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The object of this lecture is to show how layer potentials and Deny-Lions spaces enable to
determine full asymptotic expansions of singularly perturbed PDE problems.
We consider the problem of determining asymptotic expansions of the solution u. to the problem

—Au, = fin Q,
ue = 0 on dwe, (1)
ue = 0 on 012,

as € — 0. The problem (1) (illustrated on fig. 1) is known as the perforated Poisson problem; it

Figure 1: Schematic for the problem (1). Dirichlet boundary conditions are applied on the back-
ground domain €2 and on a small inclusion we.

finds applications e.g. in structural design [3, 4]. € is a smooth bounded open subdomain of R?
with d > 2, f € C*°(Q) is a smooth right-hand side, and w, := x¢ + ew is a small inclusion obtained
by centering a smooth domain w around zy € €2 and rescaling it by a size factor e. In the limit
where € converges to zero, it can easily be shown that u. converges to the solution u to the same
Dirichlet problem with no hole,

(2)

—Au= fin Q,
u = 0 on 09,

and the problem of finding the asymptotic of u. as € — 0 is to understand how the solution to (2)
is perturbed by a perforation of the domain € with the small hole w.

In what follows, we outline the derivation of higher order asymptotic expansions of u.. This
material is based from [2] and considers the following method:

e first, an explicit representation of the physical solution wu. in terms of layer potentials is
sought. Owing to a change of variable in these integral operators, the explicit dependence
with respect to the small parameter enables to determine the correct form of the ansatz
satisfied by the full asymptotic expansion of the solution;

e second, the method of compound asymptotic expansions is applied to characterize the terms
of this ansatz as the solutions to a cascade of equations. It is then possible to prove error



bounds a posteriori with standard variational estimates and the structure of exterior Laplace
solutions in R,

This procedure is systematic and could be applied as well for many other types of perforated
Dirichlet problems. It yields correct derivations in the delicate case d = 2.

1 Integral representation of the perforated solution

The first step is to determine an integral representation of the solution ..

In what follows, we recall the expression of the fundamental solution I' of the Laplace operator
(i.e. AT = &y in R?):
1
T

- f 2 )
(@~ 2)]0B(0,1)| a2 1923

where |0B(0,1)| is the measure of the unit sphere of R?. For any Lipschitz open set D C R%, we
denote by Sp the single layer potential on 0D:

Ve € R%,Vg € H-4(OD), Splé)(x) = /a Tl = 9)o(nia(y). (4)

From the fundamental solution I'" of (3), we construct the Laplace Green kernel Gq(x,y) with
Dirichlet boundary conditions on €2, defined as the unique solution to

A,Golz,-) = 8, in Q,
{ vGa(, ) o for any x € Q. (5)

Ga(z,-) =0 on 09,
Classically, the function Gg(z,-) is constructed by using a difference problem [1].

Proposition 1. The Green kernel Gq is given by
GQ(Iay) = F(IZ’ - y) + RQ(xvy)a

where for any x € Q, Rq(x,-) is the unique solution to the difference problem

{AyRQ(x, ) =01nQ, (©)

Ro(z,:) = —T(x —-) on 0.

The function Rq satisfies Ro(x,y) = Ra(y,x) for any (z,y) € Qx Q. Furthermore, for any x € Q,
Rq is a smooth function of .

This allows to define the single layer potential Sq,,. with a Dirichlet boundary condition on
0N from the formula

Vo e H 0w, Yoe® Souléle)i= [ Goln)éwiol). 7)
Owe
We note that the operator Sq,, is a compact perturbation of the “classical” single layer poten-

tial S, :

Sow. (0] = Su.[0] + ; Ra(,y)e(y)do(y). (8)

The potential Sq . satisfies the following properties.

Proposition 2. 1. For any ¢ € H™ 2 (w.), Sa...[¢] satisfies

—ASq . [¢] =0 in Q\ Ow,,
Saw. =0 on 0Q.



2. Sq,. satisfies the jump relations

o fll =0, [2etd] )

3. The single layer potential Sq . is invertible when considered as an operator H*%(awe) —
Hz (Ow,).

Proof. The point (i) is obtained from the definition (7). The point (ii) follows by using the jump
relation on S, and the fact that the perturbation in (8) is smoothing. Let us prove the point (iii).
Recall that Sq ., is a Fredholm operator of index 0 [5], as a compact perturbation of the Fredholm

operator S,,, : H™2(8w,) — H?(dw,). Therefore, it is sufficient to show that this operator has a
trivial kernel to prove its invertibility.

1
Let ¢ € H 2 (0Ow,) be such that u:= Sq ., [¢] = 0. The function u satisfies

—Au=01in Q\ Jw,,
u = 0 on Owe,
u = 0 on 012,

which easily implies v = 0 on Q\we and on w,. From the jump relation (ii), it holds ¢ = [94] =0
hence Sq ., is injective.

It is now easy to infer the following integral representation for the solution u, to the perforated
problem (1).

Proposition 3. The following single layer potential representation holds for the solution u. to the
perforated Poisson problem (1):

ue(w) = u(@) = S, [Sq ., [1ulow]]: (10)
where u is the solution to the Poisson problem (2) without the hole.

Proof. 1t is immediate to check from the properties of Sg ,, that the function

Ve 1= =500, [55,1% [ulow.]]
satisfies
—Av. =01in Q\ w,
Ve = —U|gw, on Owe.
Hence, by uniqueness of the solution to (1), we find that v, = u + v.. O

2 Factorization of the single layer representation

In what follows, we consider the mapping 7., . which rescales its argument by a factor e around
Zo:
Tro,e(t) == zo + €t, t e RY, (11)

and we introduce the (pull-back) operator Py, : H®(0w.) — H®(0w) defined for any s € R by

Poro.el@] := ¢ 0Ty, for any ¢ € H*(Ow,). (12)

The operator P,, . enables one to factorize Sq . in terms of an operator S, (¢) : H ~2(fw) —

2
H %(&,u) which is defined on a space independent of €, which is analytic in € when d > 3, and in
log e when d = 2.



Proposition 4. The following factorizations holds:

Sﬂ,we = 67)_1 S (6)731'0,67 (13)

Xo,€TW

1

where S,,(¢) : H™ 2 (dw) — Hz(dw) is the operator defined by

Su(e)[d](t) = % loge ¢do dg—2 + Su[@](t) + edfz/ Ro(zo + €t,xo + €t')p(t')do(t'), t € Ow.

ow ow
(14)

Proof. For ¢ € H*%(aw) and t € Jw, we compute
Su()[@](t) = Pry,eSaw. P;()l,e[qﬂ (t) = Saw.l¢o ijﬁe] O Tug (1)

= Gal(zo +et,y)p o, (y)do(y) = ! Gal(zo + et,xo + et’)p(t')do(t')

0,€
Owe ow

=t [ (et - )ot)ote) + 7 [ Raleo+ et + )t )dat).
ow 0

w

The identity (14) is obtained by using I'(e(t — t')) = 5= log €42 + 2L (t — t'). O

3 Full asymptotic expansions in the case d > 3

In order to obtain full asymptotic expansions of the solution u. to (1), we rewrite (10) in terms of
S (€). Using (13), it is clear that

() = u(@) — Su(e) [sw(e)*l[mawi ° rzo,e]} ("T - x") : (15)

€

therefore it is enough to compute the inverse of S,,(¢). When d > 3, we have
Su(€)[¢] = Sule] + Ed_Q/ Ro (o + €, z0 + et')p(t')do(t').
ow
Since S,, is invertible, it is straightforward to obtain that the inverse of S, (¢) is analytic in e.

Proposition 5. Assume d > 3. Then S,(e) : H 2 (dw) — Hz2(dw) is an analytic operator in e
and we have further
Su(e) h =81+ 0(e"?), (16)

where O(e?=2) is an analytic operators in € estimated in operator norm.
Inserting the asymptotic formula (16) into (15), we read a two-scale ansatz for u..

Corollary 1. Assume d > 3. There exist functions (vp)p>0 and (Wp)p>d—2 such that the following
ansatz holds for the solution u. to the perforated Laplace problem (1):

+oo T — +oo
ue(z) :u(x)+Zepvp ( . O) + Z ePwp (), z €0\ we, (17)
p=0 p=d—2

where:
1. the series (17) converges for any fivzed v € Q\{xo};
2. for any p > 0, v, € DV2(R?) is the solution of an exterior Dirichlet problem of the form
—Av, =0 in R\ dw,
vp = gp on Ow, (18)
v, € DM2(RY),

for some g, € H? (0w).



3. w, € HY(Q) for anyp > d — 2;
4. the series Z;:f) €Pv,, is convergent in DV2(R?\ w);
5. the series 225372 €Pwy, is convergent in H'(Q);

6. the first term of the series is given by vy = —u(20)Sw[S; low]] = —u(zo)® with ® =
S.[S5 1a.]] being the solution to the exterior problem (19).

~A® =0 in R\ @,
® =1 on dw, (19)
O(z) = 0 as |z| = +oo.

Proof. We use the representation (15). Since g, 0Tz, = u(70)1la, +O(€), we find by using (16):

Su(€) " Mulow, © Tag ] = u(@0)SS ! [Tow] + O(e),

where O(e) is analytic in e. Noticing that (14) can be rewritten as

sulefo] (T2 ) = sl (22 ) + [ Rafoan + e)o(taa),

€ €

we obtain the ansatz (17) by inserting ¢ = Sw(e)_l[umwf O Tuy.e], using a Taylor series and by
identifying powers of €. The convergence of the series results from the convergence of the far field
expansion (20) (proposition 6 below) for the fundamental solution. The properties (ii)-(v) are then
easily verified. The property (vi) is obtained by computing explicitly the leading order asymptotic:

— X0 Tr — X

wle) = ute) ~ w015 aul] (T ) + 010 = u(o) - ) (2 ) + 00,

from where the value of vy is inferred. O

We recall the following far field asymptotic expansion result for the fundamental solution, used
in the proof of the previous proposition.

Proposition 6. 1. For any ¢ € H_%(BD), Spl¢] has the following asymptotic behavior at
infinity:
+oo

*T(x) - /@ ooy, (20)

k=0
where the series converge for any x € R\ D satisfying |x| > sup,ep |yl-
In (20), y* and V*T' denote the k-th order tensors

v* = Wi Vis - Vi 1<ininsds VT = () i Dici.insds

and VT () - y* is their contraction:

Vi (2) - yF = Z 851 W D(@)Yiy - Vi

1<is .. ix <d

2. The solution v, of an exterior Dirichlet problem of the form (18) admits the following far
field expansion at infinity:

ZZO: k! vkr / ﬂgnﬂ thdo(t). (21)



Proof. This is a consequence of

valid for |z| > |y|. O

Inserting the ansatz (17) into the original perforated Laplace problem (1) and identifying iden-
tical powers of €, the following proposition shows that the functions (vp)p,>0 and (wp)p>a—2 are
sequences of correctors, correcting successive errors on the boundary and in the vicinity of the hole
committed by the previous correctors.

Proposition 7. The functions (vp)p>0 and (wp)p>a—2 of (17) are uniquely characterized by the
following recursive system of exterior and interior problems:

—Av, =0 in R\ @, p>0,
1
vp(t) = == VPu(xg) - t7 forte dw, 0<p<d—2,
p!
1 p—d+2 1 (22)
vAn:favw@m-wf E:E;w%%@@¢k fortedw, p>d-—2,
! = k!
vp(x) = O(Jz[*~%) as || = +o0, p 2 0,
and
—Aw, =0 in €,

Up>d—2, 23
o () forx €09, Jor all'p (23)

p—k
2

%m@

k

where for anyp >0 and k > d—2, v,() ) are the functions occuring in the far field expansion of v,

.e.:
+oo
T —T
Up ( - 0) = Z ekv](uk) (x) (24)
k=d—2

with

(k)(sc) : ﬂvk_d'”l—‘(x —x) - / vy th=d 240 (t) x eI k>d—2. (25)
(k’ d + 2) Ow a’ﬂ ’ ’

Proof. Inserting @ = g + et with ¢ € Ow in the ansatz (17), using the boundary condition satisfied
by ue —u and some Taylor expansions in the vicinity of x(, we obtain:

+oo 1 400 400
—Ze”;!vpu(xo)- ue(zo + €t) — u(zo + €t) Z€pvp + Yy etk k,kap o) - t
p=0 p=d—2 k=0
+o0 too p—d+2
om0+ 3 e d v,
p=0 p=d—2 k=0

Identifying identical powers of € yields the system (22). Then, considering z € 912, we find by
using the far field expansion (25):

+oo +oo +oo p +oo
k
0=wuc(z) —u(z) = Z Z ep+kvz(,k)(a?) + Z Pwy(z) = Z Z epvéjk(x) + Z ePw, ().
p=0 k=d—2 p=d—2 p=d—2 k=d—2 p=d—2
Hence, (23) follows by identifying identical powers of e. O

Remark 1. The system (22) and (23) determines completely the functions (vp)p>0 and (Wp)p>d—2-
Indeed, the functions (vy )ogp<d—2 are determined from (22). Then if (vVp )ogp<p—d+2 1S deter-
mined for p > d—2, then w, is determined from the boundary value problem (23), which determines
in turn v, through the exterior problem (22).
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