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Abstract. This work deals with decompositions in anisotropic function spaces. Defining

anisotropic atoms as smooth building blocks which are the counterpart of the atoms from the works

of M. Frazier and B. Jawerth, it is shown that the study of anisotropic function spaces can be done

with the help of some sequence spaces in a similar way as it is done in the isotropic case. It is also

shown that the subatomic decomposition theorem for isotropic function spaces, recently proved by

H. Triebel, can be extended to the anisotropic case if the mean smoothness parameter is sufficiently

large.

1. Introduction

If 1 < p < ∞ and (s1, . . . , sn) is an n– tuple of natural numbers then

W s,a
p (IRn) =

{
f ∈ S′(IRn) : ‖f |Lp(IRn)‖+

n∑
k=1

∥∥∥∥∂skf

∂xsk

k

∣∣∣∣Lp(IRn)∥∥∥∥ < ∞
}

is the classical anisotropic Sobolev space on IRn. In contrast to the usual (isotropic)
Sobolev space (s1 = · · · = sn) the smoothness properties of an element fromW s,a

p (IRn)
depend on the chosen direction in IRn. The number s defined by

1
s

=
1
n

(
1
s1

+ · · ·+ 1
sn

)
is usually called the “mean smoothness” and a = (a1, . . . , an), where a1 = s/s1 , . . . ,
an = s/sn , characterizes the anisotropy.
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Anisotropic Bessel potential spaces, or fractional Sobolev spaces, defined by

Hs,ap (IRn) =

{
f ∈ S′(IRn) :

∥∥∥∥∥
(

n∑
k=1

(
1 + ξ2

k

)s/(2ak)
f̂

)∨ ∣∣∣∣∣Lp(IRn)
∥∥∥∥∥ < ∞

}

where 1 < p < ∞, s ∈ IR and a = (a1, . . . , an) is a given anisotropy, generalize in a
natural way the above spaces

(
as usual, S′(IRn) is the space of tempered distributions

and f̂ , f̌ are respectively the Fourier and the inverse Fourier transform of f
)
.

Similar to the isotropic case, the study of anisotropic Bessel potential spaces
Hs,ap (IRn) for a fixed anisotropy a = (a1, . . . , an), is a part of the more general theory
of the spaces of Bs,apq (IR

n) and F s,apq (IRn) type. Spaces of that type (or on domains
in IRn) have been studied in great detail by S. M. Nikol’skij, [Nik77], and by O.V.

Besov, V.P. Il’in and S.M. Nikol’skij, [BIN75], and it is well known that this
theory has a more or less full counterpart to the basic facts (definitions, elementary
properties, embeddings for different metrics, interpolation) of isotropic spaces Bspq(IR

n)
and F spq(IR

n) as it was presented in the works of H. Triebel, [Tri83] and [Tri92].
The anisotropic function spaces Bs,apq (IR

n) and F s,apq (IRn) are defined in terms of
Fourier analytical quasi – norms: any function f ∈ S′(IRn) is decomposed in a sum
of entire analytic functions

(
ϕj f̂

)∨ and this decomposition is used to introduce the
spaces.
Hence, as in the isotropic case, entire analytic functions may be considered as build-

ing blocks for the spaces Bs,apq (IR
n) and F s,apq (IRn) in the following sense: let a problem

be given, for example mapping properties for PDE’s or ψDE’s between spaces of the
above type or traces on hyperplanes, etc. First one asks what happens when the prob-
lem is applied to entire analytic functions; then the rest reduces to a discussion of
convergence.
In the theory of isotropic function spaces there is a well known other type of decom-

position in simple building blocks, the so – called atoms. They have a history of some
twenty years and in [Tri92, 1.9], cf. also [AdH96], a historical report was given on this
topic; we do not repeat it here. We only want to mention that the (smooth) atoms
in isotropic Bspq(IR

n) and F spq(IR
n) spaces as they were defined by M. Frazier and

B. Jawerth in [FrJ85], [FrJ90] (cf. also [FJW91]), proved to be a powerful tool in
the theory of function spaces. We also wish to emphasize that there exist many other
types of atomic decompositions in isotropic spaces but we will not discuss this point
here.
More information about this subject is given in [FrJ90], [Tri92] and [AdH96] where

one can find many modifications and applications as well as comprehensive references
extending the subject.
Several authors were concerned in the last years with the problem of obtaining useful

decompositions of anisotropic function spaces in simple building blocks: a construc-
tion of unconditional bases in Bs,apq (IR

n) and F s,apq (IRn) spaces using Meyer wavelets
was done by M.Z. Berkolaiko and I.Ya. Novikov in [BeN93] (and used then
in [BeN95]); in [Din95a, Theorem 1] P. Dintelmann obtained a decomposition for
anisotropic function spaces which is the counterpart of the characterization of isotropic
function spaces with the help of the ϕ – transform of M. Frazier and B. Jawerth

(see [FrJ90] and the survey [FJW91]) and used it in connection with the theory of
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Fourier –multipliers for anisotropic function spaces (we will return to his result in
Section 5). Our approach will be different, especially from the point of view of the
localization of the building blocks.
The first aim of this paper is to introduce smooth anisotropic atoms and to ob-

tain a decomposition theorem which extends the atomic decomposition theorem of
M. Frazier and B. Jawerth, see [FrJ85] and [FrJ90], to the anisotropic func-
tion spaces Bs,apq (IR

n) and F s,apq (IRn). Roughly speaking, we will show that for any
g ∈ F s,apq (IRn) it is possible to find a decomposition (convergence in S′(IRn))

g =
∞∑
ν=0

∑
m∈ZZn

λνm ρaνm ,(1.1)

where ρaνm are the anisotropic atoms and λ = {λνm : ν ∈ IN0 , m ∈ ZZn} belongs to
an appropriate sequence space fapq , such that∥∥g ∣∣F s,apq (IRn)

∥∥ ∼ ∥∥λ | fapq∥∥(1.2)(
and a similar assertion for Bs,apq (IR

n) spaces
)
.

Hence the study of function spaces can be done with the help of some sequence
spaces in an analogous way as it is done in the isotropic case in the above cited works
of M. Frazier and B. Jawerth. The necessary explanations and details are given
in Section 3.
However in (1.1) (and in Theorem 3.3) no information is given about the possibility

to obtain atomic decompositions in which the atoms are constructed with the help of
(anisotropic) dilatations and translations from one smooth function ρ having compact
support, cf. also [BeN93, Comment 2].
For isotropic function spaces this was already done byM. Frazier and B. Jawerth,

see [FrJ90, 4.2], and W. Sickel, see [Sic90]. It might be possible to extend the
technique of W. Sickel, at least for large values of the smoothness parameter, using
the characterization of anisotropic function spaces via oscillation from the work of A.

Seeger, [See89]. But to construct such a basic (or mother) function ρ for the atoms
having all required properties seems to be not very easy, at least at the first glance,
see the above cited papers.
We arrive at the second aim of this paper, the subatomic (or quarkonial) decomposi-

tion theorem (Theorem 3.7) which states that given g ∈ F s,apq (IRn) (with s sufficiently
large) it is possible to obtain the decomposition

g =
∑
β∈INn

0

∞∑
ν=0

∑
m∈ZZn

λβνm (βqu)aνm ,(1.3)

convergence being in S′(IRn), with∥∥g |F s,apq (IRn)∥∥ ∼ sup
β∈INn

0

2raβ
∥∥λβ | fapq∥∥ ,(1.4)

where r > 0 is large enough, aβ = a1β1+. . .+anβn if β is the multi – index (β1 , . . . , βn),
λβ =

{
λβνm : ν ∈ IN0 , m ∈ ZZn

}
and where each (βqu)aνm is an extremely simple
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building block (in particular an anisotropic atom without moment conditions), called
anisotropic quark, compactly supported and which can be obtained starting from one
smooth function

(
and a corresponding assertion for Bs,apq (IR

n)
)
.

Of course in (1.3) there are infinitely many sums over (ν,m) ∈ IN0 × ZZn but this is
well compensated by (1.4) with r large. Furthermore, it turns out from the proof that
the dependence of the coefficients λβνm on g is linear.
Isotropic quarks were recently introduced by H. Triebel in [Tri97] and the sub-

atomic (quarkonial) decomposition theorem he obtained in [Tri97, Chapter 14] proved
to be a very useful ingredient for the estimation of entropy numbers of compact em-
beddings between function spaces on fractals. Compared with the results in [Tri97,
Chapter 14] our Theorem 3.7 is in fact the extension of quarkonial decompositions to
anisotropic function spaces in the case of large values of the smoothness parameter, in
particular for s > 0 if p ≥ 1 and q ≥ 1.
If one wishes to extend the result to all s ∈ IR then a lifting argument would be

needed. But while the lift operator (id − ∆)
L+1

2 between isotropic function spaces
causes no problem in keeping the localization of the (isotropic) quarks (and this fact
was essentially used in [Tri97, 14.4]) the situation becomes difficult in case of the
anisotropic lift operator. It is well known that if σ ∈ IR then the operator

Iσ(f) =

((
n∑
k=1

(
1 + ξ2

k

) 1
2ak

)σ
f̂

)∨

maps F s,apq (IRn) isomorphically onto F s−σ,apq (IRn) and
∥∥Iσ( · ) |F s−σ,apq (IRn)

∥∥ is an equiv-
alent quasi – norm on F s,apq (IRn)

(
similar result for Bs,apq (IR

n)
)
, see [Leo86]; it is clear

that Iσ causes a lot of troubles in keeping the localization of the anisotropic quarks
and this is the reason why we will restrict ourselves to large values of the smoothness
parameter.
The main results of this work, the atomic and the subatomic decomposition, seem

to be of interest for their own sake but they also pave the way to some extensions of
the results from [TrW96b] (cf. also [Tri97, 18.2;18.6]) to anisotropic d – sets as they
are defined in [Tri97, 5.2;5.3]. If Γ is an anisotropic d – set we will shed new light on
the spaces Lp(Γ) and on the results from [Tri97, 18.7;22.2] using anisotropic function
spaces. But we shift this task to a later paper.
Briefly about the organizing of the manuscript. In Section 2 we set up notation

and terminology and summarize some basic facts on anisotropic function spaces. In
Section 3 the main results are presented with comments but without proofs. Section 4
will be concerned with the extension to anisotropic function spaces of some powerful
tools (especially a theorem on local means) from the isotropic case. All these results
are used in Section 5 where we prove the results announced in Section 3.

2. Definitions and basic facts

2.1. Notation

As usual, IRn denotes the n – dimensional real euclidean space, IN are the natural
numbers, IN0 = IN ∪ {0}, and C stands for the complex numbers.
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If α = (α1, . . . , αn) ∈ INn0 is a multi – index its length is |α| = α1 + · · ·+ αn, the
derivatives Dα have the usual meaning and if x = (x1, . . . , xn) ∈ IRn then xα =
xα1

1 · · · xαn
n .

Let S(IRn) be the Schwartz space of all complex– valued rapidly decreasing C∞

functions on IRn equipped with the usual topology. By S′(IRn) we denote its topolog-
ical dual, the space of all tempered distributions on IRn. If ϕ ∈ S(IRn) then ϕ̂ = Fϕ
and ϕ̌ = F−1ϕ are respectively the Fourier and inverse Fourier transform of ϕ. One
extends F and F−1 in the usual way from S(IRn) to S′(IRn).
We adopt here and in the sequel the following convention: if there is no danger of

confusion we omit IRn in S(IRn) and in the other spaces below.
For a normed or quasi – normed space X we denote by ‖x |X‖ the norm of the

vector x. Recall that X is quasi – normed when the triangle inequality is weakend to
‖x+ y |X‖ ≤ c (‖x |X‖+ ‖y |X‖) for some c ≥ 1 independent of x and y.
If 0 < p ≤ ∞ then Lp denotes the usual Lebesgue space on IRn quasi – normed by

‖ · |Lp‖.
All unimportant positive constants are denoted with c, occasionally with additional

subscripts within the same formulas. The equivalence “term1 ∼ term2” means that
there exist two constants c1, c2 > 0 such that c1 term1 ≤ term2 ≤ c2 term1.

2.2. Anisotropic distance functions

Through the whole work n ≥ 2 and a = (a1, . . . , an) will designate a given anisotropy,
that is a fixed n – tuple of positive numbers with a1 + · · ·+ an = n. We will denote
amin = min{ai : 1 ≤ i ≤ n} and amax = max{ai : 1 ≤ i ≤ n}. If a = (1, . . . , 1) we
speak about the “isotropic case”.
The action of t ∈ [0,∞) on x ∈ IRn is defined by the formula

tax = (ta1x1, . . . , t
anxn) .(2.1)

For t > 0 and s ∈ IR we put tsax = (ts)ax. In particular we write t−ax =
(
t−1

)a
x and

2−jax =
(
2−j

)a
x.

Definition 2.1. An anisotropic distance function is a continuous function u : IRn→IR
with the properties u(x) > 0 if x �= 0 and u(tax) = tu(x) for all t > 0 and all x ∈ IRn.

It is easy to see that uλ : IRn → IR defined by

uλ(x) =

(
n∑
i=1

|xi|λ/ai

)1/λ

(2.2)

is an anisotropic distance function for every 0 < λ < ∞. If x ∈ IRn then u2(x) is
usually called the anisotropic distance of x to the origin, see [ScT87, 4.2.1].
It is well known, see [Din95b, 1.2.3] and [Yam86, 1.4], that any two anisotropic

distance functions u and u′ are equivalent (in the sense that there exist constants
c, c ′ > 0 such that c u(x) ≤ u′(x) ≤ c ′ u(x) for all x ∈ IRn) and that if u is an
anisotropic distance function there exists a constant c > 0 such that u(x + y) ≤
c (u(x) + u(y)) for all x, y ∈ IRn.
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We are interested to use smooth anisotropic distance functions. Remark that for
appropriate values of λ we can obtain arbitrary (finite) smoothness of the function
uλ from above (cf. [Din95b, 1.2.4]). A standard method concerning the construction
of anisotropic distance functions in C∞(IRn\{0}) was given by E.M. Stein and S.

Wainger in [StW78].
The lemma below will play an essential role in our considerations. Given the

anisotropy a = (a1, . . . , an) and the multi – index α = (α1, . . . , αn) we use the no-
tation aα = a1α1 + · · ·+ anαn.

Lemma 2.2. There exists an anisotropic distance function | · |a ∈ C∞(IRn\{0})
with the following property: for any real number s and for any multi – index α there
exists a constant c = c(s, α) > 0 such that∣∣Dα(|x|sa)∣∣ ≤ c |x|s−aαa for all x ∈ IRn\{0} .(2.3)

Proof . We have only to recall the construction ofM. Yamazaki in [Yam86, 1.4/3,8]:
for x �= 0 one can define |x|a as the unique positive number t such that

x2
1

t2a1
+ · · ·+ x2

n

t2an
= 1(2.4)

and then put |0|a = 0 for x = 0. ✷

Given the anisotropy a = (a1, . . . , an) through the whole work we will keep the
notation | · |a for a fixed anisotropic distance function as in the lemma above.
Let us remark that to work with an anisotropic distance function | · |a satisfying (2.3)

is natural since denoting | · | the euclidean distance in IRn for every real number s and
for any multi – index α there exists a constant c > 0 such that

∣∣Dα(|x|s)∣∣ ≤ c |x|s−|α|

for all x ∈ IRn\{0} (see [RuS96, Lemma 2.3.1/(20)]).

2.3. Anisotropic function spaces

Let ϕ0 be a C∞ function on IRn defined by ϕ0(x) = 1 if |x|a ≤ 1, such that
suppϕ0 ⊂ {x ∈ IRn : |x|a ≤ 2} and ϕj(x) = ϕ0(2−jax) − ϕ0

(
2(−j+1)ax

)
if j ∈

IN. Then
∑∞
j=0 ϕj(x) = 1 if x ∈ IRn and

(
ϕj
)
j∈IN0

is a smooth anisotropic dyadic
resolution of unity, cf. [ScT87, 4.2].
For f ∈ S′ since ϕj f̂ is compactly supported the Paley –Wiener –Schwartz theorem

provides that
(
ϕj f̂

)∨ is an entire analytic function on IRn.

Definition 2.3. (i) Let 0 < p ≤ ∞, 0 < q ≤ ∞, s ∈ IR; then

Bs,apq =

f ∈ S′ :
∥∥f |Bs,apq

∥∥ =

 ∞∑
j=0

2jsq
∥∥∥(ϕj f̂ )∨ ∣∣Lp∥∥∥q

1/q

< ∞

(2.5)

(with the usual modification if q = ∞).
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(ii) Let 0 < p < ∞, 0 < q ≤ ∞, s ∈ IR; then

F s,apq =

f ∈ S′ :
∥∥f |F s,apq

∥∥ =

∥∥∥∥∥∥∥
 ∞∑
j=0

2jsq
∣∣∣(ϕj f̂ )∨( · )∣∣∣q

1/q ∣∣∣∣∣Lp
∥∥∥∥∥∥∥ < ∞

(2.6)

(with the usual modification if q = ∞).

Of course the quasi – norms in (2.5) and (2.6) depend on the chosen system
(
ϕj
)
j∈IN0

.
But this is not the case for the spaces Bs,apq and F s,apq (in the sense of equivalent quasi –
norms) and that is the reason why we omit in our notation the subscript

(
ϕj
)
j∈IN0

.
A systematic treatment of the theory of (isotropic) Bspq and F spq spaces may be found

in the books of H. Triebel [Tri83], [Tri92], for a more recent account of the theory
we refer the reader also to [EdT96] and [RuS96]. A survey on the basic results for the
(anisotropic) spaces Bs,apq and F s,apq may be found in [ScT87, 4.2.1 – 4.2.4] and [Joh95,
2.1 – 2.2]. In this context we refer to the works of S.M. Nikol’skij [Nik77], O.V.

Besov, V.P. Il’in and S.M. Nikol’skij [BIN75], B. Stöckert and H. Triebel

[StT79], M. Yamazaki [Yam86], A. Seeger [See89], P. Dintelmann [Din95b, 1.2.8
– 1.2.10], etc.
An extension of (2.6) to p = ∞ is not reasonable; in [Tri92, 1.5.2] this point was

discussed in detail.
Both Bs,apq and F s,apq are quasi – Banach spaces (Banach spaces if p ≥ 1 and q ≥ 1).
As in the isotropic case, see [Tri83, 2.3.3], the embeddings S ↪→ Bs,apq ↪→ S′ and

S ↪→ F s,apq ↪→ S′ hold true for all admissible values of p, q, s. If s ∈ IR and 0 < p < ∞,
0 < q < ∞ then S is dense in Bs,apq and F s,apq , see [Yam86, 3.5] and [Din95b, 1.2.10].
We want to point out that if 1 < p < ∞, s ∈ IR then F s,ap2 is the anisotropic Bessel

potential space Hs,ap ; a proof can be found in [StT79, Remark 11] (see also [Tri77,
2.5.2]) and in [Yam86, 3.11].
It will be very useful to remark that if denoting for each k ∈ {1, . . . , n}, sk = s/ak

and

Hs,axk,p =
{
f ∈ S′ :

∥∥f |Hs,axk,p

∥∥ =
∥∥∥∥((1 + ξ2

k

)sk/2
f̂
)∨ ∣∣∣Lp∥∥∥∥ < ∞

}
(2.7)

by [Nik77, 9.1] we have (in the sense of equivalent quasi – norms):

Hs,ap =
n⋂
k=1

Hs,axk,p and
∥∥f |Hs,ap

∥∥ =
n∑
k=1

∥∥f |Hs,axk,p

∥∥(2.8)

and if sk ∈ IN then (in the sense of equivalent quasi – norms)

Hs,axk,p =
{
f ∈ S′ :

∥∥f |Hs,axk,p

∥∥ = ‖f |Lp‖+
∥∥∥∥∂skf

∂xsk

k

∣∣∣∣Lp∥∥∥∥ < ∞
}
.(2.9)

In particular, if s1, . . . , sn ∈ IN then (in the sense of equivalent quasi – norms) Hs,ap =
W s,a
p is the classical anisotropic Sobolev space.
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3. The main results

3.1. Anisotropic atoms and the atomic decomposition theorem

Recall a = (a1, . . . , an) is a given anisotropy and let ZZn be the lattice of all points
in IRn with integer – valued components. If ν ∈ IN0 and m = (m1 , . . . , mn) ∈ ZZn we
denote Qaνm the rectangle in IRn centered at 2−νam =

(
2−νa1m1, . . . , 2−νanmn

)
which

has sides parallel to the axes and side lengths respectively 2−νa1 , . . . , 2−νan . Remark
that Qa0m is a cube with side length 1. If Qaνm is such a rectangle in IRn and c > 0 then
cQaνm is the rectangle in IRn concentric with Qaνm and with side lengths respectively
c 2−νa1 , . . . , c 2−νan.
If E is a Lebesgue measurable subset of IRn then |E| denotes its Lebesgue measure;

recall our notation: aα = a1α1 + · · ·+ anαn where α = (α1, . . . , αn) is a multi – index.
We are now prepared to introduce the anisotropic atoms.

Definition 3.1. (i) Let K ∈ IR, c > 1; a function ρ : IRn → C for which there exist
all derivatives Dαρ if aα ≤ K (continuous if K ≤ 0) is called an anisotropic 1K – atom
if:

supp ρ ⊂ cQa0m for some m ∈ ZZn ,(3.1)

|Dαρ(x)| ≤ 1 if aα ≤ K .(3.2)

(ii) Let s ∈ IR, 0 < p ≤ ∞, K,L ∈ IR, c > 1; a function ρ : IRn → C for which there
exist all derivatives Dαρ if aα ≤ K (continuous if K ≤ 0) is called an anisotropic
(s, p)K,L – atom if:

supp ρ ⊂ cQaνm for some ν ∈ IN , m ∈ ZZn ,(3.3)

|Dαρ(x)| ≤ ∣∣Qaνm∣∣ s
n− 1

p− aα
n if aα ≤ K ,(3.4) ∫

IRn

xβρ(x) dx = 0 if aβ ≤ L .(3.5)

If the atom ρ is located at Qaνm
(
that means supp ρaνm ⊂ cQaνm with ν ∈ IN0 ,

m ∈ ZZn, c > 1
)
then we will write it ρaνm.

We give some technical explanations.
The value of the number c > 1 in (3.1) and (3.3) is unimportant. It simply makes

clear that at the level ν some controlled overlapping of the supports of ρaνm must be
allowed.
Since

∣∣Qaνm∣∣ = 2−νn condition (3.4) may be written as

|Dαρ(x)| ≤ 2−ν
(
s−n

p

)
2νaα if aα ≤ K(3.6)

and if K ≤ 0 then (3.4) is |ρ(x)| ≤ 2−ν
(
s−n

p

)
.

The moment conditions (3.5) can be reformulated as Dβρ̂(0) = 0 if aβ ≤ L, which
shows that a sufficiently strong decay of ρ̂ at the origin is required. If L < 0 then (3.5)
simply means that there are no moment conditions.
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The reason for the normalizing factor in (3.2) and (3.4) is that there exists a constant
c > 0 such that for all these atoms we have

∥∥ρ |Bs,apq ∥∥ ≤ c,
∥∥ρ |F s,apq ∥∥ ≤ c. Hence, as

in the isotropic case, atoms are normalized building blocks satisfying some moment
conditions.
Our construction of anisotropic atoms which generalize isotropic atoms as they are

in the works of M. Frazier and B. Jawerth, is slightly related to the concept of
anisotropic building blocks (compactly supported and satisfying some norming and
some moment conditions) used by P. Soardi in [Soa83] to define anisotropic Hardy
spaces and to study the relations of these spaces to anisotropic Lipschitz and Cam-
panato –Morrey spaces.
We introduce now the sequence spaces bpq and fapq .
If ν ∈ IN0 , m ∈ ZZn and Qaνm is a rectangle as above let χνm be the characteristic

function of Qaνm; if 0 < p ≤ ∞ let χ(p)
νm = 2νn/pχνm (obvious modification if p = ∞)

be the Lp –normalized characteristic function of Qaνm.

Definition 3.2. Let 0 < p ≤ ∞, 0 < q ≤ ∞. Then:
(i) bpq is the collection of all sequences λ = {λνm ∈ C : ν ∈ IN0 , m ∈ ZZn} such

that ∥∥λ | bpq∥∥ =

 ∞∑
ν=0

( ∑
m∈ZZn

|λνm|p
)q/p1/q

(3.7)

(with the usual modification if p = ∞ and/or q = ∞) is finite;
(ii) fapq is the collection of all sequences λ = {λνm ∈ C : ν ∈ IN0 , m ∈ ZZn} such

that ∥∥λ | fapq∥∥ =

∥∥∥∥∥∥
( ∞∑
ν=0

∑
m∈ZZn

∣∣λνmχ(p)
νm( · )

∣∣q)1/q ∣∣∣∣∣Lp
∥∥∥∥∥∥(3.8)

(with the usual modification if p = ∞ and/or q = ∞) is finite.

One can easily see that bpq and fapq are quasi – Banach spaces and using
∥∥χ(p)
νm |Lp

∥∥ =
1 it is clear that comparing

∥∥λ | bpq∥∥ and
∥∥λ | fapq∥∥ the roles of the quasi – norms in Lp

and lq are interchanged.
Let d+ = max(d, 0). For 0 < p ≤ ∞ and 0 < q ≤ ∞ we introduce the abbreviations

σp = n

(
1
p
− 1

)
+

and σpq = n

(
1

min(p, q)
− 1

)
+

.(3.9)

Theorem 3.3. Let 0 < p < ∞ (respectively 0 < p ≤ ∞), 0 < q ≤ ∞, s ∈ IR and let
K, L ∈ IR be such that

K ≥ amax + s if s ≥ 0 ,(3.10)

L ≥ σpq − s (respectively L ≥ σp − s).(3.11)

Then g ∈ S′ belongs to F s,apq
(
respectively Bs,apq

)
if, and only if, it can be represented as

g =
∞∑
ν=0

∑
m∈ZZn

λνmρ
a
νm ,(3.12)
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convergence being in S′, where ρaνm are anisotropic 1K – atoms (ν = 0) or anisotropic
(s, p)K,L – atoms (ν ∈ IN) and λ ∈ fapq (respectively λ ∈ bpq) where λ = {λνm : ν ∈
IN0 , m ∈ ZZn}.

Furthermore, inf
∥∥λ | fapq∥∥ (

respectively inf
∥∥λ | bpq∥∥), where the infimum is taken over

all admissible representations (3.12), is an equivalent quasi – norm in F s,apq
(
respectively

Bs,apq
)
.

The convergence in S′ can be obtained as a by –product of the proof using the same
method as in [Tri97, 13.9] so we will not stress this point. We refer to the above
theorem as to the atomic decomposition theorem in anisotropic function spaces.

Remark 3.4. Let d > 0 be given, let ν ∈ IN0 and m ∈ ZZn be fixed and let us
denote by Raνm a rectangle with sides parallel to the axes, centered at xνm where∣∣xνmi − 2−νaimi

∣∣ ≤ d 2−νai for all i ∈ {1, . . . , n} ,(3.13)

and with side lengths respectively 2−νa1 , . . . , 2−νan.
Then let c > 0 be chosen in dependence of d such that for every choice of ν ∈ IN0

and all choices of xνm in (3.13) we have⋃
m∈ZZn

cRaνm = IRn .(3.14)

It will be clear from the proof that we may replace in Definition 3.1 the rectangle Qaνm
by Raνm, the number c being that from (3.14). A similar remark in the isotropic case
was very useful in the work of H. Triebel and H. Winkelvoß, [TrW96a], cf. also
[EdT96, 2.2.3].

We shift the proof of the theorem to Section 5 but let us make here some remarks.
The first part of the proof, in which the atoms are constructed and where it is shown
that the decomposition (3.12) holds, is essentially based on an anisotropic version of
a resolution of unity of Calderon type, cf. [FJW91, 5.12]; this construction is the
anisotropic counterpart of what was done in [FJW91, Theorem 5.11].
To prove the second part we will use a theorem on local means in anisotropic function

spaces, the technique of maximal functions and an inequality of Fefferman – Stein type.
All needed results are presented in the next section.

3.2. Anisotropic quarks and the subatomic decomposition theorem

In this subsection we will asume that | · |a ∈ C∞(IRn\{0}) is an anisotropic distance
function according to (2.3) satisfying in addition

{x ∈ IRn : |x|a ≤ 2} ⊂ [−π, π]n .(3.15)

The above restriction, which is of technical nature, was introduced by P. Dintelmann

in [Din95a] and seems to be a natural one compared with the isotropic case.
For ν ∈ IN0 and m ∈ ZZn let Qaνm be the rectangles introduced in Definition 3.1. Let

in particular Qa00 be the cube with side length 1 centered at the origin and let 2aQa00

be the rectangle concentric with Qa00 and with side lengths respectively 2a1 , . . . , 2an.
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Definition 3.5. Let ψ ∈ S be such that

suppψ ⊂ 2aQa00 and
∑
k∈ZZn

ψ(x − k) = 1 if x ∈ IRn(3.16)

and let for any β ∈ INn0 , ψβ(x) = xβψ(x). If 0 < p ≤ ∞ and s ∈ IR then

(βqu)aνm(x) = 2−ν(s−
n
p )ψβ(2νax−m)(3.17)

is called an anisotropic (s, p)− β – quark related to Qaνm.

Remark 3.6. It is easy to see that up to normalizing constants the anisotropic
(s, p)−β – quarks are anisotropic (s, p)K,L – atoms for any given K ∈ IR and any given
L < 0. Moreover, the normalizing constants by which the anisotropic (s, p) − β –
quark must be divided to become an anisotropic (s, p)K,L – atom can be estimated
from above by c 2κaβ where c > 0 and κ > 0 are independent of β (recall the notation
aβ = a1β1 + · · ·+ anβn where β = (β1 , . . . , βn) is a multi – index).

We will use below the sequence spaces bpq and fapq with respect to the sequences
λβ = {λβνm ∈ C : ν ∈ IN0 , m ∈ ZZn} where now β ∈ INn0 is a multi – index and we will
keep the notation (βqu)aνm for an anisotropic (s, p)−β – quark related to the rectangle
Qaνm. The numbers σp and σpq have the same meaning as in (3.9).

Theorem 3.7. Let 0 < p < ∞ (respectively 0 < p ≤ ∞), 0 < q ≤ ∞ and s > σpq
(respectively s > σp). There exists a number κ > 0 with the following property: let
r > κ; then g ∈ S′ belongs to F s,apq

(
respectively Bs,apq

)
if, and only if, it can be

represented as

g =
∑
β∈INn

0

∞∑
ν=0

∑
m∈ZZn

λβνm (βqu)aνm ,(3.18)

convergence being in S′ (first m, then ν, then β), and

sup
β∈INn

0

2raβ
∥∥λβ | fapq∥∥ < ∞

(
respectively sup

β∈INn
0

2raβ
∥∥λβ | bpq∥∥ < ∞

)
.(3.19)

Furthermore, the infimum in (3.19) over all admissible representations (3.18) is an
equivalent quasi – norm in F s,apq

(
respectively Bs,apq

)
.

The technique developed in Section 5 to prove the above theorem is that of
H. Triebel from [Tri97, 14.15]. However the proof given there covered only isotropic
B – spaces; the considerations in Section 5 show that the method can be extended to
F – spaces.
To show that g ∈ F s,apq

(
respectively g ∈ Bs,apq

)
can be decomposed as in (3.18) with

(3.19) we need not the assumption s > σpq
(
respectively s > σp

)
. This restriction is

needed only to prove the converse assertion.
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4. Results on anisotropic function spaces

4.1. Prerequisites

If z ∈ IRn and t > 0 then the set Ωa(z, t) = {y ∈ IRn : |y − z|a ≤ t} is the (closed)
anisotropic ball centered at z and (anisotropic) radius t. The Lebesgue measure of
such an anisotropic ball is |Ωa(z, t)| = c tn with c independent of t.
If f is a complex – valued locally integrable function on IRn then

Maf(x) = sup
1

|Ωa|
∫

Ωa

|f(y)| dy(4.1)

is the anisotropic Hardy – Littlewood maximal function, where the supremum is taken
over all anisotropic balls Ωa containing x.
Let 1 < p < ∞, 1 < q ≤ ∞. There exists a constant c > 0 such that∥∥(Mafj

)
j∈IN0

∣∣Lp(lq)∥∥ ≤ c
∥∥f |Lp(lq)∥∥(4.2)

for all sequences f =
(
fj
)
j∈IN0

of complex –valued locally Lebesgue integrable func-
tions on IRn.
Comments and further informations to the isotropic version of (4.2) which essentially

goes back to C. Fefferman and E.M. Stein, see [FeS71], may be found in [Tri92,
2.2.2] and [Tri83, 1.2.3].

B. Stöckert and H. Triebel remarked in [StT79, p. 257] that the maximal func-
tion in (4.1) is equivalent to a maximal function where in (4.1) we can take rectangles
with sides parallel to the axes (containing x) and that the iterative application of the
isotropic one dimensional case (n = 1) leads to (4.2). Different proofs of (4.2) can
be found in the works of M. Yamazaki [Yam86, 2.2], A. Seeger [See89] and P.

Dintelmann [Din95b, A.1.3 – A.1.4].
For 0 < p ≤ ∞ let again σp = n

(
1
p − 1

)
+
.

To prove the theorem below one has only to adapt the method from [Tri83, 1.5.2].

Theorem 4.1. Let Ω be a compact subset of IRn, 0 < p ≤ ∞. Let r ≥ 0 and let w
be a weight function for which there exists a constant c > 0 such that

0 < w(x) ≤ cw(y)
(
1 + |x− y|a

)r for all x , y ∈ IRn .(4.3)

If s > r + n
2 + σp then there exists a constant c > 0 such that∥∥w(mf̂

)∨ ∣∣Lp∥∥ ≤ c
∥∥m |Hs,a2

∥∥ · ∥∥wf |Lp∥∥(4.4)

for all m ∈ Hs,a2 and all f ∈ S′, supp f̂ ⊂ Ω with wf ∈ Lp.

If 0 < p ≤ ∞, 0 < q ≤ ∞ and Ω =
(
Ωj

)
j∈IN0

is a collection of compact subsets in
IRn we define the space LΩ

p

(
lq
)
as the collection of all systems f =

(
fj
)
j∈IN0

⊂ S′ such

that supp f̂j ⊂ Ωj if j ∈ IN0 which satisfy
∥∥f |Lp

(
lq
)∥∥ < ∞. By [Tri83, 1.6.1] LΩ

p

(
lq
)

is a quasi – Banach space with quasi – norm
∥∥f |Lp

(
lq
)∥∥ if f =

(
fj
)
j∈IN0

.
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Theorem 4.2. Let 0 < p < ∞, 0 < q ≤ ∞. For every j ∈ IN0 let Rj > 0 be a given
number, let Ωj =

{
ξ ∈ IRn : |ξ|a ≤ Rj

}
and let Ω =

(
Ωj

)
j∈IN0

.
(i) If 0 < t < min (p, q) then there exists a constant c > 0 such that∥∥∥∥∥∥

 sup
z∈IRn

|fj( · − z)|
1 +

∣∣Raj z∣∣n/ta

j∈IN0

∣∣∣∣∣Lp(lq)
∥∥∥∥∥∥ ≤ c

∥∥f |Lp
(
lq
)∥∥(4.5)

for all f =
(
fj
)
j∈IN0

∈ LΩ
p

(
lq
)
.

(ii) If s > n
2
+ n

min(p,q)
then there exists a constant c > 0 such that∥∥∥∥((mj f̂j )∨)j∈IN0

∣∣∣Lp(lq)∥∥∥∥ ≤ c sup
j∈IN0

∥∥mj(Raj · ) ∣∣Hs,a2

∥∥ · ∥∥f |Lp
(
lq
)∥∥(4.6)

for all
(
mj

)
j∈IN0

such that mj
(
Raj ·

) ∈ Hs,a2 if j ∈ IN0 and all f =
(
fj
)
j∈IN0

∈ LΩ
p

(
lq
)
.

The above result is the anisotropic counterpart of [Tri83, 1.6.2; 1.6.3] and the proof
can be done in the same manner as there making standard anisotropic changes, see
also [Tri92, 2.2.4], [BeN93, Proposition 1] and [Din95b, A.1.4].

4.2. Equivalent quasi – norms

If
(
ψj
)
j∈IN0

⊂ S and r > 0 we define the maximal functions

(
ψ∗
j f
)
r
(x) = sup

z∈IRn

∣∣∣(ψj f̂ )∨(x− z)
∣∣∣

1 +
∣∣2jaz∣∣r

a

(4.7)

for f ∈ S′ where x ∈ IRn and j ∈ IN0. The above maximal function essentially goes
back to J. Peetre, see [P75] and [P76]; see also [Tri83, 2.3.6/Remark 2] and [Yam86].
The result below is the anisotropic version of [Tri92, 2.3.2] and it can be obtained

as a simple consequence of (4.5), cf. also [Din95b, A.1.5].

Theorem 4.3. Let
(
ϕj
)
j∈IN0

be a smooth anisotropic dyadic resolution of unity.
(i) Let 0 < p ≤ ∞, 0 < q ≤ ∞, s ∈ IR and r > n

p
. Then

Bs,apq =

f ∈ S′ :
∥∥f |Bs,apq

∥∥ =

 ∞∑
j=0

2jsq
∥∥(ϕ∗

j f
)
r
|Lp

∥∥q1/q

< ∞

(4.8)

(modification if q = ∞) in the sense of equivalent quasinorms.
(ii) Let 0 < p < ∞, 0 < q ≤ ∞, s ∈ IR and r > n

min(p,q) . Then

F s,apq =

f ∈ S′ :
∥∥f |F s,apq

∥∥ =

∥∥∥∥∥∥∥
 ∞∑
j=0

2jsq
∣∣(ϕ∗

j

)
r
( · )∣∣q

1/q ∣∣∣∣∣Lp
∥∥∥∥∥∥∥ < ∞

(4.9)

(modification if q = ∞) in the sense of equivalent quasi – norms.
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4.3. General characterizations

We present now a rather general, but highly technical, characterization of the space
F s,apq

(
respectively of Bs,apq

)
and this characterization is the anisotropic counterpart of

[Tri92, 2.4.1] (respectively [Tri92, 2.5.1]).
In the theorem below ϕ needs not be an element of S and it is not immediately clear

what is meant by
(
ϕ
(
2−ja · )f̂ )∨. It is defined via limiting procedures as in Step 3 of

the proof in [Tri92, 2.4.1].
The numbers σp and σpq have the same meaning as in (3.9).
Given the anisotropy a = (a1, . . . , an) recall our notations 2kax =

(
2ka1x1, . . . , 2kanxn

)
and 2−jax =

(
2−ja1x1, . . . , 2−janxn

)
.

Let h ∈ S and G ∈ S with

supp h ⊂ {x ∈ IRn : |x|a ≤ 2} , h(x) = 1 if |x|a ≤ 1 ,(4.10)

suppG ⊂
{
x ∈ IRn :

1
4
≤ |x|a ≤ 4

}
, G(x) = 1 if

1
2

≤ |x|a ≤ 2 .(4.11)

Theorem 4.4. Let 0 < p < ∞, 0 < q ≤ ∞, s ∈ IR. Let s0, s1 be two real numbers
with

s0 + σpq < s < s1 and s1 > σp .(4.12)

Let ϕ0 and ϕ be two complex – valued C∞ functions on IRn and IRn\{0}, respectively,
which satisfy the following Tauberian conditions:

|ϕ0(x)| > 0 if |x|a ≤ 2 ,(4.13)

|ϕ(x)| > 0 if
1
2

≤ |x|a ≤ 2 .(4.14)

Let r > n
min(p,q) and assume:∫

IRn

∣∣∣∣∣
(
ϕ( · )h( · )
| · |s1a

)∨
(y)

∣∣∣∣∣ (1 + |y|a)r dy < ∞ ,(4.15)

sup
k∈IN

2−ks0
∫

IRn

∣∣∣(ϕ(2ka · )G( · ))∨(y)∣∣∣ (1 + |y|a)r dy < ∞ ,(4.16)

sup
k∈IN

2−ks0
∫

IRn

∣∣∣(ϕ0

(
2ka · )G( · ))∨ (y)∣∣∣ (1 + |y|a)r dy < ∞ .(4.17)

Let ϕj(x) = ϕ
(
2−jax

)
if x ∈ IRn\{0} and j ∈ IN.

Then ∥∥∥∥∥∥∥
 ∞∑
j=0

2jsq
∣∣∣(ϕj f̂ )∨( · )∣∣∣q

1/q ∣∣∣∣∣Lp
∥∥∥∥∥∥∥(4.18)

(usual modification if q = ∞) is an equivalent quasi – norm in F s,apq .

Proof . The proof is following the lines of the proof of [Tri92, 2.4.1]. We indicate
briefly the necessary modifications.
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Starting with a smooth anisotropic dyadic resolution of unity we have to make usual
anisotropic changes and to use the maximal function from (4.7) to obtain counterparts
of (14 – 19) in [Tri92, 2.4.1].
Since r > n

min(p,q) we may use the maximal inequality (4.5); then we use the vector
valued multiplier theorem (4.6) and obtain counterparts of (21 – 23) in [Tri92, 2.4.1].
The term with j = 0 is critical but it may be incorporated by the lemma below.
Using again the maximal function (4.7) and the multiplier theorem (4.4) with weight

w(y) = (1 + |y|a)r we obtain anisotropic counterparts of (24 – 29) in [Tri92, 2.4.1].
Counterparts of (30 – 33) in [Tri92, 2.4.1] can be obtained in the same manner using

in addition the embedding for different metrics F s,apq ↪→ F σ,a1q which holds for 0 < p < 1,
σ = s− σp, see [Joh95, (2.14)].
To obtain counterparts of (36 – 45) in [Tri92, 2.4.1] we have to use the anisotropic

version of the Plancherel –Polya –Nikol’skij inequality from [Yam86, 2.13] and the
Fefferman –Stein inequality (4.2).
Finally, to complete the proof, we have to replace Remark 1 from the end of the

proof of [Tri92, 2.4.1] by the lemma below. ✷

Lemma 4.5. Let 0 < p < ∞ and σ ∈ S, σ(x) = 1 if |x|a ≤ 1, suppσ ⊂ {x ∈ IRn :
|x|a ≤ 2}. If s1 > σp then there exists a constant c > 0 such that∥∥(| · |s1a σ( · )ĝ( · ))∨ |Lp

∥∥ ≤ c
∥∥g |Lp∥∥(4.19)

for all g ∈ S′ ∩ Lp with supp ĝ ⊂ {ξ ∈ IRn : |ξ|a ≤ 1}.
Proof . By the unweighted version (r = 0, w(x) ≡ 1) of the multiplier theorem (4.4)

the estimate is valid if ψ(x) = |x|s1a σ(x) ∈ Hv,a2 where v > n
2
+ σp. Since s1 > σp we

may choose n
2
+ s1 > v > n

2
+ σp.

Let now χ be a C∞ function on IRn such that χ(x) = 0 if |x|a ≤ 1 and χ(x) = 1 if
|x|a ≥ 2 and let ψj(x) = |x|s1a σ(x)χ

(
2jax

)
for every j ∈ IN.

The sequence
(
ψj
)
j∈IN

is fundamental in Hv,a2 ; by (2.8) it is sufficient to prove that
it is fundamental in each Hv,axk,2

where 1 ≤ k ≤ n.
If vk = v

ak
∈ IN this can be done by straightforward calculations using (2.9) and the

estimate
∣∣Dα(|x|s1a )∣∣ ≤ c |x|s1−aαa for any |x|a > 0.

If vk = v
ak

�∈ IN it is a matter of interpolation: we write sk = θmk with θ ∈ (0, 1),
mk ∈ IN and use the interpolation result (L2, L2(wk))θ,2 = L2(w) with wk(ξ) =(
1 + ξ2

k

)mk/2 and w = wθk which is a simple consequence of [Tri78, 1.18.4] where
L2(wk) and L2(w) are the weighted L2 spaces with weights respectively wk and w. ✷

Remark that an isotropic version of the assertion ψ(x) = |x|s1a σ(x) ∈ Hv,a2 where
v > n

2 + σp is presented in a more general context in [RuS96, Lemma 2.3.1/1].
It is clear that following the lines of the above proof we can obtain an anisotropic

counterpart of [Tri92, 2.5.1] for Bs,apq spaces.
As in [Tri92] conditions (4.15 – 4.17) can be reformulated.

Corollary 4.6. Let p, q, s, s0, s1 and r be the same numbers as in the theorem. Let
ϕ0, ϕ be two complex – valued C∞ functions on IRn and IRn\{0}, respectively, which
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satisfy the Tauberian conditions (4.13), (4.14) and let v > r + n
2
. Assume:∥∥∥∥ϕ( · )h( · )| · |s1a

∣∣∣∣Hv,a2

∥∥∥∥ < ∞ ,(4.20)

sup
k∈IN

2−ks0
∥∥ϕ(2ka · )G( · ) |Hv,a2

∥∥ < ∞ ,(4.21)

sup
k∈IN

2−ks0
∥∥ϕ0

(
2ka · )G( · ) ∣∣Hv,a2

∥∥ < ∞ ,(4.22)

where h, G have the same meaning as in (4.10), (4.11).
Let ϕj(x) = ϕ

(
2−jax

)
if x ∈ IRn\{0} and j ∈ IN. Then (4.18) is an equivalent

quasi – norm in F s,apq .

Proof . The result is a simple consequence of the inequality∥∥∥(1 + | · |a)rψ̂
∣∣L1

∥∥∥ ≤ c ‖ψ |Hv,a2 ‖

for all ψ ∈ Hv,a2 where v > r + n
2 which can be proved as in [ScT87, 1.7.5]. ✷

The counterpart of the above corollary for Bs,apq spaces reads as follows:

Corollary 4.7. Let 0 < p ≤ ∞, 0 < q ≤ ∞, s ∈ IR and let s0, s1 be two real
numbers with s0 + σp < s < s1 and s1 > σp. Let ϕ0, ϕ be two complex – valued C∞

functions on IRn and IRn\{0}, respectively, which satisfy the Tauberian conditions
(4.13), (4.14); let v > σp + n

2
and assume (4.20), (4.21) and (4.22) are satisfied. Let

ϕj(x) = ϕ
(
2−jax

)
if x ∈ IRn\{0} and j ∈ IN.

Then
(∑∞

j=0 2
jsq

∥∥∥(ϕj f̂ )∨ ∣∣Lp∥∥∥q)1/q

(usual modification if q = ∞) is an equivalent
quasi – norm in Bs,apq .

4.4. Local means

For the anisotropy a = (a1, . . . , an) we will use the notation

x+ tay =
(
x1 + ta1y1, . . . , xn + tanyn

)
.

If Ba = {y ∈ IRn : |y|a ≤ 1} is the anisotropic unit ball in IRn, k is a C∞ function on
IRn, supp k ⊂ Ba then we introduce the local means (cf. [Tri92, 2.4.6/1])

k(t, f)(x) =
∫

IRn

k(y) f
(
x+ tay

)
dy = t−n

∫
IRn

k(t−a(z − x)) f(z) dz(4.23)

which make sense for any f ∈ S′ (appropriately interpreted).

Lemma 4.8. Let s1 > 0 be a given number and assume k ∈ S such that there exists
a constant c > 0 with

∣∣k̂(ξ)∣∣ ≤ c |ξ|s1a for ξ near zero. Then
∫
IRn xαk(x) dx = 0 for all

α ∈ INn0 with aα < s1.
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Proof . We have to prove that Dαk̂(0) = 0 for all α ∈ INn0 with aα < s1. If s1 < amin

the assertion is clear so let us assume that s∗1 = [s1/amin] ≥ 1.
By Taylor’s expansion theorem we get for ξ near zero

k̂(ξ) =
∑

|α|<s∗1

Dα k̂(0)
α!

ξα +
∑

|α|=s∗1
Rα(ξ)(4.24)

where |Rα(ξ)| ≤ cα |ξα| ≤ c′α |ξ|aαa for ξ small and for some constants cα, c′α > 0.
By standard limit arguments we arrive at Dαk̂(0) = 0 for all α with |α| < s∗1 and

this leads immediately to the conclusion. ✷

Theorem 4.9. Let k0 and k be two C∞ functions on IRn such that

supp k0 ⊂ Ba,
∣∣k̂0(ξ)

∣∣ > 0 if |ξ|a ≤ 2 ,(4.25)

supp k ⊂ Ba ,
∣∣k̂(ξ)∣∣ > 0 if

1
2

≤ |ξ|a ≤ 2 .(4.26)

Let s1 > 0 and assume that there exists a constant c > 0 such that∣∣k̂(ξ)∣∣ ≤ c |ξ|s1a for ξ near zero .(4.27)

(i) Let 0 < p ≤ ∞, 0 < q ≤ ∞ and s ∈ IR. If s1 > max (s, σp) + σp then

∥∥k0(1, f) |Lp
∥∥ +

 ∞∑
j=1

2jsq
∥∥k(2−j, f) ∣∣Lp∥∥q

1/q

(4.28)

(usual modification if q = ∞) is an equivalent quasi – norm in Bs,apq .
(ii) Let 0 < p < ∞, 0 < q ≤ ∞ and s ∈ IR. If s1 > max(s, σp) + n

min (p,q) then

∥∥k0(1, f) |Lp
∥∥+

∥∥∥∥∥∥∥
 ∞∑
j=1

2jsq
∣∣k(2−j, f)( · )∣∣q

1/q ∣∣∣∣∣Lp
∥∥∥∥∥∥∥(4.29)

(usual modification if q = ∞) is an equivalent quasi – norm in F s,apq .

Proof . We sketch the proof for F – spaces. By our assumption on s1 we find numbers
s2, v and r such that s2 > max(s, σp), r > n

min (p,q) and v > n
2 + r such that

s1 > s2 + v − n

2
.(4.30)

The functions ǩ0 and ǩ fulfill the Tauberian conditions (4.13), (4.14) and we will
identify them respectively with ϕ0 and ϕ in Corollary 4.6, now with s2 in place of s1.
To prove (4.20) we use (2.8). Fix i ∈ {1, . . . , n}.
If vi = v

ai
∈ IN then we recall (2.9); clearly k̂( · )h( · )| · |−s2a ∈ L2 where h is the

function from (4.10). Let li ∈ {0, . . . , vi}; then by Lemma 2.2 there exists a constant
c > 0 such that for ξ near zero∣∣∣Dvi−li

i

(|ξ|−s2a

)∣∣∣ ≤ c |ξ|−s2−ai(vi−li)
a .(4.31)
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Using the above lemma we find also a constant c > 0 such that for ξ near zero∣∣∣Dlii (k̂(ξ)h(ξ))∣∣∣ ≤ c |ξ|s1−aili
a .(4.32)

By (4.31) and (4.32) using (4.30) we get Dvi

i

(
k̂( · )h( · )| · |−s2a

) ∈ L2 which is just what
we want.
If vi = v

ai
�∈ IN we have to use the interpolation result which was mentioned at the

end of the proof of Lemma 4.5 and this completes the proof of (4.20).
To prove (4.21) let s0 ∈ IR with s0 + σpq < s and let G be the function from

(4.11). If m ∈ IN then ψm( · ) = ǩ(2ma · )G( · ) has a compact support which is at most
Ω =

{
x ∈ IRn : 1

4 ≤ |x|a ≤ 4
}
.

If j ∈ IN such that j > 1 +
[
v
ai

]
for all i ∈ {1, . . . , n} then there exists a constant

c > 0 such that ∥∥ψm |Hv,a2

∥∥ ≤ c
∑
aα≤j

‖Dαψm |L∞‖ .(4.33)

To prove (4.33) we have only to recall (2.8) and to distinguish between vi = v
ai

∈ IN
and vi = v

ai
/∈ IN.

Let l ∈ IN be such that j − l ≤ s0 and such that
∣∣Dαǩ(x)∣∣ ≤ c(1 + |x|a)−l for all

x ∈ IRn and any α ∈ INn0 with aα ≤ j.
Then there exist constants c, c′ > 0 independent of m ∈ IN such that for any x ∈ Ω

we have |Dαψm(x)| ≤ c 2maα(1 + |2max|a)−l ≤ c′ 2m(j−l) ≤ c′ 2ms0 if α ∈ INn0 with
aα ≤ j.
It follows that there exists a constant c > 0 independent of m ∈ IN such that∑

aα≤j
‖Dαψm |L∞‖ ≤ c 2ms0 .(4.34)

The condition (4.21) is now a simple consequence of (4.33) and (4.34). A similar
argument can be used to check (4.22).
For B – spaces one has to use Corollary 4.7 and to make obvious changes above. ✷

Remark 4.10. The isotropic counterpart of the above result can be found in [Tri92,
2.4.6, 2.5.3]; instead of (4.27) it is used the representation k = ∆Nk0

(
with 2N = s1

sufficiently large and k0 ∈ S
)
which is in fact k̂(ξ) = |ξ|2N k̂0(ξ). But this assumption

was taken only for simplicity and it can be replaced by (4.27) with the euclidean
distance | · | instead of | · |a.

Remark 4.11. Examples of functions k as in the theorem can be constructed as in
[FrJ85, p. 783].

The advantage of (4.23) compared with
(
ϕj f̂

)∨
from Definition 2.3 is its strictly

local nature: in order to calculate k(t, f)(x) in a given point x ∈ IRn one needs only
a knowledge of f(z) in an anisotropic ball Ωa(x, t). This observation will be of great
service for us in the proof of the atomic decomposition theorem.
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5. Proofs

5.1. Proof of the atomic decomposition theorem

We begin with some preparations. Our theorem is based on the following lemma
which provides the existence of an anisotropic resolution of unity of Calderon type and
which is a generalization of the result from [FJW91, 5.12].

Lemma 5.1. Let θ0, θ ∈ S be functions with:∣∣θ̂0(ξ)∣∣ > 0 if |ξ|a ≤ 2 ,(5.1)

|θ̂(ξ)| > 0 if
1
2

≤ |ξ|a ≤ 2 .(5.2)

Then there exist functions ϕ0, ϕ ∈ S and a positive number δ ≤ 2 such that

suppϕ0 ⊂ {ξ ∈ IRn : |ξ|a ≤ 2} and |ϕ0(ξ)| > 0 if |ξ|a ≤ δ ,(5.3)

suppϕ ⊂
{
ξ ∈ IRn :

1
2
≤ |ξ|a ≤ 2

}
and |ϕ(ξ)| > 0 if

3
5

≤ |ξ|a ≤ 5
3
,(5.4)

and

θ̂0(ξ)ϕ0(ξ) +
∞∑
ν=1

θ̂(2−νaξ)ϕ(2−νaξ) = 1 for all ξ ∈ IRn .(5.5)

The proof is classical and it can be done using the technique of M. Frazier, B.

Jawerth, G. Weiss from [FJW91, Lemma 6.9] adapted to our purpose so we do not
go into details.

Remark 5.2. A construction as in [FrJ85, p. 783] can be used to prove that if
L ≥ 0 is a given number there exists a function θ ∈ S satisfying (5.2) such that, in
addition,

supp θ ⊂ {x ∈ IRn : |x|a ≤ 1} ,(5.6) ∫
IRn

xβθ(x) dx = 0 if aβ ≤ L(5.7)

(cf. also Remark 4.11).

An instrument which will be of considerable use is an anisotropic version of Taylor’s
expansion theorem. Recall the binomial notation xα = xα1

1 . . . xαn
n if x ∈ IRn and

α = (α1, . . . , αn) is a multi – index.

Theorem 5.3. Let A ≥ 0 be a given number. Let U be an open convex subset of
IRn and assume that f : U → C is a function such that Dαf exists for all α ∈ INn0
with aα ≤ A+ amax.

Let y ∈ U and t > 0 be such that Ωa(y, t) = {z ∈ IRn : |z − y|a ≤ t} ⊂ U .
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Then there exists a constant c > 0 such that for all x ∈ Ωa(y, t) it follows

f(x) =
∑
aα≤A

1
α!

Dαf(y) (x − y)α + RA(x)(5.8)

with

|RA(x)| ≤ c

A+amax∑
aα>A

taα sup
z∈Ωa(y,t)

|Dαf(z)|(5.9)

where the notation
∑A+amax
aα>A means that the sum is taken over all α ∈ INn0 such that

A < aα ≤ A+ amax.

We will refer to this result as to the anisotropic Taylor expansion theorem of (aniso-
tropic) order A on the set Ωa(y, t).
The main idea in proving the above theorem is an iterative application of the one

dimensional classical Taylor expansion theorem. In lack of a convincing reference we
sketch a proof in the case n = 2.
Applying Taylor’s classical expansion theorem with Lagrange remainder there exists

ξ1 = ξ1(x1) between x1 and y1 such that

f(x1, x2) =
[A/a1 ]∑
α1=0

1
α1!

Dα1
1 f(y1 , x2) (x1 − y1)α1 + R1+[A/a1](x)

where
R1+[A/a1](x) = c1 D

1+[A/a1 ]
1 f(ξ1 , x2) (x1 − y1)1+[A/a1 ] .

Applying now Taylor’s classical expansion theorem with Lagrange remainder to each
Dα1

1 f(y1 , · ) there exists ξα1
2 = ξα1

2 (x2) between x2 and y2 such that

Dα1
1 f(y1 , x2) =

[(A−a1α1)/a2]∑
α2=0

1
α2!

Dα1
1 Dα2

2 f(y1 , y2) (x2 − y2)α2

+ Rα1,1+[(A−a1α1)/a2](x)

where the remainder Rα1,1+[(A−a1α1)/a2](x) is

c2(α1)Dα1
1 D

1+[(A−a1α1)/a2]
2 f(y1 , ξ

α1
2 ) (x2 − y2)1+[(A−a1α1)/a2] .

If n = 2 the expansion (5.8) with (5.9) is now a simple consequence of the last four
relations and of

RA(x) = R1+[A/a1](x) +
[A/a1]∑
α1=0

1
α1!

(x1 − y1)α1Rα1,1+[(A−a1α1)/a2](x) .

The general case can be treated in a similar manner.

P r o o f (of the atomic decomposition theorem). We present here the proof for F s,apq
spaces; the proof for Bs,apq spaces is simpler and is obtained essentially by interchanging
the roles of the Lp and lq quasi – norms in the proof below.
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Part I. Let g ∈ F s,apq ; we use the method of M. Frazier, B. Jawerth and G.

Weiss from [FJW91, Theorem 5.11] to construct atoms and to decompose g as in
(3.12).
Let θ0, θ, ϕ0 and ϕ be functions in S satisfying (5.1 – 5.7). Then

(
ϕ0ĝ

)∨ and(
ϕ
(
2−νa · )ĝ )∨ are entire analytic functions; using θ̂(2−νaξ) = 2νnF (θ(2νa · ))(ξ) we

obtain the following equality in S′:

g(x) =
∑
m∈ZZn

∫
Qa

0m

θ0(x− y)(ϕ0 ĝ )∨(y) dy

(5.10) +
∞∑
ν=1

∑
m∈ZZn

2νn
∫
Qa

νm

θ(2νa(x− y))(ϕ(2−νa· )ĝ)∨(y) dy .

We define for every ν ∈ IN and all m ∈ ZZn

λνm = C 2ν(s−
n
p ) sup
y∈Qa

νm

∣∣(ϕ(2−νa · )ĝ )∨(y)∣∣(5.11)

where
C = max

aα≤K
sup

|x|a≤1

|Dαθ(x)|

and
ρaνm(x) =

1
λνm

2νn
∫
Qa

νm

θ(2νa(x− y))(ϕ(2−νa · )ĝ )∨(y) dy .(5.12)

Similarly we define for every m ∈ ZZn the numbers λ0m and the functions ρa0m taking
in (5.11) and (5.12) ν = 0 and replacing ϕ and θ by ϕ0 and θ0, respectively.
It is obvious that (3.12) is satisfied and it follows by straightforward calculations,

using the properties of the functions θ0, θ, ϕ0 and ϕ, that ρa0m are anisotropic 1K –
atoms and that ρaνm are anisotropic (s, p)K,L – atoms for ν ∈ IN.
Finally, we will show that there exists a constant c > 0 such that

∥∥λ | fapq∥∥ ≤
c
∥∥g |F s,apq ∥∥. We have for a fixed ν ∈ IN that∑

m∈ZZn

λνmχ
(p)
νm(x) = C 2ν(s−

n
p )

∑
m∈ZZn

sup
y∈Qa

νm

∣∣(ϕ(2−νa · )ĝ )∨(y)∣∣ · 2ν n
p χνm(x)

≤ c′ 2νs
(

sup
|z|a≤c 2−ν

∣∣(ϕ(2−νa · )ĝ )∨(x− z)
∣∣

(1 + |2νaz|a)r (1 + |2νaz|a)r
)

(5.13)

≤ c′′ 2νs
(
ϕ∗
νg
)
r
(x)

since |x− y|a ≤ c 2−ν for x, y ∈ Qaνm and
∑
m∈ZZn χνm(x) = 1. Here ϕν = ϕ(2−νa · ),

r > n
min (p,q) and

(
ϕ∗
νg
)
r
is the maximal function from (4.7). It follows

∞∑
ν=1

∑
m∈ZZn

∣∣λνm χ(p)
νm( · )

∣∣q ≤ c

∞∑
ν=1

2νsq
(
ϕ∗
νg
)
r
( · )q(5.14)

(with the usual modification if q = ∞) where c is a positive constant.
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Now we have to use (5.14), its counterpart for ν = 0 (which can be obtained by a
similar calculation), Theorem 4.3 and get

∥∥λ | fapq∥∥ ≤ c

∥∥∥∥∥∥
( ∞∑
ν=0

2νsq(ϕ∗
νg)r( · )q

)1/q ∣∣∣∣∣Lp
∥∥∥∥∥∥ ≤ c′

∥∥g |F s,apq ∥∥(5.15)

(with the usual modification if q = ∞) and this completes the proof of the first part
of the theorem.
Part II. Reciprocally, assume now that g can be represented by (3.12), with K

and L satisfying respectively (3.10) and (3.11). We will show that g ∈ F s,apq and that∥∥g |F s,apq ∥∥ ≤ c
∥∥λ |fapq∥∥ for some constant c > 0.

Let k0 and k be two C∞ functions on IRn as in Theorem 4.9 and let s1 > 0 be in
that theorem enough large such that we also have s1 > K.
Temporarily let ν , j ∈ IN0,m ∈ ZZn and x ∈ IRn be fixed; we start finding convenient

estimates for 2js k
(
2−j , ρaνm

)
(x).

Step II.1. Let j ≥ ν and let

2js k
(
2−j, ρaνm

)
(x) = 2js

∫
|y|a≤1

k(y) ρaνm
(
x+ 2−jay

)
dy .(5.16)

Let us remark that in this case x is located in some cQaνm (else, the integral above
would be certainly zero by (3.3)).
Suppose first s ≥ 0 and let A = K − amax ≥ s ≥ 0. The derivatives Dαρaνm exist if

aα ≤ K so we can use the anisotropic Taylor expansion theorem of order A for the
function w �→ ρ(w) on the set Ωa

(
x, 2−j

)
. We then put w = x + 2−jay and get the

expansion

ρaνm
(
x+ 2−jay

)
=

∑
aα≤A

cα
(
x+ 2−jay − z

)α
Dαρaνm(z) + RK(x, y)(5.17)

where

|RK(x, y)| ≤ c

K∑
aα>A

2−jaα sup
z∈c′Qa

νm

|Dαρaνm(z)|(5.18)

for some c, c′ > 0. We may choose A′ > A such that for all α with A < aα ≤ K we
have aα > A′. Using this remark and the estimate (3.6) the inequality (5.18) becomes

|RK(x, y)| ≤ c
K∑

aα>A′
2−jaα2−ν(s−

n
p )2νaα χ̃νm(x)

≤ c′2−νs2(ν−j)A′
χ̃

(p)
νm(x)

(5.19)

where χ̃
(p)
νm is the p– normalized characteristic function of some rectangle cQaνm.

Recall s1 > K so we may use Lemma 4.8 and obtain
∫
IRn(x+2−jay−z)α k(y) dy = 0

for all α such that aα ≤ A < s1. Hence (5.17) and (5.19) yield∣∣2js k(2−j, ρaνm)(x)∣∣ ≤ c 2−(j−ν)(A′−s) χ̃(p)
νm(x) where A′ > s .(5.20)
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If now s < 0 we have to use only the estimate |ρaνm(x)| ≤ 2−ν(s−
n
p ) χ̃νm(x) from

(3.6) and get ∣∣2js k(2−j, ρaνm)(x)∣∣ ≤ c 2−(j−ν)(−s) χ̃(p)
νm(x) .(5.21)

So, by (5.20) and (5.21), it is clear that we arrive in any case at∣∣2js k(2−j, ρaνm)(x)∣∣ ≤ c 2−(j−ν)δ χ̃(p)
νm(x) for some δ > 0 .(5.22)

Step II.2. Let now j < ν ; by a change of variables we have

2js k
(
2−j, ρaνm

)
(x) = 2js 2jn

∫
IRn

k
(
2jay

)
ρaνm(x+ y) dy .(5.23)

Clearly the integration above can be restricted to the set
{
y ∈ IRn : |y|a ≤ 2−j

}
; we

remark also that by our assumption on j and ν , x is located in some cΩjm where
Ωjm =

{
z ∈ IRn : |z − 2−νam|a ≤ 2−j

}
is the anisotropic ball centered at 2−νam

and radius 2−j (else the integral above would be certainly zero). This can be easily
proved if we recall the definition of the rectangle Qaνm, the assumption (3.3) and use
the generalized triangle inequality for | · |a.
Since k is a smooth function on IRn we may use the anisotropic Taylor expansion

theorem of order L for the function w �→ k(w) on the set Ωa(zx, 2j−ν), where zx =
z(j, ν,m, x) = 2ja(2−νam− x). After that we let w = 2jay and get

k
(
2jay

)
=

∑
aα≤L

cα
(
2jay − zx

)α
Dαk(zx) +RL(y, x)(5.24)

where

|RL(y, x)| ≤ c

L+amax∑
aα>L

2(j−ν)aα(5.25)

for some positive constant c.
By the moment conditions (3.5) we have

∫
IRn(2jay−zx)αρaνm(x+y) dy = 0 if aα ≤ L;

using (5.24) we may replace (5.23) by

2js k
(
2−j , ρaνm

)
(x) = 2js 2jn

∫
IRn

RL(y, x) ρaνm(x+ y) dy(5.26)

where the integration can be restricted to the set
{
y ∈ IRn : |y|a ≤ 2−j

}
. As in the

first step we may choose L′ > L such that for all α with L < aα ≤ L+ amax we have
aα > L′. Hence by (5.25) and (3.6) we get

∣∣2js k(2−j, ρaνm)(x)∣∣ ≤ c 2js 2jn
L+amax∑
aα>L′

2(j−ν)aα
∫
|y|a≤2−j

|ρaνm(x+ y)| dy

≤ c′ 2js 2jn 2(j−ν)L′
2−ν(s−

n
p )

∫
|y|a≤2−j

χ̃νm(x+ y) dy(5.27)

= c′ 2(j−ν)(L′+s) 2jn 2ν
n
p

∫
|y|a≤2−j

χ̃νm(x+ y) dy
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where χ̃νm is the characteristic function of some rectangle cQaνm.
Let now χjm be the characteristic function of the anisotropic ball cΩjm where x is

located; by straightforward computation we have∫
|y|a≤2−j

χ̃νm(x+ y) dy ≤ 2−νn χjm(x) .(5.28)

Recall L′ > L ≥ σpq − s; we may choose an ω < min (1, p, q) such that L′ + s >
n
(

1
ω
− 1

)
> σpq. Denoting, as usual, Maχωνm the anisotropic Hardy – Littlewood

maximal function of χωνm we get

χjm( · ) ≤ c 2(ν−j)n
ω

(
Maχωνm( · )

)1/ω
.(5.29)

Finally, using (5.28) and (5.29), the estimate (5.27) becomes∣∣2js k(2−j, ρaνm)(x)∣∣ ≤ c 2(j−ν)(L′+s−n( 1
ω −1))

(
Maχ(p)ω

νm (x)
)1/ω(5.30)

which is in fact∣∣2js k(2−j , ρaνm)(x)∣∣ ≤ c 2−(ν−j)ε(Maχ(p)ω
νm (x)

)1/ω for some ε > 0 .(5.31)

Remark that the terms with j = 0 and/or ν = 0 can also be covered by the technique
in steps II.1 – 2.
Step II.3. Using (5.22) and (5.31) we get for 0 < q ≤ 1∣∣∣∣∣2jsk

(
2−j,

∞∑
ν=0

∑
m∈ZZn

λνmρ
a
νm

)
(x)

∣∣∣∣∣
q

≤ c
∑
ν≤j

∑
m∈ZZn

|λνm|q 2−δ(j−ν)q χ̃(p)q
νm (x)

+ c′
∑
ν>j

∑
m∈ZZn

|λνm|q 2−ε(ν−j)q
(
Maχ(p)ω

νm (x)
)q/ω

(5.32)

for some δ, ε > 0, with the usual modification if 1 < q ≤ ∞.
We sum over j, take the 1

q – th power and then the Lp –quasi – norm and obtain that∥∥∥∥∥∥∥
 ∞∑
j=1

2jsq
∣∣∣∣∣k
(
2−j,

∞∑
ν=0

∑
m∈ZZn

λνmρ
a
νm

)
( · )

∣∣∣∣∣
q
1/q ∣∣∣∣∣Lp

∥∥∥∥∥∥∥(5.33)

can be estimated from above by

c

∥∥∥∥∥∥
( ∞∑
ν=0

∑
m∈ZZn

|λνm|q χ̃(p)
νm( · )q

)1/q ∣∣∣∣∣Lp
∥∥∥∥∥∥

(5.34)
+ c′

∥∥∥∥∥∥
( ∞∑
ν=0

∑
m∈ZZn

|λνm|q
(
Maχ(p)ω

νm ( · ))q/ω)1/q ∣∣∣∣∣Lp
∥∥∥∥∥∥
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with the usual modification if q = ∞.
The first term of (5.34) is just what we want since χ̃

(p)
νm can be replaced by χ

(p)
νm.

With hνm = λνm χ
(p)
νm the second term of (5.34) can be written as

c′′

∥∥∥∥∥∥
( ∞∑
ν=0

∑
m∈ZZn

Mahωνm( · )q/ω
)ω/q ∣∣∣∣∣Lp/ω

∥∥∥∥∥∥
1
ω

(5.35)

(usual modification if q = ∞). Recall 1 < p
ω < ∞ and 1 < q

ω ≤ ∞ so that we can
apply the Fefferman – Stein inequality (4.2) and obtain again what we want.
The term with j = 0 can be incorporated by the same technique. ✷

5.2. Proof of the subatomic decomposition theorem

For the given anisotropy a = (a1, . . . , an) let | · |a ∈ C∞(IRn\{0}) be an anisotropic
distance function according to (3.15). We begin with a preparation.

Theorem 5.4. Let 0 < p < ∞, 0 < q ≤ ∞, s ∈ IR, let
(
ϕj
)
j∈IN0

be a smooth
anisotropic dyadic resolution of unity and let ρ ∈ S be such that ρ(x) = 1 if |x|a ≤ 2
and supp ρ ⊂ [−π, π]n. The operators Uϕ : F s,apq → fapq and Tρ : fapq → F s,apq defined by

Uϕ(g) =
{
(2π)−n/2 2ν(s−

n
p )(ϕν ĝ )∨(2−νam) : ν ∈ IN0 , m ∈ ZZn

}
(5.36)

if g ∈ F s,apq and

Tρ(λ) =
∞∑
ν=0

∑
m∈ZZn

λνm 2−ν(s−
n
p )ρ̌(2νa · −m)(5.37)

if λ ∈ fapq, λ = {λνm : ν ∈ IN0 , m ∈ ZZn} are bounded.
Furthermore, (Tρ ◦ Uϕ)(g) = g for any g ∈ F s,apq and

∥∥Uϕ( · ) | fapq∥∥ is an equivalent
quasi – norm on F s,apq .

The same result holds for Bs,apq spaces with 0 < p ≤ ∞ and with bpq in place of fapq.

Remark 5.5. This theorem is due to P. Dintelmann [Din95a, Theorem 1] and
is the anisotropic counterpart of the characterization of isotropic function spaces by
the ϕ – transform of M. Frazier and B. Jawerth, see [FrJ90] and [FJW91]; he
considered in the cited paper more general distance functions but for our purpose the
above form of his result will be sufficient. We have to remark that he made the proof
using the density of S in Bs,apq and F s,apq (see 2.3) and, in consequence, restricted to
0 < p < ∞, 0 < q < ∞. There is no problem to obtain his result for all admissible
values of parameters; this can be done, for example, as in [Tri97, 14.15].

P r o o f (of the subatomic decomposition theorem). As usually we present here the
proof for F s,apq spaces; of course the same can be done for Bs,apq .
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Step 1. Assume that g ∈ S′ is given by (3.18) with (3.19). We show that g ∈ F s,apq
and that there exists a constant c > 0 (independent of g) such that∥∥g |F s,apq ∥∥ ≤ c sup

β∈INn
0

2raβ
∥∥λβ | fapq∥∥ .(5.38)

Since for any given K ∈ IR and any given L < 0 the anisotropic (s, p) − β –quarks
are anisotropic (s, p)K,L – atoms multiplied by normalizing constants which can be
estimated from above by c 2κaβ where c > 0 and κ > 0 are independent of β, it follows
from the atomic decomposition theorem that for any fixed β ∈ INn0 it follows that

gβ =
∞∑
ν=0

∑
m∈ZZn

λβνm (βqu)aνm(5.39)

converges in S′, gβ ∈ F s,apq and
∥∥gβ |F s,apq ∥∥ ≤ c 2κaβ

∥∥λβ | fapq∥∥, where c > 0 and κ > 0
are independent of β (and of course of g). So, for r > κ∥∥gβ | F s,apq

∥∥ ≤ c 2−(r−κ)aβ sup
β∈INn

0

2raβ
∥∥λβ | fapq

∥∥(5.40)

where c > 0 is independent of β. Applying now the t – triangle inequality to∥∥∥∑β∈INn
0
gβ

∣∣ F s,apq ∥∥∥, where t = min(1, p, q), we obtain that g =
∑
β∈INn

0
gβ converges

in F s,apq and that for some c > 0 we have (5.38) and this completes the first part of the
proof.
Remark that in this step the restriction s > σpq was essentially for the using of the

atomic decomposition theorem with no moment conditions required for the atoms.
Step 2. If now g ∈ F s,apq we will show that we can decompose it as in (3.18) with

(3.19). Let ρ ∈ S be such that ρ(x) = 1 if |x|a ≤ 2 and supp ρ ⊂ [−π, π]n, and let ψ
be the function from (3.16).
We may assume r ∈ IN.
By the above theorem there exists a sequence λ ∈ fapq, λ = {λνm : ν ∈ IN0 , m ∈ ZZn}

such that

g(x) =
∞∑
ν=0

∑
m∈ZZn

λνm 2−ν(s−
n
p )

∑
k∈ZZn

ρ̌(2νax−m)ψ
(
2(ν+r)ax− k

)
(5.41)

if x ∈ IRn where ∥∥λ | fapq∥∥ ∼ ∥∥g |F s,apq ∥∥ .(5.42)

The entire analytic function ρ̌ ∈ S can be extended from IRn to Cn.
Using c1 (1 + |ξ|)1/amax ≤ 1 + |ξ|a ≤ c2 (1 + |ξ|)1/amin for some constants c1, c2 > 0

which depend only on the anisotropy a (see [Leo86]), by the Paley –Wiener – Schwartz
theorem we have for any ε > 0 and an appropriate cε > 0

|ρ̌(x+ iy)| ≤ cε exp(c|y|)(1 + |x|a)−ε(5.43)

(see [Tri83, 1.2.1]) where x ∈ IRn, y ∈ IRn.
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Iterative application of Cauchy’s representation formula in the complex plane yields

ρ̌(z) = (2πi)−n
∫
|ζ1−z1|=1

· · ·
∫
|ζn−zn|=1

ρ̌(ζ1, . . . , ζn)
(ζ1 − z1) . . . (ζn − zn)

dζ1 . . . dζn(5.44)

where z = (z1, . . . , zn) ∈ Cn. By (5.43) we obtain from (5.44) in particular∣∣Dβρ̌(x)∣∣ ≤ c′ε β! (1 + |x|a)−ε for x ∈ IRn(5.45)

where c′ε does not depend on x ∈ IRn and on the multi – index β.
For every fixed k ∈ ZZn we expand ρ̌(2νa · −m) at the point 2−(ν+r)ak and obtain

ρ̌(2νax−m) =
∑
β∈INn

0

2νaβDβ ρ̌(2−rak −m)
β!

(x− 2−(ν+r)ak)β(5.46)

and so ρ̌(2νax−m)ψ
(
2(ν+r)ax− k

)
can be replaced in (5.41) by

∑
β∈INn

0

Dβ ρ̌(2−rak −m)
β!

2−raβ ψβ
(
2(ν+r)ax− k

)
.(5.47)

We get

g(x) =

∞∑
ν=0

∑
m∈ZZn

λνm 2
−ν
(

s−n
p

) ∑
k∈ZZn

∑
β∈INn

0

Dβ ρ̌(2−rak −m)

β!
2−raβ ψβ

(
2(ν+r)ax− k

)
=

∑
β∈INn

0

∞∑
ν=0

∑
k∈ZZn

2
−ν
(

s− n
p

)
ψβ
(
2(ν+r)ax− k

)( ∑
m∈ZZn

Dβ ρ̌(2−rak −m)

β!
2−raβλνm

)
(5.48)

=
∑

β∈INn
0

∞∑
ν=0

∑
k∈ZZn

λ
β
ν+r,k 2

r
(

s− n
p

)
(βqu)aν+r,k(x)

where (βqu)aνk(x) = 2−ν(s−
n
p )ψβ(2νax − k) are the anisotropic (s, p) − β –quarks(

related to the rectangles Qaνk
)
and

λβν+r,k = 2−raβ
∑
m∈ZZn

Dβ ρ̌(2−rak −m)
β!

λνm = 2−raβ θβν+r,k .(5.49)

We may replace in (5.48) ν + r by ν and obtain (3.18) (recall we assumed r ∈ IN).
Let θβ =

{
θβνk : ν ∈ IN0 , k ∈ ZZn

}
; if we would prove now that there exists a

constant c > 0 independent of β such that∥∥θβ | fapq∥∥ ≤ c
∥∥λ | fapq∥∥(5.50)

we would obtain from (5.49) and (5.42)

2raβ
∥∥λβ | fapq∥∥ ≤ c

∥∥g |F s,apq ∥∥(5.51)

for some c > 0 independent of β and this is the counterpart of (3.19).



110 Math. Nachr. 209 (2000)

So it remains to prove (5.50) where the numbers θβνk are defined from (5.49) by

θβν+r,k =
∑
m∈ZZn

Dβ ρ̌(2−rak −m)
β!

λνm if ν ∈ IN0 and k ∈ ZZn .(5.52)

Let now ν ∈ IN0 and k ∈ ZZn be fixed. By (5.45) there exists a constant c > 0
independent of β with∣∣θβν+r,k∣∣ ≤ c

∑
m∈ZZn

(1 + |2−rak −m|a)−ε|λνm|

(5.53) = c
∑
m∈ZZn

(1 + |2νa(2−(ν+r)ak) −m|a)−ε |λνm| .

We denote xk = 2−(ν+r)ak and let mk ∈ ZZn be such that xk ∈ Qaν,mk
; then clearly

|2νaxk −mk|a ≤ d for some d > 0, where d depends only on the anisotropy and is
independent of ν , k and mk.
We decompose ZZn in the sets Ej =

{
m ∈ ZZn : 2j − 1 ≤ |m − mk|a < 2j+1 − 1

}
where j ∈ IN0. If j is fixed, for m ∈ Ej we have on the one hand

2j ≤ 1 + |m−mk|a
≤ c

(
1 + |2νaxk −mk|a + |2νaxk −m|a

)
≤ c′

(
1 + |2νaxk −m|a

)(5.54)

where c′ > 0 is independent of ν , k, m and so(
1 + |2νaxk −m|a

)−ε ≤ c 2−jε .(5.55)

On the other hand, if x ∈ Qaν+r,k and y ∈ Qaνm using

|y − x|a ≤ c
(|y− 2−νam|a + |2−νam− 2−νamk|a + |2−νamk − xk|a + |xk − x|a

)
we get

|y− x|a ≤ c′ 2−ν
(
1 + |m−mk|a

) ≤ C 2j−ν(5.56)

where C > 0 is independent of ν , k, m but may depend on r.
Choose now 0 < ω < min (1, p, q); for a fixed ν the rectangles Qaνm have the volume

2−νn and are disjoint so that using the embedding lω ↪→ l1 and (5.56) we obtain

∑
m∈Ej

|λνm| ≤
 ∑
m∈Ej

|λνm|ω
1/ω

=

2νn
∫
|y−x|a≤C 2j−ν

 ∑
m∈Ej

|λνm|χνm(y)
ω dy

1/ω

(5.57)

≤ c

(
2jnMa

( ∑
m∈ZZn

|λνm|χνm
)ω

(x)

)1/ω
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for x ∈ Qaν+r,k and where Ma is the anisotropic Hardy –Littlewood maximal function
and all the constants are independent of ν , k, m.
Let χν+r,k be the characteristic function of the rectangle Qaν+r,k and χ

(p)
ν+r,k =

2(ν+r) n
p χν+r,k. Using (5.55) and (5.57) in (5.53) and assuming that ε > n/ω is suffi-

ciently large we have∣∣∣θβν+r,k χ(p)
ν+r,k(x)

∣∣∣ ≤ c1
∑
m∈ZZn

(
1 + |2νaxk −m|a

)−ε |λνm| 2(ν+r) n
p χν+r,k(x)

≤ c2

∞∑
j=0

2−jε
∑
m∈Ej

|λνm| 2νn
p χν+r,k(x)

(5.58)
≤ c3

∞∑
j=0

2−j
(
ε− n

ω

)(
Ma

( ∑
m∈ZZn

|λνm|χ(p)
νm

)ω
(x)

)1/ω

χν+r,k(x)

≤ c

(
Ma

( ∑
m∈ZZn

|λνm|χ(p)
νm

)ω
(x)

)1/ω

χν+r,k(x)

where the constants above do not depend on ν and k but may depend on r.
In (5.58) we take the q – th power, sum over k ∈ ZZn and then over ν ∈ IN0 and get

∞∑
ν=0

∑
k∈ZZn

∣∣∣θβνk χ(p)
νk (x)

∣∣∣q ≤ c

∞∑
ν=0

(
Mahων (x)

)q/ω(5.59)

(with the usual modification if q = ∞) where hν =
∑
m∈ZZn |λνm|χ(p)

νm.
Taking the 1

q – th power and the Lp –quasi – norm we obtain that
∥∥θβ | fapq∥∥ can be

estimated from above by

c

∥∥∥∥((Mahων ( · ))1/ω
)
ν∈IN0

∣∣∣Lp(lq)∥∥∥∥ = c
∥∥(Mahων ( · ))ν∈IN0

∣∣Lp/ω(lq/ω)∥∥1/ω(5.60)

(with the usual modification if q = ∞). To obtain (5.50) we have now only to apply
the Fefferman –Stein inequality (4.2) to the right – hand side of (5.60); this can be
done since 1 < p

ω < ∞ and 1 < q
ω ≤ ∞ and so the proof is finished. ✷
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