Math. Nachr. 209 (2000), 83113

Atomic and Subatomic Decompositions

in Anisotropic Function Spaces

By WALTER FARKAS of Bucharest

(Received March 7, 1997)
(Revised Version January 22, 1998)

Abstract. This work deals with decompositions in anisotropic function spaces. Defining
anisotropic atoms as smooth building blocks which are the counterpart of the atoms from the works
of M. FRAZIER and B. JAWERTH, it is shown that the study of anisotropic function spaces can be done
with the help of some sequence spaces in a similar way as it is done in the isotropic case. It is also
shown that the subatomic decomposition theorem for isotropic function spaces, recently proved by
H. TRIEBEL, can be extended to the anisotropic case if the mean smoothness parameter is sufficiently
large.

1. Introduction

If 1 <p<ooand (s1,...,8,) is an n—tuple of natural numbers then
s,a n / n n - 89k‘f n
Wpt@RY) = 4 F € SR 7LD+ 3 | 7o | Lp(R™)| < o0
k=1

is the classical anisotropic Sobolev space on IR™. In contrast to the usual (isotropic)
Sobolev space (s = - - = s,) the smoothness properties of an element from W;-*(IR")
depend on the chosen direction in IR™. The number s defined by

1 1 /1 1

s n \ s Sn
is usually called the “mean smoothness” and a = (aq,...,ay), where ay = s/s1, ...,
an = 8/$n, characterizes the anisotropy.
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Anisotropic Bessel potential spaces, or fractional Sobolev spaces, defined by

.

where 1 < p < oo, s € R and a = (ay,...,a,) is a given anisotropy, generalize in a
natural way the above spaces (as usual, S’(IR"™) is the space of tempered distributions

H;’“(IR") — {f e S'(R"™) : H (Z(l + §;§)S/(2ak)f> Ly (IR™)
k=1

and f, f are respectively the Fourier and the inverse Fourier transform of f)

Similar to the isotropic case, the study of anisotropic Bessel potential spaces
Hy*(IR") for a fixed anisotropy @ = (ay, ..., a,), is a part of the more general theory
of the spaces of By;*(IR") and F;*(IR™) type. Spaces of that type (or on domains
in IR™) have been studied in great detail by S. M. N1koL’sk1J, [Nik77], and by O. V.
Besov, V.P. II'IN and S. M. NIkoL’sk1J, [BIN75], and it is well known that this
theory has a more or less full counterpart to the basic facts (definitions, elementary
properties, embeddings for different metrics, interpolation) of isotropic spaces B, (IR")
and F; (IR") as it was presented in the works of H. TRIEBEL, [Tri83] and [Tri92].

The anisotropic function spaces By *(IR") and Fj;*(IR") are defined in terms of
Fourier analytical quasi—norms: any function f € S’(IR") is decomposed in a sum
of entire analytic functions (gojf)v and this decomposition is used to introduce the
spaces.

Hence, as in the isotropic case, entire analytic functions may be considered as build-
ing blocks for the spaces B;;*(IR") and F;%(IR") in the following sense: let a problem
be given, for example mapping properties for PDE’s or ¥ DE’s between spaces of the
above type or traces on hyperplanes, etc. First one asks what happens when the prob-
lem is applied to entire analytic functions; then the rest reduces to a discussion of
convergence.

In the theory of isotropic function spaces there is a well known other type of decom-
position in simple building blocks, the so—called atoms. They have a history of some
twenty years and in [Tri92, 1.9], cf. also [AdH96], a historical report was given on this
topic; we do not repeat it here. We only want to mention that the (smooth) atoms
in isotropic B;,(IR") and F; (IR") spaces as they were defined by M. FRAZIER and
B. JAWERTH in [FrJ85], [FrJ90] (cf. also [FTW91]), proved to be a powerful tool in
the theory of function spaces. We also wish to emphasize that there exist many other
types of atomic decompositions in isotropic spaces but we will not discuss this point
here.

More information about this subject is given in [FrJ90], [Tri92] and [AdH96] where
one can find many modifications and applications as well as comprehensive references
extending the subject.

Several authors were concerned in the last years with the problem of obtaining useful
decompositions of anisotropic function spaces in simple building blocks: a construc-
tion of unconditional bases in Bj;*(IR™) and Fj,*(IR") spaces using Meyer wavelets
was done by M.Z. BERKOLAIKO and I.YA. NOVIKOV in [BeN93] (and used then
in [BeN95)); in [Din95a, Theorem 1] P. DINTELMANN obtained a decomposition for
anisotropic function spaces which is the counterpart of the characterization of isotropic
function spaces with the help of the ¢ —transform of M. FRAZIER and B. JAWERTH
(see [FrJ90] and the survey [FJWO91]) and used it in connection with the theory of
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Fourier —multipliers for anisotropic function spaces (we will return to his result in
Section 5). Our approach will be different, especially from the point of view of the
localization of the building blocks.

The first aim of this paper is to introduce smooth anisotropic atoms and to ob-
tain a decomposition theorem which extends the atomic decomposition theorem of
M. FrAZIER and B. JAWERTH, see [FrJ85] and [FrJ90], to the anisotropic func-
tion spaces B;;*(IR") and F;*(IR"). Roughly speaking, we will show that for any
g € Fy;¢(IR") it is possible to find a decomposition (convergence in S’'(IR"™))

(1'1) g = Z Z )\umpzma

v=0meZ"

where p%,. are the anisotropic atoms and A = {A\,,, : v € Ny, m € Z"} belongs to
an appropriate sequence space f,., such that

(1.2) g | E5g R~ (I A

(and a similar assertion for B5;*(IR™) spaces).

Hence the study of function spaces can be done with the help of some sequence
spaces in an analogous way as it is done in the isotropic case in the above cited works
of M. FrRAZIER and B. JAWERTH. The necessary explanations and details are given
in Section 3.

However in (1.1) (and in Theorem 3.3) no information is given about the possibility
to obtain atomic decompositions in which the atoms are constructed with the help of
(anisotropic) dilatations and translations from one smooth function p having compact
support, cf. also [BeN93, Comment 2].

For isotropic function spaces this was already done by M. FRAZIER and B. JAWERTH,
see [FrJ90, 4.2], and W. SICKEL, see [Sic90]. It might be possible to extend the
technique of W. SICKEL, at least for large values of the smoothness parameter, using
the characterization of anisotropic function spaces via oscillation from the work of A.
SEEGER, [See89]. But to construct such a basic (or mother) function p for the atoms
having all required properties seems to be not very easy, at least at the first glance,
see the above cited papers.

We arrive at the second aim of this paper, the subatomic (or quarkonial) decomposi-
tion theorem (Theorem 3.7) which states that given g € Fj;*(IR™) (with s sufficiently
large) it is possible to obtain the decomposition

(1.3) Z Z Z N (Bqu)?,,
BENy v=0meZ"
convergence being in S’ (IR"), with
(1.4) g1 Fpg*(R™)[| ~ sup. ZMBH)‘BlquH
BeNG

where r > 0 is large enough, a8 = a1 061 +. . .+a, By, if 8 is the multi—index (51, .. ., Bn),
= {M,, v € Ny, m € Z"} and where each (Bqu)?,, is an extremely simple
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building block (in particular an anisotropic atom without moment conditions), called
anisotropic quark, compactly supported and which can be obtained starting from one
smooth function (and a corresponding assertion for Bs*(IR™)).

Of course in (1.3) there are infinitely many sums over (v, m) € INg X Z" but this is
well compensated by (1.4) with r large. Furthermore, it turns out from the proof that
the dependence of the coefficients A2, on g is linear.

Isotropic quarks were recently introduced by H. TRIEBEL in [Tri97] and the sub-
atomic (quarkonial) decomposition theorem he obtained in [Tri97, Chapter 14] proved
to be a very useful ingredient for the estimation of entropy numbers of compact em-
beddings between function spaces on fractals. Compared with the results in [Tri97,
Chapter 14] our Theorem 3.7 is in fact the extension of quarkonial decompositions to
anisotropic function spaces in the case of large values of the smoothness parameter, in
particular for s >0if p > 1 and ¢ > 1.

If one wishes to extend the result to all s € IR then a lifting argument would be
needed. But while the lift operator (id — A)% between isotropic function spaces
causes no problem in keeping the localization of the (isotropic) quarks (and this fact
was essentially used in [Tri97, 14.4]) the situation becomes difficult in case of the
anisotropic lift operator. It is well known that if ¢ € IR then the operator

L(f) = ((i(l +§z)ﬁ>0f>v

k=1
maps F5;*(IR"™) isomorphically onto F5-"*(IR") and || I, (- ) | F37*(IR™)|| is an equiv-
alent quasi—norm on F3;*(IR") (similar result for Bg*(IR")), see [Leo86]; it is clear
that I, causes a lot of troubles in keeping the localization of the anisotropic quarks
and this is the reason why we will restrict ourselves to large values of the smoothness
parameter.

The main results of this work, the atomic and the subatomic decomposition, seem
to be of interest for their own sake but they also pave the way to some extensions of
the results from [TrW96b] (cf. also [Tri97, 18.2;18.6]) to anisotropic d—sets as they
are defined in [Tri97, 5.2;5.3]. If T" is an anisotropic d—set we will shed new light on
the spaces L, (") and on the results from [Tri97, 18.7;22.2] using anisotropic function
spaces. But we shift this task to a later paper.

Briefly about the organizing of the manuscript. In Section 2 we set up notation
and terminology and summarize some basic facts on anisotropic function spaces. In
Section 3 the main results are presented with comments but without proofs. Section 4
will be concerned with the extension to anisotropic function spaces of some powerful
tools (especially a theorem on local means) from the isotropic case. All these results
are used in Section 5 where we prove the results announced in Section 3.

2. Definitions and basic facts

2.1. Notation

As usual, IR" denotes the n—dimensional real euclidean space, IN are the natural
numbers, INg = INU {0}, and C stands for the complex numbers.
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If @« = (as,...,0,) € INj is a multi—index its length is |a| = a1 + -+ - + ap, the
derivatives D* have the usual meaning and if x = (x1,...,2,) € R" then z* =
Qq (03
R

Let S(IR™) be the Schwartz space of all complex—valued rapidly decreasing C'*°
functions on IR"™ equipped with the usual topology. By S’'(IR"™) we denote its topolog-
ical dual, the space of all tempered distributions on IR". If ¢ € S(IR") then ¢ = Fy
and ¢ = F~ly are respectively the Fourier and inverse Fourier transform of ¢. One
extends F and F~! in the usual way from S(IR™) to S'(IR").

We adopt here and in the sequel the following convention: if there is no danger of
confusion we omit IR" in S(IR™) and in the other spaces below.

For a normed or quasi—normed space X we denote by ||z |X]| the norm of the
vector x. Recall that X is quasi—normed when the triangle inequality is weakend to
lz+y| X|| <c(l|z]X]|| + |ly| X]||) for some ¢ > 1 independent of z and y.

If 0 < p < oo then L, denotes the usual Lebesgue space on IR" quasi—normed by
- 1Ll

All unimportant positive constants are denoted with ¢, occasionally with additional
subscripts within the same formulas. The equivalence “term; ~ terms” means that
there exist two constants ¢, ca > 0 such that ¢ term; < terms < ¢g termy.

2.2. Anisotropic distance functions

Through the whole work n > 2 and a = (ay, . . ., a,) will designate a given anisotropy,
that is a fixed n—tuple of positive numbers with a; + --- 4+ a, = n. We will denote
amin = min{a; : 1 <i < n}and apax = max{a; : 1 <i<n}. fa=(1,...,1) we

speak about the “isotropic case”.
The action of ¢t € [0,00) on « € IR" is defined by the formula

(2.1) t'r = (t"wq, ..., t"x,) .

For t > 0 and s € IR we put t**x = (¢*)%z. In particular we write ™%z = (t‘l)ax and
27 ey = (2_j)ax.

Definition 2.1. An anisotropic distance function is a continuous function u: R"—IR
with the properties u(x) > 0 if x # 0 and u(t%z) = tu(z) for all ¢ > 0 and all x € IR".

It is easy to see that u) : IR" — IR defined by

n 1/X
(2.2) ux(z) = (Z |xi|)‘/‘“>

is an anisotropic distance function for every 0 < A < oo. If z € IR" then wus(x) is
usually called the anisotropic distance of = to the origin, see [ScT87, 4.2.1].

It is well known, see [Din95b, 1.2.3] and [Yam86, 1.4], that any two anisotropic
distance functions u and u’ are equivalent (in the sense that there exist constants
¢,¢’ > 0 such that cu(z) < u'(z) < ¢’u(x) for all z € R™) and that if u is an
anisotropic distance function there exists a constant ¢ > 0 such that u(x + y) <
¢ (u(z) + u(y)) for all z,y € R".
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We are interested to use smooth anisotropic distance functions. Remark that for
appropriate values of A we can obtain arbitrary (finite) smoothness of the function
uy from above (cf. [Din95b, 1.2.4]). A standard method concerning the construction
of anisotropic distance functions in C*°(IR"\{0}) was given by E. M. STEIN and S.
WAINGER in [StWT8].

The lemma below will play an essential role in our considerations. Given the
anisotropy a = (a1,...,a,) and the multi—index o = («1,...,a,) we use the no-
tation acx = a1 + - - - + Ay

Lemma 2.2. There exists an anisotropic distance function | - |, € C*(IR"\{0})
with the following property: for any real number s and for any multi—index a there
exists a constant ¢ = ¢(s, ) > 0 such that

(2.3) |D*(Jz]3)| < clzli™® for all zeR™\{0}.

Proof. We have only to recall the construction of M. YAMAZAKI in [Yam86, 1.4/3,8]:
for 2 # 0 one can define |z|, as the unique positive number ¢ such that

2 2

3 x

(24) t2a1 _|_ e _|_ t2:n = 1

and then put 0|, =0 for z = 0. O
Given the anisotropy a = (a1,...,a,) through the whole work we will keep the

notation | - |, for a fixed anisotropic distance function as in the lemma above.

Let us remark that to work with an anisotropic distance function |- |, satisfying (2.3)
is natural since denoting |- | the euclidean distance in IR™ for every real number s and
for any multi—index « there exists a constant ¢ > 0 such that |D*(|z|*)| < ¢|z|*~I*]
for all z € R™\{0} (see [RuS96, Lemma 2.3.1/(20)]).

2.3. Anisotropic function spaces

Let ¢o be a C*° function on IR" defined by ¢o(z) = 1 if [z|, < 1, such that
supppo C {z € R" : |z]o < 2} and @;(z) = po(277%) — o (2077 T1az) if j €
IN. Then Z;‘;o pj(x) =1if z € R" and (%)jelNo is a smooth anisotropic dyadic
resolution of unity, cf. [ScT87, 4.2].

~

For f € S’ since p; f is compactly supported the Paley — Wiener —Schwartz theorem
provides that (goj f)v is an entire analytic function on IR".
Definition 2.3. (i) Let 0 < p < 00, 0 < g < 00, s € IR; then

1/q

-~ q
(@D L] <o

(oo}
(25) Byt = (fes f1By = (22
7=0

(with the usual modification if ¢ = 00).
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(ii) Let 0 < p < 00, 0 < g < 0, s € IR; then
1/q

(i f) ()

Ly|| < o0

(o)
26) B = S res’s img - || Yo [
7=0

(with the usual modification if ¢ = 00).

Of course the quasi —norms in (2.5) and (2.6) depend on the chosen system ((pj)jelNO.
But this is not the case for the spaces B;,* and Fj;* (in the sense of equivalent quasi—
norms) and that is the reason why we omit in our notation the subscript (goj)j €Ny’

A systematic treatment of the theory of (isotropic) B, and F};, spaces may be found
in the books of H. TRIEBEL [Tri83], [Tri92], for a more recent account of the theory
we refer the reader also to [EAT96] and [RuS96]. A survey on the basic results for the
(anisotropic) spaces B;:* and F; may be found in [ScT87, 4.2.1 — 4.2.4] and [Joh95,
2.1 — 2.2]. In this context we refer to the works of S. M. NIkoL’sk1J [Nik77], O.V.
Besov, V.P. IL'IN and S. M. NikoL’sk1J [BIN75], B. STOCKERT and H. TRIEBEL
[StT79], M. YAMAZAKI [Yam86], A. SEEGER [See89], P. DINTELMANN [Din95b, 1.2.8
- 1.2.10], etc.

An extension of (2.6) to p = oo is not reasonable; in [Tri92, 1.5.2] this point was
discussed in detail.

Both B,.* and F;* are quasi— Banach spaces (Banach spaces if p > 1 and ¢ > 1).

As in the isotropic case, see [Tri83, 2.3.3], the embeddings S — B,;* — S’ and
S — Fot — S’ hold true for all admissible values of p, ¢, 5. If s€ IR and 0 < p < o0,
0 < g < oo then S is dense in By,* and F},;%, see [Yam86, 3.5] and [Din95b, 1.2.10].

We want to point out that if 1 < p < 0o, s € IR then F," is the anisotropic Bessel
potential space H,“; a proof can be found in [StT79, Remark 11] (see also [Tri77,
2.5.2]) and in [Yam86, 3.11].

It will be very useful to remark that if denoting for each k € {1,...,n}, s = s/ax

and
s,a ' s,a 2\8k/2 7 v
27)  HI, = {feS :||f|Hx;wp||=H((1+§k) 7) |5 <oo}

by [Nik77, 9.1] we have (in the sense of equivalent quasi—norms):

n n
(2.8) Hp® = n Hzye, and ||f|H5’a|| = ZHle;ﬁpH
k=1 k=1

and if s; € IN then (in the sense of equivalent quasi—norms)

0 f

o) mz, = {res s Inim) =1+ |55
k

< oo} .
In particular, if s1,..., s, € IN then (in the sense of equivalent quasi—norms) Hy* =
W;-® is the classical anisotropic Sobolev space.

Ly
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3. The main results

3.1. Anisotropic atoms and the atomic decomposition theorem

Recall a = (ay, ..., ay,) is a given anisotropy and let Z" be the lattice of all points
in IR™ with integer — valued components. If v € INg and m = (my,...,m,) € Z" we
denote Q%,, the rectangle in IR™ centered at 27"%m = (2_”‘“m1, cee 2‘”“”mn) which
has sides parallel to the axes and side lengths respectively 277 ... 277% Remark

that Qg,, is a cube with side length 1. If @2, is such a rectangle in IR" and ¢ > 0 then
c¢Q%,, is the rectangle in IR" concentric with Q¢%,, and with side lengths respectively
c27Va . c27V0n,
If E is a Lebesgue measurable subset of IR" then |E| denotes its Lebesgue measure;
recall our notation: aa = aya1 + - - - + ap, where o = (aq, ..., Q) is a multi—index.
We are now prepared to introduce the anisotropic atoms.

Definition 3.1. (i) Let K € IR, ¢ > 1; a function p : IR™ — C for which there exist
all derivatives Dp if aae < K (continuous if K < 0) is called an anisotropic 1x —atom
if:

(3.1)
(3.2) [IDYp(x)] < 1 if aa < K.
(i) Let s €e R, 0 < p < o0, K,L € R, ¢ > 1; a function p : R"™ — € for which there

exist all derivatives D%p if ac < K (continuous if K < 0) is called an anisotropic
(s,p) K, —atom if:

suppp C c¢Qg,, for some meZ",

(3.3) suppp C cQ%,, for some veIN, meZ",
s_1_aa

(3.4 D%p(@) < Q2T i aa < K,

(3.5) / Ppx)de = 0 if aB < L.

If the atom p is located at Q¢,, (that means supp pl,, C cQ¢  with v € INg,
m e Z", ¢ > 1) then we will write it p,,.

We give some technical explanations.

The value of the number ¢ > 1 in (3.1) and (3.3) is unimportant. It simply makes
clear that at the level v some controlled overlapping of the supports of p? =~ must be
allowed.

Since |Q%,,| = 27" condition (3.4) may be written as

(3.6) |D%p(z)| < ov(s=%)gvae i g0 < K

and if K < 0 then (3.4) is p(z)| < 27 (57%).

The moment conditions (3.5) can be reformulated as D?p(0) = 0 if a3 < L, which
shows that a sufficiently strong decay of p at the origin is required. If L < 0 then (3.5)
simply means that there are no moment conditions.
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The reason for the normalizing factor in (3.2) and (3.4) is that there exists a constant
¢ > 0 such that for all these atoms we have ||p|B;gI“|| <eg, ||p|F1f&“|| < ¢. Hence, as
in the isotropic case, atoms are normalized building blocks satisfying some moment
conditions.

Our construction of anisotropic atoms which generalize isotropic atoms as they are
in the works of M. FRAZIER and B. JAWERTH, is slightly related to the concept of
anisotropic building blocks (compactly supported and satisfying some norming and
some moment conditions) used by P. SOARDI in [Soa83] to define anisotropic Hardy
spaces and to study the relations of these spaces to anisotropic Lipschitz and Cam-
panato—Morrey spaces.

We introduce now the sequence spaces by, and fp, .

If v € Ny, m € Z" and Q¢,, is a rectangle as above let x,n, be the characteristic
function of Q¢,,; if 0 < p < oo let X(p) = 2vn/Py,. (obvious modification if p = oo)
be the L, —normalized characteristic function of Q3,,

Definition 3.2. Let 0 < p < 00, 0 < g < 0o. Then:
(i) bpq is the collection of all sequences A = {\,,,, € C : v € Ny, m € Z"} such
that

o a/p\ /1
(3.7) ||)‘|bpq|| = Z ( Z |)‘Vm|p>

v=0 \meZ"
(with the usual modification if p = oo and/or ¢ = c0) is finite;

(ii) f5, is the collection of all sequences A = {\,;, € C : v € Ng, m € Z"} such
that

1/q
59) x g = (Z S P |)

v=0 meZ"

Ly

(with the usual modification if p = 0o and/or ¢ = co) is finite.

One can easily see that by, and f,, are quasi—Banach spaces and using ||X(p ) | Lp|| =

1 it is clear that comparing ||)\ | bqu and ||)\ | quH the roles of the quasi—norms in L,
and [, are interchanged.
Let dy = max (d,0). For 0 < p < oo and 0 < ¢ < oo we introduce the abbreviations

(3.9) (1 1> d ( ! 1>
. ag = n|\ - — an (o = N\ —Q———— .
P p N r min(p, q) N

Theorem 3.3. Let 0 < p < oo (respectively 0 < p < 00), 0 < ¢ <00, s € IR and let
K, L € R be such that

(3.10) K > apax+s if s > 0,
(3.11) L > opg—s (respectively L > o, —s).
Then g € ' belongs to Fy¢ (respectively B;;I“) if, and only if, it can be represented as

(3.12) 9= > Mmblm,

v=0meZ"
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convergence being in S’, where p%, . are anisotropic 1k —atoms (v = 0) or anisotropic
(s,p)k. —atoms (v € IN) and X € fp, (respectively X € by,) where X = {A\,p, 1 v €
INQ , m € Zn}

Furthermore, inf ||)\ | fqu (respectively inf ||)\ | bqu), where the infimum is taken over
all admissible representations (3.12), is an equivalent quasi —norm in Fot (respeetively
Byi)-

The convergence in S’ can be obtained as a by —product of the proof using the same
method as in [Tri97, 13.9] so we will not stress this point. We refer to the above
theorem as to the atomic decomposition theorem in anisotropic function spaces.

Remark 3.4. Let d > 0 be given, let v € INg and m € Z™ be fixed and let us
denote by RZ,. a rectangle with sides parallel to the axes, centered at ™ where

(3.13) |xi”m—2_”a"'mi| < d277% for all ie{l,...,n},

—rai —VaQn

and with side lengths respectively 2
Then let ¢ > 0 be chosen in dependence of d such that for every choice of v € INy
and all choices of 2¥™ in (3.13) we have

(3.14) U cRy, = R
meZ"

It will be clear from the proof that we may replace in Definition 3.1 the rectangle Q¢, .
by RZ,,, the number ¢ being that from (3.14). A similar remark in the isotropic case

was very useful in the work of H. TRIEBEL and H. WINKELvVOSS, [TrW96al, cf. also
[EdTY96, 2.2.3).

We shift the proof of the theorem to Section 5 but let us make here some remarks.
The first part of the proof, in which the atoms are constructed and where it is shown
that the decomposition (3.12) holds, is essentially based on an anisotropic version of
a resolution of unity of Calderon type, cf. [FJW91, 5.12]; this construction is the
anisotropic counterpart of what was done in [FJW91, Theorem 5.11].

To prove the second part we will use a theorem on local means in anisotropic function
spaces, the technique of maximal functions and an inequality of Fefferman — Stein type.
All needed results are presented in the next section.

3.2. Anisotropic quarks and the subatomic decomposition theorem

In this subsection we will asume that |- |, € C*°(IR™\{0}) is an anisotropic distance
function according to (2.3) satisfying in addition

(3.15) {r eR" : |z|, <2} C[-m 7",

The above restriction, which is of technical nature, was introduced by P. DINTELMANN
in [Din95a] and seems to be a natural one compared with the isotropic case.

For v € INg and m € Z" let Q%,, be the rectangles introduced in Definition 3.1. Let
in particular Qf, be the cube with side length 1 centered at the origin and let 2¢Qg,
be the rectangle concentric with Qf, and with side lengths respectively 29t ..., 2%,
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Definition 3.5. Let ¥ € S be such that

(3.16) supp ¢ C 2°Qf, and Z Y-k =1 if zeR"
kezZ"

and let for any 3 € INy, ¥%(z) = 2P(x). If 0 < p < o0 and s € IR then

(3.17) (Bau)i,, (x) = 270~ 5)yf (270 —m)

is called an anisotropic (s,p) — B —quark related to Q2%,,

Remark 3.6. It is easy to see that up to normalizing constants the anisotropic
(s, p) — B —quarks are anisotropic (s, p) k.1, —atoms for any given K € IR and any given
L < 0. Moreover, the normalizing constants by which the anisotropic (s,p) — -
quark must be divided to become an anisotropic (s,p)x,r —atom can be estimated
from above by ¢2%% where ¢ > 0 and k > 0 are independent of 3 (recall the notation
aB =a181 + -+ anfBn where 8 = (B1,...,0,) is a multi—index).

We will use below the sequence spaces by, and f,, with respect to the sequences
N ={\8 €C :veNg,meZ"} where now 8 € INJ is a multi—index and we will
keep the notation (Bqu)?,, for an anisotropic (s, p) — 8 —quark related to the rectangle

¢ - The numbers o, and o,y have the same meaning as in (3.9).

Theorem 3.7. Let 0 < p < oo (respectively 0 < p < 00), 0 < ¢ < 00 and s > opq
(respectively s > op,). There exists a number k > 0 with the following property: let
r > k; then g € S belongs to Fy¢ (respectively B;;I“) if, and only if, it can be
represented as

(3.18) =Y Z > N (Baw),

BENY v=0 meZ"

convergence being in S" (first m, then v, then (), and
(3.19) sup 277 ||\7| foll < oo (respeetively sup 277 || N7 | byl| < oo> :
BENS, BEH\IS

Furthermore, the infimum in (3.19) over all admissible representations (3.18) is an
equivalent quasi —norm in Foot (respeetwely B?: “)

The technique developed in Section 5 to prove the above theorem is that of
H. TRIEBEL from [Tri97, 14.15]. However the proof given there covered only isotropic
B —spaces; the considerations in Section 5 show that the method can be extended to
F —spaces.

To show that g € F,* (respectively g€ B;;I“) can be decomposed as in (3.18) with
(3.19) we need not the assumption s > oy, (respectively 5> Up). This restriction is
needed only to prove the converse assertion.
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4. Results on anisotropic function spaces

4.1. Prerequisites

If z € R™ and ¢ > 0 then the set Q%(z,t) = {y € R" : |y — 2|, < t} is the (closed)
anisotropic ball centered at z and (anisotropic) radius ¢. The Lebesgue measure of
such an anisotropic ball is |Q2%(z, t)| = ct™ with ¢ independent of ¢.

If f is a complex —valued locally integrable function on IR" then

o _ 1
(11) M fw) = s [ 1wl

is the anisotropic Hardy — Littlewood maximal function, where the supremum is taken
over all anisotropic balls Q% containing x.
Let 1 < p < oo, 1< q< oo. There exists a constant ¢ > 0 such that

(4.2) ||<Mafj)jelNo | Lo () || < el 1 Lp(l)]]

for all sequences f = ( fj) of complex —valued locally Lebesgue integrable func-

Jj€Ng
tions on IR".

Comments and further informations to the isotropic version of (4.2) which essentially
goes back to C. FEFFERMAN and E. M. STEIN, see [FeS71], may be found in [Tri92,
2.2.2] and [Tri83, 1.2.3).

B. STOCKERT and H. TRIEBEL remarked in [StT79, p. 257] that the maximal func-
tion in (4.1) is equivalent to a maximal function where in (4.1) we can take rectangles
with sides parallel to the axes (containing x) and that the iterative application of the
isotropic one dimensional case (n = 1) leads to (4.2). Different proofs of (4.2) can
be found in the works of M. YAMAZAKI [Yam86, 2.2], A. SEEGER [See89] and P.
DINTELMANN [Din95b, A.1.3 - A.1.4].

For 0 < p < oo let again oy, :n(% — 1)+.

To prove the theorem below one has only to adapt the method from [Tri83, 1.5.2].

Theorem 4.1. Let Q) be a compact subset of R", 0 <p < oco. Letr > 0 and let w
be a weight function for which there exists a constant ¢ > 0 such that

(4.3) 0 <w(z) < cwy)(l+|z— y|a)r for all z,yeR".

If s > r+ 5 + 0, then there exists a constant ¢ > 0 such that

(4.4) lw(mf) [ Lol < elm | H || - Jwf | L]

for allm € Hy" and all f € S, supp f C Q withwf € L,.
If0<p§oo,0<q§ooand(2:(Qj)jemo

IR™ we define the space Lg (lq) as the collection of all systems f = ( fj)j e, © S’ such

that suppf; C Qj if j € INg which satisfy || f|Ly(lg)| < oo. By [Tri83, 1.6.1] L$}(l,)
is a quasi—Banach space with quasi—norm || f | L, (lg)|| if f = (f;)

is a collection of compact subsets in

JENp®
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Theorem 4.2. Let 0 <p < 00,0 < g < oo. Forevery j € INg let R; > 0 be a given
number, let Q; = {€ € R" : [¢|, < R;} and let Q = <Qj)jelNo'
(i) If 0 < t < min (p, q) then there exists a constant ¢ > 0 such that

(- = 2)|

4.5 —_
( ) L€ 1+ |R |n/t

Lp(lg)|| < e|lf 1 Lp(lg) ]|

Jj€Ng

for all f = <fj)gelNo € LQ (lq).

(ii) If s > § + D then there exists a constant ¢ > 0 such that
(4.6) H((mjfj)v)jemo Ly(lq) ‘ s ¢ seuﬂg [[mg (B5 ) | H3 || - [[ £ ] Ly (1) |
for all <mj)jelNo such that m; (R ) € Hy" ifj € Ng and all f = <fj)jelNo € Lg (lq).

The above result is the anisotropic counterpart of [Tri83, 1.6.2; 1.6.3] and the proof
can be done in the same manner as there making standard anisotropic changes, see
also [Tri92, 2.2.4], [BeN93, Proposition 1] and [Din95b, A.1.4].

4.2. Equivalent quasi—norms

If (wj)j e, C S and 7> 0 we define the maximal functions

(4.7) (W3f) (@) — sup ()" (@ = 2)

zeR" 1+ |2j“z|2

for f € 8" where x € IR" and j € INg. The above maximal function essentially goes
back to J. PEETRE, see [P75] and [P76]; see also [Tri83, 2.3.6/Remark 2] and [Yam86].

The result below is the anisotropic version of [Tri92, 2.3.2] and it can be obtained
as a simple consequence of (4.5), cf. also [Din95b, A.1.5].

Theorem 4.3. Let (goj)jelNO be a smooth anisotropic dyadic resolution of unity.
(i) Let0<p§oo,0<q§oo,sEIR(mdr>%. Then

1/q
48) Byt = (fes lF1B = ZZ”QII (@3, [ Lpl" ) <00
(modification if ¢ = 00) in the sense of equivalent quasinorms.
(if) Let 0 < p < 00, 0 < ¢ < o0, sEIR(mdr>m Then
1/q
e .
(4.9) Fpt = fes s |lFIEe = | 2227, | | Lo| <o

(modification if ¢ = 00) in the sense of equivalent quasi—norms.
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4.3. General characterizations

We present now a rather general, but highly technical, characterization of the space
Fot (respectively of B;;I“) and this characterization is the anisotropic counterpart of
[Tri92, 2.4.1] (respectively [Tri92, 2.5.1]).

In the theorem below ¢ needs not be an element of S and it is not immediately clear
what is meant by (@(Z_j“ . )f )v. It is defined via limiting procedures as in Step 3 of
the proof in [Tri92, 2.4.1].

The numbers o, and o, have the same meaning as in (3.9).

Given the anisotropy a = (a1, ..., a,) recall our notations 2*%z = (2’“‘“3:1, e, Zk“”'xn)
and 2779 = (279% gy, ..., 270 g,,).

Let h € S and G € S with

(4.10) supphC{zeR" : |z[, <2}, h(z) =1 if |z, < 1,

1
(4.11) suppG C {xEIR" I < |zla §4} , G(x) =1 if

Theorem 4.4. Let 0 <p < o0, 0< qg<o0,s€R. Let sg, s1 be two real numbers
with

(4.12) so+o0pg < 5 < 51 and s > 0p.

Let oo and ¢ be two complex —valued C* functions on R™ and R™\{0}, respectively,
which satisfy the following Tauberian conditions:

(4.13) lpo(z)] > 0 if |z]la < 2,
(4.14) @) > 0 if % < |alo < 2.

_n .
Let r > i (.9) and assume:

(4.15) / )

(4.16) sup 2_’“0/

keIN

(M> W) (1 +yl) dy < oo,

- la

\%

((2* - )G()

W) A +1lyla)"dy < oo,

(2o(2k )G()) W] (1 + Jyla)" dy < oo.

(4.17) sup 2_’“0/

keIN

Let ;(z) = ¢(277%) if v € R"\{0} and j € IN.
Then

(o]
(4.18) D " oiu
§=0

(usual modification if ¢ = 00) is an equivalent quasi—norm in Fogt

1/q

(0if)7 ()

q
)

Proof. The proof is following the lines of the proof of [Tri92, 2.4.1]. We indicate
briefly the necessary modifications.
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Starting with a smooth anisotropic dyadic resolution of unity we have to make usual
anisotropic changes and to use the maximal function from (4.7) to obtain counterparts
of (14 — 19) in [Tri92, 2.4.1].

Since r > m we may use the maximal inequality (4.5); then we use the vector
valued multiplier theorem (4.6) and obtain counterparts of (21 — 23) in [Tri92, 2.4.1].
The term with j = 0 is critical but it may be incorporated by the lemma below.

Using again the maximal function (4.7) and the multiplier theorem (4.4) with weight
w(y) = (1 + |y|a)" we obtain anisotropic counterparts of (24 — 29) in [Tri92, 2.4.1].

Counterparts of (30 — 33) in [Tri92, 2.4.1] can be obtained in the same manner using
in addition the embedding for different metrics Fj;* — F! fq’a which holds for 0 < p < 1,
0 = s — 0y, see [Joh95, (2.14)].

To obtain counterparts of (36 — 45) in [Tri92, 2.4.1] we have to use the anisotropic
version of the Plancherel —Polya—Nikol’skij inequality from [Yam86, 2.13] and the
Fefferman — Stein inequality (4.2).

Finally, to complete the proof, we have to replace Remark 1 from the end of the
proof of [Tri92, 2.4.1] by the lemma below. O

Lemma 4.5. Let 0 <p < oo and o € S, o(x) =1 if |z|s < 1, suppo C {x € R" :
|z|e < 2}. If 1 > 0p then there exists a constant ¢ > 0 such that

(4.19) (- 1520 ()3C) " 1Ll < ellg] Ly
for allg € S’ N L, withsuppg C {{ € R™ : [¢], < 1}.

Proof. By the unweighted version (r = 0, w(x) = 1) of the multiplier theorem (4.4)
the estimate is valid if ¢(z) = |z|5'o(x) € Hy* where v > & 4 0,,. Since 51 > 0, we
may choose 5 + 51 > v > 5 + 0.

Let now y be a C* function on IR" such that x(z) = 0 if |z|, <1 and x(z) =1 if
|z[o > 2 and let ¥;(z) = |z|3'o(x)x (27%x) for every j € IN.

The sequence (wj)j eN is fundamental in H,"*; by (2.8) it is sufficient to prove that
it is fundamental in each H. ;’:2 where 1 < k < n.

If v, = % € IN this can be done by straightforward calculations using (2.9) and the
estimate |D* (|z[31)| < c|z[3*2* for any |z[, > 0.

If v, = a”—k ¢ IN it is a matter of interpolation: we write s = Omy with 6 € (0,1),
my € IN and use the interpolation result (Lo, La(wg))e2 = Lo(w) with wg(§) =

(1 + §,%)mk/2 and w = w{ which is a simple consequence of [Tri78, 1.18.4] where
Lo (wy) and Ly(w) are the weighted Lo spaces with weights respectively wy, and w. O

Remark that an isotropic version of the assertion ¢ (z) = |z|$'o(x) € Hy'" where
v > % 4 0, is presented in a more general context in [RuS96, Lemma 2.3.1/1].

It is clear that following the lines of the above proof we can obtain an anisotropic
counterpart of [Tri92, 2.5.1] for By spaces.

As in [Tri92] conditions (4.15 — 4.17) can be reformulated.

Corollary 4.6. Letp, q, s, So, s1 and r be the same numbers as in the theorem. Let
o, ¢ be two complex —valued C*° functions on R" and IR™\{0}, respectively, which
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satisfy the Tauberian conditions (4.13), (4.14) and let v >+ 5. Assume:

(4.20) H%‘HS“ < 0,

(4.21) sup 275 |p(2* - )G(-) | Hy|| < oo,
keN

(4.22) sup 275 |po (25 - )G(-) | Hy || < oo,
keN

where h, G have the same meaning as in (4.10), (4.11).
Let pj(z) = p(279%) if € R"\{0} and j € IN. Then (4.18) is an equivalent
quasi —norm in Fpc.

Proof. The result is a simple consequence of the inequality
[CEREREAPA BT

for all ¢ € Hy'" where v > r 4+ & which can be proved as in [ScT87, 1.7.5]. O

The counterpart of the above corollary for B;" spaces reads as follows:

Corollary 4.7. Let 0 < p < 00,0 < q < 00, s € R and let sy, s1 be two real
numbers with so + 0p < s < 51 and 51 > 0p. Let @o, ¢ be two complex —valued C*
functions on R"™ and R™\{0}, respectively, which satisfy the Tauberian conditions
(4.13), (4.14); let v > 05 + 5 and assume (4.20), (4.21) and (4.22) are satisfied. Let
pj(z) =¢(279%) if x € R"\{0} and j € IN.

Then (Z;'io 2754

quasi —norm in By

~ a\ 1/4
‘(gojf )v | LPH ) (usual modification if ¢ = 00) is an equivalent

4.4. Local means

For the anisotropy a = (ay, ..., a,) we will use the notation
T+ thy = (xl +tMyy, o, X, t“"yn) .

If B* ={y € R" : |y|s < 1} is the anisotropic unit ball in IR", k is a C'*° function on
IR"™, supp k C B* then we introduce the local means (cf. [Tri92, 2.4.6/1])

(423) bt N)@) = [ k) ety dy = 0 [ b0 o) e ds

which make sense for any f € S’ (appropriately interpreted).
Lemma 4.8. Let s > 0 be a given number and assume k € S such that there exists

a constant ¢ > 0 with |7€\(§)| < c[g]st for € near zero. Then [, x*k(x)ds =0 for all
a € IN[ with aa < s1.
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Proof. We have to prove that D(’E(O) =0foralla € INj with aa < s1. If $1 < @min
the assertion is clear so let us assume that s = [s1/amin] > 1.
By Taylor’s expansion theorem we get for £ near zero

(1.24) o = Y P 5 e
|| <5} ’ |a|=s7

where |Rq(§)| < o |€%] < ), 1£]9* for € small and for some constants ¢, ¢, > 0.

By standard limit arguments we arrive at D(’E(O) = 0 for all & with |a] < s7 and
this leads immediately to the conclusion. O

Theorem 4.9. Let kg and k be two C> functions on IR™ such that

(4.25) suppko C B, |ko(&)] > 0 if |¢la < 2,
-~ 1
(4.26) suppk C B*, [k > 0 if 5 < [fa < 2.
Let s1 > 0 and assume that there exists a constant ¢ > 0 such that
(4.27) |7€\(§)| < cl&|it for & mear zero.
(i) Let 0 < p< 00,0 < g < o0 and s € R. If s1 > max(s,op) + 0, then
1/q
o . .
(4.28) kot £) 1Ly | 4+ | D227k (27, ) | L[
j=1

(usual modification if ¢ = 00) is an equivalent quasi—norm in By

(ii) Let 0 < p < 00, 0 < g < 00 and s € R. If51>max(s,ap)+m then

1/q
o0

(4.29) [ka(L, )| Ly +{[{ D27 [k(277, £) ()| L,

=1
(usual modification if ¢ = 00) is an equivalent quasi—norm in Foit.

Proof. We sketch the proof for F'—spaces. By our assumption on s; we find numbers
s2, v and r such that so > max (s, 0,), r > m and v > 5 + r such that

(4.30) s1 > Sa —l—v—g.
The functions kg and & fulfill the Tauberian conditions (4.13), (4.14) and we will
identify them respectively with ¢¢ and ¢ in Corollary 4.6, now with s in place of s;.
To prove (4.20) we use (2.8). Fixi € {1,...,n}.
If v; = ;- € IN then we recall (2.9); clearly E()h()| |22 € Ly where h is the
function from (4.10). Let I; € {0,...,v;}; then by Lemma 2.2 there exists a constant
¢ > 0 such that for £ near zero

(4.31) ‘Df’_l’ (|§|;92) < c|§|gsg—ai(v¢—li).
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Using the above lemma we find also a constant ¢ > 0 such that for £ near zero

(432) D R(On(©)] < elelzt.

By (4.31) and (4.32) using (4.30) we get D} (7(;\( )h(-)|-12%2) € Ly which is just what
we want.

If v, = aﬁ ¢ IN we have to use the interpolation result which was mentioned at the
end of the proof of Lemma 4.5 and this completes the proof of (4.20).

To prove (4.21) let so € IR with sg + 0, < s and let G be the function from
(4.11). If m € IN then ¢, (- ) = k(2™*-) G(-) has a compact support which is at most
Q={zeR": i <|z], <4}

If j € IN such that j > 1+ [ai} for all ¢ € {1,...,n} then there exists a constant
¢ > 0 such that

(4.33) [m [ HS || < ¢ > 1D m | Loo|l -

aa<j

To prove (4.33) we have only to recall (2.8) and to distinguish between v; = -~ € IN
and v; = = ¢ IN.

Let I € IN be such that j — I < sg and such that |D“k(x)| < (1 4+ |z|q)~! for all
x € R" and any a € INj with aae < j.

Then there exist constants ¢, ¢/ > 0 independent of m € IN such that for any x €
we have | D%, (z)] < ¢2m(1 + [2mag|,)~! < ¢ 2mU=D < ¢/ 2m%0 if o € INj with
aa < j.

It follows that there exists a constant ¢ > 0 independent of m € IN such that

(4.34) D D" | Loo|| < 270

aa<j

The condition (4.21) is now a simple consequence of (4.33) and (4.34). A similar
argument can be used to check (4.22).
For B —spaces one has to use Corollary 4.7 and to make obvious changes above. O

Remark 4.10. The isotropic counterpart of the above result can be found in [Tri92,
2.4.6, 2.5.3]; instead of (4.27) it is used the representation k = ANE? (with 2N = s;

sufficiently large and k° € S) which is in fact k(&) = |§|2N@(§). But this assumption

was taken only for simplicity and it can be replaced by (4.27) with the euclidean
distance | - | instead of | - |,.

Remark 4.11. Examples of functions & as in the theorem can be constructed as in
[FrJ85, p. 783].

The advantage of (4.23) compared with (gojf)v from Definition 2.3 is its strictly
local nature: in order to calculate k(t, f)(z) in a given point € IR"™ one needs only
a knowledge of f(z) in an anisotropic ball Q%(z,t). This observation will be of great
service for us in the proof of the atomic decomposition theorem.
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5. Proofs

5.1. Proof of the atomic decomposition theorem

We begin with some preparations. Our theorem is based on the following lemma
which provides the existence of an anisotropic resolution of unity of Calderon type and
which is a generalization of the result from [FJW91, 5.12].

Lemma 5.1. Let 0y, 0 € S be functions with:

(5.1) Go(©)] > 0 if el < 2,
(52) BOl > 0 i 5 < e < 2

Then there exist functions g, ¢ € S and a positive number § < 2 such that

(5.3) supp po C {£ € R" : [{|la <2} and |po(§)| >0 if [£la < 6,
3 5
(5.4) suppy C {§ eR" : % < |¢la §2} and  |p(&)| >0 if R < ¢l < 3
and
(5.5) Bo(&)eo(&) + D02 )p(277%¢) = 1 for all {e€TR".
v=1

The proof is classical and it can be done using the technique of M. FRAZIER, B.
JAWERTH, G. WEISS from [FJW91, Lemma 6.9] adapted to our purpose so we do not
go into details.

Remark 5.2. A construction as in [FrJ85, p. 783] can be used to prove that if
L > 0 is a given number there exists a function 6 € S satisfying (5.2) such that, in
addition,

(5.6) suppf C {r e R" : |z], < 1},
(5.7) / 2P0(x)dr = 0 if af < L

(cf. also Remark 4.11).

An instrument which will be of considerable use is an anisotropic version of Taylor’s
expansion theorem. Recall the binomial notation z* = z{*... 2% if x € IR" and
a=(ay,...,a,) is a multi—index.

Theorem 5.3. Let A > 0 be a given number. Let U be an open conver subset of
R" and assume that f : U — C is a function such that D*f exists for all a € INy
with ax < A + Qmax-

Lety € U and t > 0 be such that Q%(y,t) ={z € R" : |z —y|, <t} CU.
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Then there exists a constant ¢ > 0 such that for all x € Q*(y,t) it follows

(58) fw) = 3 D) (&~ y)° + Ral)
aa<A
with
A+amax
(5.9) |Ra(z)| <c Z t** sup |Df(2)|
aa>A z€Qa(y,t)

A+amax

nas A means that the sum is taken over all a € INg such that

where the notation
A <aa < A+ amax.

We will refer to this result as to the anisotropic Taylor expansion theorem of (aniso-
tropic) order A on the set Q%(y, t).

The main idea in proving the above theorem is an iterative application of the one
dimensional classical Taylor expansion theorem. In lack of a convincing reference we
sketch a proof in the case n = 2.

Applying Taylor’s classical expansion theorem with Lagrange remainder there exists
&1 =& (x1) between x1 and y; such that

[A/a1]
1 a1 aq
flarz) = Y a_l!Dl Jf(y1, 22) (w1 — y1)*" + Riy(a/a,)(z)

a1=0
where o
Riyasa(z) = & D1+[ /al]f(§1,$2) (z1 — g HA @l

Applying now Taylor’s classical expansion theorem with Lagrange remainder to each
DY f(y1, - ) there exists £5' = 51 (z2) between x5 and ya such that

[(A—aia1)/as2)
D f(yr, @2) = > ol D" D3 f(y1, y2) (2 — y2)*2
(X2=0 :

+ R(y1,1+[(A—a10(1)/‘12] (z)

where the remainder Ry, 14[(A—a;a1)/as)(T) 1S

62(a1) Din D%+[(A—a1a1)/a2]f(yl,géﬁ) (332 o y2>1+[(A—a1(y1)/a2] .

If n = 2 the expansion (5.8) with (5.9) is now a simple consequence of the last four
relations and of

[A/a]
1 (03
Ra(x) = Rippaa)(@)+ > a—l,(ﬂ?l—yl) "Ray 14 (A—aran)/az) (T) -
a1=0 ’

The general case can be treated in a similar manner.

Proof (of the atomic decomposition theorem). We present here the proof for Fj,¢
spaces; the proof for By, spaces is simpler and is obtained essentially by interchanging
the roles of the L, and l; quasi—norms in the proof below.
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Part I. Let g € Fj;* we use the method of M. FRAZIER, B. JAWERTH and G.
WEIss from [FJW91, Theorem 5.11] to construct atoms and to decompose g as in
(3.12).

Let 69, 0, po and ¢ be functions in S satisfying (5.1 — 5.7). Then (¢ /g\) and
(p(277e - )/g\)v are entire analytic functions; using 6(2772¢) = 2""F(0(2v*-))(£) w
obtain the following equality in S’:

= > / (#09)" (y) dy

meZ” Qb m
510 v 14 -V N
(5.10) > 2"/ 02" (@ — ) (277" )7)" (4) dy.
v=1meZ"
We define for every v € IN and all m € Z"
(5.11) Aom = C2°67%) sup |(0(277)g)" (v)|
yeQY,,
where

C = max sup |D%0
may sw |D°0()

and

(5.12) Pom(x) = ﬁf"/Q 02" (z — y)) (277" )g)" (y) dy .

Similarly we define for every m € Z" the numbers Ay, and the functions pf,, taking
in (5.11) and (5.12) v = 0 and replacing ¢ and 6 by o and 6y, respectively.

It is obvious that (3.12) is satisfied and it follows by straightforward calculations,
using the properties of the functions 0y, 6, ¢o and ¢, that p§, . are anisotropic 1x —
atoms and that p%,, are anisotropic (s, p)x,r —atoms for v € IN.

Finally, we will show that there exists a constant ¢ > 0 such that ||)\| fqu <
¢ ||g | Foe a|| We have for a fixed v € IN that

D Amxin(@) = €270 Y sup (9277 )9) Y (v)] 27 xum (@)
mezn mezr YE@im

Y7 |(§0(2_Va ) )/g\)\/(x - Z)|
c 2 sup — -
|z]la<c2—¥ (1 + |2 Zla)

"2V (¢} g),(x)

since |J? - yla < c27" for T,y € sz and ZmEZ" Xum(x) = 1. Here Pv = @(2_Va : )a
Y TR ((pﬁg)T is the maximal function from (4.7). It follows

IN

(5.13) (1+ |2”“Z|a)’“>

IN

(5.14) Do P x| < e 2(elg), ()

v=1meZ" v=1

(with the usual modification if ¢ = 0o) where ¢ is a positive constant.
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Now we have to use (5.14), its counterpart for v = 0 (which can be obtained by a
similar calculation), Theorem 4.3 and get

e}

1/q
(5.15) A foll < e (Z 2”Sq(<p§g)r(-)q>

v=0

Ly| < ¢ lg Fe|

(with the usual modification if ¢ = co) and this completes the proof of the first part
of the theorem.

Part II. Reciprocally, assume now that g can be represented by (3.12), with K
and L satisfying respectively (3.10) and (3.11). We will show that g € F;* and that
||g | Fg&“H <c ||)\ |fgq|| for some constant ¢ > 0.

Let ko and k be two C'* functions on IR™ as in Theorem 4.9 and let s; > 0 be in
that theorem enough large such that we also have s; > K.

Temporarily let v, j € INg, m € Z" and z € IR" be fixed; we start finding convenient
estimates for 275 k(277, p2, ) (x).

Step II.1. Let j > v and let

(5.16) 25 k(277, %) (@) = 21'3/ k(y) pl (4 277%) dy .

lyla<1
Let us remark that in this case x is located in some cQ%,, (else, the integral above
would be certainly zero by (3.3)).

Suppose first s > 0 and let A = K — amax > 5 > 0. The derivatives D*p?  exist if
aa < K so we can use the anisotropic Taylor expansion theorem of order A for the
function w — p(w) on the set Q¢ (x, 2_j). We then put w = = 4+ 277% and get the
expansion

(5.17)  pln(z+279%) = Y calz+277% — 2)" DL, (2) + R (2, y)

aa<A
where
K
(5.18) [Ri(z,y)] < ¢ Y 277% sup |D%p%,.(2)]
aas> A 2€C'QL,,

for some ¢, ¢’ > 0. We may choose A’ > A such that for all a with A < aa < K we
have aax > A’. Using this remark and the estimate (3.6) the inequality (5.18) becomes

K
B y)l < e ), 2700270702 R (2)
(5.19) aa>A’

6/2—u32(l/—j)A' 5{(”1';})1 (J?)

IN

where )?(ﬁ,)@ is the p—normalized characteristic function of some rectangle cQ%,,.

Recall 51 > K so we may use Lemma 4.8 and obtain [, (z+277% —2)* k(y) dy = 0
for all v such that ac < A < s1. Hence (5.17) and (5.19) yield

(5.20)  [27°k(277, pL,) (2)] < c 27U =5) $0) (3} where A’ > s.
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If now s < 0 we have to use only the estimate |p2, ()] < 27"¢7%) ,,.(z) from
(3.6) and get

(5.21) |27°k(277, p) (2)] < 270X ().

So, by (5.20) and (5.21), it is clear that we arrive in any case at
(5.22) 275 k(27 pl, ) ()| < 27U KE) () for some & > 0.

Step I11.2. Let now j < v; by a change of variables we have

(5.23) 25 k(277 p ) (z) = 27° 2]'"/ k(27%y) pl(z 4+ y) dy .
Clearly the integration above can be restricted to the set {y € R" : |y|, < 277}; we
remark also that by our assumption on j and v, x is located in some c2;,, where
Qjm = {z € R" : [z —27"*m|, < 277} is the anisotropic ball centered at 2~"*m
and radius 277 (else the integral above would be certainly zero). This can be easily
proved if we recall the definition of the rectangle Q2, ., the assumption (3.3) and use
the generalized triangle inequality for | - |q.

Since k is a smooth function on IR™ we may use the anisotropic Taylor expansion
theorem of order L for the function w ~— k(w) on the set Q%(z,,2/~"), where z, =
2(j,v,m, z) = 29927V%m — x). After that we let w = 27% and get

(5.24) E(2%) = > ca(2% — 2:) " Dk(22) + Ri(y, v)
aa<L
where
L+amax
(5.25) |RL(y, )] < ¢ Z 9(i—v)aa
aa>L

for some positive constant c.
By the moment conditions (3.5) we have [i., (27%y—2,)*pl,, (z+y) dy = 0ifaa < L;
using (5.24) we may replace (5.23) by

n

(5.26) 295 (279, pl) (x) = 2% 29 / Ri(y.) plom (= + 9) dy

where the integration can be restricted to the set {y € R" : |y|, < 277}. As in the
first step we may choose L’ > L such that for all @ with L < aa < L + apax we have
aa > L'. Hence by (5.25) and (3.6) we get

L+amax

277k (27, pl) (2)] < c2o2im 0 Qlmviee / b (@ + )| dy

aa>L' lyla<277

(5.27)

IN

¢! 295 9in 9= g=v(s—§) / Xom(z +y) dy
lyla<2-39

= ¢ 9U-)(L'+s) 9jn ovy / Xvm(z + y) dy
|y|a§2_j
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where X, is the characteristic function of some rectangle ¢ Q%,,
Let now x/™ be the characteristic function of the anisotropic ball ¢;,, where z is
located; by straightforward computation we have

(5.28) / Xom(z+y)dy < 277" X" (x).
lyla<279

Recall L' > L > o,y — s; we may choose an w < min(1,p,q) such that L' + s >
n (L —1) > 0,5 Denoting, as usual, M®y%, the anisotropic Hardy - Littlewood
maximal function of x¥,, we get

(5.29) () < c2<”—i>£(M“x°;m('>)l/w-

Finally, using (5.28) and (5.29), the estimate (5.27) becomes

(5.30) |2j8 k(z—j,pzm)(x” < cz(i-”)(L'+S—"( 1))(MGX(:0)W( ))1/“’

which is in fact

o) (@) < 27T E (MNP (2 ))Uw for some ¢ > 0.

s Pum

(5.31) |27°k(27/
Remark that the terms with j = 0 and/or v = 0 can also be covered by the technique
in steps I1.1 — 2.
Step I1.3. Using (5.22) and (5.31) we get for 0 < ¢ <1

275 (2—3',2 Z )\Vmpﬁm> (z)

q

v=0 meZ"™
(5.32) < e > Puml?2700 e xE ()
v<j meZ"
+ ST P27 D (M B ()7
v>) meZ™

for some ¢, ¢ > 0, with the usual modification if 1 < g < 0.
We sum over j, take the éfth power and then the L, —quasi —norm and obtain that
7\ 14

(oo}
(5.33) PP L,
j=1

k (2‘%2 > Aumpzm> ()

v=0 meZ"

can be estimated from above by

1/q
(Z S Puml? XEL(- >>

v=0 meZ"

(5.34) Ve
(Z > Puml® (MXE( >)q/>

v=0 meZ"

Ly

Ly
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with the usual modification if ¢ = co.
The first term of (5.34) is just what we want since )?(ﬁ,)@ can be replaced by X(J;)@.

With hym = Aum X(ﬁ,)@ the second term of (5.34) can be written as

Lpjw

00 w/q
e (S 5 )

v=0 meZ"

(usual modification if ¢ = 00). Recall 1 < 2 < oo and 1 < £ < o0 so that we can

apply the Fefferman — Stein inequality (4.2) and obtain again what we want.
The term with 7 = 0 can be incorporated by the same technique. O

5.2. Proof of the subatomic decomposition theorem

For the given anisotropy a = (a1, ...,ay) let |- | € C°(IR™\{0}) be an anisotropic
distance function according to (3.15). We begin with a preparation.

Theorem 5.4. Let 0 < p < o0, 0 < ¢ < 00, s € R, let (goj)jelNO be a smooth
anisotropic dyadic resolution of unity and let p € S be such that p(x) =1 if |z|, < 2

and supp p C [—m,7|]". The operators U, : F5;* — fp. and T, : fp. — Fp® defined by
(5:36)  Up(g) = {@m 22/ ("5)(@g) @ " *m) : ve Ny, me 2"}

if g € Fi® and

(5.37) T,(\) = i 3 Aom 2776 8) plave . )

v=0 meZ"™

ifNe fi, A=A Avm 1 v €WNo,m € Z"} are bounded.

Furthermore, (T, o Uy)(g) = g for any g € F,;* and ||U<p( )] fqu is an equivalent
quast —norm on Fg&“.

The same result holds for Bpy* spaces with 0 < p < oo and with byy in place of fy,.

Remark 5.5. This theorem is due to P. DINTELMANN [Din95a, Theorem 1] and
is the anisotropic counterpart of the characterization of isotropic function spaces by
the ¢—transform of M. FRAZIER and B. JAWERTH, see [FrJ90] and [FJWO91]; he
considered in the cited paper more general distance functions but for our purpose the
above form of his result will be sufficient. We have to remark that he made the proof
using the density of S in By, and Fj;¢ (see 2.3) and, in consequence, restricted to
0 <p<oo,0<qg< oco. There is no problem to obtain his result for all admissible
values of parameters; this can be done, for example, as in [Tri97, 14.15].

Proof (of the subatomic decomposition theorem). As usually we present here the
proof for F:* spaces; of course the same can be done for B,
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Step 1. Assume that g € S’ is given by (3.18) with (3.19). We show that g € F},,¢
and that there exists a constant ¢ > 0 (independent of g) such that

(5.38) ||9|Fga|| < CBSUP 2Ta[3||)\[3|qu||

Since for any given K € IR and any given L < 0 the anisotropic (s, p) — 8 —quarks
are anisotropic (s,p)x,r —atoms multiplied by normalizing constants which can be
estimated from above by ¢2%% where ¢ > 0 and x > 0 are independent of 3, it follows
from the atomic decomposition theorem that for any fixed 5 € INy it follows that

(5.39) Z >N, (Baw),,

v=0 meZ"

converges in S, g% € Fj:¢ and ||g5 | F;&QH <c 2““5”)\5 | fqu, where ¢ > 0 and k > 0
are independent of 8 (and of course of g). So, for r > k

(5.40) ||gB|FIfé“|| < 2 (r=nr)ab sup 2T“B||)\B| q||
BeN ()

where ¢ > 0 is independent of 3. Applying now the ¢-triangle inequality to
‘ZﬁelNg 9’ | Epyt
in F3;* and that for some ¢ > 0 we have (5.38) and this completes the first part of the
proof.

Remark that in this step the restriction s > 0, was essentially for the using of the
atomic decomposition theorem with no moment conditions required for the atoms.

Step 2. If now g € F;* we will show that we can decompose it as in (3.18) with
(3.19). Let p € S be such that p(z) = 1 if |z|, < 2 and supp p C [, 7", and let ¢
be the function from (3.16).

We may assume r € IN.

By the above theorem there exists a sequence A € f7, A = {Avm :veENy,meZ"}
such that

, where ¢ = min(1, p, q), we obtain that g = ZﬁelNg ¢° converges

(541 gl@) = 3 Y A2 ETE) ST pver - m) (20 — k)

v=0 mezZ" kezn
if z € IR™ where
(5.42) ATl ~ Mg F50]-

The entire analytic function p € S can be extended from IR" to C™.

Using ¢; (1 + |§|)1/amax <T4+¢le<c(1+ |§|)1/amin for some constants ¢, ca > 0
which depend only on the anisotropy a (see [Leo86]), by the Paley — Wiener — Schwartz
theorem we have for any € > 0 and an appropriate c. > 0

(5.43) |z +iy)| < czexp(cly|) (1 + [z[a)

(see [Tri83, 1.2.1]) where z € R", y € R™.
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ITterative application of Cauchy’s representation formula in the complex plane yields

Z = )" p(cla7Cn)
(5.44) p(2) = (2mi) /|<1 o /|<ﬂ—zn|—1 R d¢y ... d¢n

where z = (z1,...,2,) € C". By (5.43) we obtain from (5.44) in particular
(5.45) |DPp(z)| < LBl(1+]z|s) " for zeR"

where ¢, does not depend on z € IR" and on the multi—index §.
For every fixed k € Z" we expand p(2"® - —m) at the point 2-*+7%L and obtain
2veB DB (27 Tk —
(5.46)  pRw-m) = 3 PRIk Zm) (gt
BENY At

and so p(2"%x — m) (2" % — k) can be replaced in (5.41) by

B 5(2— —
(5.47) Z D7p(2 T:lk m) 9= ral g (2(u+r)ax _ k:)
BeNy A
We get
9(7:) = Z Z AumZ_V(S_%) Z Z WZ_T%&#)B(Z(V-F”GJ}—IQ‘)
v=0 mezZ™ kez™ BNy ’

(5.48) — Z Z Z 2 ” s wﬁ o(vtria,, _k) ( Z w Q—T‘lﬁkym>

BEND v=0 keZ" mezn

Z Y M2 (- %)(ﬁqu)z%k(ag)

v=0 keZ"

where (Bqu)?,(z) = 2_”(‘9_%)1p5(2““$ — k) are the anisotropic (s,p) — —quarks
(related to the rectangles Q%) and

Dﬁv 9—raf _
(549) )\E+T7k — 2—7‘&6 Z p( k m)

mezZ"

— 9 &}
5 Aom = 277000,

We may replace in (5.48) v + r by v and obtain (3.18) (recall we assumed r € IN).
Let 0° = {9 : v E€Ng,k € Z"}; if we would prove now that there exists a
constant ¢ > 0 1ndependent of 3 such that

(5.50) 1071 f5all < e AT el
we would obtain from (5.49) and (5.42)
(5.51) 2|Vl = ellgl Fo

for some ¢ > 0 independent of 8 and this is the counterpart of (3.19).
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So it remains to prove (5.50) where the numbers Gfk are defined from (5.49) by

D327k — m)
Bl

(5.52) O, = > Aom if vENy and keZ".

meZ"

Let now v € Ny and k € Z" be fixed. By (5.45) there exists a constant ¢ > 0
independent of 8 with

107kl < ¢ D0 127 = mla) Aol
meZ"
(5.53) =c > (1+[272 %) —mla) ™ [Auml -
meZ"

We denote zp = 2179k and let my, € Z" be such that z, € Q3 1, then clearly
|22 —my|, < d for some d > 0, where d depends only on the anisotropy and is
independent of v, k and my.

We decompose Z" in the sets E; = {m € Z" : 20 —1 < |m —myl, < 207! — 1}

where j € INg. If j is fixed, for m € E; we have on the one hand
27 < 1+ |m—mgla

c (1 + 2% — my|q + |2V — m|a)

d(1+ (2", — ml,)

IN

(5.54)

IN

where ¢’ > 0 is independent of v, k, m and so
(5.55) (142", —mla) = < 279,
On the other hand, if z € Q7 , and y € Q7,, using
ly—zla < c(ly—2"""mla +1277m — 27" %my | + 277k — Ti|a + |2k — 2/a)
we get

(5.56) ly—zla < 2771+ |m—mila) < C2777

where C' > 0 is independent of v, k, m but may depend on r.
Choose now 0 < w < min (1, p, q); for a fixed v the rectangles Q%,, have the volume
277" and are disjoint so that using the embedding [,, < I; and (5.56) we obtain

1/w
D Puml = [ X Puml
mekE; meE;
w 1/0.)
(5.57) = (2 / D Pl | dy
ly—z[a<C 2777 meE;
<

w 1/w
c<2jnMa ( Z |)\um|XVm> (J?))

meZ"
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for z € Q¢ Sk and where M® is the anisotropic Hardy — Littlewood maximal function

and all the constants are independent of v, k, m.

Let Xu4rk be the characteristic function of the rectangle Q7. , and X(ﬂnk =

2t x, 4rk. Using (5.55) and (5.57) in (5.53) and assuming that ¢ > n/w is suffi-
ciently large we have

eﬁ-i-rkX:(ﬁi)-rk( )‘ < a Z (1+ |2Vaxk_mla)_e|)‘um|2(u+r)%xu+nk(x)
meZ"
< 6222 Je Z |)\um|2 pXV—'er( )
meE;
(5.58) ( v\
< 6322_] E__ M Z |)\l/m|X(p) () Xu+r,k(x)
§=0 mez"
w 1/w
< C<Ma< Z |)‘um|X(p)> (37)> Xv+r,k(T)
meZ™

where the constants above do not depend on v and k£ but may depend on r.
In (5.58) we take the ¢—th power, sum over k € Z™ and then over v € INg and get

q s w
(5.59) XS @| < e (g

v=0keZ"

(with the usual modification if ¢ = oo) where h, =37 _7n [Aum] X(p)
Taking the + —th power and the L, —quasi—norm we obtain that ||95 | fqu can be
estimated from above by

1/w

(5.60) c ((Maho;( : ))1/w)

Ly (1)

veN, ‘ = cf|(MhZ())yen, | Lpsolar)]
(with the usual modification if ¢ = 00). To obtain (5.50) we have now only to apply
the Fefferman —Stein inequality (4 2) to the right—hand side of (5.60); this can be
done since 1 < p <occand 1< 2 1 < o0 and so the proof is finished. O

Acknowledgements

This work was supported by the Graduiertenkolleg at the Faculty of Mathematics and Com-
puter Sciences in Jena. We are deeply indebted to Prof. Dr. HANS TRIEBEL for his remarks
and stimulating conversations.

It is a pleasure to give our warm thanks to the referee whose comments and suggestions
have led to an improvement of this paper.

References

[AdH96] Apams, D.R., and HEDBERG, L.I.: Function Spaces and Potential Theory, Springer—
Verlag, Berlin, Heidelberg, New York, 1996



112

[BeN93)

[BeN95)

[BINT5)
[Din95a]
[Din95b]
[EdT96]
[FeST1]
[FrJ85]
[FrJ90]
[FIW91]
[Joh95]
[Leo86]
[Nik77]
[P75]
[P76]
[Rus96]
[ScT87]
[See89]
[Sic90]
[Soa83)]
[StW78]
[StT79]
[Tri77]

[Tri78]

Math. Nachr. 209 (2000)

BERKOLAIKO, M. Z., and NovikKov, I. YA.: Unconditional Bases in Spaces of Functions of
Anisotropic Smoothness, Trudy Mat. Inst. Steklov 204 (1993), 35—51 (Russian)

BERKOLAIKO, M.Z., and Novikov, I.YA.: Wavelet Bases and Linear Operators in
Anisotropic Lizorkin—Triebel Spaces, Trudy Mat. Inst. Steklov 210 (1995), 5—30 (Rus-
sian)

Besov, O.V., IL'IN, V. P., and NIKOL’SK1J, S. M.: Integral Representations of Functions
and Embedding Theorems (Russian), Nauka, Moskva, 1975

DINTELMANN, P.: Classes of Fourier Multipliers and Besov—Nikol’skij Spaces, Math.
Nachr. 173 (1995), 115-130

DINTELMANN, P.: On Fourier Multipliers between Anisotropic Weighted Function Spaces
(German), Ph.D. Thesis, TH Darmstadt, 1995

EpmunDps, D. E.; and TRIEBEL, H.: Function Spaces, Entropy Numbers, Differential Op-
erators, Cambridge Univ. Press, 1996

FEFFERMAN, C., and STEIN, E. M.: Some Maximal Inequalities, Amer. Journ. Math. 93
(1971), 107-115

FRrAZIER, M., and JAWERTH, B.: Decomposition of Besov Spaces, Indiana Univ. Math. J.
34 (1985), 777—799

FRAZIER, M., and JAWERTH, B.: A Discrete Transform and Decomposition of Distribution
Spaces, J. Funct. Anal. 93 (1990), 34—-170

FRAZIER, M., JAWERTH, B., and WEIss, G.: Littlewood—Paley Theory and the Study of
Function Spaces, CBMS —AMS Regional Conf. Ser. 79, 1991

JOHNSEN, J.: Pointwise Multiplication of Besov and Triebel-Lizorkin Spaces, Math.
Nachr. 175 (1995), 85—-133

LeopoLD, H. — G.: Boundedness of Anisotropic Pseudo—Differential Operators in Function
Spaces of Besov—Hardy —Sobolev Type, Z. Anal. Anw. 5 (1986), 409-417

NIkoL’sK1J, S. M.: Approximation of Functions of Several Variables and Embedding The-
orems (Russian), Second ed., Nauka, Moskva, 1977. English translation of the first edition:
Springer— Verlag, Berlin, Heidelberg, New York, 1975

PEETRE, J.: On Spaces of Triebel Lizorkin Type, Ark. Math. 13 (1975), 123130

PEETRE, J.: Correction to the Paper “On Spaces of Triebel Lizorkin Type”, Ark. Math.
14 (1976), 299

RunsT, T., and SICKEL, W.: Sobolev Spaces of Fractional Order, Nemytskij Operators
and Nonlinear Partial Differential Equations, de Gruyter, 1996

SCHMEISSER, H.—J., and TRIEBEL, H.: Topics in Fourier Analysis and Function Spaces,
Geest & Portig, Leipzig, 1987, Wiley, Chichester, 1987

SEEGER, A.: A Note on Triebel—Lizorkin Spaces. In: Approximations and Function
Spaces, Banach Centre Publ. 22 (1989), 391400, PWN Polish Sci. Publ., Warszaw
SICKEL, W.: Spline Representations on Functions in Besov—Triebel - Lizorkin Spaces on
IR™, Forum Math. 2 (1990), 451475

SOARDI, P.: On Nonisotropic Lipschitz Spaces. In: Harmonic Analysis (Cortona, 1992),
Lect. Notes in Math. 992 (1993), 115138

STEIN, E. M., and WAINGER, S.: Problems in Harmonic Analysis Related to Curvature,
Bull. Amer. Math. Soc. 84 (1978), 12391295

STOCKERT, B., and TRIEBEL, H.: Decomposition Methods for Function Spaces of B;,
Type and Fj, Type, Math. Nachr. 89 (1979), 247267

TrIEBEL, H.: Fourier Analysis and Function Spaces, Teubner Texte Math. 7, Teubner,
Leipzig, 1977

TRIEBEL, H.: Interpolation Theory, Function Spaces, Differential Operators, North Hol-
land Publ. Comp. 1978, Amsterdam, New York, Oxford; VEB Deutscher Verlag der Wis-
senschaften, Berlin, 1978



Farkas, Decompositions in Anisotropic Function Spaces 113

[Tri83] TRIEBEL, H.: Theory of Function Spaces, Geest & Portig, Leipzig, 1983
[Tri92] TRIEBEL, H.: Theory of Function Spaces II, Birkh&user, 1992
[Tri97) TRIEBEL, H.: Fractals and Spectra, Birkh&duser, 1997

[TrW96a] TRIEBEL, H., and WINKELvVOSsS, H.: Intrinsic Atomic Characterizations of Function Spaces
on Domains, Math. Z. 221 (1996), 647—-673

[TrW96b] TRIEBEL, H., and WINKELvVOsS, H.: A Fourier Analytical Characterization of the Hausdorff
Dimension of a Closed Set and of Related Lebesgue Spaces, Studia Math. 121 (1996), 149 —
166

[Yam86] YAaMAzAKI, M.: A Quasi—Homogeneous Version of Paradifferential Operators, I. Bound-
edness on Spaces of Besov Type, J. Fac. Sci. Univ. Tokyo, Sect. I. A, Math. 33 (1986),
131-174

University of Bucharest
Faculty of Mathematics
14. Academiei Str.
RO -"70109 Bucharest
Romania

Current address:

Friedrich Schiller Universitdt Jena
Mathematisches Institut

Ernst— Abbe — Platz 1—/

D-07740 Jena

Deutschland



