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Introduction

e Previous chapter: introduction of discrete time models in one
period.

e Today: introduction of multiperiod discrete-time models

o Redefine all concepts of the one-period model in this
multiperiod setup.

e Focus on the binomial model.

e Derive the Black-Scholes’ formula in a discrete time
setting.
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e e Trading periods: t € {0,..., T} forsome 0 < T < oc.
e Market consisting of d + 1 assets:
% asset 0 is consider as a riskless bond,
% assets 1,...d are risky assets.
e e The price at time t of the riskless bond is given by
Trading Sy=(1+ r)", where r > —1 denotes the risk-free interest rate.
Arbitrage
e e The price of asset i at time t is modeled by a non-negative
P random variable S/, defined on a probability space (2, F,P).
%ﬁ'ﬁ!ﬁ;‘ff We assume S, = (82,5:) = (S?,SE,...,5¢) to be measurable
with respect to some o-field F; C F for every t € {0,..., T}.
o Assume Fo C F; C ... C Fr C F with Fo = {0,Q} and
Characaorgion Fr=7F.
P et = (Ft)1—o, 7 form a filtration on the given probability space.
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Interpretation

Model setup

e F, represents all the information available up to time t.
= It is natural to assume F; C F; for any s < t, since there is
no loss of information over time.

o S! F,-measurable means that the price at time t of the i*" asset
is based only on the past of the market and not on its future

behaviour.
S S Sk Sr_1 St
to t tk T—-1 T
]:0 ]:1 ]:k .7:7'_1 ]:T
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Adaptedness and Predictability

Definition
Let (2, F,P) be a probability space and (F%),_, _ be a filtration
on it. Then:

* A stochastic process Z = (Z;),_, 7 is called adapted (with
respect to the filtration) if Z; is Fe-measurable for every
t=0,...,

e A stochastic process Y = (Y;),_; 7 is called predictable (with
respect to the filtration) if Y; is F;_1-measurable for every
t=1,...,T.

= In our model, the price process S = (St)t:O . is adapted to the
filtration (F¢),—o.. -
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Trading strategy: Definition

e An R9*!-valued process £ = (£°,¢) = (£0,€%,...,¢9) is called
a trading strategy if it is predictable with respect to the
filtration (F¢),—o._. -

In other words, &I is F;_j-measurable for every t € {1,..., T},
ie€{0,...,d}.

Interpretation

e &I represents the number of shares of asset i held during the t"
trading period between times t — 1 and t.

e &ISI | denotes the amount invested in the i*h asset at time
t — 1, while ¢S] is the resulting value at time t.

e Predictability of the strategy represents the fact that any
investment must be allocated at the beginning of each trading
period, without anticipating future prices.
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Self-financing strategy

e A trading strategy & € R is called self-financing if:
Et'gt:€t+l'~§t foreVery t:].,’T—].
This means that for every t € {1,..., T — 1} :
d . . d . .
doGSi=> &S
i=0 i=0
[ ]

Therefore, an equivalent condition for self-financing is:

d .
Z §t+1 ) : Sé =0.
i=0

= The portfolio of a self-financing strategy is rearranged in such a
way that its present value is preserved.
= Any change in the portfolio value is due to price fluctuations of

the assets and not to some external factors:
11/56
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e To compare prices at different trading times, we have to
consider discounted values.
e Using the riskless asset as a numeraire, we define the
Model setup discounted price process X as follows:
stratepies
Arbitrage
6;,,,2_”..”% X0 _ i? _ 1
Sc;;vr;\ggcnt t — SO = y
Arbitrage-free t. .
prices . S, Sl
Complete Xl _ Tt t f 1 T H 1 d
Markets t =0 = Tt ort€{7..., },IE{,... }
S5 (1+r)

Model setup
Characterisation

Black-Scholes’
Formula
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* The (discounted) value process V = (V;),. (o 7y of a trading
strategy £ is given by:
Vo=& -Xo and Vi =& - X, fort=1,...,T.
Model setup . = . .
Trading_ e The gain process G = (Gt):cqo,..., 73 of { is then defined as:
Onpart s .
C‘o[vt\'ngcnt
Go=0 and Gr=> & (Xec—Xeq) fort=1,...,T.
Complete k=1
Markets
= V, represents the portfolio value at the end of the t™" trading

o period, G; represents the net gains accumulated through following
odel setup - )
Characterisation the stategy &£ up to time t.
Black-Scholes’
Formula
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Self-financing: Characterisation

Lemma

Let € be a trading strategy. Then, the following are equivalent:

© ¢ is self-financing.
9 f_t-)_(tzgt+1~)_<t foranyt: 1,7T—1

© The value process associated to & can be written as

t
Vi=Vo+ G =Vot Y & (X — Xe1)
k=1

foranyt=0,...,T.
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e A self financing trading strategy £ = (5075) is called an
arbitrage opportunity if the corresponding value process V
satisfies
S Vo<0, Vr>0 P-as. and P[V7>0]>0.
grl;it‘r’;ge. .
ortunities . . . .
c‘gfmm e The market model is arbitrage-free if no such arbitrage
R re—— opportunity exists.
Niarets e The market is arbitrage-free if and only if there are no arbitrage

opportunities for each single trading period.

Model setup
Characterisation

Black-Scholes’
Formula
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o Let (2, F,(Ft)e=o,... 7, P) be a filtered probability space. Then,
a stochastic process M = (M;);=o,... T is called a martingale if:
e M is adapted with respect to (F;)¢—o,....7;
Meodel setup o Ep[|[M;|] < oo for every t € {0,..., T};
o o Ep[M; | Fs] =M, forall0<s<t<T.
Opportunities
Comitzet e The best prediction is exactly the current value = fair game.
Arbitrage-free
S e A stochastic process M is a martingale under the underlying
Markets

probability measure P.
= To highlight the measure we are working with, we say that
M is a P-martingale or a martingale under the measure P.

Model setup
Characterisation

Black-Scholes’
Formula
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Martingale measure: Definition

e A probability measure P* on (9, F) is called a martingale
measure if the discounted price process (Xt)¢=o,...,T is a
P*-martingale, i.e.

IE[P*[Xt] < o0
Ep- [X[ | Fs] = X/ for 0<s<t<T,i=1

e Recall that two probability measures P and P* on (Q, F) are
equivalent if for any set A C F we have:

P[A] = 0 if and only if P* [A] = 0.

In this case, we write P ~ P*.

... d.
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FTAP: Dynamic version

e We denote by P the set of all martingale measures, which are
equivalent to P, i.e.

P = {P* : P* is a martingale measure and P* ~ P}.

Theorem (Dynamic FTAP)

Consider a multiperiod market model. Then, the market is free of
arbitrage if and only if the set P of all equivalent martingale
measures is not empty.
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Two-period Model: Example 1
Example (Two-period Model)

e Consider a two-period model (i.e. T = 2) consisting of a
riskless and a risky asset with dynamics:

P 300 w;
el
200
Py P> 150 Wo

100
P; Pﬁ/ 60 LU3
50

P22 20 Wa

where r = 0 is assumed for simplicity.
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Example (continue)

Goal Find the martingale measure P*, so that there is no arbitrage in
both trading periods.
= We have to solve the following systems of equations:

1 = pi+p3 RN
e 100 = 200p; +50p5 — Pr=3 P2=3
pportunities
Contingent
claims 1 = p* +p* 1 2
Arbitrage-free 11 12 * *
prices % % R = — =
{ 200 = 300pf +150p; — P17 3 P73
Markets
1 = pau+pn 3 1

{ 50 = 60py +20p3,  PAT 3 P27

Model setup

Characterisation

Black-Scholes’
Formula
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3.3: Exercises

Two-period Model: Example 1

Example (continue)

e The martingale measure is given by:

P*[{wi}]
P*[{wo}]
P [{ws}]
P*[{wa}]

*
“ P11

E
" P12

>k
* P21

k
" P22

A= NI OIN Ol
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and strike price K > 0 gives its owner the right to buy asset / at
time T for the fixed price K. Its payoff is given by:
Cca//,i:(S;T_K)+: Sr—K, lfS'.T_KZO?
0, if ST — K <0.
Model setup
cirategies e An European put option on the /" asset with maturity T
e and strike price K > 0 gives its owner the right to sell asset / at
ézl?n?s"ge"t time T for the fixed price K. Its payoff is given by:
prices i
Complete 3 1 .
Nl Cruti _ (K 5’})+ _ 0, | Tf S.T -K>0;
K-Sy, ifS-—K<O.
e Put-Call-Parity:
Black-Scholes’
Formula

Cca/l,l _ Cput,l _ S’T — K.
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e The outcome of an Asian option on the /*" underlying asset
depends on the average price
=
=
teM

Model setup for M C {0,1,---, T} a subset of predetermined time periods.
Trading
strategies
e e Therefore, the average price call option on the it asset with
FRIER strike price K corresponds to the payoff:
Arbitrage-free
Pl .
e = (S —K)".

e The average price put option on the i*" asset is described by:

Model setup
Characterisation

Black-Scholes’ (:.put (K S, )

Formula
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whether the price of the underlying asset reaches a certain level
before maturity or not. Usually of two types: knock-out or
knock-in options.
e A knock-out option has zero payoff once the price of the
underlying asset S’ reaches the barrier B € R. For example, an
o up-and-out call option is described by:

age ; + . i

O i (59_ — K) , if max Sl{ < B;
Contingent Ccz” = 0<t<T

claims usLo - .

Arbitrage-free 0, otherwise.

pric

Complete
Markets

e A knock-in option pays off only if the barrier B is reached. For
example, a down-and-in put option with strike price K is given
Model setup by: .
Characterisation H . . i
Slack.Scholes K- 5! if min S! <B;
Bk St cow _ | (K=Sp) 7, if min, SP<

d&i = .
0, otherwise.
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Attainable payoffs: Definition

e A contingent claim C with maturity T is said to be attainable

(or replicable) if there exists a self-financing strategy &, whose
terminal portfolio value coincides with C, i.e.

C = ET . §T P-a.s.

In this case, the trading strategy & is called replicating
strategy for C.

C is attainable if and only if its corresponding discounted claim
H=C/(1+r)" can be written as

;
H=8r - Xr=Vr=Vo+ Y & (Xe—Xe1),

t=1

for a self-financing trading strategy ¢ with value process V.

In this case, we say that the discounted claim H is attainable
with the replicating strategy &.
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Value process: Characterisation

Theorem
Let H be a discounted, attainable contingent claim. Then, H is
integrable with respect to any equivalent martingale measure, i.e.

Ep« [H] < 00 for all P* € P.

Moreover, for every P* € P the value process associated with the
replicating strategy of H can be written as

Vi=Ep-[H | 7] P-as. fort=0,...,T.

In particular, V' is a non-negative P*-martingale for every equivalent
martingale measure P* € P.

26
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Goal Price a discounted contingent claim H without introducing
arbitrage in the market.

e |f H is attainable, then the discounted initial investment needed
for replicating H

Model setup

Trading
strategies — —

Arbitrage fl - Xo = Vo = Ep- [H] for P* ¢ P
pportunities

Contingent
claims

Arbitrage-free can be interpreted as the unique discounted arbitrage-free price
prices f H
Complete or .

Markets

e |f the claim H is not attainable, how should we proceed?

Model setup
Characterisation

Black-Scholes’
Formula
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e Let H be a discounted contingent claim. Then, a real number
7H > 0 is an arbitrage-free price for H if there exists an
adapted stochastic process X9+ such that:

Model setup d+1 H
Trading XO ™,

strategies

Arbitrage X:j+1 2 O for t = 1, ey T — ].7

Opportunities
Contingent d+1
claims XT H;

Arbitrage-free
prices
Complete

vt and such that the enlarged market model with price process
(XO,..., X9 X91) is arbitrage-free.

Model setup
Characterisation

Black-Scholes’
Formula
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Arbitrage-free prices

e A priori, the claim H could have more than one arbitrage-free
price.

e Denote by IM(H) the set of all arbitrage-free prices for H:
MN(H) = {7rH € R : 7 is an arbitrage-free price for H}.
e |ts lower and upper bounds are then defined by:

M+ (H) =infM(H) and N'(H)=supM(H).

Theorem
Let H be a discounted contingent claim. Then, the set I1(H) is
non-empty and given by:

M(H) = {Ep- [H] : P* € P such that Ep- [H] < co}.
In addition, the lower and upper bound of 1 (H) can be written as:

M (H) = inf Ep-[H] and N'(H)= sup Ep- [H].
PreP PxcP
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Attainable Claims: Characterisation

Theorem
Consider an arbitrage-free primary market model and a discounted
contingent claim H such that H > 0. Then, we have:

@ If H is attainable, then 1N (H) consists of the unique element Vj,

where V' denotes the value process corresponding to the
replicating strategy of H.

@ If H is not attainable, then M¥(H) < NT(H) and the set of
arbitrage-free price is an open interval of the form
N(H) = (M¥(H), NT(H)).
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Complete Markets

e A multiperiod arbitrage-free market model is called complete if
every contingent claim is attainable.

e From the previous theorem, it follows that in a complete market
model every contingent claim has a unique arbitrage-free price.

Theorem
An arbitrage-free market model is complete if and only if there exists
Just one equivalent martingale measure, i.e. |P| = 1.
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Chapter 3 e Consider a two-period model consisting of a riskless and risky

Multiperiod
Discrete Time
Models

asset with undiscounted dynamics:

3.1: The *
multiperiod pll/
model

Model setup 16

Trading

strategies * *
Arbitrage P P2 " g
Opportunities

Contingent

claims 1

Arbitrage-free T = 4

prices

Complete

Markets

, . «~ 8
3.2: The P> P21
binomial
model 2

Model setup

Characterisation "
Black-Scholes’ I |
Formula

64

3.3: Exercises

where u:4,€:%,7r1:4and r=1.

W1

Wa
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Example (continue)
e First, we want to exclude arbitrage from the market by finding
an equivalent martingale measure P*.
e Therefore, we have to solve the following systems of equations:

Model setup
tinges L= pi+pm = 3 Pt = 4
Srmoreonities 4 = 8pi +1p; L A
C‘o[m'ngcnt
Arbitrage-free
prices * *
G L = pii+pp o pt = 3 Pty = 4
Markets 8 = 16[3’{1 + 2p>1k2 11 7a 12 7
Model setup { I = pékl + p2>;2 o p* _ E P* - ﬂ
: _ 21 = 22 =
S L = 2mtapn 7 7
Formula
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Two-period Model: Example 2

Example (continue)

e Note: since r = 1, we have used discounted price values to find
the equivalent martingale measure.

e The equivalent martingale measure P* is given by:

P{wi}] = pi-p = 3
P{w2}] = pf P2 = 35,
P{ws}] = p3 P51 = 35,
P{wsd] = ps-pp = 2.

= There exists a unique equivalent martingale measure P*. Hence,
the market model is arbitrage-free and complete.
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Two-period Model: Example 2

Example (continue)

o Consider a call option with payoff C = (53 —4) "

e Since the market is complete, the discounted claim H =

c
(1+r)?

is attainable and so its arbitrage-free price equals:

™

H

Ep- [H]

> H(w) P [{w}]
weN

H(wr) - P [{wn}] + -
60 9 4 12 4
Tt ety
159

=

+ H(wa) - P* [{wa}]
12

240
29 "
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. e Consider a market model with one risky asset in which trading is
executed at time t € {0,1,..., T}.
e Look at asset 0 as a riskless asset with price at time t given by
SO = (1+r)", where r > —1 denotes the risk-free interest rate.
e The price of the risky asset at time t is given by a non-negative
random variable S}, defined on a probability space (Q, F,P),
S which we will explicitly define later.
Abiage In addition, suppose that S} = 7! > 0.
pportunities
e e Suppose that the return R, of the t™" trading period can only
Arbitrage-free
s take the values
Complete
Markets
S-Sk
Ro="4"te{t-1u-1},
Si1
Model sewp where ¢, u € R are such that 0 < ¢ < u.
R = The stock price moves from S} ; to either the higher value

St =S} ,u or the lower value S} = S}, .
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2
P11 (1 + r)

e In general:

w1

w2

w3

Model setup

e |n the first two trading times, we have the following dynamics:

* U27T1 w1

Pll/

uml
P12 u£7r1 wo
. ulrl W
s

ort
P 627&'1 Wy

Siw) = b ) i)

where ji(w) is the number of up-moves in a total of t moves,

when the event w occurs.
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sample space.
e Denote by Y; (w) = y; for w = (y1,...,yr) the projection on
the t'" coordinate of w, so that:
1-Y:(w 1+ Y (w u—1, if Yy(w)=1
Mnd.e\ setup Rt (UJ) —_ £ t( ) +U + t( ) _1 — 9 - t( )
irategies 2 2 -1, if Yy(w)=-1.
Arbitrage
Opportunities
Contingent . . .
e e The price process of the risky asset can be written as
Arbitrage-free
it :
Complete
Markets S, = 7l H 1 + Rk
MeHe e The discounted price process is of the form:
Characterisation
Black-Scholes’ 51 1+R
Formula Xt _ H k
k=1
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Model setup: probability space

For a filtration, we take F; = o (S1,...,5:) = o (X, ..., X;) for
any t=0,..., T.

= JFo is the trivial sigma field, F := F7 coincides with the
power set of Q and the random variables Y;, R; are F;
measurable for any trading time.

Fix any probability measure P on (2, F) with P [{w}] > 0 for all
w e Q.

The above model is called T-period binomial model or CRR
model.
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Theorem
The binomial model is arbitrage free if, and only if, £ <1+ r < wu.
In this case, the market is complete and so there exists a unique
equivalent martingale measure P*.
- In addition, the random variables Ry, ..., Rt are independent under
e P* with joint distribution
Arbitrage
Opportunities
CC(;;vr;isgcnt « o _ % (]. + r) — E
/\‘rbllrags free P [Rt =u- 1] - P = u— g ’
%Aoné)\ctc
arkets
u—(1+r
P[Re=¢—-1]= 1-p*= 7( )
u—~,
Model setup

Characterisation

Black-Scholes’
Formula
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Since the binomial model is arbitrage-free and complete, any
contingent claim C is attainable.

Thus, we can extend the model by defining the arbitrage-free

Arbitrage-free prices

discounted price process S? for C as follows:

053

.51'2

= Ep-~ [ﬁ} , since P* is unique;

(1+r)t - Ep- [

1+r)7

|ft},fort:17...
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Black-Scholes’ Formula for Binomial Model

Theorem (Black-Scholes’ formula for Binomial Model)

Suppose we are in an arbitrage-free, complete binomial model. Then,
the price of an undiscounted call option C on the underlying risky
asset with maturity T and strike price K > 0 is given by:

" = H,TZ() Y (- p) (R K)

T—t
St = 1+r — Z( > V(1 —p) T (SETT - K) T
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Question
Consider a two period (T = 2) binomial model with one risky asset
(d=1)and assume u=4,(=1/2, r=1, 7! = S} = 4.

Trading

strategies Compute the price of an European put option on the risky asset with

Arbitrage

Opportunities maturity T:

Contingent

claims - ol +
C=(K-5H)",

i for a strike price K = 4.

Model setup
Characterisation

Black-Scholes’
Formula

3.3: Exercises
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3.3: Exercises

Exercise 1: Solution

Solution

Since ¢ < 1+ r < u, the binomial model is arbitrage-free and
complete.

= There exists a unique martingale measure P* such that

As we have a recombining binomial tree, we need to determine the
probability of an upward movement p and the probability of a
downward movement 1 — p.
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In particular here:

Exercise 1: Solution
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3.3: Exercises

Exercise 1: Solution

We know that in the binomial model the probability of an up/down

move are given by:

Therefore:

pr= L2t = 3

1_ p* = ”7,(3') — ;.
Pl = 23=
Plloall= 23
Pllesl = 303 = o0
Pllall= 5 3= 3
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Hence, the price of the put option is given by:

Models

3.1: The 7_[_C _ E C
multiperiod - P* T
model (1 + r)
Model setup

Trading

strategies _ C (WI) . P*

Arbitrage - [{ }]
Opportunities (1 + r)

ot e wi€N

claims

Arbitrage-free

1 16\ 12
Complete = - l0+0+0+3- e —
Markets 4 49 49
3.2: The

binomial

model

Model setup
Characterisation

Black-Scholes’
Formula
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Question
Consider again a two period (T = 2) binomial model with one risky
asset (d =1) and assume u=4,(=1/2, r=1and 7! = S} = 4.

Model setup

Trading Determine a hedging strategy & = (£, &), where &; = (£9,&1),

strategies

e &, = (£9,€}), for the European put option on the risky asset with

Contingent

s strike price K = 4:
see C=(K-SH".

Complete
Markets

Model setup
Characterisation

Black-Scholes’
Formula
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3.3: Exercises

Exercise 2: Solution

Solution

From the previous exercise, we know that the market is
arbitrage-free, complete and the unique equivalent martingale
measure P* is determined by:

. (A+rn-¢ 3
P u—t T
A hedging strategy & = (51,52) is a portfolio such that:

e the value process V, of the portfolio equals the payoff of the
discounted European put option

° VleP*[ﬁ | Sil-
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Exercise 2: Solution
The dynamic of the discounted price process X is given by:

X;({w=w}) =

\

X ({w = wi,wa}) =

/
\

Xi({w = w3, wa}) =

i)
*
I\)

X;({w=wa}) =

X3({w = wa,w3}) =2
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3.3: Exercises

Exercise 2: Solution

For time t = 1 we have to solve the following equations:

XP -+ X ({w =wi,wa}) - €]
XP - & + X ({w = ws3,wa}) - €]

putting in the numbers

& +8-& =0,

g+ =3

we get the solution:
0 _ 24
61 — 49

1 3.
&=~

2.(1-p);
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For t = 2 we have to consider the upward and downward paths

separately.
e For the up-case, it follows:

X9+ X3 ({w = e )) ¢
r\TAr:j:L;emp X20 . 6(2) + X21({w - 5

strategies

|

g

N
&
=

Arbitrage
Opportunities

Eomsat and so:

j\‘rall):rsage free { 5(2) + 16 - 5% =0,
g+2-5=0

prices

Complete
Markets

Hence:

{ £ =0,
Model setup 6% =0;

Characterisation

Black-Scholes’
Formula

3.3: Exercises
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Multiperiod e For the down-case we have:
Discrete Time

Models

3.1: The X20 'fg"_le({w :w3}) f% =

0
| d

R X+ X3({w=wi}) & =3

Model setup

= so it follows:

0 1
Arbitrage . =
Opportunities 52 + 2 62 Oa
Contingent
claims 0 4 1. ¢1
Arbitrage-free 2
prices

C | .
Sl Thus:

N
I

3.2: The
binomial 1
model 2

Il
|
~lw

Model setup
Characterisation

Black-Scholes’
Formula
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