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Chapter 1

Introduction

The goal of this work is to present the Jordan measure and give an overview
of its main properties. In particular, we want to explain how the Jordan
measure generalizes the concept of volume: defined first only for boxes, then
for elementary sets and lastly for the so-called measurable sets. The latter, turns
out, define a quite large family, containing for example any triangle, any ball
and actually any bounded set that has the graph of a continuous function as
boundary (a proof of that will be provided in chapter 4). The first results we
introduce regard additivity, monotonicity and translation invariance of the
Jordan measure J, which are proven initially only for the family of elementary
sets and then generalized to the collection of measurable sets. The same
procedure is used also when showing that, up to normalization, the previous
properties uniquely determine . This, somehow surprisingly, observation
is followed by the discretization formula, which can be seen as an additional
motivation for the claim that | extends the concept of volume naturally.

In the second part, that is chapters 3 and 4, we exploit the properties of
the maps J and J, used for the definition of the Jordan measure, to obtain
measurability criteria. For that purpose, we need to introduce the formalism
used in [2], and in particular the idea of splitting R? into cubes of side length
1/n and counting how many of them are contained in some fixed set A. To
motivate this procedure we consider the example of the unit disc D in two
dimensions, where one can explicitly give an infinite sequence of elementary
sets converging, as set-theoretic limit, to D.

The main theorem we obtain (using the approach proposed in [2]) tells us
that a set A is measurable if and only if its boundary has measure zero. We
can use this result, which is crucial for proving measurability of many sets,
to analyze in detail two subsets of IR?: the unit ball and the triangle. For the
latter we also provide an explicit formula, where, interestingly, the derivation
we provide mimic the one usually proposed in Euclidean geometry.
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In the last part of this work, we give a few examples of non-measurable sets,
which indicate some limitations of the Jordan measure.



Chapter 2

Elementary sets

2.1 Definition and first properties

We’ll start with some definitions, which are needed for the construction of
the so-called elementary sets.

Definition 2.1 An interval I is a subset of R of the form [a,b] = {x € R |a <
x <b}, [ab) ={xeRla<x<b} (a,b] ={x € R|a < x < b}, or
(a,b) = {x € R |a < x < b}, where a < b. In that case, we call a and b the
endpoints of 1.

Note that we allow a = b, which means in particular that the empty set
@ = (a,a) and isolated points {a} = [4,4], a € R, are also considered
intervals. These two special cases of intervals are exactly the ones having
zero length, which we define as follows:

Definition 2.2 The length of an interval I C R with endpoints a < b is defined by
the quantity |I| :== b — a.

Remark 2.3 To denote the cardinality of a set, we will always use #{-}. In particular,
| . | it’s to be interpreted only in the sense of the previous definition and not as the
cardinality mapping.

We may notice that, as we would expect, the length of an interval is depending
only on the endpoints, in particular [a, b], (a,b], [a,b) and (a,b) have all the
same length.

Using Cartesian products of intervals, we now can define boxes.

Definition 2.4 A box B is a subset of R of the form I; X I x - -+ x I, where
I, ..., 1 are intervals'. Moreover, if each I; has endpoints a; and b; we define the
volume of B as |B| := [T (b; — a;).

"'Whenever we write R?, it’s implicit that we're considering only the cases d > 1.
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Note that |B| = |I;| - - |I;| and that a 1-dimensional box is an interval with
volume equal to its length.

We now move to the main object of this section, i.e. the class of sets that can
be constructed using (finite) unions of boxes.

Definition 2.5 E C R? is an elementary set if it can be written as a finite union of
boxes. We denote with &, the class of all elementary sets in R

When we try to combine elementary sets by taking (finitely many) unions
and intersections, we notice that the resulting sets are still elementary. This
fact is easy to visualize geometrically when d = 2 and can be proven for any
dimension d, as we shall see in the next lemma. The idea of the proof is
really to think as if 4 was equal to 2 and to use that boxes behave similarly in
any dimension.

Lemma 2.6 (Boolean closure of ;) Let E,F C R? elementary sets, then E U F,
ENF, E\F and EAF are also elementary, where E\ F := {x € E |x ¢ F}
and EAF := (E\ F) U (F \ E). Moreover, also the translation of E by x € R?
E+x:={y+ x |x € E} is an elementary set.

Proof Let E=B;U---UB,and F = C;U---UC,, both in &£;. First, we
want to prove that EUF € £;. Bt EUF = BjU---UB,UC U---UGCy,
which is a finite union of boxes, and so we directly get the aimed result.

We now consider E N F. Notice that

n
EﬂF:(B1U---UBn)ﬂ(C1U---UCm):UBiﬂ(Clu---UCm)
i=1

nom
= U UBl‘mC]‘.
i=1j=1

Therefore, it suffices to show that for any fixed i € {1,...,n} and j € {1, ..., m}
the set B; N C; is a box. Fix i and j and let’s first assume that B; and C; are
both closed, i.e. that B; N C; can be written, for some {ay, by, ck, di }1<k<d, as

(]i[[ak, bk]) n (ﬁ[% dk]) :

k=1 k=1
The latter is either the empty set or of the form
d
[ TImax{ag, i}, min{by, di }], (2.1)
k=1

and thus in particular a box. Consider now the general case, where we do not
necessarily have closedness of the boxes. Then the intersection of B; and C;
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Figure 2.1: Possible shapes for E \ F.

can also be written as in 2.1, with the only difference that the corresponding
intervals may be open/half-open/half-closed or empty. In particular, B; N C;
is a box.

We now want to show that E \ F is elementary. There is a main difference
to the previous part, which consists in the fact that the difference of two
boxes is general not a box (while the intersection of two boxes is a box itself).
Indeed, even in two dimensions, this set could be for example “U” or “L”
shaped (see figure 2.1). A possible solution to this issue is to divide EU F
in a union of small enough sub-boxes. As first, we notice that, exactly like
we did previously, we can reduce the problem to the case where E and F are
boxes. Indeed

E\F= <CJBZ-> \

i=1 j

-UU (mnes).
i=1j=1

3

n

n m ¢ m
o= (0a)n(Ae) -U(an O
1 i=1 j=1

i=1 j=1

and therefore we only need to prove that, for fixed i and j, B; \ C; is elemen-
tary, since then the (above proven) closure of £; under finite unions directly
gives the result.

To this purpose we take B; U C; and divide it in small disjoint boxes Dj, ..., Dy
which are either fully contained in B; \ C; or fully contained in C; (figure 2.1
could be helpful to convince yourself that this is always possible). But then
B; \ C; is a finite union of boxes, and thus elementary.

The claim that EAF := (E\ F) U (F \ E) is elementary follows directly from
what was shown above, as it’s a union of elementary sets.

Lastly, for x = (x1, ..., x4), we notice that E+x = (B; +x) U--- U (B; + x).
Moreover, for each 1 <i < d, B; + x (where B; has endpoints {ay, by }1<k<p,)
is a product of intervals (with endpoints {a; + xi, by + xk}lgkgbk) and in
particular a box. This concludes the proof. O
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There is a second result related to elementary sets which we would like to
prove. This observation will allow us to define properly the measure of an
elementary set.

Lemma 2.7 Any elementary E C RY can be written as a disjoint union of boxes.

Proof The idea is to divide E is small enough boxes, similarly to what we
did in the proof of the previous lemma. Following the approach used by Tao
in lemma 1.1.2 of [6], we start with the case where the dimension d is equal
to 1.

Let E =1 U---UI,, where each I; has endpoints ay;_; and ay;. Write then
the 2k endpoints ay, ..., ay; in ascending order, that is agy < ap) < o0 <
a(o)- Consider now a family of intervals {J;}c(s,. 2c—1), Where each J; has
endpoints a(;) and a(;;1). Then every I; can be written as a disjoint union
of the [i, ..., Joxr—1, where for each j we only need to decide correctly which
boundaries of |; must be open and which closed. We can thus get a disjoint

family of intervals whose union is exactly E.
Consider now the general case d > 1.

Let E=ByU---UB,, where B; = I[;; x --- x L;4,i € {1,...,k}. Now for each
j € {1,...,d} consider the family I, ;, ..., I, ; and apply to it what we’ve just
proven for the case d = 1. We thus get a family of disjoint intervals ] j, ..., J;;
such that each [;; can be written as a union of them. But then, by taking
Cartesian product, we can express each By as a disjoint union of boxes of the
form J; 1 X -+ X J; 4, 11,...,ig = 1. Since the union of those disjoint boxes is
exactly E, we conclude the proof. O

2.2 Measure of an elementary set

Now we want to give each elementary set a measure, and the idea is simply
to extend the concept of “volume of boxes” to elementary sets.

Theorem 2.8 Assume that E € £; can be written as disjoint union By U - - - U By,.
Let m(E) = |By| + -+« + |Byl, then m : & — Ry is a well defined map?, in the
sense that is independent of the choice of the partition By, ..., B,.

Proof Let By, ..., B, and Cy, ...C,; be boxes in R? such that E = By Ll---UB, =
CiU---UCy3 Porie{l,.,n}andje {1,.. m} we define Aij=B;NC,

The set R, stands here for the non-negative real numbers.
3We will use many times the notation X UY for the union of two disjoint sets. Similarly,
we write X; LI - - - U X;; for a union of n pairwise disjoint sets.
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which is a box as intersection of boxes. Observe then that

~.
Il
—_

j=1 j=1

=

I

™

D)

=

Il

~

Cs

c) NB; = 6 (CiNB;) = GA,»,]-,

C:

C,i=ENCi= BﬂC A
] ] ]

On the other hand, for any boxes D, Dy, ..., Dy such that D = D; U - - - U Dy
we have |D| = |Dy| + - - - + |Di| *. This shows in particular, since the {A;};,
are disjoint, | U; A;j| = ¥ |Aij| and [U; A;ij| = ¥;[Aj|. Therefore, we obtain

LIRSS SIZIES o) oV WIES ST 0

i=1j=1 j=li= j=1

Now that we have a definition for the measure m, it’s natural to ask ourselves
what are the properties of such a mapping. In particular, we would like
that, for boxes, m is consistent with the previously defined volume. At the
same time, since we know that an object doesn’t change its volume when
translated, m should also satisfy translation invariance. These (and many
other) properties are indeed true and summarized in the following theorem.

Theorem 2.9 Let E,F € £ C RY. The map m : £; — R satisfies the following
properties:

(1) m(®) = 0.

(2) m(B) = |B| for any box B.

(3) (Additivity) m(EU F) = m(E) + m(F).

(4) (Monotonicity) If E C F then m(E) < m(F).

(5) (Subadditivity) m(EUF) < m(E) + m(F).

(6) (Translation invariance) For any x € R, m(E + x) = m(E).
(7) (Normalisation) m([0,1)%) = m([0,1]%) = 1.

Proof We start with (1), which is just a consequence of the empty set being
a box with volume zero. For (2) we notice that B can be written as a disjoint
union of boxes By, ..., B, by simply choosing n = 1 and B; = B, and so
m(B) = |B| by independence of the choice of the partition (theorem 2.8).
Note that this also proves normalisation.

“This can be proved by using a subdivision, as we did for example in lemma 2.6.
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Let’s now prove the finite additivity. Write E = By U ---UB, and F =
CiU---UCy, as union of boxes. Then ELUF =B;U---UB,UCU---UCy,
and so by the independence of the choice of the partition

m(E UF) = il |Bi‘ + il ’C]’ = m(E) + m(F).
i= j=

Monotonicity and subadditivity are direct consequences of additivity, since
m(F) =m((F\E)U(FNE))=m(F\E)+m(FNE)>m(FNE) =m(E)
whenever E C F, and therefore
m(EUF) =m(FU(E\F)) =m(F)+m(E\F) <m(F)+ m(E).

For the translation invariance we observe first that if E is a disjoint union of
boxes, say By L - - - LI By, then same holds for E+x = (B; +x)U- - - U (B, +x).
Moreover, for any box B = Hizl (ay, bx) we have

d d

B+ (x1,..,xa)| = [ [(bx + % — (ax + x)) = [ [(bx — ax) = |BI.
k=1 k=1

By combining both observations, we obtain m(E +x) = Y.!'; |B; + x| =
Yis1 [Bil = m(E). O

The properties proved in the previous theorem are not very surprising and
seem quite natural. In fact, the proof was straightforward. There is an other
interesting feature: those properties uniquely define the measure m (actually
a few of them are enough, see following theorem).

Theorem 2.10 Let 11 : £; — Ry be a map satisfying finite additivity, translation
invariance and normalisation (as defined in theorem 2.9). Then 11 = m.

Proof We follow the steps proposed in exercise 1.5 of [7]: we first prove that
m and 171 are equal for sets of the form [p,q]¢, p,q € Q, and then we extend
this result to any box B by using density of Q7 in RY.

We fix n € IN and we observe that
n . .
J—1 ]
1) = — L 2.2
0.1 JTH”'”)' @2)

n}

n n

J1reees jdE{l .....

Moreover, by translation invariance we get, for all jy, ..., j; € {1, ..., n},

(B3] = () [ ))
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Since the disjoint union in 2.3 contains exactly n? terms we have, by additivity

of 1,
1 ([0,1)d> _ i ([o,i)j . (2.4)

Similarly, for any k € IN

()0 (p2)) e -

where we used 2.4 and normalisation of /7. We conclude that for any g € Q
we have 7 ([0,4]7) = ¢°.

At this point, for any aj, bj € Q we can use translation invariance, with
x = (—a, ..., —ay), to get that

U

m ([al,bl) X oo X [ad,bd)) = H(b] — a]‘).
j=

Consider now a box B = I; x - - - x I;, where each interval I has endpoints
aj < bj. We want to approximate this box by two other boxes having rational
endpoints. Let thus ¢ > 0 arbitrary. First, by density of Q C R we can find,
for each j € {1,...,d}, points a;, a;r, bj_, b;r € R such that

a
]

+ - + + +
<aj<af, b7 <b<bf, |a;—aj<e |bj —bj|<e
We then define Iji = [af,b]?t) and the two boxes B := I" x - - - x I7. Now,
since B~ C B C BT, we get by monotonicity 7i1(B~) < m(B) < m(B*). Let’s
try to compute more explicitly what this inequality means:

d d
m(BY) =T (b7 —ar) < [1(b;—a;+2e)

i=1

[
N
I

.

d
m(B™) :H(b]-’ —ai) > ](bj —a; — 2¢)

Il

—_
~

Il

—_

which implies, for M = max; &b_] - ajz,
-

d
m(BE) — [ J(bj —a;)| <2e- M- d. (2.5)
i=1

For the last inequality we used the following general fact:

11
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Claim 2.11 Let B = 1%, (a;, b;) and Be = [1¢_;(a; +¢,b; — €) for some e > 0.
Then m(B\ B;) < 2¢-d- M1, where M := max<;<;(b; — a;). Moreover,
n—o0

|D,| —— |B| for any sequence of boxes { Dy} neN satisfying that for all ¢ > 0
there exists a N € IN such that n > N implies B C D, C B.

Proof We first define, for 1 < i < d, the sets

d
A= J(ay,b1) x -+ x (a1, bi—1) X [b; — &, b;) X (ai11,bipq) X - -+ X (ag,by)

d
A~i = U(al,bl) X - X (ﬂi_1,bi_1) X (ui,ai —|—€] X (ﬂi+l/bi+1) X - X (le,bd).

But since B\ B; is contained in U, (A; U A;), we get that

d d
m(B\Be) < Y 2 ( Hb—a]><ZZs-Md1:d-2£-Md1.

i=1 j#i i=1
For the second part of the claim we notice that, by additivity of m,

m(B) — m(Be) = m(B\ Be) <= 0.
But for n large enough we have B, C D,, C B and therefore, by monotonicity
of m,
m(B) > limsup m(D,) > liminfm(D,) > m(Bg).

n—oo n—oo

By taking ¢ — 0 we obtain the desired result. O

A clear consequence of 2.5 is that m(B) and 7(B) are equal for any box B.
The last step needed, in order to conclude the proof of the theorem, is to
generalize this equality to any elementary set. But this can be done by simply
using the definition of m and additivity of 7. Indeed, for any partition of E
into boxes, m(E) = m(By) + - - - +m(B,) = 1(By) + - - - + (B,) = m(E). O

Remark 2.12 Claim 2.11 is a very useful result, which we are going to use also in
the next chapters. Note that, by reversing the roles of B and B, one can show that
the second part of the claim is true also if we have the condition B C D, C B_;
instead of B C D,, C B.

2.3 The discretization formula

To compare the size of two finite sets the most natural tool is cardinality,
which is however not very useful for comparing intervals, since in that case
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the only possible cardinalities are 0,1 and co. To solve this problem, one can
for example introduce the idea of volume, as we did in section 2.1. But is
there a direct connection between the two concepts (cardinality and volume)?
The answer is actually yes, and what is very surprising is the simplicity of

the formula that allows this connection. Indeed, we have the following result.

Lemma 2.13 Lef I C R be an interval, then

n—oo 1 n

1] = Tim Dy(I) = lim 1#{m Z},
n—o0

where for n € N we define £ = {X| k € Z}.

Proof Let first take a look at a very simple case: I = [0, 1]. Then we have that
1#{9,.., 1} = 4 converges to 1, i.e. to the length of [0,1]. Consider now a
general I "with endpoints a < b (the case I = {a} is trivial). Then there exist
k,m € Z such that % ¢ I but k+71 €l,and % € I but ’”:[1 ¢ I. In particular

n n

0.

And we conclude the proof. O

This result can actually be extended to boxes and even elementary sets, as
the next proposition shows.

Proposition 2.14 Let B C R? be a box and E C RY an elementary set. Then

d
|B| = lim Dy(B) := lim 1#{BDZ}

n—00 n—00 nd
) 1 74
m(E) = r}gl;lo D,(E) := nlgrolo W# Eﬂ— (2.6)

Proof Let B=1; X --- X I;, then #{B N Z%} =TI, #{LN Z} and therefore

d Z d d
Dn(B)—H#{Iﬁ ut =[1Du(1;) == 111l = |B]

i=1 i=1 i=1

Take now E elementary, then we know that m(E) = |By| + - - - + |Bi| for some
disjoint boxes By, ..., By (where, as already said before, the choice of the boxes

13
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is arbitrary). Then for any i,j we have, by disjointness, #{B;} +#{B;} =
#{B; U B;}, and therefore

koo zi, 1 z'
|Bl|+"‘+|Bk|:;,}%W#{BiQY}:hmﬁg#{&ﬂ?}

n—oo

.1 z°
= lim —G#HEN )
Note that we can interchange limit and sum as the latter has only finitely
many terms. O

Remark 2.15 Here we would like to point out that this result also provide an
alternative proof that m(E) is independent of the choice of the partition By, ..., By.
Indeed, one sees that the right-hand side of 2.6 depends directly on E. In particular,
one could use the discretization formula to provide an alternative definition of
m: gd — R4,



Chapter 3

Definition and first properties of the
Jordan measure

3.1 Area of the two-dimensional unit ball

In this first section, we want to see a possible way of approximating the area
of the two-dimensional unit ball using elementary sets.

To this purpose we define, for k € IN, the set
Q1= {quR} q—zlkforsomeiGZ}.

We then define the family of all cubes having vertices in O and side length

L that is
1 1
Dy := {(p,q+2k> X (p,q+2k>' p.q € Qk}-

k7

It’s clear that for every k € IN and each x € QO + (zklﬁ, 2,%) there exists
exactly one cube Dy in Dy having center in x. We are going to denote this
unique cube as Dy (x) (see figure 3.1).

We want to approximate the area of the closed unit ball' B C R? from the
inside, by using the previously constructed cubes. We can start with D;(0),
which is of course not a very precise approximation. Let’s thus use cubes of
side length % Then the best we can do is to take

11 11 1 1 1 1
A1 =D» <4/4) U D, <—4/4) U D, <4,—4) U D, <—4,—4> ,

!From now on we will use for open and closed unit balls the notations B := {x €
RY| ||x|| < 1} and B := {x € R?| ||x|| < 1}. Similarly for y € R? and r > 0 we write
Br(y)iz: {x € R ||x —y|| < r} and B,(y) := {x € RY| ||x — y|| < r}, as well as B, := B,(0)
and B, := B(0).

15
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Figure 3.1: In orange the set A1, in yellow the set A, \ A1, and in green an example for a cube
Dk(x).

which is still equal to D1(0). Things start to improve when we move to cubes
with side length %, since now we get Ay = A1 U (Az \ A1), where the part
we’re adding to the previous approximation, A, \ Aj, has area 4 -} =1 (see
figure 3.1). One continue this procedure inductively, getting for each k > 1
an elementary set Ay (containing Ax_1) which is a disjoint union of cubes in
Dy.

Remark 3.1 Formally, we could define Ay as the union of all sets Dy that lies in
the family { Dy € D¢|Dy C B}.

The {Ax}r>1 are elementary, but there is still an issue that we would like
to solve: these sets are not closed and in particular any point that lies on
the boundary of the cubes composing Ay is itself not in Ay. We thus define
Cy := Ay, which is still an elementary set. We now claim that we can quantify
explicitly the accuracy of this approximation.

Claim 3.2 Let k > land r, = 1 — § Consider the closed balls B, := {x €
R?| ||x|| < rx}. Then

— - 1
B, c Gy C BC —C(.
Tk
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Proof We start with the inclusion B, C Cy. Pick any point x = (x1,x2) € By,,
and let a; = max{a € Z|5 < x;}, i € {1,2}. Notice that any cube in Dy has
a diagonal of length v2/2%, i.e. exactly 1 — r¢. In particular we deduce that
D:= (%, “1;{1) x (5, ”2;1) is a cube fully contained in B, and hence one of
the cubes composing Ay. But since x, which is contained in D, was arbitrary,
we get that B,, C Ci. On the other hand, the inclusion we have just proved

also implies B = %BT,{ C %ﬁk = }—ka, and we conclude. [l

Remark 3.3 Note that, as k goes to infinity, r converges to 1. In particular, we

expect to see |m(Cy) — m(Cy)| LaiN 0, for Gy = %Ck. We will see a formal proof

of that in section 3.3.
3.2 The Jordan measure

The example in the previous section can be seen as a motivation for the
following definitions, which describe a natural way of defining the Jordan
measure on R%.

Definition 3.4 Let A C RY be a bounded set.
* The Jordan inner measure J(A) of A is defined as

J(A) =sup{m(E)| E € £;,E C A}.

® The Jordan outer measure J(A) of A is defined as
J(A) = inf{m(F)| F € &, A C F}.

Definition 3.5 We say that a bounded set A C R? is Jordan measurable if J(A) =
J(A), and it that case we call [(A) = J(A) = J(A) the Jordan measure of A. Let
Ja be the family of all Jordan measurable sets in RY, then | is the map

J:Ja— Ry
A J(A).

Before saying anything about | we would like to observe a few properties of
J and ].

Lemma 3.6 | and | are monotone. Moreover, | is subadditive.

Proof Consider A C B C R?. Any elementary set E contained in A satisfies
E C B and therefore, by taking the supremum as in the definition of ],

sup{m(E)| E € &;,E C A} <sup{m(E)| E € &,E C B}.

17
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Similarly, any F containing B satisfies A C F and so, by taking the infimum
as in the definition of J,

inf{m(F)| Fe &,A CF} <inf{m(E)| F € &,B C F}.

This proves monotonicity of the inner and outer Jordan measures. Now, for
the second claim, consider C,D C RR? arbitrary and elementary sets G, H
with C C G and D C H. By subadditivity of m

J(CUD) <m(GUH) <m(G)+m(H),

and by taking the infimum as in the definition of J(C) and J(D) we get
J(CUD) < J(C)+ J(D). O

It’s difficult to imagine, directly from definition, how [J; looks like, and in
particular it’s not clear which sets exactly are Jordan measurable. A useful
tool in that sense is the following theorem, which can be interpreted as
“measurable sets are almost elementary”. We would like also to point out
that we can see, directly from definition 3.4, that elementary sets are Jordan
measurable (since both the supremum and infimum in the definition are
taken at the set A itself).

Theorem 3.7 (Characterization of Jordan measurability) Let A C R? be a
bounded set. Then the following are equivalent:

(1) A is Jordan measurable.

(2) For every e > 0, there exist elementary sets E and F such that E C A C F
and m(F\ E) <e.

(3) For every e > 0, there exists an elementary set E C A such that J(A\ E) < e

(4) For every € > 0, there exists an elementary set E such that J(EAA) < e.
Proof We are going to prove (1) = (2) = (3) = (4) 2. Lete > 0.

(1) = (2): By definition of J(A) there exists E C A elementary such that

m(E) > J(A) — 5, and similarly F O A elementary such that m(F) < J(A) +

5. Then, since A Jordan measurable,
- €

m(F) < J(A) + = = J(A) + = < m(E) +2-

£
2 2 2

Moreover, E C F and so by theorem 2.9 we have m(F) = m(E) +m(F \ E).
Combining both observations, we get m(F \ E) < e.

(2) = (3): Let E, F as in (2). Since A\ E C F\ E we get, by definition of ],
J(A\E) <m(F\E) <.

ZFor the first three implications we follow the proof proposed for exercise 2.2 in [7].
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(3) = (4): This implication is direct since for E as in (3) holds AAE =
(A\E)U®Q.

(4) = (1): For E as in (4) we have J[(A\ E) + J(E\ A) < ¢, and so in particular
J(A\E) <eand J(E\ A) < & By definition of | we can find elementary F
and G such that (A\E) CF, (E\ A) C Gand

J(A\E) +e <2
J(E\ A) +¢ < 2e.

But then the elementary sets H := E\ (FUG) and K := FU G U H satisfy
HC A CKand

m(K) —m(H) =m(FUG) < m(F)+m(G) < 4,
which, by taking the limit ¢ — 0, concludes the proof. O

Now we would like to analyze more in detail Jordan measurable sets. With
the following few results we are going to show that J; satisfies properties
which are similar to those of £;, and that in particular we can find statements
that are analogous to lemma 2.6 and theorems 2.9, 2.10.

Lemma 3.8 (Boolean closure of J;) Assume A,B € J; then ANB, AU
B, A\ Band AAB are in J; too.

Proof All the claims are direct consequences of lemma 2.6, and to prove
them we're going to use the representations of measurability (3) and (4) of
theorem 3.7. Fix ¢ > 0 arbitrary. Let E, F elementary such that EC A, F C B
and J(A\E) <¢ J(B\F) < e. Then by subadditivity of J:

J((AUB)\ (EUF)) < J(A\(EUF))+]J(B\ (EUF))
A\E)+TJ(B\F) < 2,
(ANB)\E)+J((ANB)\F)

A\E)+TJ(B\F) < 2e.

J((ANB)\ (ENF))

Which, by (3) in theorem 3.7, shows that AU B and A N B are in Jj.
Moreover, regarding A \ B, we have
(A\NB)A(ENF) = ((A\B)\ (E\F)) U((E\F)\ (A\B

)
C ((A\B)\(E\B))U((E\F)\ (E\B))
C (A\E)U(B\F).

Thus by subadditivity and monotonicity J((A \ B)A(E\ F)) < 2¢, and we

conclude by (4) in theorem 3.7. The case AAB follows exactly as in lemma
2.6. O

19
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Theorem 3.9 Let A, B C R be Jordan measurable sets. Then:
(1) (Additivity) If A, B disjoint, then J(AUB) = J(A) + J(B).
(2) (Monotonicity) If A C B, then J(A) < J(B).
(3) (Subadditivity) [(AUB) < J(A) + J(B).
(4) (Translation invariance) For any x € R, A+ x € Jyand J(A+x) = J(A).

Proof As in theorem 2.9, the key part is to show additivity, since then
monotonicity and subadditivity follow directly:

—
N

J(B) = J(B\A)+]J(BNA)>0+](A), if ACB,
2

J(AUB) 2 J(B\ A)+ J(A) < [(B) +J(A).

—
—

Let thus A, B C J; be disjoint and € > 0. Then we can find elementary sets
E,,E+,F,,F+ suchthat E. C A C E+, F_CBC F+ and

m(E+)
m(Fy)

I(A)
J(B) +

J(A) =

<
J(B) = <

Then, since E_UF_- C AUB C Ef UFy,

||@

J(AUB) > m(E_ UF_ ) m(E_) +m(F-) > J(A) +J(B) —

J(AUB) < m(E; UF,) < m(Ey) +m(F,) < J(A) + ](B) +2¢.

By taking the limit ¢ — 0 we obtain the desired additivity.

We are left with translation invariance, which is a direct consequence of the
translation invariance of m. Indeed, for ¢ > 0 and E+ as above,

J(A+x)—e<m(Ey +x) —eZm(E) e <J(A) <
gm(E_)+£2i9m(E_+x)+sSl(A+x)+€.

Taking the limit ¢ — 0 gives both measurability and the desired equality. [

At this point it may seem natural to claim that not only m (see theorem 2.10),
but also | are unique when we require additivity, non-negativity, translation
invariance and normalisation. This assertion is indeed true, and in section
4.2 we will see how it can be proved.



3.3. The d-dimensional unit ball

3.3 The d-dimensional unit ball

Let’s go back to the unit ball example seen in section 3.1. Recall that for
B = {x € R?| ||x|| < 1} we were able to find sequences of elementary sets
{Cx}ren, {Cx }xen such that for all k we have Cy C B C Cy and C = rl—ka. In

order to show that B is Jordan measurable it would be enough to prove

1 1
G ) = am(C),
m (rk k) rim( k)
since then we can use that ry =1 — § £2% 1 to conclude J(B) = J(B) (by

definition). As one may expect, we can actually prove a more general result,
telling us that homothetic transformations ¢, ,(x) = Ax+a,a € RY,A >0,
preserve measurability and stretch the Jordan measure by a factor A?, that is

J(¥ra(A)) = AYJ(A). (3.1)

The key observation is that the family of elementary sets contained in A C R?
{E C A | E elementary }
is in bijection with the family of elementary sets contained in AA + a
{F C AA+a | F elementary }

through the map E — AE + a. By taking infimum and supremum we get that,
assuming A to be measurable, the upper and lower Jordan measure of AA +a
coincide. Moreover, m(AE) = Am(E) for every elementary E = I x - - - x I,
since the endpoints of each I; are stretched by a factor A, and so, because of
the translation invariance of m, we conclude the desired property 3.1.

We now want to generalize the derivation we saw in section 3.1 to the more
general case of the d-dimensional unit ball. We proceed in the exact same
way as before, as we shall see in the following.

Claim 3.10 J(B) = J(B).

Proof Recall the notation B,(y) = {x € RY| ||x —y|| < r} for the open ball
of radius r with center x € RY. Let Q; := {§ € R| g = > for some i € Z} as
defined before, and

d 1
Dy = {Dk:l—[lj If:<pf’pf+21<>’ PjGQk ’
j=1

A = {DkEDk ‘ DkCB}.

With this setup we now take k € IN large enough so that J; := vn/2f <1
and fix the radius 7, := 1 — 6 = 1 — vn/2t&. We then claim that for each

21
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x = (x1,...,%y) € By, the box D := [](x; — 217,xi + %) is fully contained in
B. But this is indeed a direct consequence of D having diagonal diag(D) =
maXyyep || x — y|| = 8. This allows us to find a Dy € Dy such that x € Dy
for each 1 <i <dleta; = max{a € Z| Z”—k < x;}, then

a; a;+1 1 1
(2k2k> < (Xf‘zk'”‘f+zk>'

and thus Dy :=[1; (%, ”"5[1) C B. Therefore, since x was arbitrary, B,, C

Cy := Ay and we get the exact same result as in 3.2:

— = 1
B, C Gt C BC —(i.
Tk
The latter can be used to get

J(B) > supm(Cy) = lim m(Cy) = lim —m(Cy) 2 Tim m(-Cy) > (B).
keN k—roo koo 1 k—oo Tk

But since by definition J(B) < J(B), we conclude J(B) = J(B). O



Chapter 4

Jordan measurability

4.1 Characterization of the Jordan measure using cubes

The above example of the d —dimensional unit ball may suggest that, when
checking measurability of a set, we do not really need to work with the whole
range of elementary sets: it might be enough to look only at finite disjoint
unions of cubes with fixed side length. The purpose of this section is to show
how this can be done and what are the consequences of this procedure.

The construction we're proposing in the next two sections is mainly based on
the approach used by Laczkovich et al. in chapter 3 of [2]. However, some of
the definitions (and most of the proofs) are modified in a way that allows the
reader to connect them better to the content of the previous chapters.

We'll start with a generalization of the sets Dy seen in section 3.3.

Definition 4.1 For n € IN we let K, be the family of closed cubes in R having

. 1 . . 7
side length .. and vertices in <.

The first result we present, which follows the observations in section 3.1 of
[2], regards the partition of IC;, into three groups.

Claim 4.2 Let A C R? be a bounded set. Then each K € KC,, is in exactly one of the
following families:

e K is an interior cube, that is K C A.
e K is an exterior cube, that is KN A = @.
* Kis a boundary cube, that is KN 0oA # .
In particular, we say that K is an interior or boundary cube of A if KN A # @.

Proof We would like to show that K being a boundary cube is the same
as being neither an interior nor an exterior cube. The fact that K being a
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boundary cube implies that it cannot be neither an interior nor an exterior
cube it’s clear. For the other implication, assume by contradiction that exists
K ¢ AU A° such that K is neither an interior nor an exterior cube'. Then
3x,y € K such that x € A,y € Ac. But by convexity of K we get that
the segment from x to y is contained in K and therefore also the point
z = x + to(y — x), where top = sup{t > 0| z = x + {(y — x) € A}. But any
open ball around z intersects both A and A¢ and so z € 9A, which contradicts
the condition K ¢ AU Ac. O]

Now, for any bounded A C RY we define J,(A) as % times the number of

interior cubes K € K, of A, and similarly we define J,,(A) as % times the
number of cubes K € K, which are interior or boundary cubes, that is

1 — 1

]l(A):W Yo 1, ]n(A):W Y L
Keky Keky
KcA KNA#D

Remark 4.3 Let A(,) := {K € K| K C A} be the elementary set given by the
union of all interior cubes of A, then

1n(A) = T(Au) =1 ) IKI=J( J K| < const(d) - J( | oK)

Kely Kek, Kek,
KcA KCA KCA
< const(d) - Z J(0K) =0,
Kek,
KcA

since, for each K, oK is a union of boxes with zero volume. Similarly, for A =
{K € Ku| KN'A # @} we have J,,(A) = J(AM).

Note moreover that A C B C R implies A" C B, and therefore we can already
see that both ], and Jn are monotone.

The constructed mapping J, and ], are exactly the formalization of the
procedure used in section 3.3 to check measurability of the unit ball?. With
the following results we want to show that this approach works actually for
any bounded set, in the sense that the obtained sequences converge, as n
goes to infinity, to the inner and outer Jordan measures.

Lemma 4.4 For any closed box B we have that

lim J,(B) = lim J,(B) = |B].

n—o0 —

IHere we write A for the set of points in the interior of A° = R? \ A.

2Note that actually in section 3.3 we were considering the sequences {Jo: }, and {Jon }n,
however, since we are only interested in the limit as n goes to infinity, this is the same as
considering the sequences { ]}, and {Jy }x-
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Proof The proof, whose first part is taken from lemma 3.3 in [2], has some
analogies with the proof of the discretization formula 2.13, and indeed the
two results are strictly related®. Let B = [T%_,[a;, b;] and B™), B(y,) as defined
in remark 4.3, and for each 1 <i < d let p;,q; € Z such that p"T_l <a; < %
and ? < b; < L. We notice that a cube K = Hle[%, k’TH] is an interior
or boundary cube if and only if p; < k;+1 < g;foralll <i < d. In
particular, B and B, are boxes of the form B, = Hf:l(ai +ei,b; —¢€i),
B(m) = Hle (a; — 8;,b; + 6;) for some €1, ..., €4,01, ..., 05 < % We can therefore
apply claim 2.11 with {D}, = {B(, }» and remark 2.12 with {Dy}, =
{BM},, giving us lim, e J(B(n)) = limy—e0 J(B(™) = |B|. We conclude by
remark 4.3. O

Before proving the aimed convergence of J, and ], we need find a way to
describe the Jordan measure using only closed boxes, which can be done as
follows.

Lemma 4.5 For any bounded A € R* we have

=

J(A) = inf{ |Kil

N
A c |JKi Ky, ..., Ky closed boxes} , (4.1)
i=1

Il
—_

N
JKi € A, Ky, ..., Ky closed boxes s.t.Kq, ..., Kn disjoint} )
i—1

J(4) = inf{z K

i=1

Proof We start with the first equality. Let 7i(A) be the right-hand side and
note that, by definition 3.4 and lemma 2.7,

_ N
J(A) :inf{ |Bi|

i=1

N
A C U B;, By, ..., By disjoint boxes} .
i=1

Let now By, ..., By be disjoint boxes whose union contains A. Then in par-
ticular A C U;B; and choosing K; = B;, 1 <i < N, gives };|B;| = Y, |Bi| =
Y |Ki| > #(A). Since the By, ..., By were arbitrary, we get J(A) > 7(A). On
the other hand, for any family of closed boxes Kj, ..., Ky with A C U;K; =: E
we can write E as disjoint union of boxes By, ..., By (by lemma 2.7). There-
fore Y_; |Bi| = m(E) < Y_;|K;| and since the Kj, ..., Ky were arbitrary we get
J(A) < 7(A). Thus, the first of the two equalities is proven.

For the second one, denote the right-hand side with u(A) and recall the
definition of the inner Jordan measure N

N
=g

i=1

N
U B; C A, By, ..., By disjoint boxes} .
i=1

3Specifically, cubes in K, have vertices in Z, which is exactly the set used for stating the
discretization formula.
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Let Kj, ..., Ky be closed boxes contained in A with pairwise disjoint interiors.
Then also the disjoint boxes {B;}1<i<n = {Ki}lgigN are contained in A,
where Y; |Bi| = Y; |Ki|. Therefore }; |K;| < J(A) and, since the Kj,..Ky
were arbitrary, (A) < J(A). Finally, let By, ..., By be disjoint boxes contained
in A and E := L;B;. For any ¢ > 0 we can find closed boxes K; C B;
such that |K;| > |B;| — &. In particular, the sets Kj, ..., Ky are disjoint and
satisfy U;K; C A, as well as }; |K;| > m(E) — e. By taking the limit ¢ — 0
we obtain m(E) < pu(A) and by arbitrariness of the By, ..., By we conclude

J(A) < E(A) 0
Theorem 4.6 For any bounded set A
lim J,,(A) = J(A), (4.2)
lim J,(A) = J(A). 4.3)

Proof For the proof we are going to follow the structure proposed for the-
orem 3.4 in [2]. We start with equation 4.2. Since, for all n € N, J,,(A) =
J(A™) and A" is an elementary set containing A, we get J,,(A) > J(A) and
so liminf, e Ju(A) > J(A). We now want to find an analogous inequality

for limsup, . Ju(A). Let for tﬂat purpose Kj, ..., Ky be closed boxes with
A C E:=KjU---UKj. Since ], is monotone (remark 4.3) and subadditive?,

N N
]n(A) < In(U Ki) < ]ﬂ(Ki)r

i—1 i=1
but we also have, by lemma 4.4, J,,(K;) == |K;| for each 1 < i < N.
Therefore, by combining both observations, we obtain limsup,, . J.(A) <
Zfil |Ki|. But, since the cubes Kj, ..., Ky were arbitrary, we can take the

infimum as in 4.1, and we get limsup, . J.(A) < J(A), which concludes
the proof of 4.2.

Now we move to 4.3. First notice that if A is empty then J(A) =0=J.(A).
Assume therefore that A has non-empty interior. Then, by remark 4.3,
limsup J,(A) = limsup J(Aq,) < J(A).
n—oo n—oo

Consider now any family of closed boxes Kj, ..., Ky contained in A with
pairwise disjoint interiors. Notice first that any cube which is in the interior
of K; for some 1 < i < N is also in the interior of Uf\il K;, and so, since the
Kj, ..., Ky are disjoint, we get

N

In(UJ Ki) =

i=1

=

Jn(Ki).

Il
—

“Forall A,B C R? we have that any cube K intersecting A U B is intersecting also A or B
(or both), and so in particular [, must be subadditive.
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But then, by monotonicity of ], and lemma 4.4,

N N N
lim inf J,(A) > hﬂg}f]l(U K;) > lirgglf;]l(m) = 1; IK;|,

n—soco — )
i=1

and since the Kj, ..., Ky were arbitrary we obtain, by taking the supremum as
in lemma 4.5, liminf, e J1(A) > J(A). This concludes the proof of 4.3. [J

4.2 Measurability criteria

With the above theorem, one can now prove a very important criterion for
measurability. We are going to use the proof presented for theorem 3.7 in [2],
which is surprisingly short.

Theorem 4.7 For every bounded set A
J(A) =]J(A) =](A)+](0A).
In particular, A is measurable if and only if J(dA) = 0.

Proof Let n € IN. The number of cubes intersecting A is the same as the
number of interior or boundary cubes of A, that is, the numbg of interior
cubes plus the number of cubes intersecting dA. But since A = dA we
obtain

Jn(A) =Tu(A) = Ju(A) + Ju(94).

By taking the limit n — oo and using theorem 4.6, we get the aimed equali-
ties. O

Remark 4.8 If A C RY is contained in a measurable set C satisfying J(C) = 0,
then by monotonicity J(A) = 0 = J(A). We call such a set A a null set. In
particular, any null set is measurable and any set whose boundary is a null set is
measurable.

A first evidence that this theorem is quite important is for example the fact
that, with this new measurability criterion, we can now prove uniqueness of
the Jordan measure | : J; — R;.

Theorem 4.9 Let y : J; — Ry be a map satisfying additivity, translation invari-
ance and the normalisation 1([0,1)%) = 1. Then u = J.

Proof The structure of the proof is similar to the one of theorem 3.18 in [2].
Let u be a map satisfying the above properties. Then we claim that y is
necessarily monotone. Indeed, if A and B are measurable with A C B, we
get by additivity

u(B) =pu((B\NA)UA) =u(B\A) +pu(A) > u(A).

27
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Let K, K’ be cubes of the form Hle [, “f:l“l) for some 4y, ...,a; € Z, and let
G, be the family of all such cubes that are contained in [0,1)%. By translation

invariance we get y(K) = u(K’), and so by additivity

1=p(l00)7) =n ( U K) =n? - u(K),

KeG,

which implies y(K) = ,117
Claim 4.10 For K as above we have u(K) = u(K).

Proof Notice first that by monotonicity, additivity and translation invariance
1(K) — u(K) < u(9K) < u(a[0,1)%). For the case d = 1 we have

1 1
{0,1} C [O,N> U {1,1 + N) forall N € N,
and so u(9[0,1]) <2- % NZ% 0. While for the case d < 2, we notice that we
can cover (similarly to the case d = 1) the boundary of [0,1]¢ with C(d) - N
many cubes of side length 7, where C(d) is a fixed constant depending only
on the dimension d. Therefore, we get

1(3[0,1]%) < i 0 O

We can now use the claim to get that y is equal to | on K,, and also that

W(Aw) =T(Awy), n(AM) =JAM).

Hence for all n we have

Jn(A) = J(Aw)) = u(Ap)) < u(A)

and
Tn(A) = J(AM) = w(A™) > u(A).

But J,(A) and J,(A) converge, respectively, to J(A) and J(A), which are
both equal to J(A) by measurability of A. Therefore, we conclude J(A) <
p(A) < J(A). O

Before moving to the next section, we would like to present one more criterion
for measurability. Recall that theorem 4.7 was proven using the formalism
constructed in section 4.1, that is by considering interior and boundary cubes.
One may notice that this is somehow similar to the approach used in section
2.3 for the proof of the discretization formula (equation 2.6), where we were
counting the points of the form 7, a € Z, contained in an elementary set.
The next proposition shows that the discretization formula holds actually for
any measurable set.
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Proposition 4.11 Let A C R be a Jordan measurable set, then

J(A) = lim D,(A) := lim {i#{Am an}

n—o0 n—oo 1

Proof The proof is actually a direct consequence of the discretization formula
for elementary sets (proposition 2.14). In particular, we would like to point
out that one can prove the claim without using any of the results seen in the
previous section.

Consider elementary E, F such that E C A C F. Then

(enf)efanThe{®)

and so, for all n € IN, D,(E) < D, (A) < D,(F). Note moreover that the
discretization formula for elementary sets gives us

m(E) = lim Dy(E) < lim Dy(F) = m(F).

n—oo n—oo

At this point we take the supremum over all elementary E C A and the infi-
mum over all elementary F D A, and we conclude J(A) < limy, ;0 Dy(A) <
J(A). 0

4.3 Examples of measurable sets

Now that we have all the necessary tools, we can check the measurability of
many different sets.

Lemma 4.12 Products A x A’ C RY*¢ of Jordan measurable sets A C R* and
A’ C R® are Jordan measurable with measure J(A x A") = J(A) - J(A’).

Proof We first prove that products E x F of elementary sets E C RY,F C R®
are elementary with m(E x F) = m(E) - m(F).

Indeed, for E = U B, F = u;?;lc]- we have that E X F = U;; B; x C;j is

elementary. But since |B; x C;| = |B;| - |C;|, we get
n m
m(ExF)= 3}, [BixCl= ) [Bl-|Gl=(YIBl] | LICi
1<i<n 1<i<n i=1 j=1
1<j<m 1<j<m
=m(E) - m(F).

Now let’s prove the result for general measurable sets. Let ¢ > 0 arbitrary.
Consider E, F, E/, F' elementary such that EC A C F, E' C A’ C F/ and

m(F)—e < J(A) <m(E)+e¢, m(F')—e<]J(A") <m(E)+e.

29



4. JORDAN MEASURABILITY

30

Then, by the previous observations, we get elementary sets E x E/, F X F’
such that Ex E' C Ax A’ C F x F' and

(J(A) = e)(J(A") =€) < m(E) -m(E') = m(E x E') < J(A x A)
<J(Ax A" <m(F x F") =m(F) -m(F)
< (J(A) + ) (J(A) +¢).
Since € > 0 was arbitrary we conclude. O

The proof of the next result is based on the one proposed by Laczkovich et al.
for theorem 3.13 in [2].

Proposition 4.13 Let H C R? be a compact set and f : H — R a continuous
function. Then graph(f) := {(x, f(x))|x € H} C R+ has measure zero.

Proof The idea of the proof is to use uniform continuity of f (f is a continu-
ous function on a compact set) to approximate its graph with finitely many
small cubes. Let thus ¢ > 0 and choose 6 > 0 such that for all x,y € H with
|x —y| < 6 we have |f(x) — f(y)| < € (possible by uniform continuity).

Since H is bounded we can find a cube K containing H. Let now n large
enough such that @ < 4, and consider the family {K;}ic; of cubes in I,

which are intersecting K (the union of those cubes gives then K("). The
family of closed sets {H;};.; := {Ki N H},; satisfies then H C Ujc;H; and

diag(H;) < diag(K;) = % < J,1 € I. In particular, since H; compact, the
restriction of f to H; attains both its maximum M; and its minimum m;.
But diag(H;) < 0 implies that for all i € I we have the bound M; —m; < e.
Finally, since

graph(f) C | J K x [m;, Mi],
iel
we obtain
J(graph(f)) <] (U K; x [mi/Mi]> ,
iel

and so by lemma 4.12 and subadditivity

J(graph(f)) < Y J(K;) - (M; —m;) <Y J(Kj) e =) J(Ki) e = J(JK) e

iel iel iel iel
<J(K) e
But € > 0 was arbitrary, and we’re done. O

Corollary 4.14 The area under the graph of a continuous, real-valued, non-negative
function on a compact set H C R?, i.e. the set A(f) := {(x,y)| x € H, 0 <y <
f(x)}, is measurable.
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Proof By theorem 4.7 we only need to check that the boundary of A(f) is a
null set. But 0A(f) is contained in 9B U graph(f), where B is the closed box
H x [0, maxyep f(x)]. Therefore, by proposition 4.13 we get

J(OA(f)) < J(9B) + J(graph(A)) = 0. O

Remark 4.15 The previous corollary can be generalized to continuous real-valued
functions on compact sets. Indeed, if f is of this form, we can define the non-negative

functions fi = max{f,0} and f_ = max{—f,0}, which satisfy f = fi — f_
and all the assumptions of corollary 4.7. But then
IA(f) == H(xy)lx € H 0 <y < f(x)or f(x) <y <0}
— dA(f+) UDA(~f-)

is a null set®, and thus A(f) is measurable.
Corollary 4.16 Any open or closed ball is measurable.

Proof Since the open and the closed ball have the same boundary, it's enough
to check that 9B, (x) = {y € R?| ||y — x|| = r} is a null set. Moreover, since
the homothetic transformation ¢, .(y) = ry + x preserves measurability, it’s
enough to consider the case r = 1, x = 0. Define the functions

fily =1 mya) ERTY |y <1} = R, fy) :== /1 |yl

and g := —f, both continuous by continuity of the norm. Then the boundary
of B1(0) is contained in the union of graph(f) and graph(g), which are both
null sets by the previous proposition. Therefore dB;(0) is a null set itself. [J

Remark 4.17 Note that we can actually compute the Jordan measure of any ball
B,(x) C R? up to a constant C; depending only on the dimension. Indeed,

J(Br(x)) = J(-x(B1(0))) = 7" J(B1(0)) = 1" - Cy,
for C := ] (B1(0)).

Proposition 4.13 is a key result, which can be used for many objects in R?
or R3. As a motivating example, we consider triangles in two dimensions.
Let T be a triangle in IR? with vertices a,b, ¢ € R?. The boundary of T is the
union of three line segments, and for each of them there are two options:

e the segment is the graph of an affine transformation L : [0,1] C R — R,
and thus in particular the graph of a continuous function,

e the segment is a vertical line, i.e. of the form {(xo,yo + t) }o<t<t,, and
therefore contained in the boundary of some box B.

SHere we use that, by symmetry, dA(—f_) and dA(f_) have the same Jordan measure.
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Figure 4.1: Representation of the point reflections applied to two different triangles. For the
triangle on the right we have Tz(z) =0Q.

In both cases the line segment has measure zero and so the same holds for
oT, which implies that T is measurable.

We now want to show how one can explicitly compute the Jordan measure
of such a triangle. For that, we first need to prove invariance of the Jordan
measure under point reflections.

Lemma 4.18 For z € RY, let ¢,(x) = 2z — x be the reflection through the point
z. Then for any A C R? measurable we have that ¢,(A) is measurable with

J(=(A)) = J(A).

Proof Consider ¢ € R and any interval I C R with endpoints 2 < b. Then
@c(I) is an interval with endpoints 2c — b and 2c — a, that is an interval with
length 2c —a — (2c — b) = b — a. Similarly, for z = (21, ..., z4) € R¥ and any
box B ¢ R4 having endpoints a; < b;, 1 < i < d, we have that ¢,(B) is a box
satisfying

d d
|92(B)| = [ [(2zi —a;i — (22 = b)) = [ [(bi — ;) = |B|.
i=1 i=1
Therefore, for any elementary set E = By LI - - - LI B, we have that ¢,(E) =
¢z(B1)U---U¢z(By) and m(¢.(E)) = |B1|+- - -+ |By| = m(E). We conclude
by observing that for any elementary set E contained (resp. containing) A,
¢-(E) is an elementary set contained (resp. containing) ¢.(A), and so, since

¢ is invariant on &;, J(A) = J(¢z(A)) (resp. J(A) = J(¢z(A))). O

The next step consists in considering the special case of a triangle T where
both vertices a and b are contained in the x-axis R x {0}.

Using the height 1 := max{|y| | (x,y) € 0T} we can now split T in two parts,
by defining

Ti={(xy) €T| Iyl <o}, o= {(xy) € T |yl > 2.
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Figure 4.2: The three right triangles S1, S, and Ss.

Now we split both T; and T; into two pieces T(l), Tl(Z) and Tz(l), TZ(Z) (possibly
empty) so that there exist z,z’ € R? and point reflections ¢, ¢,/ for which

Bii=T" Ug: (V) UT Ug (1)
(see figure 4.1, left part) or

Bi=T" Ug: (g (TP ) U ) U T
(see figure 4.1, right part) is a box®.

By applying the previous lemma, we thus obtain that, for some i € {1,2},
J(T) = J(B;) = |B;|, which is equal to % - i - |b — al.

Remark 4.19 The procedure we used to obtain the formula for the measure of such a
triangle is exactly the one that’s used in Euclidean geometry to motivate the formula
"half the base times the height”. Therefore, if we define the area of a two-dimensional
triangle as it’s Jordan measure, we see that this intuitive idea of “splitting the triangle
into pieces” corresponds to an actual formal proof.

The last step now consists in the generalization of the previous formula to
any arbitrary triangle T. By translation invariance it's enough to consider the
case where a = (a1,a;) = (0,0). For simplicity, we consider the case where
cp >byand by > ¢; 7. Then | (T) is equal to the Jordan measure of the box
[0, b1] % [0, c2] minus the Jordan measure of three right triangles S;, Sy, S3 (see
figure 4.2), for which we can use the above formula. Hence,

J(T) = J([0,b1] x [0,¢c2]) — (J(S1) + J(S2) +](S3))
cobr — (C201 n boby (b1 —c1)(c2 — bz)) ‘

2 2 + 2

1 1
= C2b1 — §b1C2 — *C1b2 = E‘Cﬂ?z — C2b1|.

2

®Actually we should say that B; is a box, since the boundary of B; is in part contained in
B; and in part not contained, and so B; is not a box in the sense of definition 2.4. However we
still have J(B;) = |B;|.

7In the general case one gets something of the form J(T) = |B| — J(S1) — J(S2) — J(S3) —
|B'|, for some boxes B and B'.
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To summarize, we’ve shown that for any triangle T with vertices a,b,c we
have

J(T) = 5 (e = a) (b2 = a2) — (c2 = )by — 1) .

Remark 4.20 The above result can be used when considering convex polygons: by
use of fan triangulation, that is splitting the n-polygon into n — 2 different triangles,
one gets a procedure for computing the Jordan measure of any convex polygon. For
more details about triangulations we refer to [1].

4.4 Examples of non-measurable sets

Now that we have seen a few examples of measurable sets, the question
that arises is how one can find non-measurable sets. For this purpose, the
most known example is probably Q := Q“ N [0,1]%. The reason for Q being
non-measurable is strictly related to the definition of an elementary set,
which states that any elementary E must be a finite union of boxes. In
particular, we cannot use the fact that Q can be written as a countable union
of isolated points 4 € Q? to conclude J(Q) = 0. In the following we show
non-measurability of Q in three different ways.

¢ The first approach consists in applying directly the definitions of |
and ] to Q. Let for that purpose B be a box contained in Q, then we
have two options: either B +# @ or B is a box with measure zero. The
first case is actually not possible since otherwise B contains a point
r € [0,1]%\ @4, which gives a contradiction. Therefore, we conclude
that any elementary E = B; U - - - U B,, contained in Q satisfies J(E) =
J(Bi)+---+J(By) =0+---+0 =0, and we get J(Q) = 0. On the
other hand, if E is an elementary set containing Q, then [0,1] = Q C E.
But since E is measurable we have J(E) = J(E), and therefore J(E) > 1.
Taking the infimum over all elementary E containing Q gives J(Q) > 1.
Actually, since E = [0,1]“ is elementary we get J(Q) = 1, which proves,
together with J(Q) = 0, non-measurability of Q.

* A second, way shorter, approach consists in observing that the bound-
ary of Q is exactly [0,1]%. In fact this implies J(dQ) = 1, which proves,
by failure of the boundary condition in theorem 4.7, non-measurability

of Q.

¢ Lastly, we want to use the discretization formula to show that Q cannot
be measurable. Assume by contradiction that Q was measurable, then
by proposition 4.11 we have

Zd
J(Q) = tim HOOTS _ pp 1+ DT

n—00 nd n—o0 nd

1.
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On the other hand, for the translated set Q' := Q + (\ﬁ, e \ﬁ) we
have, since Q' N Q% = @,

I~ Z°

n—oo n

0.

Therefore, combining both observations, we get a contradiction to trans-
lation invariance of J, which implies that Q must be a non-measurable
set.

A direct consequence of what we’ve just observed is that, for any 0 <a < b,
one can find a non-measurable set C C RY with inner measure a and outer
measure b. In fact, we can consider the set C' = Q7N [0, (b — a)#]¢, which
satisfies J(C") = 0 and, by repeating the argument used for Q, also

j€) =T (lo.(b—a)#)) =b—a
Therefore, by defining C = C'U [b,b + a%]d we obtain a set with

J(C) =7 ([b,bmﬂd) —a and J(C)=(b—a)+a=Db.

At this point, it’s natural to ask ourselves if the previous result is true also
when we impose additional conditions on the non-measurable set we’re
considering. In particular, we could for example try to see if, for all ¢ > 0,
there exists an open set U C R with inner Jordan measure smaller than & and
outer Jordan measure 1. This is actually possible and is a consequence of the
following claim, which provides an open set A having upper measure b > 1
and therefore also, by picking U := } A, the aimed set U.

Claim 4.21 For all € > 0 there exists an open subset A of R with J(A) < e and

J(4) > 1.

Proof Let {g,}nen be an enumeration of Q N [0,1] and, for all n > 1, define
the interval A, = (g, — 2,,%,% + 2”%) Then choose N € IN such that
Yo N 3 < ¢and define A = U,>n A

First we look at J(A). Assume that E is a closed elementary set contained
in A. Then, since E is compact and {A, },>N an open cover of E, there must
exista M € N such that E ¢ UMy A,. In particular,

M M © 1
n=N n=N n=N

Since in general the (arbitrary) elementary set E does not need to be closed,
we need to approximate it with a closed elementary set E C E C A. By the
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above argument, we then have that J(E) < e. However, E can be chosen so
that we at least have the upper bound J(E) < e. Hence, for any elementary
E C A we get J(E) < ¢ which implies that J(A) < & Now, for J(A),
consider some E elementary containing A. Then in particular, by density of
the {g,}n>n, [0,1] C A C E. Therefore J(E) = J(E) > 1 and since E was
arbitrary, we get J(A) > 1. O
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