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Motivation: acoustic metamaterials

Acoustic scattering of an incident field f through N obstacles (y; + sD;)1<i<n located at
(Yi)i<i<n:
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Figure: Setting of the homogenization problem.

We assume there are N packets of obstacles of size s filling a bounded domain €.

Dn,s = UMy (yi + sD;)
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Assumption 1

(yi)i<i<wn are distributed randomly and independently according to pdx with p € L™ ()
supported in  C R, In particular, p =0 and / pdx =1, and
Q

N

Z oy, — pdx as N — o0, in the sense of distributions.
i=1



Motivation: acoustic metamaterials

Assumption 1

(yi)i<i<wn are distributed randomly and independently according to pdx with p € L™ ()
supported in Q C R®. In particular, p =0 and / pdx =1, and
Q

N

Z oy, — pdx as N — o0, in the sense of distributions.
i=1

Assumption 2
The packets of resonators are identical.

Di=D v1i<i<N.



Motivation: acoustic metamaterials

Sound-absorbing obstacles:
Aun,s + K uy,s = 0 in R*\ Dy s,

uny,s =0 on 0Dy s,

0 i = x|72) as |x e’}
<W‘lk) (i s(x) — tin(x)) = O(1x| ) as |x| = +oo,
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High-contrast obstacles:

R*\D
Po
Llin(t'7 X) NS ‘ AN U(t,X) 5 = % — 0
D

1 2 .
div (—VUN,5> + :—UN,S =0in Dps,
r

Pr

. 1 w? . 3
div ;VUN,S + s = 0 in R*\Dy,s,

UNs|+ — IJN,5|_ =0on 8DN,S,
1
l 8UN,5 _ 2 aUN’s on BDN,S,
pr On p On |,

o . _ P
(W — 1k> (un,s — tin) = O(Ix]|77) as [x| = 400,
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Time-modulated obstacles:

R3\D
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uy =u_onRx9ID,

u — uip is outgoing,



Motivation: acoustic metamaterials

Time-modulated obstacles:

R3\D
Po
Llin(tyx) WMV ‘ AN U(t‘,X) 5:&_>0
—AAAANS> —AMMNS> Lo
D
1 821.1 1 3\ A
=28 ZAu=0inRxR\D
o el u in R x R°\D,
2
1ou_ 1 A _0inRxD,
K:ratz p(t)pf
L ou 1 Oul  RvaD, 1<i<N,
po On|,_ pp(t) On|_

uy =u_onRx9ID,

u — uip is outgoing,

p(t): T—periodic modulation with fixed frequency .



Motivation: acoustic metamaterials

Time-modulated obstacles:

R3\D
Po
Llin(tyx) WMV ‘ AN U(t‘,X) 5:&_>0
—AAAANS> —AMMNS> Lo
D
1 821.1 1 3\ A
=28 ZAu=0inRxR\D
o el u in R x R°\D,
2
1ou_ 1 A _0inRxD,
Rr 8t2 p(t)pf
L ou 1 Oul  RvaD, 1<i<N,
po On|,_ pp(t) On|_

uy =u_onRx9ID,

u — uip is outgoing,

p(t): T—periodic modulation with fixed frequency .
Subwavelength and fast-modulation regimes: Q is fixed while w — 0.
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Figure: Setting of the homogenization problem.

We assume there are N packets of obstacles of size s filling a bounded domain €.

Dn,s = UMy (yi + sD;)
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Figure: Setting of the homogenization problem.

We assume there are N packets of obstacles of size s filling a bounded domain €.

Dn,s = UMy (yi + sD;)

Asymptotic analysis performed with s — 0, N — 400, § — 0.
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Sound-absorbing metamaterials

Proposition 1

Denote by u the solution to the Lippmann-Schwinger equation
Au+ (k* — sNcap (D)pla)u = 0 in R®,

19} . _ —2
(W — 1k) (u—uin) = O(|x|°) as |x] = 4o0.

Assume sN = O(1). There exists an event Hy, which holds with large probability
P(Hn,) — 1 as No — ~+oo such that when Hpy, is realized, the function u is an
approximation of the total wave field uy, s with the following error estimates:

1. on any ball B(0,r) containing the obstacles, Q C B(0, r) and for any N > Np:
Ell|un.s — ul (a0, Ha]? < csNmax((sN)* N5, N”2);
2. on any bounded open subset A C R3\Q away from the obstacles and for any N > Np:

E[||Vun,s — V|2 [Hro] > < csN max((sN)’N ™3, N”2),
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1. For sN — 0, the effective medium is transparent, i.e. uyn,s — uin Where
Ain + K*tin = 0
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1. For sN — 0, the effective medium is transparent, i.e. uyn,s — uin Where
Auin + k2uin =0

2. For sN — A with A > 0, the effective medium is dissipative, uy,s — u, the solution to
the Helmholtz equation with “strange term”

Au + (k* — Acap (D)pla)u = 0 in R?,

g . N 2
<m — 1k> (u— uin) = O(|x]7) as |x| = +o0.



Sound-absorbing metamaterials

1. For sN — 0, the effective medium is transparent, i.e. uyn,s — uin Where
Auin + k2uin =0
2. For sN — A with A > 0, the effective medium is dissipative, uy,s — u, the solution to
the Helmholtz equation with “strange term”
Au + (k* — Acap (D)pla)u = 0 in R?,

g . N 2
<W — 1k> (u— uin) = O(|x]7) as |x| = +o0.

3. For sN — +o00, we expect that the obstacles “solidify” in a single sound-hard obstacle
Q, and that uy,s — u where u is the solution to the problem
Au+ k*u=0in R,
u=20on Q,
9 _ ik ) (u— ) = O(|x| %) as |x| = +oo
9)x| me '

However this would require a significantly different analysis.
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High-contrast metamaterials
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Figure: Setting of the homogenization problem.

We assume there are N packets of obstacles of size s filling a bounded domain €.

Dn,s = ULy (yi + sD;)



High-contrast metamaterials

High-contrast metamaterials feature resonances. Denote by (ax)i<k<k and
0 < A1 < A2 < ... < Xk the eigenvectors and eigenvalues of the generalized eigenvalue
problem

Caj = )\j Vaj with C := (—/ 851[135j]d0'> and V = diag(|Bi\)1§;§K, (1)
9B 1<ij<K
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We assume there are N packets of obstacles of size s filling a bounded domain €.

Dn,s = ULy (yi + sD;)
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High-contrast metamaterials feature resonances. Denote by (ax)i<k<k and
0 < A1 < A2 < ... < Xk the eigenvectors and eigenvalues of the generalized eigenvalue

problem

Ca; = \jVa; with C := (—/ 851[135j]d0) and V := diag(|Bi|)i<i<k, (1)
9B 1<ij<K

» The metamaterial constituted of N identical packets of K connected resonators
sD = Uf(:lsB,- admits K resonant frequencies
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High-contrast metamaterials

High-contrast metamaterials feature resonances. Denote by (ax)i<k<k and
0 < A1 < A2 < ... < Xk the eigenvectors and eigenvalues of the generalized eigenvalue

problem

Ca; = \jVa; with C := (—/ 851[135j]d0) and V := diag(|Bi|)i<i<k, (1)
9B 1<ij<K

» The metamaterial constituted of N identical packets of K connected resonators
sD = Uf(:lsB,- admits K resonant frequencies
52 1
wi(8,s) = —AZ v, with v, := &,
S Kr

» Since in our analysis w is fixed but s is variable, it is equivalent to say that there is K
resonant sizes
1
A2y, 1<i<K.

i

s,~(6) =

g
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High-contrast metamaterials feature resonances. Denote by (ax)i<k<k and
0 < A1 < A2 < ... < Xk the eigenvectors and eigenvalues of the generalized eigenvalue
problem

Ca; = \jVa; with C := (—/ 851[135j]d0) and V := diag(|Bi|)i<i<k, (1)
9B 1<ij<K

» The metamaterial constituted of N identical packets of K connected resonators
sD = Uf(:lsB,- admits K resonant frequencies

1
wi(d,s) = —)\zv, with v, 1= &,
Kr

» Since in our analysis w is fixed but s is variable, it is equivalent to say that there is K
resonant sizes

> As s — si(d), the relevant “critical quantity” is

K
sNQ(s, 8) with Q(s,8) = > Szi'l(afvnz,

i=1 5572

where 1 = (1)1<i<x is the vector of ones.



High-contrast metamaterials

Proposition 2

Assume sNQ(s, d) = O(1) and denote by u the solution to the following
Lippmann-Schwinger equation:

(A + K2 — SNQ(s, 5)p19) u=0,

0 ik ) (u— ) = O(|x| %) as |x| = +ooc. @
9lx|

There exists an event Hpy, which holds with large probability P(Hy,) — 1 as No — +o0
such that when Hy, is realized, u is an approximation of the solution field un s with the
following error estimates:

1. on any ball B(0, r) such that Q C B(0, r) and for any N > Ny:
1 1 _1
E[l|un,s — ullf2(g(0,ry | Hmo] > < csNQ(s, §) max(52 N, N™2);
2. on any bounded open subset A C Ra\Q away from the resonators, and for any

N> No: 1 1 1
E[||Vun,s — vu||L2(A)‘H$V0]§ < esNQ(s, d) max(62 N, N~ 2).
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> If sSNQ(s,d) — 0 (s is too far from the resonant size s;j(d)), then the effective medium
is transparent.
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> If sSNQ(s,d) — 0 (s is too far from the resonant size s;j(d)), then the effective medium
is transparent.

> If sSNQ(s,d) — A with A € R, then up,s converges to the solution to
(A Ty /\plg) u=0,

o . N -2
(W — 1k) (u—uin) = O(|x|™7) as |x| = +o0.
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> If A > 0 (s is slightly greater than the resonant size s;(6), but not too close), then the
effective medium is dissipative .
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> If sSNQ(s,d) — 0 (s is too far from the resonant size s;j(d)), then the effective medium
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High-contrast metamaterials

> If sSNQ(s,d) — 0 (s is too far from the resonant size s;j(d)), then the effective medium
is transparent.
> If sSNQ(s,d) — A with A € R, then up,s converges to the solution to

(8+K ~Aslo)u=0,

0 . N -2
(W — 1k) (u—uin) = O(|x|™7) as |x| = +o0.

> If A > 0 (s is slightly greater than the resonant size s;(6), but not too close), then the
effective medium is dissipative .

> If A <0 (s is slightly smaller than the resonant size s;(§), but not too close), then the
effective medium is dispersive .

> If SNQ(s,d) — +oo, we expect that the medium solidifies as for sound-absorbing
obstacles. If sSNQ(s,d) — —oo, then the medium becomes highly dispersive. The
analysis of these cases remain opened.
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have a static material with some effective parameter p*. The scattered field propagates
with frequency w.
However for an exceptional tuning of p(t), a strong coupling arises. The scattered field
contains high frequency components.
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R3\D
Po

AN “ANMNANNND
uin(t’x) e e U(t,X)
D
In our setting:

» modulation p(t) of the physical parameter periodic, with high frequency Q > w
» high contrast § := Pr o
o

» subwavelength setting w — 0
In most situations the fast modulation p(t) is averaged. Everything happens as if we
have a static material with some effective parameter p*. The scattered field propagates
with frequency w.
However for an exceptional tuning of p(t), a strong coupling arises. The scattered field
contains high frequency components. Outgoing modes growing exponentially in time
may also arise.
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uin (t, x) us(t, x)

p(t)
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Consider the limit equation in D when § — 0:

1 . 1 R
vfgatu—mAU:O, (t,X)GRXD

1 9d(t,x) _ 0
p(t)y on 7
t — 0(t, x) is T—periodic.

(t,x) e R x 9D,
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Consider the limit equation in D when § — 0:

1, 1 ..
7?8tu—mAu—0, (t,X)GRXD
1 0d(t,x)
o) on 0, (t,x) e R x 9D,

t — 0(t, x) is T—periodic.

Separation of variables shows that d(t, x) = pn(t)¢i(x) for pm(t) and ¢;(x) solutions to
the eigenvalue problems

& Hm —A¢=N¢ in D
— 25 Pmt) = = Pm(t s s
ar” ® P(t)p (&) and 96, e .
Pm is T—periodic. an 0 on 9D,
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Consider the limit equation in D when § — 0:

1 . 1 R
7?8tu—mAu:0, (t,X)GRXD

1 9d(t,x) _ 0
p(t)y on 7
t — 0(t, x) is T—periodic.

(t,x) e R x 9D,

Separation of variables shows that d(t, x) = pn(t)¢i(x) for pm(t) and ¢;(x) solutions to
the eigenvalue problems

& Hm —A¢=N¢ in D
— 25 Pmt) = = Pm(t s s

ar” ® P(t)p (&) and 96, e .
Pm is T—periodic. an 0 on 9D,

at the condition that the Sturm-Liouville and Neumann eigenvalue coincide!

Hm

D=
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> If A= {(0,0)}: situation analogous to the static case, the modulation p(t) is
averaged.
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Set

v

A:={(lm) e NxN|EZ ).
In general A = {(0,0)} associated to 110/v’ = 0 = Ao and constant po, ¢o.

If p(t) is well tuned, then it is possible that A # {(0,0)}.

If A= {(0,0)}: situation analogous to the static case, the modulation p(t) is
averaged.

Assume A = {(0,0), (/, m)} for some (/, m) # (0,0). Then, one can construct two
oscillating modes satisfying

v(t, x) >~ a0 + armpm(t)di(x) in D



Time-modulated acoustic high-contrast metamaterials

Proposition 3
There exist 2#N subwavelength resonances wii(c;) whose leading asymptotic satisfy, to the first
order: L
1 1
wE@) ~ 16202, 1< i< #A,
where (\j)1<i<#n are the (complex) eigenvalues of a generalized eigenvalue problem

Ta; + \Ga; =0, G = diag(Ym)(m,1)en-
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Proposition 3

There exist 2#N subwavelength resonances wii(c;) whose leading asymptotic satisfy, to the first

order:
+ 1.4 .

Wi (0) ~ £V 0207, 1 < i < #A,

where (\j)1<i<#n are the (complex) eigenvalues of a generalized eigenvalue problem

Ta; + \Ga; =0, G = diag(Ym)(m,1)en-

T and (Ym)m,ien have no distinguished signes, hence the eigenvalues )\; are in general complex and
one of them has positive imaginary part, leading to ougoing exponentially increasing modes.



Effective medium theory

Proposition 4

The scattered field generated by the time modulated resonator admits the following far field
expansion as |x| — +o0 and w = 0(6%):

0(x) — fin (x) = fin (0) (A ( W ) +B ( w? ) Gl (r x| x )) (1+0(52)+O(Ix| ") (x),

25 V25 R

for function Gp(t,x) which is T—periodic in the variable t and constant coefficients A(w?/v?25)
and B(w?/v29).



Effective medium theory

Scalings:
> D — sD
» T —sT, p — p(-/s). Fast modulation with large frequency 27/(sT) — 4oc!

» The Neumann and Sturm-Liouville eigenvalues scale as

% Al
,um—>s—;"and)\/—>s—2,

so that it is possible to keep a constant set
o A _ Mm o _ Hm
/\—{(m,l)eNxI\H?—52—‘/3}—{(m,l)6N><N|/\,—V—r2

» The resonant frequencies scales again as

1

1
WEG) ~ A

which shows that for s = 0(5%), w can be of order one.



Effective medium theory

We find then the following effective homogenized equation for the scattering of wave in the
fast temporal medium:

ues(t,y) — sN/

o o wg
Huns (t_ -y I’ r )r”" (v =YWV )der (£, y")dy’
Q

o ly—y|
- ﬁin(y), y S Q.

where
Ko,s(t,y) = [A(s2w2/v,25) + B(szwz/vfé)Gm/ (t,y)] .



Effective medium theory

We find then the following effective homogenized equation for the scattering of wave in the
fast temporal medium:

ues(t,y) — sN/

o o wg
Huns (t_ -y I’ r )r”" (v =YWV )der (£, y")dy’
Q

w oy =yl
=bn(y), ye
where

Kos(t,y) = [A(s%f JV28) + B(s*w?/V28) G (t, y)] .

Using Fourier series, this is equivalent to a cascade of Helmholtz equation for each of the
Fourier modes with a frequency dependent refractive index.
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Thank you for your attention.



