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ABSTRACT

Let I" be an anisotropic fractal. The aim of the paper is to investigate the distribution of the eigenvalues
of the fractal differential operator -
(=A)otr

acting in the classical Sobolev space W;(Q) where Q is a bounded C* domain in the plane R? with T’ =
Q. Here —A is the Dirichlet Laplacian in Q and tr" is closely related to the trace operator trp.

1. Introduction

Motivated by some aspects of boundary value problems for partial differential
equations, several authors have recently been concerned with the study of function
spaces on and of fractals. We refer mainly to the papers by A. Jonsson and H. Wallin
[7-10] and to the book [16] where complete references to this topic are given.

Let Q be a bounded domain in R?* having C* boundary dQ and let 0 < d, < 2.
An anisotropic d,-set I' © Q having anisotropic deviation 0 <a <1 is, roughly
speaking, a compact set which can be covered for any je N with N, ~ 2“4 rectangles
R, (I=1,...,N,) with vol R, ~ 27%, having sides parallel to the axes and side lengths
¥t vyt satisfying _ _ _ )

-i+a) < ryg,l < ryl,l < 2-id-w
for any /=1,...,N,. This concept was introduced in [16, 5.2]. If I is such an
anisotropic d,-set then there exists a uniquely determined Radon measure y in R?
with suppu = I' and u(I" N R;)) = (vol R;)** if jeN, and / = 1,..., N, (see [16, 5.5]).

Let (—A)™ be the inverse of the Dirichlet Laplacian in Q. Let W3(Q) be the usual
Sobolev space and let WA(Q) = {fe WXQ):tr.,f = 0}. The operator tr",

(1) (9) =J (tre ) () (9|1 1) () du(y), 9 € D(Q), (L)

makes sense as a mapping from W;(Q) into D’(Q) and it turns out that the fractal
differential operator T = (—A) ' o tr! generates a compact, non-negative, self-adjoint
operator in W;(Q). Furthermore, as proved in [16, 30.7], there exist positive constants
¢, > 0 and ¢, > 0 such that for the positive eigenvalues 4,(7) of T

€, k02018 < (T < ¢y k™04l @at20 | ke (1.2)

(For the first inequality in (1.2) it is additionally required that I is a so-called proper
anisotropic d,-set; see [16, Definition 5.11].) If the deviation ¢ = 0 then we have
4(T) ~ k'. This means that the Weyl exponent occurs also in the case of proper
anisotropic d,-sets in the plane with deviation zero. This fact is not a surprise since
those fractals are close to compact isotropic d -sets as described in [16, 3.1]. On the
other hand, when a > 0 the two exponents in (1.2) are not equal.
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The study of operators of type (—A) 'otr! is motivated in a natural way by the
so-called fractal drums: the problem of finding the eigenfrequencies of a vibrating
membrane (interpreted as a bounded domain Q in the plane R?), fixed at its boundary,
having the whole mass concentrated on some fractal compact set I' = Q, can be
reduced to the study of eigenvalues of operators of that type. More information
about this subject is given in [16], especially in Sections 26.2 and 30.1-30.5, where one
can find some modifications and a detailed discussion about this topic as well as
further references extending the problem.

The aim of this paper is to discuss the sharpness of (1.2) and to shed some new
light on these estimates. Restricting ourselves to the class of regular anisotropic
fractals (anisotropic generalisations of the Cantor set in the plane) we prove that there
exist two constants C,, C, > 0 such that for all ke N,

C k" < 2(T) < Cyk: (1.3)

for appropriate numbers p, and p, satisfying (d,+2a)/d, > p, = p, > d,/(d,+2a)
where 1,(T) are, again, the eigenvalues of the operator 7= (—A)'otr" acting in
I/f/;(Q). This means, in particular, that the estimates in (1.2) are not sharp in general.
Furthermore, we will indicate a large class of regular anisotropic fractals for which
A(T) ~ k™', the so-called strongly regular anisotropic fractals.

In Section 2 we present the basic facts concerning regular anisotropic fractals. The
main result, containing the precise formulation of (1.3), is presented with comments
in Section 3. The proof is in Section 5, whereas Section 4 contains some preparatory
facts for the proof.

All unimportant positive constants are denoted with ¢, occasionally with
additional subscripts within the same formulae. The equivalence ‘term, ~ term,’
means that there exist two constants ¢,, ¢, > 0 independent of the variables in the two
terms such that ¢, term, < term, < ¢, term,.

2. Preliminaries

2.1. Regular anisotropic fractals

Let N denote the natural numbers and let N, = N U {0}. Let Q = [0, 1] x [0, 1] and
let the log be taken with respect to the base 2, let 1 < K|, < K, be natural numbers,
let

2logK, 2logK, L
a=——>"—, a,=—~—-, Kk =3log(K K,)
b log(K Ky log(K, Ky) : v
and let a =1—a, =a,—1. Let (4,)y_, be N>2 contractions of R? into itself
specified by

A, = () o (200, 2050 ,) @1

m m

for every m = 1,..., N where n},nye{—1, +1} (inclgding pg)ssible reflections). We
assume that 4, Q< Q for all m=1,....N; 4,0nA4, 0= if m#m’ and
N _yvolAd, O < 1. We suppose, in addition, that the rectangles 4,, Q are located in

the columns as indicated in Figure 1. Let

AQ = (40) = J 4,05 (40 = 0;

m=1

(AQ)" = A((AQ)" ™) = U A, 0..04,Q; veN.

1<smy,...,m, <N
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FIGURE 1.

This sequence of sets is monotonically decreasing and by [5, Theorem 8.3] its limit
I'=(40)" = [1(40Q)" = lim (40)’
veN V=00

is the uniquely determined fractal generated by the contractions (4,,)Y

~_,. Fractals
constructed in this way are anisotropic generalisations of the Cantor set in R? and
were called generalised Sierpinski carpets in [11] (since Sierpinski’s universal curve is
a special case of this construction) and regular anisotropic fractals in [16, 4.18].

Let n, denote the number of rectangles 4, Q in the /th column, /=1,...,K,.
Throughout this paper we will assume that n, > 1 for any /=1,...,K; (in each
column at least one rectangle 4,, Q is located).

The Hausdorff dimension (see [6, 2.2] for definition) of T is

. 1 5
dim, I' = @log (Z niogKl/long) (2.2)
1

=1

and the box-counting dimension (see [6, 3.1] for definition) of T is

log(N/K,)
logK,

Proofs of (2.2) and (2.3) are given in [11]; see also [6, Example 9.11]. Notice that in
this type of example the Hausdorff dimension depends not only on the number of
rectangles selected at each stage but also on their relative position. Moreover, it is
clear that dim, I" and dim,I" are not, in general, equal.

Let (4,,))_, be the N > 2 affine maps introduced in (2.1). The affine dimension of
' = (40)” (see [16, 4.12]) is the uniquely determined positive number d, = dim, I’
such that

dim, T =1+ 2.3)

i (vol 4, Q)4 = 1. 2.4)

m=1

By construction we have N = 2+%4,

DEFINITION 2.1, If n, = ... =n, = N27" (in any column there is the same
number of rectangles) then we call I" a strongly regular anisotropic fractal.

REmARK 2.2. If T is strongly regular then

d,+2a

dim, I' =dim,I = +a

as a simple consequence of (2.2), (2.3) and (2.4). Furthermore, I is an isotropic d-set
(see [16, 3.1] for definition) where d = (d, +2a)/(1 +a). It will be clear from what
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follows that the typical number which also appears in the case of arbitrary regular
anisotropic fractals is
d,+2a
- 14a

THEOREM 2.3 [16, 4.15]. Let T be the regular anisotropic fractal introduced above
having the affine dimension d, according to (2.4). Then there exists a Radon measure u
in R? uniquely determined with suppu =T and

wInA,o..od,Q)=(old,o..04, Q)2 (2.5)
for all jeN and all m,, ..., m;e{l,...,N}.

DEerFINITION 2.4, Let n,,, = max{n,:1 </< K.} and n,;, = min{n,:1 </ < K}
Then there exist two numbers A" > 0 and 41~ < 0 such that

n = N2—*-mprd-a it gu4 n. = N2-wA-a)pr(i=a)i” (2.6)

max

We call A" the upper mass concentration factor of I' and A~ the lower mass
concentration factor of I since these numbers give information about the distribution
of the rectangles in Figure 1 and about the structure of I'.

REMARK 2.5. Clearly 1" < 1 since we assumed that n, > 1 for every /{1, ..., K,}.
Note also that if ¥ = A~ = 0 then I is strongly regular according to Definition 2.1.

It is clear that for any je N there are N/ = 2“4 rectangles of type R, = 4,, o0...0
4, 0, having side lengths 277%!=® 2770+ belonging to (AQ). Let R, be such a
rectangle. We subdivide R, in rectangles E;, having side lengths 27U**1=® and

277@+® guch that
2*j/«(1+a) ~ 27(j+m)/((17a).

The rectangles E;, are almost squares; it is immaterial for what follows to assume that
E, are squares, which means that

2*jl€(1+(l) — 2*(j+77b)}\‘(1*d). (27)

The lemma below gives information about the mass concentrationin £, (/ = 1,...,
21‘}\'211).

LEMMA 2.6. There exist constants c,,c, > 0 such that the measure of any square
E;, can be estimated by

. - . ; o+
¢ 2—];\((1‘4+2a(1—i ) < ,u(F N E]-l) < C, 2*}K((1A‘1+Zfl(1*/|. ))' (28)

Proof. For jeN let v=j+m in (2.7). Then the rectangle R; contains N/
rectangles R, with side lengths 27*(~® 271+ helonging to (4Q)* which are obtained
from R; after v—; steps of iteration.

Hence any square E, contains at most n),/ of the rectangles R,; see Figure 2.

max

Clearly w(I'n E;)) < cn ] (I N R)). By (2.4), (2.5), (2.6) and v(1 —a) = j(1 +a) the

max

estimate from above in (2.8) follows from
ﬂ(r N Ej[) < ch—jz—(v—j)lc(l—a)(1—i+)2—wch — cz—jdiz—jKQa(l—/lJ').

The estimate from below can be obtained in the same way. O
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E; R,

/

oI
- /// 2-jr(1+a) = D—vi(l-a)

PO
L

2-k(1-a)

FIGURE 2.

FIGURE 3.

As a simple consequence of v(1 —a) = j(1 4+ a) we obtain the following corollary.

COROLLARY 2.7.  There exist constants c,c, > 0 such that for any square E; of
side length 27" we have

¢, 270D < (T E)<c, D= a5 2.9)
where

d,+2a(1— 2
l+a ’

a4 = l+a

, d() =

REMARK 2.8. In the situation in Figure 1, by changing the roles of columns and
rows we may suppose that in each column precisely one rectangle 4,, Q is located;
then 1 < a; < 2 (which is equivalent to K, > K,). Let

m

Kl
—=2k+1, keN
K + €

2

be an odd natural number and let the rectangles 4,, Q be arranged as depicted in
Figure 3 where we choose in the counterpart of (2.1) always 75 = 1 and we choose
n' =1 in the first K, columns, #* = —1 in the second K, columns (additional
reflection), then again #}" =1 in the third K, columns and so on. Under these
assumptions the resulting anisotropic fractal I" is the graph of a continuous function;
for a proof see [16, 4.21]. It is clear that I' may be interpreted as a generalisation
of Hironaka’s curve (briefly presented in [11]). The Hausdorff dimension of T is
dim, I' =2—a,/a,; see [16, 4.22]. It is not difficult to see that I' is a strongly regular
anisotropic fractal with affine dimension d, = a, = 1—a.
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2.2. The spaces L ,(I')

Some preliminaries. We recall here the definition of Besov spaces on R2. Let ¢,
be a C* function on R? ¢, (x)=1 if |x|<1; suppg, = {xeR?:|x| <2} and let
P(X) = 0)(27x) — (27 'x) if jeN. Then ) * ¢,(x) =1 if xeR* and (@)en, 1s @
smooth dyadic resolution of unity.

Let0 <p < 00,0 < ¢ < 0, seR; the Besov space B, (R?) consists of all tempered
distributions fe S’(R?) for which the quasi-norm

0 1/q
/1B, (R = (Z 2)(p, /)" ILP(RZ)I")
J=0

(with the usual modification if ¢ = co0) is finite. Here ¢ = Fg and ¢ = F'g are
respectively the Fourier and inverse Fourier transform on S’(R?). These are quasi-
Banach spaces (Banach spaces if p > 1 and ¢ > 1) which are independent of the choice
of (¢)),en, The space H3(R*) = B;,(R?) is the fractional Sobolev space. Function
spaces of F; (R?) type, 0 < p < oo, are defined by changing the roles of the spaces
L,(R* and [, in the definition above but we do not stress this point here.

A systematic treatment of the theory of B (R*) and F; (R®) spaces may be found
in [14] and [15]; for a more recent account we refer also to [4] and [12]. These two
scales of function spaces include many well-known classical spaces such as Sobolev
spaces, Holder—Zygmund spaces and inhomogeneous Hardy spaces.

The structure theorem. If T is a closed set with Lebesgue measure [I'] = 0 and if
seER, 0 < p < o0, 0< g < oo then we define

B, [(R*) = {fe B, (R*):flp) = 0 if peS(R?), p|I" = 0}
where ¢| I is the restriction of ¢ to I'. We have suppf < I if fe B, "(R?) in any case.

Note also that if 0 <p < 0, 0 <g< oo and s> 2((1/p)—1), (;f{ beR then b, =
max(b, 0)) then B;, (R*) —— L(R?) [15, Remark 2.3.2/3] and hence B} (R?) = {0} is
trivial. In other words, only values s < 2((1/p) — 1), (in particular s < 0if 1 < p < o0)
are of interest.

Let I" be the regular anisotropic fractal constructed above. The L -spaces on I,
0 < p < oo, are introduced in the usual way with respect to the underlying Radon
measure x on I' according to Theorem 2.3. If 1 < p < oo then any f.e L (I') can be

interpreted as a tempered distribution /e S’(R?) given by

flp) = L.fr(y) (1D () duy), peSR). (2.10)

THEOREM 2.9.  Let I be a regular anisotropic fractal with upper mass concentration
factor 1" and affine dimension d,. If 1 < p < oo and(1/p)+(1/p") = 1 then (in the sense
of (2.10))
d,+2a(1—1")

LD <= B (R, di) ===

@.11)

Moreover, if T is strongly regular and if 1 < p < oo then (in the sense of (2.10))

d,+2a
l+a -’

LT) = B2 0w I(R2), d= (2.12)
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Proof. We consider a square Q(x,f) centred at xeR?® and with side length
2= by the right-hand side of (2.9) we have u(I' n O(x, 1)) < 1%,

To prove (2.11) one has now to follow the lines of the proof of [16, Theorem
18.15/Step 1] making the above modification.

If T is strongly regular then d(4*) = d and I" becomes an isotropic d-set; then
(2.12) is in fact [17, Theorem 2/(8)]. O

Traces. Assume that I is a regular anisotropic fractal; if ¢ € S(R?) then trpp =
@|T" makes sense pointwise. If 0 < p, ¢ < co and seR then tr. B} (R*) —— L (TI)
must be understood as follows. There exists a positive number ¢ > 0 such that for any
pe S(R*)

Itrrp | L(D)] < cllp] B, (Rl

Since S(R?) is dense in B, (R?) this inequality can be extended by completion to any
f€ B (R?) and the resulting function is denoted tr.f.

In addition, the equality tr. B} (R?*) = L (I') means that any f.€ L (I') is the trace
of a suitable ge B’ (R*) on I" and

Ifr 1 L, (M) ~ infi]g| B, (R¥)|| :trpg = fr}.

THEOREM 2.10. Let T be a regular anisotropic fractal with upper mass
concentration factor 2" and affine dimension d,. If 1 < p < oo then

d,+2a(1— %)

trp BEOON(RY) s L (T),  d(27) = — (2.13)
Moreover, if T is strongly regular and if 1 < p < oo then
2
try B 0(R) = L(T), d = di* j: =3 (2.14)

Proof. 1If p = co we have B® |(R?) —— C(R?) and (2.13) is obvious (here C(R?) is
the space of all uniformly continuous bounded functions on R?). To prove (2.13) for
p < oo one has to repeat the arguments from [16, Theorem 18.15/Step 2] with d(1*)
instead of d,/(1+a). In addition, (2.14) is [17, Theorem 2/(9)]. O

Theorems 2.9 and 2.10 pave the way to our main result (which is presented in the
next section) but we hope they are also of independent interest. They are the
anisotropic counterparts of [17, Theorems 2 and 3] (see also [16, 18.2, 18.6]), and
complement the results from [16, 18.15, 18.17].

3. The main result

As usual, Q stands for a bounded domain in R* with C* boundary and D’(Q)
denotes the space of all complex-valued distributions on Q. Let 0 < p < 00,0 < g <
o, seR; the space B} (Q) is defined as the restriction of B (R?) to Q, that is,

g
B (Q) = {fe D'(Q):there exists a ge B} (R*) with g|Q = f7},
1/1B,,,(Q)|| = inflg| B, (R*)]|

rq pa

where the infimum is taken over all ge B}, (R?*) such that its restriction to Q, denoted
by g|Q, coincides in D’(Q) with f. In particular BL,(Q) = W3(Q).
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In the sequel I' = Q will be a regular anisotropic fractal and we shall not
distinguish between f;- as an element of some L (I') and as the distribution belonging
to some B,; (Q) according to (2.11).

To avoid any misunderstanding we emphasise that the trace operator has two
different meanings which we distinguish by trp and tr' if extra clarity is desirable. If,
for example, 1 < p < oo, then

try: B;Ql—d(fr))/p(Q) —L,(T) 3.1
by (2.13) and
trr:B;ffd(m)/p(Q) _,B;g*d(?»*))/lo’(g) (3.2)

if one also applies (2.11). The latter can be rephrased by asking for an optimal
extension of tr’ considered as a mapping from D(Q) into D’(Q) given by (1.1).
Recall that (—A)™* stands for the inverse of the Dirichlet Laplacian in Q.

THEOREM 3.1.  Let Q be a bounded domain in R* with C* boundary. Let T = Q be
a regular anisotropic fractal having respectively upper and lower mass concentration
factors At and 1~ according to (2.6) and having affine dimension d, according to (2.4).
Let

o dy+2a(1—10) d,+2a(1—2%)
dl =4 - 7 doHy==2—"-_""
) 14+a ) 1+a
and
d,+2a
d=-2 . .
1+a (3.3)

Let tr" be the trace operator in the interpretation (3.2) and (1.1), whereas try. stands for
the trace operator according to (3.1).

(i) The operator T = (—A)otr" is compact, non-negative, self-adjoint in W;:(Q),
has null space N(T) = {fe WYQ):trp.f = 0} and is generated by the quadratic form in
W,(Q)

f f0) &) du(y) = (T, Dwie (3.4)
T
where fe€ W;(Q), ge W;(Q) and p is the Radon measure according to Theorem 2.3.

(ii) There exist constants c,,c, > 0 such that the positive eigenvalues A, (T) of T,
repeated according to multiplicity and ordered by their magnitude, can be estimated by

e, k1001 < ) (T) < e, k0 ke N. (3.5)
Furthermore, if T is strongly regular then there are constants c,,c, >0 such that
k< A(T) < ekt

The proof of the theorem is in Section 5 but here we make some comments.

REMARK 3.2. According to Definition 2.4 and Remark 2.5 we have 0 < 1" < 1
and this implies that d(1")/d > d,/(d, + 2a). Hence the estimate from above in (3.5)
is an improvement of the estimate from above in (1.2).

REMARK 3.3. If —1 <1 <0 then d(1)/d < (d,+2a)/d, and so the estimate
from below obtained in (3.5) is better than the estimate from below in (1.2).
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REMARK 3.4. By [16, 30.2] (isotropic fractal drum) it is not a surprise that if
A" = A7 = 0 then the two exponents in (3.5) are both — 1 since in this case the regular
anisotropic fractal I becomes an isotropic d-set, where d is the number from (3.3).

4. Prerequisites for the proof of Theorem 3.1

4.1. Basic facts about entropy numbers and approximation numbers

Let A and B be two quasi-Banach spaces and let 7: 4 —— B be linear. Just as for
the Banach space case, T will be called bounded or continuous if

IT|| = sup{|[Tx| B[ :xe A4, [x| 4] < 1} < c0.

The family of all such 7 will be denoted by L(A, B) or L(A) if A = B. Otherwise
terminology which is standard in the context of Banach spaces will be taken over
without special comments to the quasi-Banach situation. If Bis a quasi-Banach space
then U, = {be B:|b| B|| < 1} stands for the unit ball in B.

DEerINITION 4.1.  Let A, B be two quasi-Banach spaces and let 7€ L(A, B). Then
for all ke N, the kth entropy number e,(7) of T is defined by

ok—1

e (T) = inf{a >0:T(U,) = | (b;+¢U,) for some b,, ...,b.zmeB}.
j=1

This formulation, which simply generalises to quasi-Banach spaces what has
previously been done for Banach spaces, coincides with the definition given in [4,
1.3.1] where the reader can find further comments and historical references.

LemMA 4.2. Let A,B,C be quasi-Banach spaces, let Te L(A,B) and let Ve
L(B,C).
@) T =ze(T)=ex(T)=...20, ¢e,(T)=|T| if Bis a Banach space.
(i) For all k,leN,
epua(VoT) <e(V)e(T). (4.1)

A proof can be found in [4, Lemma 1.3.1/1]. In the case of quasi-Banach spaces
it may happen that |T|| > ¢,(T).

ReEMARK 4.3. Since the numbers e,(7T) decrease as k increases and are non-
negative, lim,__ e, (T) exists and plainly equals

inf{e > 0: T(U,) can be covered by finitely many B-balls of radius &}.

Recall that T'e L(A, B) is compact if and only if for every ¢ > 0 there is a finite e-net
in B covering T(U,). Hence Te L(A, B) is compact if and only if lim,_, e, (T) = 0.
Let 4 be a complex quasi-Banach space and Te L(A4) be a compact map. We know
from [4, Theorem 1.2] that the spectrum of 7, apart from the point 0, consists solely
of eigenvalues of finite algebraic multiplicity; let {4,(7T"): ke N} be the sequence of all
non-zero eigenvalues of 7, repeated according to algebraic multiplicity and ordered

so that
[2,(D)] = |A(T)] = ... = 0. 4.2)
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If T has only m(< o) distinct eigenvalues and M is the sum of their algebraic
multiplicities, we put 4,(7) =0 for k > M.

Perhaps the most useful connection for our purposes between the eigenvalues of
the operator T and its entropy numbers is the following theorem.

THEOREM 4.4. Let T and {1,(T):keN} be as above. Then
12D < vV2e,(T). (4.3)

A proof of this result, originally proved by Carl in [1] (see also [2]) is given in [4,
Theorem 1.3.4].

DEerINITION 4.5.  Let 4, B be two quasi-Banach spaces and let Te (4, B). Then
given any ke N, the kth approximation number «,(7) of T is defined by

a(T)=mf{||T—L|:LeL(A, B),rank L < k}

where rank L is the dimension of the range of L.

These numbers have various properties similar to those of the entropy numbers:
we have |T|| =a(T)>ay(T)>=...20 and a counterpart of the multiplication
property (4.1) for entropy numbers; see [4, Lemma 1.3.1/2]. On the other hand there
are radical differences between entropy numbers and approximation numbers (see [4,
Remark 1.3.2/6] and [3, 11.2.3]), but we do not go into further details.

The approximation numbers have important connections with eigenvalues, the
picture being clearest in a Hilbert space setting.

THEOREM 4.6. Let H be a Hilbert space and let Te L(H) be a compact, non-
negative and self-adjoint operator. Then the approximation numbers a,(T) of T coincide
with its eigenvalues (ordered as in (4.2)).

A proof can be found in [3, I1.5.10]; see also [4, p. 21].

4.2. Compactness of embeddings into L (I')

We will use the following improvement of [16, 22.2].

THEOREM 4.7. Let T be a regular anisotropic fractal having upper mass
concentration factor A*, affine dimension d, and let d = (d,+2a)/(1+a). Let 0 < p, <
Py < 0, 0< g < o0 and

d(2")

S(p1spy) = —— . (4.4)
P P2

If s > 0 then the trace operator
trp: By P (R*) —— L, ()
is compact and there exists a constant ¢ > 0 such that for any ke N,

ek(trr;B;<lszl«Pz>+8(R2) SN Lpz(r)) < ck™GIO=A/pY+A/py)



234 WALTER FARKAS AND HANS TRIEBEL
Proof. One has only to repeat the arguments from [16, 22.2] using (4.4) instead
of [16, (22.1)]. O
5. Proof of Theorem 3.1

Step 1: Part (i) of the theorem is covered by [16, Theorem 30.7]. In particular from
[16, (30.25)] it follows that there exists a constant ¢ > 0 such that

Itref1 Ly < el /1 W3] (5.1)
for any fe WX(Q) and from (3.4) we have
Itr 1 LoD = VTSI W) (5.2)

where VT = T2,

Step 2: To prove the estimate from above in (3.5) we factorise the operator 7T by
T =id,0(—A)'oid, otrp with
trr: W3(Q) — Ly(T)
id, : Ly(1) —— By (@)
(=) By CRQ) —— By (Q)
id, : B2, 2(Q) — WQ). (5.3)

The boundedness of try- in the first line of (5.3) is (5.1) and the embedding id, is (2.11).

Recall that (—A) maps any space B, (Q) = {ge B} (Q):tr,,g = 0} onto B} *(Q)
provided 1 <p < o0, 1 <¢g< oo and s> 1/p. This is a consequence of [13, 5.7.1,
Remark 1] complemented by [14, 4.3.3-4.3.4]. By this mapping property the
boundedness of (—A)™* as indicated in the third line in (5.3) is justified. Finally, the
embedding id, is a consequence of the elementary embedding from [14, Proposition
2.3.2/2].

Let fe W;(Q) be an eigenfunction of 7. Then it follows that f belongs also to
B2,27102(Q) and so it is also an eigenfunction of the operator T restricted to this
space. Obviously the converse is also true. Hence the root systems of 7 considered in
WYQ) (or W) which is the same in our context) and in B2, *V/2(Q) coincide.
Then the eigenvalues of T considered in these spaces also coincide, including their
multiplicities. Using the multiplication property (4.1) for entropy numbers and (5.3)
there exists a constant ¢ > 0 such that for all ke N,

e (T: B, 100 2(Q) —— B2 -0 (Q)) < cey(trp: B2, D (Q) —— Ly(T)).
5.4

From Theorem 4.7 (with p, = p, = 2) if s > 0 then there exists a constant ¢ > 0 such
that for all ke N,

e, (trp: B0 (R —— [ (T) < ck /7. (5.5)
Inserting s = d(4%) in (5.5) and using Carl’s inequality (4.3), from (5.4) we obtain the
estimate from above in (3.5).
Step 3: We prove that there exists a constant ¢ > 0 such that the approximation
numbers a,(v'T) of VT can be estimated by
a,(VT) = ck "2 keN. (5.6)

The estimate from below in (3.5) is then a simple application of Theorem 4.6.
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We rely on Lemma 2.6 and Figure 2 assuming again (2.7) without restriction of
generality. By (2.4) we have N = 2?4 and hence by (3.3) for any je N there are

22jKaNj — 22j7ca+j1ch — 2jh‘(1+d)(l

squares E, (of side length 277%0*)  We put m = m(j) = jx(1+a) and denote the
corresponding squares E;". Of course m = m(j) need not to be a natural number but
this is immaterial for what follows. In other words, the disjoint squares £ (/ =1, ...,
2"%) of side length 27" cover I" and originate from the squares E;, in Lemma 2.6.

Let x™' be the centre of the square E;". Let ¢ be an appropriately chosen non-
trivial C* function on R? supported near the origin. If

Pui(X) = 92" (x—x""))

then suppg,,, = E;". Furthermore, as a simple consequence of (2.9), there exists a
constant ¢ > 0 such that

2md

- 2md 1/2
Y il LZ(F)H > g (Z |cm,|2) 5.7)
=1 =1

for any complex numbers ¢,,, and for any m and /= 1,...,2""
By (5.2) and (5.7) there exists a constant ¢ > 0 such that

zmd 1/2
IVTg, | Wi(Q) > 62’"‘“”2(2 |le|2) (5.8)

=1

for any function g,, of type
_2md

gm = Z le gpml’
=1

the constant ¢ > 0 in (5.8) being independent of m,/ and the complex numbers c,,,.
Then there exists a number ¢ > 0 which is independent of m such that

azmd(\/j—v) = CZ_Md(Ai)/z. (59)

Using elementary properties of approximation numbers it is easy to see that (5.9)
implies (5.6) and this completes the proof of the estimate from below in (3.5).
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