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Abstract. We consider differential operators of type

Au(x) = u(x) + (−1)t1
∂2t1u(x)
∂x2t1

1
+ (−1)t2

∂2t2u(x)
∂x2t2

2
,

x = (x1, x2) ∈ R
2,

and Sierpinski carpetsΓ ⊂ R
2.

The aim of the paper is to investigate spectral properties of the fractal
differential operatorA−1 ◦ trΓ acting in the anisotropic Sobolev space
W

(t1,t2)
2 (R2) wheretrΓ is closely related to the trace operatortrΓ .

Mathematics Subject Classification (1991):35P15, 46E35, 28A90

1 Introduction

LetΩ be a bounded domain inRn havingC∞ boundary∂Ω, let(−∆)−1 be
the inverse of the Dirichlet Laplacian inΩ, letW 1

2 (Ω) be the usual Sobolev

space, and let
◦
W1

2(Ω) = {u ∈ W 1
2 (Ω) : u|∂Ω = 0}.

Let Γ be some compact fractal with|Γ | = 0 andΓ ⊂ Ω. The operator
trΓ , closely related to the trace operatortrΓ , is defined by

(trΓ f)(ϕ) =
∫
Γ
(trΓ f)(γ) (ϕ|Γ )(γ) dµ(γ), ϕ ∈ D(Ω), (1.1)

whereµ is the Radon measure underlying the fractalΓ .
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The distribution of the eigenvalues of the operator

B = (−∆)−1 ◦ trΓ (1.2)

acting in the Sobolev space
◦
W1

2(Ω) is a topic extensively treated in the book
[32] of H. Triebel.

These investigations are motivated in a natural way by the so-called
fractal drums. Ifλk, k ∈ N, are the positive eigenvalues of(−∆)−1 ◦ trΓ ,
ordered by magnitude and counted with respect to their multiplicities, then

ηk = λ
− 1

2
k are the eigenfrequencies of a vibrating membrane (interpreted

as the bounded domainΩ), fixed at its boundary, having the whole mass
concentrated on the fractalΓ ⊂ Ω.

We want to mention here that the notion of fractal drums has several
meanings. As for the intention described above (which is that from [32]) to
study fractal membranes in smooth domains, we know only a few further
papers in literature, see T. Fujita [14], K. Naimark and M. Solomyak [20]
and [21], M. Solomyak and E. Verbitsky [26], and the more recent article
of D. E. Edmunds and H. Triebel [5].

Further results on the vibrations of “fractal drums” are obtained in dif-
ferent settings. Maybe the best known version is connected with the study of
the Laplacian on a fractal, as it is done for example in the works of J. Kigami
and M. L. Lapidus, see [16] and [17] and the relevant references therein.

A detailed discussion on these different aspects concerning fractal drums
can be found in [32], especially in Sects. 26.2 and 30.1-30.5, where one can
find also comprehensive references extending the subject.

Let 0 < d < n. ThenΓ is called ad-set if there are a Radon measure
µ in R

n and two positive numbersc1 andc2 such that for all ballsB(γ, r)
centred atγ ∈ Γ and of radius0 < r < 1,

supp µ = Γ and c1 r
d ≤ µ(B(γ, r)) ≤ c2 r

d. (1.3)

The notion of (isotropic)d-set occurs both in the theory of function
spaces and in fractal geometry, see [15], [32], [6], [7].

ConsideringΓ ad-set withn− 2 < d < n (0 < d < 1 if n = 1) it turns
out that the fractal differential operator from (1.2) is compact, non-negative,

and self adjoint operator in
◦
W1

2(Ω); its positive eigenvaluesλk(B), repeated
according to multiplicity and ordered by their magnitude, can be estimated
by

λk(B) ∼ k−δ , k ∈ N, (1.4)

whereδ = (2−n+d)/d > 0, see [32, Theorem 30.2] for proofs and details.

Concerning the determination of the eigenvalues, even under the restric-
tion of self similarity for the fractalΓ , there is no hope to refine (1.4) by an
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asymptotic assertion of typeλk(B) = ck−(2−n+d)/d(1 + o(1)), k → ∞,
see the discussion in [26] (forn = 1) and [32, Sect. 30.4].

Of course the eigenvalues and eigenfunctions of the operatorB can
depend onΩ but, as proved in [32, Theorems 30.2,28.6], it turns out that
this is not the case for the exponent−δ in (1.4).

Motivated by these observations one can replace the inverse of the Dirich-
let Laplacian(−∆)−1 by (−∆ + id)−1 in R

n or, more generally, by a
pseudo-differential operatorb(x,D) belonging to some Ḧormander class
Ψ−κ

1,	 (Rn) with κ > 0 and0 ≤ $ ≤ 1, and obtain counterparts of (1.4) for
the eigenvalues of the new fractal differential operator, see [32, Sects. 27,28]

New effects appear whenΓ is replaced by anisotropicd-sets inR
2 as in

[32, Definition 5.2]. In this case instead of (1.4) one has for the eigenvalues
of B only two side estimates of type

C1 k
−ω1 ≤ λk(B) ≤ C2 k

−ω2 (1.5)

for appropriate positive numbersω1 andω2 with ω1 ≥ 1 ≥ ω2, see [32,
Theorem 30.7].

However the exponents in (1.5) are not equal in the general case, see
the precise formulation in [32, Theorem 30.7]. Some improvements of (1.5)
were discussed in [11].

The fact that the two exponents in (1.5) are not equal in the case of general
anisotropicd-sets should be not a big surprise since one can imagine that the
different nature of the (isotropic) operator−∆and the (anisotropic) structure
of Γ would cause difficulties, see also the discussion in [32, Sect. 4.16].

We will consider here only regular anisotropic fractalsΓ in R
2.

The aim of this paper is to show that sharp estimates of typeλk ∼ k−δ

for the eigenvalues of operators of typeA−1◦trΓ as in (1.2) can be obtained
if there is a certain compatibility between the anisotropy of the fractalΓ
and the ”anisotropy” of the differential operatorA.

Let 0 < d < 2 and leta = (a1, a2) with 0 < a2 ≤ a1 < ∞, a1 + a2 =
2. A regular anisotropicd-set with respect to the anisotropya is, roughly
speaking, a compact setΓ ⊂ R

2 which can be covered for anyj ∈ N0
with Nj ∼ 2jd disjoint rectangles having sides parallel to the axes and with
side lengthsrj,l1 , rj,l2 , l = 1, ..., Nj satisfyingrj,li ∼ 2−jai for i = 1, 2 (the
equivalence constants being independent ofj, l, i), cf. [32, Sect. 4.18] and
see the precise definition in Sect. 3. Those fractals, usually called Sierpinski
carpets in fractal geometry, see for example [19] and [7, Example 9.11], are
in fact anisotropic generalisations of the Cantor set in the plane.

LetΓ ⊂ R
2 be a regular anisotropicd-set with respect to the anisotropy

a = (a1, a2) as described above. Lett1, t2 ∈ N be such thatt1a1 = t2a2 =
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t. Considering the semi - elliptic differential operator

Au(x) = (−1)t1
∂2t1u(x)
∂x2t1

1
+ (−1)t2

∂2t2u(x)
∂x2t2

2
+ u(x), x = (x1, x2) ∈ R

2,

andtrΓ the trace operator in the interpretation (1.1), the main objective of
our work is to study spectral properties of the operatorA−1 ◦ trΓ acting in
the anisotropic Sobolev spaceW (t1,t2)(R2).

We will show thatA−1 ◦ trΓ is compact, non-negative, and self adjoint
in W (t1,t2)(R2) and that there exist constantsc, C > 0 such that its pos-
itive eigenvalues, repeated according to multiplicity and ordered by their
magnitude, can be estimated by

c k− 1
d
(d+2t−2) ≤ λk(A−1 ◦ trΓ ) ≤ C k− 1

d
(d+2t−2) , k ∈ N. (1.6)

The precise formulation of (1.6) is contained in Theorem 4.1.

We think that the proof of Theorem 4.1, in particular of the proof of the
estimates (1.6), is of interest for its own sake.

First it is proved that theLp- spaces on the regular anisotropic fractalΓ
can be identified with certain subspaces of some anisotropic Besov spaces,
see the precise formulations in Sect. 3.

The results in Sect. 3 are not only anisotropic counterparts of the results
obtained in [33] (where H. Triebel and H. Winkelvoß proved that there
is a perfect link betweenLp- spaces on isotropicd-sets and the Fourier
analytically defined - isotropic - Besov spacesBs

pq on R
n, see also [32,

Theorems 18.2,18.6]), but they play a key role in the proof of the main
result of this paper, see Theorem 4.1 and the proof in Sect. 6.

Secondly, the methods how the two sides of (1.6) are obtained are rather
different.

Using the subatomic decomposition theorem for anisotropic function
spaces from [10] we estimate the entropy numbers of some embeddings
between function spaces. These estimates generalise to the anisotropic case
Theorems 20.5, 20.6 from [32] and complement Theorem 22.2 in [32]; to
return to the eigenvalues and to the proof of the estimate from above in (1.6)
one has then only to apply Carl’s inequality (see [2]).

To prove the estimate from below in (1.6) we investigate the approxi-
mation numbers of the operator(A−1 ◦ trΓ )1/2 and here we use the atomic
decomposition theorem in anisotropic function spaces proved in [10].

Briefly about the organising of the paper.
We start (in Sect. 2) with a collection of basic facts concerning anisotropic

Besov and Sobolev spaces. Regular anisotropicd-sets andLp- spaces on such
fractals are presented in Sect. 3. The main result is formulated in Sect. 4.
Proofs are given in Sects. 5 and 6.
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As usualN are the natural numbers andN0 = N ∪ {0}. For a normed or
quasi-normed spaceX we denote by‖x |X‖ the norm of the vectorx. The
embedding of the quasi-normed spaceX into the quasi-normed spaceY is
denotedX ↪→ Y .

All unimportant positive constants are denoted withc, occasionally with
additional subscripts within the same formulas.

2 Basic facts on anisotropic function spaces

If 1 < p < ∞ and(s1, s2) is a pair of natural numbers then the classical

anisotropic Sobolev spaceW (s1,s2)
p (R2) is the collection of all tempered

distributionsf ∈ S′(R2) such that

‖f |W (s1,s2)
p (R2)‖ = ‖f |Lp(R2)‖+

∥∥∥∥∂s1f

∂xs1
1

|Lp(R2)
∥∥∥∥+∥∥∥∥∂s2f

∂xs2
2

|Lp(R2)
∥∥∥∥

(2.1)
is finite. In contrast to the usual (isotropic) Sobolev space (s1 = s2) the
smoothness properties of an element fromW

(s1,s2)
p (R2) depend on the cho-

sen direction inR2.
The numbers defined by

1
s

=
1
2

(
1
s1

+
1
s2

)
(2.2)

is usually called the ”mean smoothness” anda = (a1, a2), wherea1 = s
s1

,
a2 = s

s2
, characterises the anisotropy. Sometimes we will use the notation

W s,a
p (R2) for these spaces.

A pair a = (a1, a2) with 0 < a1, a2 < ∞ anda1 + a2 = 2 is called an
anisotropy.

If a = (1, 1) then we speak about the”isotropic case”.
Let 1 < p < ∞, s ∈ R ands1 = s

a1
ands2 = s

a2
.

Anisotropic Bessel potential spaces, or fractional Sobolev spaces, de-
fined by

Hs,a
p (R2)

=
{
f ∈ S′(R2) :

∥∥∥∥(((1 + ξ2
1)

s1
2 + (1 + ξ2

2)
s2
2 )f̂

)∨ |Lp(R2)
∥∥∥∥ < ∞

}
generalise in a natural way the above spaces (as usual,f̂ , f̌ are respectively
the Fourier and the inverse Fourier transform off ∈ S′(R2)).

We recall now the definition of anisotropic Besov spaces onR
2.
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First we fix some notation. The action ofθ ∈ [0,∞) onx = (x1, x2) ∈
R

2 is defined by the formula:

θax = (θa1x1, θ
a2x2) .

For θ > 0 ands ∈ R let θsax = (θs)ax. In particular letθ−ax = (θ−1)ax
and2−jax = (2−j)ax.

Forx = (x1, x2) ∈ R
2, x /= 0, let |x|a be the unique positive numberθ

such that
x2

1
θ2a1

+
x2

2
θ2a2

= 1

and let |0|a = 0. By M. Yamazaki, [35, Theorem 1.4/3,8],| · |a is an
anisotropic distance function inC∞(R2\{0}). Remark that in the isotropic
case|x|a is the Euclidean distance ofx to the origin.

Let ϕ0 aC∞ function onR
2, ϕ0(x) = 1 if |x|a ≤ 1, suppϕ0 ⊂ {x ∈

R
2 : |x|a ≤ 2} andϕj(x) = ϕ0(2−jax) − ϕ0(2(−j+1)ax) if j ∈ N. Then

∞∑
j=0

ϕj(x) = 1 if x ∈ R
2 and (ϕj)j∈N0 is a smooth anisotropic dyadic

resolution of unity, cf. [24, Sect. 4.2].

Let 0 < p ≤ ∞, 0 < q ≤ ∞, s ∈ R. The anisotropic Besov space
Bs,a

pq (R2) consists of all tempered distributionsf ∈ S′(R2) for which the
quasi-norm

‖f |Bs,a
pq (R2)‖ =

 ∞∑
j=0

2jsq‖(ϕj f̂)∨ |Lp(R2)‖q
1/q

(with usual modification ifq = ∞) is finite.
These are quasi-Banach spaces (Banach spaces ifp ≥ 1 andq ≥ 1)

which are independent of the choice of(ϕj)j∈N0 .
The spaceHs,a

2 (R2) = Bs,a
22 (R2) is the anisotropic fractional Sobolev

space. In particular, ifs1 = s
a1

and s2 = s
a2

are natural numbers then
Bs,a

22 (R2) = W s,a
2 (R2).

Directly from the definition we have

Bs+ε,a
pq0 (R2) ↪→ Bs,a

pq1(R
2) if ε > 0, (2.3)

for anys ∈ R, any0 < p ≤ ∞ and any0 < q0, q1 ≤ ∞ see [28, Proposition
2.3.2/2]. Anisotropic function spaces ofF s,a

pq (R2) type,0 < p < ∞, are
defined changing the roles of the spacesLp(R2) andlq in the above definition
but we do not stress this point here.

The above spaces are denotedBs
pq(R

2) in the isotropic case. A systematic
treatment of the theory of isotropicBs

pq(R
2) andF s

pq(R
2) spaces may be

found in the books of H. Triebel [28], [30].
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ΛNQ

2−κa2

2−κa1

Λ1Q

Fig. 1.

Anisotropic function spaces have been studied in great detail by S. M.
Nikol’skij, see [22], and by O. V. Besov, V. P. Il’in and S. M. Nikol’skij,
see [1]. In [10] we have given a longer list of contributions to the theory of
anisotropic function spaces.

3 Lp- spaces on anisotropic Cantor sets

3.1 Regular anisotropicd-sets inR2

Example 3.1 The Sierpinski carpet.Let Q = [0, 1] × [0, 1] and letlog be
taken with respect to the base 2, let1 < K2 ≤ K1 be natural numbers and
let

κ =
1
2

log(K1K2) , a1 =
logK1

κ
, a2 =

logK2

κ
. (3.1)

In particular0 < a2 ≤ a1 < ∞, a1 + a2 = 2, anda = (a1, a2) is an
anisotropy.

Let (Λm)Nm=1 beN ≥ 2 contractions ofR2 into itself specified by

Λm : x = (x1, x2) �→ (ηm1 2−κa1x1 , η
m
2 2−κa2x2) + xm (3.2)

for everym = 1, ..., N whereηm1 , ηm2 ∈ {−1,+1} (including possible

reflections). We assumeΛmQ ⊂ Q for all m = 1, ..., N ,Λm

◦
Q ∩Λm′

◦
Q=

∅ if m /= m′ and
N∑

m=1
volΛmQ < 1. For example, we suppose that the

rectanglesΛmQ are located in the columns as indicated in Fig. 1.
Let

ΛQ = (ΛQ)1 =
N⋃

m=1

ΛmQ ; (ΛQ)0 = Q ;
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(ΛQ)ν = Λ
(
(ΛQ)ν−1) =

⋃
1≤m1,...,mν≤N

Λm1 ◦ ... ◦ ΛmνQ ; ν ∈ N.

This sequence of sets is monotonically decreasing and by [6, Theorem 8.3]
its limit

Γ = (ΛQ)∞ =
⋂
ν∈N

(ΛQ)ν = lim
ν→∞(ΛQ)ν (3.3)

is the uniquely determined fractal generated by the contractions(Λm)Nm=1.
Fractals constructed in this way are anisotropic generalisations of the

Cantor set inR
2 and were called Sierpinski carpets in [19] or regular

anisotropic fractals in [32, Sect. 4.18].
The Hausdorff dimension for this type of fractals was computed in [19],

see also [7, Example 9.11]. We want to remark that it depends not only on the
number of rectangles selected at each stage but also on their relative position,
more precisely it depends onK1,K2 and on the number of rectanglesΛmQ
selected in each column.

Let (Λm)Nm=1 be theN ≥ 2 affine maps introduced in (3.2). Theaffine
dimensionof Γ = (ΛQ)∞, see [32, Definition 4.12], is the uniquely deter-
mined positive numberd = dimAΓ such that

N∑
m=1

(volΛmQ)d/2 = 1. (3.4)

In what follows we give the definition of regular anisotropicd-sets and
after that we will show that Sierpinski carpets are typical examples of those
sets.

If j ∈ N0 andNj ∈ N0 we deal with sets of open rectangles{Rjl :
l = 1, ..., Nj} in R

2 having sides parallel to the axes; the side length of the
rectangleRjl with respect to thexi - axis is denoted byrj,li wherei = 1, 2.
We will always assume that the side lengths of the rectanglesRjl are ordered
in the same way, for examplerj,l1 ≤ rj,l2 for anyj ∈ N0 and anyl = 1, ..., Nj .

Definition 3.2 LetQ be a cube inR2 with side length 1, let0 < d < 2, let
a = (a1, a2) a given anisotropy and letc1, c2 > 0 given numbers.

LetN0 = 1 and for anyj ∈ N letNj be a natural number satisfying

c1 2jd ≤ Nj ≤ c2 2jd.

A compact setΓ ⊂ R
2 is called a regular anisotropicd-set (with respect

to the anisotropya) if for any j ∈ N0 there exists a finite sequence of open

rectangles{Rjl : l = 1, ..., Nj} having sides parallel to the axes,R01 =
◦
Q,

such that:
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(i) there exists a constant0 < c0 ≤ 1 such that for allj ∈ N0 and all
l = 1, ..., Nj

(c02−j)ai ≤ rj,li ≤ 2−jai , i = 1, 2;

(ii) if l /= l′ thenRjl ∩ Rjl′ = ∅;
(iii) for any rectangleRj+1,k there exists a rectangleRjl , l = l(k), such
thatRj+1,k ⊂ Rjl ;
(iv) for anyj ∈ N0 and anyl = 1, ..., Nj

(volRjl)
d
2 =

∑
Rj+1,k⊂Rjl

(volRj+1,k)
d
2 ;

(v) Γ =
∞⋂
j=0

Nj⋃
l=1

Rjl .

Remark 3.3If there exists a number0 < c ≤ 1 such thatc2−2j ≤ volRjl ≤
2−2j for anyj ∈ N0 and anyl = 1, ..., Nj , and if condition (i) in the above
definition is replaced by:

(i*) there exists a number0 ≤ ε ≤ 1 (called the anisotropic deviation)
and a numberj0 ∈ N0 such that the side lengthsrj,l1 andrj,l2 of the rectangle
Rjl satisfy

2−j(1+ε) ≤ rj,l1 ≤ rj,l2 ≤ 2−j(1−ε)

for any j ≥ j0 and any l = 1, ..., Nj

then we obtain the definition of an anisotropicd-set (with anisotropic devi-
ationε) as it was given by H. Triebel in [32, 5.2].

Theorem 3.4 Leta1, a2 defined in (3.1) and letΓ be the Sierpinski carpet
generated by the contractions (3.2).

If Γ has affine dimensiond according to (3.4) thenΓ is a regular
anisotropicd-set with respect to the anisotropya = (a1, a2).

Proof. By construction we have0 < d < 2 andN = 2κd. It is clear that
for anyν ∈ N and anym1, ...,mν ∈ {1, ..., N} the setΛm1 ◦ ... ◦ΛmνQ is
a rectangle having sides parallel to the axes and having side lengths2−νκa1 ,
2−νκa2 ; the number of such rectangles isNν = 2νκd.

If j ∈ N let ν = ν(j) =
[
j
κ

]
+ 1, letNj = Nν(j) and let

{Rjl : l = 1, ..., Nj} = {Λm1 ◦ ... ◦ Λmν

◦
Q : 1 ≤ m1, ...,mν ≤ N}.
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Fig. 2.

Clearly we find two constantsc1, c2 > 0 such thatc1 2jd ≤ Nj ≤ c2 2jd for
anyj ∈ N. Furthermore, the side lengthsrj,l1 andrj,l2 of the rectangleRjl

satisfyrj,l1 ≤ rj,l2 and

(c02−j)ai ≤ rj,li ≤ 2−jai with i = 1, 2,

wherec0 = 2−κ. Using (3.4) it is easy to see that all the other required
properties are satisfied.

Theorem 3.5 ([32, Theorems 5.5,4.15]) LetΓ be a regular anisotropic
d-set with respect to the anisotropya = (a1, a2) and let{Rjl : j ∈ N0 , l =
1, ..., Nj} be the rectangles from Definition 3.2. Then there exists a Radon
measureµ in R

2 uniquely determined withsupp µ = Γ and

µ(Γ ∩ Rjl) = (volRjl)d/2 for all j ∈ N0 and all l = 1, ..., Nj .
(3.5)

Example 3.6In specification of the situation in Fig. 1 we suppose now that
in each column precisely one rectangleΛmQ is located. LetK1

K2
= 2k+1 for

somek ∈ N and let the rectanglesΛmQ be arranged as depicted in Fig. 2:
we choose in (3.2) alwaysηm2 = 1 and we chooseηm1 = 1 in the firstK2
columns,ηm1 = −1 in the secondK2 columns (additional reflection) then
againηm1 = 1 in the thirdK2 columns and so on, see Fig. 2.

Under these assumptions the resulting Sierpinski carpet fractalΓ is the
graph of a continuous function, for a proof see [32, Sect. 4.21]. It is clear
thatΓ may be interpreted as a generalisation of Hironaka’s curve (briefly
presented in [19]).

Moreover,Γ is an isotropicD-set, see (1.3), whereD = dimHΓ =
2 − a2/a1, see [32, Sects. 4.22, 4.23]. It is not difficult to see thatΓ is a
regular anisotropicd-set withd = a1.



Fractal semi-elliptic differential operators 301

Comments. As remarked in [32, Sects. 4.14,4.22] if the anisotropya =
(a1, a2) is non-trivial, that meansa = (a1, a2) /= (1, 1), then the number
d from (3.4) and the Hausdorff dimension dimHΓ (computed in [19]) of
the Sierpinski carpetΓ , see (3.3), generated by the contractions defined in
(3.2), are completely unrelated.

Furthermore, Example 3.6 shows that it can happen that the regular
anisotropicd-setΓ is also an isotropicd′-set withd /= d′.

From (1.3) we know that ifΓ is an isotropicd-set with underlying mea-
sureµ and if0 < κ < 1 then

µ(B(γ,κr) ∩ Γ ) ∼ µ(B(γ, r) ∩ Γ ) ∼ rd (3.6)

where the equivalence constants depend onκ but not onγ ∈ Γ and0 <
r ≤ 1.

For a regular anisotropicd-setΓ we have (3.5) but no counterpart of (3.6).
At least a weak version of (3.6) will be needed. If0 < κ < 1 thenκRjl

denotes the rectangle concentric withRjl and with side lengths respectively
κrj,l1 , κrj,l2 .

Definition 3.7 A regular anisotropicd-set equippedwithmeasureµaccord-
ing to Theorem 3.5 is called proper if there exist two numbers0 < κ < 1
and0 < c ≤ 1 such that

µ(Γ ∩ κRjl) ≥ c (vol Rjl)
d/2 , j ∈ N0 , l = 1, ..., Nj , (3.7)

where{Rjl : j ∈ N0 , l = 1, ..., Nj} are the rectangles fromDefinition 3.2.

Remark 3.8If Γ is a Sierpinski carpet generated by the linear contractions
(3.2), following the lines of the proof of [32, Proposition 5.13] it turns out

that if Γ ∩
◦
Q/= ∅ thenΓ is proper. Hence condition (3.7) is rather natural.

3.2 Embeddings in anisotropic Besov spaces

Let Γ be a regular anisotropicd-set with respect to the given anisotropy
a = (a1, a2). TheLp- spaces onΓ , 0 < p ≤ ∞, are introduced in the
usual way with respect to the underlying Radon measureµ onΓ according
to Theorem 3.5.

If 1 ≤ p ≤ ∞ any fΓ ∈ Lp(Γ ) will be interpreted as a tempered
distributionf ∈ S′(R2) given by:

f(ϕ) =
∫
Γ
fΓ (γ) (ϕ|Γ )(γ) dµ(γ), ϕ ∈ S(R2), (3.8)

whereϕ|Γ is the restriction ofϕ to Γ .
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Theorem 3.9 Let0 < d < 2 and letΓ be a regular anisotropicd-set inR
2

with respect to the anisotropya = (a1, a2). If 1 < p ≤ ∞ and 1
p + 1

p′ = 1
then (in the sense of (3.8))

Lp(Γ ) = {f ∈ B
− 2−d

p′ ,a
p∞ (R2) : f(ϕ) = 0 if ϕ ∈ S(R2) , ϕ|Γ = 0}.

(3.9)

We will restrict ourselves in Sect. 5.1 to the proof of the embedding
” ↪→” because only this part of the theorem will be used in the main result
of this work. The reverse embedding can be proved using the technique
from [33] (adapted to our anisotropic situation); for details one can see [8,
Theorem 3.11].

3.3 Traces

Assume thatΓ is a regular anisotropicd-set in R
2 with respect to the

anisotropya = (a1, a2). If ϕ ∈ S(R2) then trΓϕ = ϕ|Γ makes sense
pointwise. If0 < p, q < ∞ ands ∈ R then the embeddingtrΓB

s,a
pq (R2) ↪→

Lp(Γ ) must be understood as follows: there exists a positive numberc > 0
such that for anyϕ ∈ S(R2): ‖trΓϕ |Lp(Γ )‖ ≤ c

∥∥ϕ |Bs,a
pq (R2)

∥∥ .
SinceS(R2) is dense inBs,a

pq (R2) for 0 < p, q < ∞ this inequality can
be extended by completion to anyf ∈ Bs,a

pq (R2) and the resulting function
is denotedtrΓ f .

In addition, the equalitytrΓB
s,a
pq (R2) = Lp(Γ ) means that anyfΓ ∈

Lp(Γ ) is the trace of a suitableg ∈ Bs,a
pq (R2) on Γ and‖fΓ |Lp(Γ )‖ ∼

inf{‖g |Bs,a
pq (R2)‖ : trΓ g = fΓ }.

Theorem 3.10 Let 0 < d < 2 and letΓ be a regular anisotropicd-set
in R

2 with respect to the anisotropya = (a1, a2). If d
2 < p < ∞ and

0 < q ≤ min(1, p) then

trΓB
2−d

p
,a

pq (R2) = Lp(Γ ). (3.10)

We want to remark that in Sect. 5.2 we will prove only the embedding

trΓB
2−d

p
,a

pq (R2) ↪→ Lp(Γ ). Only this part of Theorem 3.10 will be used in
the main result of this paper. The reverse embedding can be proved using
the technique from [33], see also [8, Theorem 3.12].

As mentioned in the Introduction, Theorems 3.9 and 3.10 pave the way
to the main result of this work but they seem to be of independent interest
since they are anisotropic counterparts of Theorems 2 and 3 in [33], see also
[32, Theorems 18.2,18.6]. The extension of Theorem 3.10 to all0 < p < ∞
and the obtaining of a counterpart of Theorem 18.12 in [32] were discussed
in [8, Sect. 4.3].
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4 The main result

Let Γ be a regular anisotropicd-set with respect to the anisotropya =
(a1, a2).

In the sequel we shall not distinguish betweenfΓ as an element of some
Lp(Γ ) and as the distributionf belonging to someB−s,a

p∞ (R2) according to
(3.9) and (3.8).

To avoid any misunderstanding we emphasise that the trace operator has
two different meanings which we distinguish bytrΓ andtrΓ if extra clarity
is desirable. Let, for example,1 < p < ∞, then by (3.10)

trΓ : B
2−d

p
,a

p1 (R2) → Lp(Γ ) (4.1)

and if one applies in addition (3.9)

trΓ : B
2−d

p
,a

p1 (R2) → B
− 2−d

p′ ,a
p∞ (R2). (4.2)

The latter can be rephrased asking for an optimal extension oftrΓ con-
sidered as a mapping fromD(R2) into D′(R2) given by (1.1).

Let t1, t2 ∈ N and lett ∈ R defined from

1
t

=
1
2

(
1
t1

+
1
t2

)
.

Let A be the operator defined by

Au(x) = (−1)t1
∂2t1u(x)
∂x2t1

1
+ (−1)t2

∂2t2u(x)
∂x2t2

2
+ u(x) (4.3)

wherex = (x1, x2) ∈ R
2. Using elementary properties of the Fourier

transform we have

Au =
(
(1 + ξ2t1

1 + ξ2t2
2 )û

)∨

for anyu ∈ S′(R2).
It is well known, see for example [18], or it is easy to prove, thatA is a

lift operator for the scaleBs,a
pq (R2), s ∈ R, 0 < p ≤ ∞, 0 < q ≤ ∞.

More precisely,A maps any spaceBs,a
pq (R2) isomorphic ontoBs−2t,a

pq (R2)
and‖A(·) |Bs−2t,a

pq (R2)‖ is an equivalent quasi-norm onBs−2t,a
pq (R2).

The inverseA−1 of A has to be understood in this way.
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Theorem 4.1 Let0 < d < 2 and letΓ ⊂ Ω be a regular anisotropicd-set
with respect to the anisotropya = (a1, a2). LettrΓ be the trace operator in
the interpretation (4.2) and (1.1) whereastrΓ stands for the trace operator
according to (4.1).

Let t ∈ R such thatt1 = t
a1

∈ N and t2 = t
a2

∈ N and letA be the
operator from (4.3).

(i) The operator
T = A−1 ◦ trΓ (4.4)

is compact, non-negative, self adjoint inW (t1,t2)
2 (R2) and has null space

N(T ) = {f ∈ W
(t1,t2)
2 (R2) : trΓ f = 0}. (4.5)

Furthermore,T is generated by the quadratic form inW (t1,t2)
2 (R2)∫

Γ
f(γ) g(γ) dµ(γ) = (Tf, g)

W
(t1,t2)
2 (R2)

where f, g ∈ W
(t1,t2)
2 (R2),

(4.6)
andµ is the Radon measure according to Theorem 3.5.
(ii) There exists a constantC > 0 such that the positive eigenvaluesλk(T )
ofT , repeated according tomultiplicity and ordered by their magnitude, can
be estimated by

λk(T ) ≤ C k− 1
d
(d+2t−2) , k ∈ N. (4.7)

If, in addition,Γ is proper according to Definition 3.7 then there exists a
constantc > 0 such that

c k− 1
d
(d+2t−2) ≤ λk(T ) , k ∈ N. (4.8)

The main ideas of the proof of Theorem 4.1 were briefly mentioned in
the Introduction. The detailed proof is given in Sect. 6.

Remark 4.2The additional assumption onΓ to be proper in the estimate
(4.8) excludes by Remark 3.8 only pathological cases where the whole fractal
retreats in the boundary of the starting square.

Remark 4.3It is clear how one can definen-dimensional (n ≥ 2) regular
anisotropicd-sets, withn-dimensional Sierpinski carpets as standard ex-
amples. It will turn out that the proof of the above theorem can be done
in ann-dimensional setting using the same arguments. Considering then-
dimensional counterpart of the operatorA the estimates for the eigenvalues
would be (ifn − 2t < d < n)

c k− 1
d
(d+2t−n) ≤ λk(T ) ≤ C k− 1

d
(d+2t−n) , k ∈ N,

and this is in accord with [32, Theorem 28.6].
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Comments.Some interesting results can be obtained by specialisingt1 and
t2.

(i) If t1 = t2 = 1 thenA = −∆+id andΓ is an isotropicd-set (in particular
the Sierpinski carpet would be generated by the similarities(Λm)Nm=1).
Consequently,

c k−1 ≤ λk((−∆ + id)−1 ◦ trΓ ) ≤ C k−1 , k ∈ N.

(ii) If t1 = 1 andt2 = 2 then

Au(x) = −∂2u(x)
∂x2

1
+

∂4u(x)
∂x4

2
+ u(x), x = (x1, x2) ∈ R

2.

Operators of this type have been investigated by H. Triebel in [29], by
V. Shevchik in [25], and recently in [9]. ConsideringΓ a regular anisotropic
d-set with respect to the anisotropya =

(4
3 ,

2
3

)
we obtain:

c k− 1
d(d+ 2

3) ≤ λk(A−1 ◦ trΓ ) ≤ C k− 1
d(d+ 2

3) , k ∈ N.

This is accordance with the results obtained in [9].

5 Proofs of the results in Sect. 3

5.1 Proof of Theorem 3.9

As it was already mentioned we prove here only the embedding ”↪→” in
(3.9).

Let fΓ ∈ Lp(Γ ) and letf be given by (3.8). We prove thatf is an

element ofB
− 2−d

p′ ,a
p∞ (R2) and that for somec > 0

‖f |B− 2−d
p′ ,a

p∞ (R2)‖ ≤ c ‖fΓ |Lp(Γ )‖. (5.1)

If k is aC∞ function in R
2 with supp k ⊂ {y ∈ R

2 : |y|a ≤ 1} and
f ∈ S′(R2) then we introduce the local means (cf. [30, Formula 2.4.6/1])

k(t, f)(x) =
∫

R2
k(y) f(x + tay) dy = t−2

∫
R2

k(t−a(z − x)) f(z) dz

which make sense for anyf ∈ S′(R2) (appropriately interpreted).
In [10, Theorem 4.9] we obtained equivalent quasi-norms in anisotropic

function spaces using local means. In case of negative smoothness we can
weaken the assumptions used there; to do this we have only to repeat the
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arguments from [34, Theorem 3.1] and [33, Remark 6] and obtain for an
appropriateC∞ functionk onR

2 with supp k ⊂ {y ∈ R
2 : |y|a ≤ 1}:

‖f |B− 2−d
p′ ,a

p∞ (R2)‖ ∼ sup
j∈N0

(
2−j(2−d)/p′‖k(2−j , f) |Lp(R2)‖

)
. (5.2)

Let p < ∞; the modification of the following estimates are obvious if
p = ∞. Using the definition off and ofk(2−j , f) and applying Ḧolder’s
inequality there exists a constantc > 0 such that:

|k(2−j , f)(x)|
=
∣∣∣∣∫

R2
k(y) f(x + 2−jay) dy

∣∣∣∣
≤ 22j

∫
Γ

|k(2ja(γ − x))|1/p |fΓ (γ)| · |k(2ja(γ − x))|1/p′
dµ(γ)

≤ c 22j
(∫

Γ
|fΓ (γ)|p |k(2ja(γ − x))| dµ(γ)

)1/p

µ(Ba(x, 2−j) ∩ Γ )1/p
′

whereBa(x, 2−j) = {y ∈ R
2 : |y − x|a ≤ 2−j} ⊂ {y ∈ R

2 : |yi −
xi| ≤ c 2−jai , i = 1, 2}. By Theorem 3.4/(i)Ba(x, 2−j) has a nonempty
intersection with at mostN rectanglesRjl (l = 1, ..., Nj) whereN is
independent ofj. Using (3.5) we getµ(Ba(x, 2−j) ∩ Γ ) ≤ c′ 2−jd where
c′ > 0 is independent ofj. It follows

|k(2−j , f)(x)| ≤ c1 22j 2−jd/p′
(∫

Γ
|fΓ (γ)|p |k(2ja(γ − x))| dµ(γ)

)1/p

.

Using Fubini’s theorem we obtain

‖k(2−j , f) |Lp(R2)‖

≤ c1 22j 2−jd/p′
(∫

Γ
|fΓ (γ)|p dµ(γ)

∫
R2

|k(2ja(γ − x))| dx
)1/p

= c2 2j(2−d)/p′ ‖fΓ |Lp(Γ )‖ (5.3)

wherec1 andc2 are independent ofj ∈ N0. Clearly (5.3) and (5.2) lead to
(5.1).

It is easy to see that we can use the above technique also forp = 1 and
obtainL1(Γ ) ↪→ B0,a

1∞(R2) but this case is not especially interesting since
the dimensiond of Γ completely disappears in the smoothness parameter
of theB- space.
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5.2 Proof of Theorem 3.10

As it was already mentioned we prove here only the embedding

trΓB
2−d

p
,a

pq (R2) ↪→ Lp(Γ ).

A preparation: atomic decomposition in anisotropic function spaces.Let
a = (a1, a2) be a given two dimensional anisotropy and letZ

2 be the lattice
of all points inR

2 with integer-valued components. Ifν ∈ N0 andm =
(m1,m2) ∈ Z

2 we denoteQa
νm the rectangle inR2 centred at2−νam =

(2−νa1m1, 2−νa2m2) which has sides parallel to the axes and side lengths
respectively2−νa1 , 2−νa2 . Remark thatQa

0m is a square with side length 1.
If Qa

νm is such a rectangle inR2 andc > 0 thencQa
νm is the rectangle in

R
2 concentric withQa

νm and with side lengths respectivelyc2−νa1 , c2−νa2 .

If β = (β1, β2) ∈ N
2
0 the derivativesDβ have the usual meaning and

if x = (x1, x2) ∈ R
2 thenxβ = xβ1

1 xβ2
2 . The scalar product between the

anisotropya = (a1, a2) andβ is aβ = a1β1 + a2β2.

Definition 5.1 Lets ∈ R, 0 < p ≤ ∞,K,L ∈ R, c > 1.
A functionρ : R

2 → C for which there exist all derivativesDβρ if
aβ ≤ K (continuous ifK ≤ 0) is called an anisotropic(s, p)K,L-atom, if:

supp ρ ⊂ cQa
νm for some ν ∈ N and some m ∈ Z

2, (5.4)

|Dβρ(x)| ≤ 2−ν(s− 2
p
)2νaβ if aβ ≤ K, (5.5)∫

R2
xβρ(x)dx = 0 if aβ ≤ L. (5.6)

If conditions (5.4) and (5.5) are satisfied forν = 0 thenρ : R
2 → C is

called an anisotropic1K-atom.

If the atomρ is located atQa
νm (that meanssupp ρaνm ⊂ cQa

νm with
ν ∈ N0 , m ∈ Z

2, c > 1) then we will write itρaνm.

We give some technical explanations. The value of the numberc > 1 in
(5.4) is unimportant. It simply makes clear that at the levelν some controlled
overlapping of the supports ofρaνm must be allowed. IfK ≤ 0 then (5.5) is

|ρ(x)| ≤ 2−ν(s− 2
p
).

The moment conditions (5.6) can be reformulated asDβ ρ̂(0) = 0 if aβ
≤ L, which shows that a sufficiently strong decay ofρ̂ at the origin is
required. IfL < 0 then (5.6) simply means that there are no moment con-
ditions.

The reason for the normalising factor in (5.5) is that there exists a constant
c > 0 such that for all these atoms we have‖ρ |Bs,a

pq (R2)‖ ≤ c. Hence, as
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in the isotropic case, atoms are normalised building blocks satisfying some
moment conditions.

This construction generalises isotropic atoms as they are in the works of
M. Frazier and B. Jawerth, see [12] and [13].

If 0 < p ≤ ∞ and0 < q ≤ ∞ thenbpq is the collection of all sequences
λ = {λνm ∈ C : ν ∈ N0 ,m ∈ Z

2} such that

‖λ | bpq‖ =

 ∞∑
ν=0

∑
m∈Z2

|λνm|p
q/p


1/q

(with the usual modification ifp = ∞ and/orq = ∞) is finite. Clearlybpq
is a quasi-Banach space.

Theorem 5.2 Leta = (a1, a2) a given anisotropy witha2 ≤ a1.
Let 0 < p ≤ ∞, 0 < q ≤ ∞, s ∈ R and letK, L ∈ R such that

K ≥ a1 + s if s ≥ 0 andL ≥ 2(1
p − 1)+ − s.

Theng ∈ S′(R2)belongs toBs,a
pq (R2) if, andonly if, it canbe represented

as

g =
∞∑
ν=0

∑
m∈Z2

λνmρaνm , convergence being inS′(R2), (5.7)

whereρaνm areanisotropic1K-atoms (ν = 0) or anisotropic(s, p)K,L-atoms
(ν ∈ N) andλ ∈ bpq whereλ = {λνm : ν ∈ N0 ,m ∈ Z

2}.
Furthermore,inf ‖λ | bpq‖ where the infimum is taken over all admissible
representations (5.7), is an equivalent quasi-norm inBs,a

pq (R2).

A proof is given in [10, Theorem 3.3]. We will refer to the above theorem
as to the atomic decomposition theorem in anisotropic function spaces.

We return now to the proof of Theorem 3.10.
Let a = (a1, a2) be a given anisotropy witha2 ≤ a1. Let K,L given

numbers such thatK ≥ a1 + 2−d
p andL < 0. Letϕ ∈ S(R2).

We representϕ using the atomic decomposition theorem inB
2−d

p
,a

pq (R2):

ϕ =
∞∑
ν=0

∑
m∈Z2

λνmρaνm convergence in S′(R2),

whereρaνm is an anisotropic1K-atom (ν = 0) or an anisotropic(2−d
p , p)K,L-

atom (ν ∈ N) and

‖λ | bpq‖ ≤ c

∥∥∥∥ϕ |B
2−d

p
,a

pq (R2)
∥∥∥∥ . (5.8)
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In particular (5.5) withs = 2−d
p leads to|ρaνm(x)| ≤ 2νd/p.

For everyν ∈ N0 we denoteϕν =
∑

m∈Z2
λνmρaνm. Using the controlled

overlapping of the supports at the levelν we have:

‖ϕν |Γ |Lp(Γ )‖p =
∫
Γ

∣∣∣∣∣∣
∑
m∈Z2

λνmρaνm(γ)

∣∣∣∣∣∣
p

dµ(γ)

≤ c

∫
Γ

∑
m∈Z2

|λνm|p ·
∣∣∣2νd/p χ̃νm(γ)

∣∣∣p dµ(γ) ≤ c′ ∑
m∈Z2

|λνm|p (5.9)

where in the calculation above we denotedχ̃νm the characteristic function
of the rectanglecQa

νm whereρaνm is supported.
Applying now the triangle inequality for theLp- norm if p ≥ 1 or the

p- triangle inequality if0 < p < 1 and using the restriction onq we obtain
from (5.8) and (5.9):

‖ϕ|Γ |Lp(Γ )‖ ≤ c ‖λ | bpq‖ ≤ c′
∥∥∥∥ϕ |B

2−d
p

,a
pq (R2)

∥∥∥∥
and this shows, after a standard completion argument, thattrΓ is a well

defined linear and bounded operator fromB
2−d

p
,a

pq (R2) into Lp(Γ ).

It turns out that the embeddingtrΓB
2−d

p
,a

pq (R2) ↪→ Lp(Γ ) holds for all
0 < p < ∞ and all0 < q ≤ min(1, p).

6 Proof of Theorem 4.1

We start with a subsection which has a preparatory character.

6.1 Entropy numbers for traces on regular anisotropicd-sets

Let B1 andB2 two quasi-Banach spaces. The family of all linear bounded
operatorsU : B1 → B2 is denoted byL(B1, B2) or L(B1) if B1 = B2.

We will assume that the reader is familiar with the definition of the
entropy numbersek(U), k ∈ N, of a compact mapU ∈ L(B1, B2). This
definition is given, for example, in [4, Definition 1.3.1] where one can find
also comments and historical references.

In this subsection we will obtain estimates for entropy numbers of traces
on regular anisotropicd-sets. We think they are of independent interest
since they generalise to the anisotropic case the results from [32, Theorems
20.6,22.2].
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Theorem 6.1 Let0 < d < 2 and letΓ be a regular anisotropicd-set inR
2

with respect to the anisotropya = (a1, a2). Let0 < p1 ≤ ∞, 0 < p2 ≤ ∞,
0 < q ≤ ∞ ands ∈ R such that

δ+ = s − d

(
1
p1

− 1
p2

)
+
> 0. (6.1)

Then the trace operator

trΓ : B
s+ 2−d

p1
,a

p1q (R2) → Lp2(Γ ) (6.2)

is compact and there exists a constantC > 0 such that for allk ∈ N,

ek(trΓ : B
s+ 2−d

p1
,a

p1q (R2) → Lp2(Γ )) ≤ C k− s
d . (6.3)

Comments. We want to remark that if, in addition,Γ is proper according
to Definition 3.7 then there exists a constantc > 0 such that for allk ∈ N,

c k− s
d ≤ ek(trΓ : B

s+ 2−d
p1

,a

p1q (R2) → Lp2(Γ )). (6.4)

To prove (6.4) one has to use the technique from [32, Theorem 20.6]
adapted to our anisotropic situation. But we do not go into further details
here. The interested reader can find a proof of (6.4) in [8, Theorem 3.13 ].

We want to remark also that the assumption (6.1) is crucial for the com-
pactness of the operator in (6.2) and that this assumption cannot be weakened
by δ+ = 0, see [32, Sect. 20.7].

Proof. (Theorem 6.1). We need someprerequisites. If M ∈ N and0 <
p ≤ ∞ thenlMp has the usual meaning, see for example [4, Sect. 3.2.1].

Let d > 0, δ ≥ 0 and let(Mν)ν∈N0 be a sequence of natural numbers.
We will assume that there exist two positive numbersc1 andc2 with

c1 2νd ≤ Mν ≤ c2 2νd for every ν ∈ N0. (6.5)

Let 0 < p ≤ ∞ and0 < q ≤ ∞. Thenlq(2νδlMν
p ) denotes the linear space

of all complex sequencesb = {bνi : ν ∈ N0 , i = 1, ..., Nν} endowed
with the quasi-norm

‖b | lq(2νδlMν
p )‖ =

 ∞∑
ν=0

(
Mν∑
i=1

2νδp |bνi|p
)q/p

1/q

(6.6)

(obvious modification ifp = ∞ and/orq = ∞).
In case ofδ = 0 we writelq(lMν

p ) and if, in addition,p = q then we have
thelp spaces with the components ordered in the given way.
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Plainly, lq(2νδlMν
p ) consists of dyadic blocks of spaceslMν

p clipped to-
gether with the weights2νδ.

Let, in addition,r ≥ 0; then byl∞[2jrlq(2νδlMν
p )] we shall mean the

linear space of alllq(2νδlMν
p ) valued sequencesb = {bj : j ∈ N0} endowed

with the quasi-norm

‖b | l∞[2jrlq(2νδlMν
p )]‖ = sup

j∈N0

2jr‖bj | lq(2νδlMν
p )‖. (6.7)

Theorem 6.2 ([32, Theorem 9.2]) Letd > 0, δ > 0, r1, r2 > 0 andMν

with (6.5).
Let 0 < p1 ≤ p2 ≤ ∞, 0 < q1, q2 ≤ ∞ and letek be the entropy

numbers of the identity map

id : l∞[2jr1 lq1(2
νδlMν

p1
)] → l∞[2jr2 lq2(2

νδlMν
p2

)].

Then there exist two constantsc, C > 0 such that for allk ∈ N,

c k
− δ

d
+ 1

p2
− 1

p1 ≤ ek ≤ C k
− δ

d
+ 1

p2
− 1

p1 .

We return now to theproof of the estimate(6.3). Lets1 = s + 2−d
p1

.

We first assume0 < p1 ≤ p2 ≤ ∞. Replacing (if necessary)| · |a by
an equivalent anisotropic distance function we may assume that{x ∈ R

2 :
|x|a ≤ 2} ⊂ [−π, π]2.So we can use the subatomic decomposition theorem
in anisotropic function spaces, see [10, Theorem 3.7], and decompose any
f ∈ Bs1,a

p1q (R2) as

f =
∑
β∈N2

0

∞∑
ν=0

∑
m∈Z2

λβ
νm 2−ν

(
s1− 2

p

)
ψβ(2νax − m) (6.8)

whereψ is aC∞ function onR
2 with suppψ ⊂ 2aQa

00 and
∑

m∈Z2
ψ(x −

m) = 1 if x ∈ R
2, ψβ(x) = xβψ(x) and

sup
β∈N2

0

2r1aβ ‖λβ | bp1q‖ ≤ c ‖f |Bs1,a
p1q (R2)‖ (6.9)

with r1 > 0 large andλβ = {λβ
νm : ν ∈ N0 , m ∈ Z

2}.
We denotedQa

00 the square of side length 1 having sides parallel to the
axes which is centred at the origin and2aQa

00 the rectangle concentric with
Qa

00 having side lengths2a1 and2a2 .
Forν ∈ N0 andm ∈ Z

2 let Qa
νm be the rectangles from Definition 5.1.

Let

λβ,Γ = {λβ
νm : ν ∈ N0 , m ∈ Z

2 , CQa
νm ∩ Γ /= ∅} (6.10)
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where we may assume thatC > 1 is fixed and sufficiently large such that
all what follows is justified.

For a fixedν ∈ N0 letMν be the number of the rectanglesQa
νm such that

CQa
νm∩Γ /= ∅. By Theorem 3.4/(i) it follows that there exist two constants

c1, c2 > 0, independent ofν, with

c1 2νd ≤ Mν ≤ c2 2νd (6.11)

and this coincides with (6.5).
Let lq(2νδlMν

p ) and l∞[2r1aβlq(2νδlMν
p )] be the sequence spaces in-

troduced in (6.6) and (6.7) adapted to our present situation whereδ =
s − d

(
1
p1

− 1
p2

)
andr1 andMν have the same meaning as in (6.9) and

(6.11) and thel∞ norm is now modified bysup
β∈N0

2
.

Let us define the (non-linear) operator

U : Bs1,a
p1q (R2) → l∞[2r1aβlq(2νδlMν

p1
)] by Uf = {θβ,Γ : β ∈ N0

2}
with

θβ,Γ = {2−νδλβ
νm : ν ∈ N0 , m ∈ Z

2 , CQa
νm ∩ Γ /= ∅}

wheref is given by (6.8) with (6.9). By (6.9) it follows thatU is a bounded
map.

Let r2 > 0 at our disposal. We defineV : l∞[2r2aβlq(2νδlMν
p1

)] →
Lp2(Γ ) by

V (η)(γ) =
∑
β∈N2

0

∞∑
ν=0

∑
m

ηβνm 2νd/p2 ψβ(2νaγ − m) where γ ∈ Γ,

(6.12)
the sum overm in (6.12) being taken according to (6.10) now withηβνm in
place ofλβ

νm.
By Theorem 3.4/(i) and (3.5) there exists a constantc > 0 independent

of ν ∈ N0 with µ(CQa
νm ∩ Γ ) ≤ c 2−νd. Hence we have for fixedβ ∈ N

2
0

andν ∈ N0:∥∥∥∥∥∑
m

ηβνm 2νd/p2ψβ(2νa · −m) |Lp2(Γ )

∥∥∥∥∥ ≤ caβ

(∑
m

|ηβνm|p2

)1/p2

wherec > 1 is independent ofβ. Let p2 = min(1, p2). Then∥∥∥∥∥
∞∑
ν=0

∑
m

ηβνm 2νd/p2ψβ(2νa · −m) |Lp2(Γ )

∥∥∥∥∥
p2

≤
∞∑
ν=0

caβ

(∑
m

|ηβνm|p2

)1/p2
p2

= caβp2

∥∥∥ηβ | lp2(l
Mν
p2

)
∥∥∥p2
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whereηβ = {ηβνm : ν ∈ N0 , m ∈ Z
2} andc > 1 is independent ofβ.

Sincer2 > 0 is at our disposal it follows from

‖V (η) |Lp2(Γ )‖p2

≤
∑
β∈N2

0

caβp2 2−r2aβp2 sup
β∈N2

0

(
2r2aβ ‖ηβ | lp2(l

Mν
p2

)‖
)p2

≤ c′ ‖η | l∞[2r2aβlp2(l
Mν
p2

)]‖p2

that V is linear and bounded. Withδ = s − d
(

1
p1

− 1
p2

)
we have the

decomposition

trΓ = V ◦ id ◦ U : Bs1,a
p1q (R2) → Lp2(Γ ) (6.13)

where
id : l∞[2r1aβlq(2νδlMν

p1
)] → l∞[2r2aβlp2(l

Mν
p2

)]
is the identity operator and the final outcome is independent of ambiguities
in the non-linear construction ofU .

Recall that ifB1, B2, B3 are quasi-Banach spaces, ifX ∈ L(B1, B2)
andR ∈ L(B2, B3) then for allk, l ∈ N,

ek+l−1(R ◦ X) ≤ ek(R) el(X), (6.14)

see [4, Lemma 1.3.1/1]. This is the so-called multiplication property for
entropy numbers.

Using (6.14) and Theorem 6.2 it follows from (6.13) that there exists a
constantc > 0 such that for allk ∈ N

ek(trΓ : Bs1,a
p1q (R2) → Lp2(Γ )) ≤ c k

− δ
d
+ 1

p2
− 1

p1 (6.15)

and this completes the proof if0 < p1 ≤ p2 ≤ ∞ since we have only to
insert (6.1) in (6.15).

Let now0 < p2 < p1 ≤ ∞. The desired estimate follows now from the
above considerations withp1 = p2 and the embeddingLp1(Γ ) ↪→ Lp2(Γ ).

6.2 Proof of Theorem 4.1/(i)

Step 1. Equivalent norms inW (t1,t2)
2 (R2) = W t,a

2 (R2)

Lemma 6.3 Let t1, t2 ∈ N andA the operator from (4.3).

1. There exists a constantc > 0 such that(Au, u)L2(R2) ≥ c ‖u |L2(R2)‖
for anyu ∈ L2(R2).
2. There exist two constantsc1, c2 > 0 such that

c1 ‖u |W t,a
2 (R2)‖2 ≤ (Au, u)L2(R2) ≤ c2 ‖u |W t,a

2 (R2)‖2.
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Proof. of Lemma 6.3.Let ϕ ∈ C∞
0 (R2). After integration by parts we have

(Aϕ,ϕ)L2(R2) =
∫

R2

(∣∣∣∣∂t1ϕ(x)
∂xt1

1

∣∣∣∣2 +
∣∣∣∣∂t2ϕ(x)

∂xt2
2

∣∣∣∣2 + |ϕ(x)|2
)
dx

and the conclusion of the lemma follows immediately using the density
of C∞

0 (R2) in L2(R2) and inW t,a
2 (R2), and the definition of the space

W t,a
2 (R2), see (2.1).

Step 2. By Lemma 6.3 the operatorA is positive definite as an operator act-
ing inL2(R2) and we may fix the norm inW t,a

2 (R2) by ‖A1/2(·) |L2(R2)‖
and a corresponding scalar product.

Sincet1, t2 ∈ N it follows that the mean smoothnesst, see (2.2), satisfies

t ≥ 1 > 2−d
2 . Using the elementary embeddingW t,a

2 (R2) ↪→ B
2−d
2 ,a

21 (R2)
and (3.10) there exists a constantc > 0 such that

‖trΓ f |L2(Γ )‖ ≤ c ‖f |W t,a
2 (R2)‖ for any f ∈ W t,a

2 (R2). (6.16)

Defining

q(f, g) =
∫
Γ
f(γ) g(γ) dµ(γ) for any f, g ∈ W t,a

2 (R2),

it is clear thatq(·, ·) is a non-negative quadratic form inW t,a
2 (R2). Then

there exists a non-negative and self adjoint operatorT uniquely determined
such that

q(f, g) = (Tf, g)W t,a
2 (R2) for any f, g ∈ W t,a

2 (R2),

see for example [31, p. 91] . Furthermore,

‖trΓ f |L2(Γ )‖ = ‖
√
Tf |W t,a

2 (R2)‖ (6.17)

where
√
T = T 1/2 and this proves (4.5).

So it remains to prove that the above operator is the same as in (4.4). Let
f ∈ W t,a

2 (R2) andϕ ∈ D(R2). Then∫
Γ
f(γ)ϕ(γ) dµ(γ) = (Tf, ϕ)W t,a

2 (R2) = (A1/2Tf,A1/2ϕ)L2(R2)

= (ATf, ϕ)L2(R2) (6.18)

the second equality in (6.18) being justified by the fact that we fixed the
scalar product inW t,a

2 (R2) by

(u, v)W t,a
2 (R2) = (A1/2u,A1/2v)L2(R2).

Considered as a dual pairing in(D(R2), D′(R2)) we obtainATf = trΓ f
and (4.6) follows, see also [32, Theorem 27.15/Step 1].

This completes the first part of the proof of Theorem 4.1.
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6.3 Proof of the estimate (4.7)

Step 1. Entropy numbers and eigenvalues.
Let B be a complex quasi-Banach space andU ∈ L(B) a compact map.

We know from [4, Theorem 1.2] that the spectrum ofU , apart from
the point 0, consists solely of eigenvalues of finite algebraic multiplicity:
let {λk(U) : k ∈ N} be the sequence of all non-zero eigenvalues ofU ,
repeated according to algebraic multiplicity and ordered so that

|λ1(U)| ≥ |λ2(U)| ≥ ... ≥ 0. (6.19)

If U has onlym(< ∞) distinct eigenvalues andM is the sum of their
algebraic multiplicities, we putλk(U) = 0 for k > M .

The following connection between the eigenvalues of the operatorU and
its entropy numbers will be used:

Let U and{λk(U) : k ∈ N} as above. Then

|λk(U)| ≤
√

2 ek(U). (6.20)

This result was proved by B. Carl in [2], see also [4, Theorem 1.3.4].

Step 2. The operatorT acting inW t,a
2 (R2) can be factored by

T = id3 ◦ A−1 ◦ id2 ◦ trΓ ◦ id1 where

id1 : W t,a
2 (R2) → B

2−d
2 ,a

21 (R2)

trΓ : B
2−d
2 ,a

21 (R2) → L2(Γ )

id2 : L2(Γ ) → B
− 2−d

2 ,a

2∞ (R2)

A−1 : B
− 2−d

2 ,a

2∞ (R2) → B
2t− 2−d

2 ,a

2∞ (R2)

id3 : B
2t− 2−d

2 ,a

2∞ (R2) → W t,a
2 (R2). (6.21)

Sincet ≥ 1 > 2−d
2 the embeddingid1 in the first line of (6.21) is the

elementary embedding (2.3). Since2t− 2−d
2 > t the embeddingid3 is also

a consequence of the elementary embedding (2.3). The boundedness oftrΓ
in the second line of (6.21) is justified by Theorem 3.10 and the embedding
id2 is justified by Theorem 3.9.

The boundedness ofA−1 as indicated in the fourth line of (6.21) is a
consequence of the lift property of the operatorA, see the considerations in
front of Theorem 4.1.

Step 3. Let g ∈ W t,a
2 (R2) be an eigenfunction ofT . Then it follows from

(6.21) thatg belongs also to

B
2t− 2−d

2 ,a

2∞ (R2)
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and so it is an eigenfunction of the operatorT restricted to this space. Ob-
viously the converse is also true.

Hence the root systems considered inW t,a
2 (R2) and inB

2t− 2−d
2 ,a

2∞ (R2)
coincide. Then the eigenvalues ofT considered in these spaces also coincide,
inclusively their multiplicities.

Using the multiplication property for entropy numbers, see (6.14), and
(6.21) there exists a constantc > 0 such that for allk ∈ N,

ek

(
T : B

2t− 2−d
2 ,a

2∞ (R2) → B
2t− 2−d

2 ,a

2∞ (R2)
)

≤ c ek

(
trΓ : B

2t− 2−d
2 ,a

2∞ (R2) → L2(Γ )
)
.

Inserting in Theorem 6.1p1 = p2 = 2, q = ∞ ands+ 2−d
2 = 2t− 2−d

2
we have from the last inequality

ek

(
T : B

2t− 2−d
2 ,a

2∞ (R2) → B
2t− 2−d

2 ,a

2∞ (R2)
)

≤ c k− 1
d
(2t−2+d). (6.22)

The estimate (4.7) is now a simple consequence of (6.22) using Carl’s in-
equality (6.20).

6.4 Proof of the estimate (4.8)

Step 1. Approximation numbers and eigenvalues of operators acting in
Hilbert spaces.

We recall the definition of the approximation numbers. LetB1, B2 be
two quasi-Banach spaces and letU ∈ L(B1, B2). Then given anyk ∈ N,
thekth approximation numberαk(U) of U is defined by

αk(U) = inf {‖U − L‖ : L ∈ L(B1, B2), rank L < k}
whererank L is the dimension of the range ofL. Usually the approximation
numbers are denotedak(U). The above notation is used only to avoid any
possible confusion between these numbers and the anisotropya = (a1, a2).

We do not want to discuss here properties of approximation numbers,
this is done in [4, Lemma 1.3.1/2], [4, Remark 1.3.1/6] and [3, Sect. II.2.3].

We only want to mention that approximation numbers have important
connections with eigenvalues, the picture being clearest in a Hilbert space
setting.

Theorem 6.4 LetH be a Hilbert space and letU ∈ L(H) be a compact,
non-negative and self adjoint operator. Then the approximation numbers
αk(U) ofU coincide with its eigenvalues (ordered as in (6.19)).
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A proof can be found in [3, Sect. II.5.10], see also [4, p.21].

Step 2. If one applies Theorem 6.4 then the estimate (4.8) is covered by
the next Proposition.

Proposition 6.5 Let0 < d < 2, letΓ be a proper regular anisotropicd-set,
and letT be the compact, non-negative, self adjoint operator inW t,a

2 (R2)
defined in (4.4).

There exists a constantc > 0 such that the approximation numbers
αk(

√
T ) of

√
T = T 1/2 can be estimated by

αk(
√
T ) ≥ c k− 1

d( d
2+t−1) , k ∈ N. (6.23)

Proof of Proposition 6.5.Let xj,l be the centre of the rectangleRjl of side
lengthsrj,l1 , rj,l2 and letNj ∼ 2jd having the same meaning as in Theorem
3.4.

Let ϕ a non-negativeC∞ function onR
2 with support in{x ∈ R

2 :
|x1| < 1, |x2| < 1}.

We may assume|ϕ(x)| ≥ δ > 0 if |x1| ≤ κ, |x2| ≤ κ where0 < κ < 1
is the number from Definition 3.7 of a proper set.

If

ϕjl(x) = ϕ

(
2(x1 − xj,l

1 )

rj,l1

,
2(x2 − xj,l

2 )

rj,l2

)
thensuppϕjl ⊂ Rjl. Furthermore, there exist two constantsc1, c2 > 0 such
that

c1 2−jd

Nj∑
l=1

|cjl|2 ≤
∥∥∥∥∥∥

Nj∑
l=1

cjl ϕjl |L2(Γ )

∥∥∥∥∥∥
2

≤ c2 2−jd

Nj∑
l=1

|cjl|2 (6.24)

for any complex numberscjl and for anyj ∈ N0 andl = 1, ..., Nj . Indeed,
using (3.7) we have∥∥∥∥∥∥

Nj∑
l=1

cjl ϕjl |L2(Γ )

∥∥∥∥∥∥
2

=
Nj∑
l=1

∫
Γ∩Rjl

|cjl|2 |ϕjl(γ)|2 dµ(γ)

≥
Nj∑
l=1

|cjl|2 δ2 µ(Γ ∩ κRjl) ≥ c 2−jd

Nj∑
l=1

|cjl|2

and this is the first inequality in (6.24). The second part of (6.24) is a simple
consequence of (3.5).
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Remark now that ifj ∈ N0 is fixed andl ∈ {1, ..., Nj} then2−j(t−1)ϕjl

is an anisotropic(t, 2) atom inW t,a
2 (R2). Hence, using the atomic decom-

position theorem withp = q = 2 we have

‖gj |W t,a
2 (R2)‖ ≤ c 2j(t−1)

 Nj∑
l=1

|cjl|2
1/2

(6.25)

for any functiongj of type

gj =
Nj∑
l=1

cjl ϕjl = 2j(t−1)
Nj∑
l=1

cjl

(
2−j(t−1)ϕjl

)
, (6.26)

the constantc > 0 in (6.25) being independent ofj, l and of the complex
numberscjl.

By (6.17), (6.24) and (6.25) we find a constantc0 such that

‖
√
Tgj |W t,a

2 (R2)‖ ∼ 2−j d
2

 Nj∑
l=1

|cjl|2
1/2

≥ c0 2−j( d
2+t−1) ‖gj |W t,a

2 (R2)‖. (6.27)

There exists an operatorL = L(Nj) in W t,a
2 (R2) with rank L < Nj

such that

αNj (
√
T ) ≥ ‖

√
T − L‖ − 1

2
c0 2−j( d

2+t−1)

wherec0 is the number from the last line in (6.27).
We may assume that the dimension of the span of the admitted functions

gj in (6.26) is larger thanNj ∼ 2jd.
Then there exists a functiongj of type (6.26) inW t,a

2 (R2) such that
‖gj |W t,a

2 (R2)‖ = 1 andLgj = 0. It follows

αNj (
√
T ) ≥ ‖

√
Tgj − Lgj |W t,a

2 (R2)‖ − 1
2
c0 2−j( d

2+t−1)

≥ c0 2−j( d
2+t−1) (6.28)

wherec0 > 0 is independent ofj. Using elementary properties of the ap-
proximation numbers it is easy to see that (6.28) implies (6.23) and this
completes the proof of the theorem.
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