 6.1). We need someerequisites. If M € N and0 <
p < o0 thenlzﬂw has the usual meaning, see for example [4, Sect. 3.2.1].

Letd > 0,0 > 0 and let(M,),cn, be a sequence of natural numbers.
We will assume that there exist two positive numhgrandc, with

c12V1 < M, < ¢y2"% forevery v e Nj. (6.5)

Let0 < p < o and0 < ¢ < oc. Thenlq(2”51£4") denotes the linear space
of all complex sequencés= {b,; : v € Ny, i = 1,..., N, } endowed
with the quasi-norm

1/q

o /M, q/p
6] 14271 = Z(Z?‘S”Ibml”) (6.6)

v=0 \=1

(obvious modification ifp = co and/org = 00).
In case ob = O we writelq(lyv) and if, in additionp = ¢ then we have
thel, spaces with the components ordered in the given way.
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Plainly, I,(2°1}") consists of dyadic blocks of spacgé’ clipped to-
gether with the weightg+?.

Let, in addition,r > 0; then byl [2jrlq(2V‘Sl£4V)] we shall mean the
linear space ofallq(2”5l%)valued sequenceés= {b’ : j € Ny} endowed
with the quasi-norm

1610 27714 (271"l = sup 277 (|67 [ 1,271 ). (6.7)
J€Ng
Theorem 6.2 ([32, Theorem 9.2]) Letl > 0,6 > 0, r1,r7o > 0 and M,
with (6.5).
Let0 < p1 < p3 < 00,0 < q1,92 < oo and lete, be the entropy
numbers of the identity map

id 1 1oo[27 g, (270101)] = 1oo[27714, (27°1)1)].

Then there exist two constants” > 0 such that for allk € N,

.1 1 11

ck dth Thr <e, <Ck d"p2 p1,
We return now to th@roof of the estimat¢6.3). Lets; = s + 24

We first assum® < p; < py < oo. Replacing (if necessary) |, by
an equivalent anisotropic distance function we may assume thatR? :
|z|, < 2} C [, 7). Sowe can use the subatomic decomposition theorem
in anisotropic function spaces, see [10, Theorem 3.7], and decompose any
f € BJl{(R?) as

= i D Ao 27 (3) g (2rer — m) (6.8)

BENZ v=0 meZ?

where is aC*> function onR? with suppt) C 2°Q%, and > (x —
meZ?
m) = 1if z € R?, ¢ (z) = 28 (x) and

sup 271 |IN | by q|| < || f | By (R)] (6.9)
BENZ

with 7; > 0 large and\’ = {)\fm : v eNy, meZ?}.

We denoted)y, the square of side length 1 having sides parallel to the
axes which is centred at the origin a2ftt)f, the rectangle concentric with
Qf, having side lengthg** and2%2.

Forv € Ny andm € Z? let Q%,, be the rectangles from Definition 5.1.
Let

N =08 veNy,meZ?, CQ%, NI + 0} (6.10)
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where we may assume th@t > 1 is fixed and sufficiently large such that
all what follows is justified.

For afixedv € Ny let M, be the number of the rectangi@$,,, such that
cQ4, NI+ (. By Theorem 3.4/(i) it follows that there exist two constants
c1,ce > 0, independent of, with

1274 < M, < ¢y 274 (6.11)
and this coincides with (6.5).

Let 1,(2v2137) and I[271%F1,(2v°13")] be the sequence spaces in-
troduced in (6.6) and (6.7) adapted to our present situation whete
s —d (pil — p%) andr; and M, have the same meaning as in (6.9) and
(6.11) and thé,, norm is now modified bysupQ.

Let us define the (hon-linear) operatoﬁrGNO

U : BS(R?) — 1o[271,(27°100)] by Uf = {671 : B e No?}
with
05T = (27N v eNy, meZ?, CQY, NI +0}

wheref is given by (6.8) with (6.9). By (6.9) it follows thdf is a bounded
map.

Letr, > 0 at our disposal. We defing : [,,[272%°1,(2"°1)")] —
Ly, (I") by

Vi) = D03 27 ¢ (2%y —m) where y €T,
BeENZ v=0 m
(6.12)

the sum overn in (6.12) being taken according to (6.10) now vw;tﬁi;n in
place ofAfm.

By Theorem 3.4/(i) and (3.5) there exists a constant0 independent
of v € Ny with u(CQ%,, N I') < ¢27v4. Hence we have for fixed € N2
andr € Ng:

1/102
< ot (z |n5m|p2>
m

wherec > 1 is independent of.. Letpz = min(1, p2). Then

oD o 2P (27 —m) | Ly, (I)

v=0 m

') 1/p2 P2
< Z e’ (Z |775m|p2> = P2
v=0 m

D o 27PN (27 —m) | Ly, (T)

P2

P2

0 |l (lp,")
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wheren® = {nfm : v € Ny, m € Z?} andc > 1 is independent of.
Sincer, > 0 is at our disposal it follows from

IV (1) | Lo (1) [P

- p2
< Y e sup (27207 | (00)])
ﬁEN% BENg

< & ] Lo 22l (1, )] 1P

that V is linear and bounded. With = s — d (p% — p%) we have the
decomposition

trp =V oido U : BiL*R?) — Ly, (I) (6.13)
where

id t 1og[27 %P1 (27010)] — 1o [2727P L (101)]
is the identity operator and the final outcome is independent of ambiguities
in the non-linear construction @f.
Recall that if By, By, B3 are quasi-Banach spacesXf € L(Bj, Bs)
andR € L(Bs, Bs) then for allk,l € N,

erti-1(R o X) < ex(R) er(X), (6.14)

see [4, Lemma 1.3.1/1]. This is the so-called multiplication property for
entropy numbers.
Using (6.14) and Theorem 6.2 it follows from (6.13) that there exists a
constant: > 0 such that for alk € N
o)

ex(trr : BELA(R?) — L, (') < ck 4

p1q

ThiTh (6.15)

and this completes the proof(f < p; < ps < oo since we have only to
insert (6.1) in (6.15).

Let now0 < ps < p1 < oo. The desired estimate follows now from the
above considerations wifh = p, and the embedding,, (I") — L, (I").

6.2 Proof of Theorem 4.1/(i)

Step 1. Equivalent norms itV (R2) = W1 %(R2)

Lemma 6.3 Lett;, t2 € N and A the operator from (4.3).

1. There exists a constaat> 0 such that{ Au, u) &2y > ¢|lu| Lo(R?)]|
for anyu € Ly(R?).

2. There exist two constants, ¢, > 0 such that

e [lu | Wy (R?)|I? < (Au, u) w2y < e [lu] Wy (R,
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Proof. of Lemma 6.3.et p € C§°(R?). After integration by parts we have

t (g 2 t2 (2 2
(AQD,QO)LQ(RQ):/RQ ( 0 90( ) 0 (10( ) +|¢(x)’2> dx

oz dxk?

and the conclusion of the lemma follows immediately using the density
of C5°(R?) in Ly(R?) and in W5 *(R?), and the definition of the space
Wy (R?), see (2.1).
Step 2. By Lemma 6.3 the operatetis positive definite as an operator act-
ing in Ly (R?) and we may fix the norm ifiy * (R?) by | A'/2(-) | Ly (R?)]|
and a corresponding scalar product.

Slncetl, ty € Nitfollows that the mean smoothnessee (2. 2) satisfies

t > 1> 24, Using the elementary embeddiig, * (R?) < B, 2 “(R2)
and (3. 10) there exists a constant 0 such that

ltrrf | Lo(D)|| < el f | W, (R?)|| forany fe W,"(R?). (6.16)
Defining

/ F() g du(y) forany f, g€ Wh(R?),

it is clear thatg(-, -) is a non-negative quadratic form I, “(R?). Then
there exists a non-negative and self adjoint oper&toniquely determined
such that

a(f.9) = (Tf. )o@ forany f.geWwy*(R),
see for example [31, p. 91] . Furthermore,
[trrf | La(D)|| = VT £ | W5 (R?)] (6.17)

where/T = T'/2 and this proves (4.5).
So it remains to prove that the above operator is the same as in (4.4). Let
f e Wi*(R?) andp € D(R?). Then

/F F) e du(y) = (Tf,9)yraggay = (AV2TF, AYV20) 1, 2y

= (AT}, ¢) Ly (6.18)

the second equality in (6.18) being justified by the fact that we fixed the
scalar product i,*(R?) by
(4, 0) a2y = (A0, AV20) 1, o).

Considered as a dual pairing (f(R?), D'(R?)) we obtainAT f = tr!'f
and (4.6) follows, see also [32, Theorem 27.15/Step 1].
This completes the first part of the proof of Theorem 4.1.
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6.3 Proof of the estimate (4.7)

Step 1. Entropy numbers and eigenvalues.
Let B be a complex quasi-Banach space &hd L(B) a compact map.

We know from [4, Theorem 1.2] that the spectruméf apart from
the point O, consists solely of eigenvalues of finite algebraic multiplicity:
let {\x(U) : k € N} be the sequence of all non-zero eigenvalue# pf
repeated according to algebraic multiplicity and ordered so that

MO = [AU)] = ... 0. (6.19)

If U has onlym(< oo) distinct eigenvalues and/ is the sum of their
algebraic multiplicities, we puk,(U) = 0 for k > M.

The following connection between the eigenvalues of the opeiasod
its entropy numbers will be used:
LetU and{\;(U) : k € N} as above. Then

Me(U)] < V2e, (D). (6.20)
This result was proved by B. Carl in [2], see also [4, Theorem 1.3.4].
Step 2. The operatofl” acting inWQt’“(R2) can be factored by
T = id3 o A~ 0idy o trp o id; where
idy : Wy (R?)  — B;?d “(R?)
trp: By “(R?) = Lo(T)

—d

_2-d,
idy: La(I')  — B, ” "(R?)

_2-d _2-d
AT B2 R - B P (RY)
_2-d
ids: Bo 2 Y(R%) = WEYR?). (6.21)

Sincet > 1 > 254 the embeddingd; in the first line of (6.21) is the
elementary embedding (2.3). Sinie— % > t the embeddingds is also
a consequence of the elementary embedding (2.3). The boundedness of
in the second line of (6.21) is justified by Theorem 3.10 and the embedding
ids is justified by Theorem 3.9.

The boundedness of ! as indicated in the fourth line of (6.21) is a
consequence of the lift property of the operatigisee the considerations in
front of Theorem 4.1.

Step 3. Letg € WQt’“(R2) be an eigenfunction df'. Then it follows from
(6.21) thatg belongs also to

_2-d,
By 7 “(R?)
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and so it is an eigenfunction of the operaiorestricted to this space. Ob-
viously the converse is also true.

2—d
Hence the root systems considerediiy®(R?) and intgT’a(RQ)
coincide. Thenthe eigenvaluesibtonsidered in these spaces also coincide,
inclusively their multiplicities.
Using the multiplication property for entropy numbers, see (6.14), and
(6.21) there exists a constant- 0 such that for alk € N,

200

_2-d _2-d
ek <T= By * "(R?) — By ? 7G<R2>>

—d

_2-d
<ceg <trp : B;io 7 NR?) - L2(F)> .

Inserting in Theorem 6., = po = 2, ¢ = co ands + Z%d =2 — %
we have from the last inequality

2t—25%a o 2t-25%a o —1(2t—2+d)
ex (T: By 2 “(R?) — By 2 “(R?)) <cka . (6.22)

The estimate (4.7) is now a simple consequence of (6.22) using Carl’s in-
equality (6.20).

6.4 Proof of the estimate (4.8)

Step 1. Approximation numbers and eigenvalues of operators acting in
Hilbert spaces.
We recall the definition of the approximation numbers. Bet B, be
two quasi-Banach spaces andletc L(B;, B2). Then given any: € N,
the kth approximation numbet; (U) of U is defined by

ap(U) =inf {||U — L|| : L € L(By,Ba), rank L < k}

whererank L is the dimension of the range 6f Usually the approximation
numbers are denoteg,(U). The above notation is used only to avoid any
possible confusion between these numbers and the anisatrepy:; , a2).

We do not want to discuss here properties of approximation numbers,
this is done in [4, Lemma 1.3.1/2], [4, Remark 1.3.1/6] and [3, Sect. 11.2.3].

We only want to mention that approximation numbers have important
connections with eigenvalues, the picture being clearest in a Hilbert space
setting.

Theorem 6.4 Let H be a Hilbert space and |df € L(H) be a compact,
non-negative and self adjoint operator. Then the approximation numbers
ai(U) of U coincide with its eigenvalues (ordered as in (6.19)).
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A proof can be found in [3, Sect. 11.5.10], see also [4, p.21].

Step 2. If one applies Theorem 6.4 then the estimate (4.8) is covered by
the next Proposition.

Proposition 6.5 Let0 < d < 2, letI" be a proper regular anisotropig-set,
and letT be the compact, non-negative, self adjoint operath@“(RQ)
defined in (4.4).

There exists a constamt > 0 such that the approximation numbers
o (VT) of VT = T'/? can be estimated by

ar(VT) > ck~a(st-1) | peN. (6.23)

Proof of Proposition 6.5Let 27! be the centre of the rectanglg; of side
lengthsr/", 13" and letV; ~ 274 having the same meaning as in Theorem
3.4.

Let » a non-negatives™> function onR? with support in{z € R? :
@] <1, |z2| < 1}.

We may assumep(z)| > 6 > 0if |z1| < 5, |xa] < sewhere) < » < 1
is the number from Definition 3.7 of a proper set.

If
2z — ) 2(zg — 28
pii(x) = ¢ ( T R S

L1 T3

thensupp p;; C Rj;. Furthermore, there exist two constanitsc, > 0 such
that

2

Nj Nj N
1279 Ceal? < | e | La(D)|| <2279 “eq*  (6.24)
=1 =1 =1

for any complex numbers;; and for anyj € Ng andl = 1, ..., N;. Indeed,
using (3.7) we have

2
N; N;
S cpenlLa0)| =30 [ el len() P duta)
=1 1=1 Y I'NRj

N; N
>3 leul? 6% w(I N 3Rjr) > 2794 " ey
=1 =1

and this is the first inequality in (6.24). The second part of (6.24) is a simple
consequence of (3.5).
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Remark now thatifi € Ny is fixed and € {1, ..., N;} then2=7 (=D,
is an anisotropi¢t, 2) atom inWﬁ’”(RQ). Hence, using the atomic decom-
position theorem withy = ¢ = 2 we have

N, 1/2
J
gy | W3 (R < c27CD 1S " epf? (6.25)
=1
for any functiong; of type
Nj Nj
0= Y e =P Y e (27 Veq) (6.20)
=1 =1
the constant > 0 in (6.25) being independent gf [ and of the complex
numbers:;;.
By (6.17), (6.24) and (6.25) we find a constagsuch that

1/2

N;
_sd
IVTg; [ Wy (R ~ 2792 [ > el
=1

> 092795 |l g; [ WEARY)|. (6.27)

There exists an operatdr = L(N;) in Wy *(R?) with rank L < N;
such that

1 .
an,(VT) 2 VT - L] = S eo27 ()

wherecy is the number from the last line in (6.27).

We may assume that the dimension of the span of the admitted functions
g; in (6.26) is larger thaV; ~ 274,

Then there exists a functiay) of type (6.26) inWQt’“(Rz) such that

lg; | Wa*(R?)|| = 1 andLg; = 0. It follows

a 1 —q é —
an,(VT) = |VTg; — Lg; | Wy (®)]| = 5 o277 (377
> ¢ 279 (5+-1) (6.28)

wherecy > 0 is independent of. Using elementary properties of the ap-
proximation numbers it is easy to see that (6.28) implies (6.23) and this
completes the proof of the theorem.
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