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Chapter 1

Introduction

This introduction motivates why, from a statistician’s point of view, it is in-
teresting to study empirical processes. We indicate that any estimator is some
function of the empirical measure. In these lectures, we study convergence of
the empirical measure, as sample size increases.

In the simplest case, a data set consists of observations on a single variable,
say real-valued observations. Suppose there are n such observations, denoted
by Xi,...,X,. For example, X; could be the reaction time of individual i to
a given stimulus, or the number of car accidents on day 4, etc. Suppose now
that each observation follows the same probability law P. This means that the
observations are relevant if one wants to predict the value of a new observation
X say (the reaction time of a hypothetical new subject, or the number of car
accidents on a future day, etc.). Thus, a common underlying distribution P
allows one to generalize the outcomes.

An estimator is any given function T,,(X1, ..., X,,) of the data. Let us review
some common estimators.

The empirical distribution. The unknown P can be estimated from the data
in the following way. Suppose first that we are interested in the probability that
an observation falls in A, where A is a certain set chosen by the researcher. We
denote this probability by P(A). Now, from the frequentist point of view, the
probability of an event is nothing else than the limit of relative frequencies of
occurrences of that event as the number of occasions of possible occurrences n
grows without limit. So it is natural to estimate P(A) with the frequency of A,
i.e, with

number of times an observation X; falls in A

P,(A) =
n(4) total number of observations

number of X; € A
- i

5



6 CHAPTER 1. INTRODUCTION

We now define the empirical measure P, as the probability law that assigns to
a set A the probability P,(A). We regard P, as an estimator of the unknown
P.

The empirical distribution function. The distribution function of X is
defined as
F(z)=P(X <ux),

and the empirical distribution function is

A number of X; <z
n

1 T
£ ~F
0.8
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0.6
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0.4}
0.3 *:
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0.1 T
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Figure 1

Figure 1 plots the distribution function F(z) = 1—1/22, > 1 (smooth curve)
and the empirical distribution function F;, (stair function) of a sample from F
with sample size n = 200.

Means and averages. The theoretical mean
pi=E(X)
(E stands for Expectation), can be estimated by the sample average

- Xi+...+X
Xn::—1+ + °

n

More generally, let g be a real-valued function on R. Then

g(X1)+ ...+ 9(X,)

Y

n

is an estimator Fg(X).

Sample median. The median of X is the value m that satisfies F'(m) = 1/2
(assuming there is a unique solution). Its empirical version is any value m,,



such that F},(r,) is equal or as close as possible to 1/2. In the above example
F(z) = 1 — 1/22, so that the theoretical median is m = /2 = 1.4142. In
the ordered sample, the 100" observation is equal to 1.4166 and the 101"
observation is equal to 1.4191. A common choice for the sample median is
taking the average of these two values. This gives m, = 1.4179.

Properties of estimators. Let T,, = T,,(X1,..., X,,) be an estimator of the
real-valued parameter 6. Then it is desirable that T,, is in some sense close to 6.
A minimum requirement is that the estimator approaches 6 as the sample size
increases. This is called consistency. To be more precise, suppose the sample
X1,...,X,, are the first n of an infinite sequence X7, Xo,... of independent
copies of X. Then T, is called strongly consistent if, with probability one,

T, — 0 as n — oo.

Note that consistency of frequencies as estimators of probabilities, or means as
estimators of expectations, follows from the (strong) law of large numbers. In
general, an estimator 7;, can be a complicated function of the data. In that
case, it is helpful to know that the convergence of means to their expectations
is uniform over a class. The latter is a major topic in empirical process theory.

Parametric models. The distribution P may be partly known beforehand.
The unknown parts of P are called parameters of the model. For example, if
the X; are yes/no answers to a certain question (the binary case), we know that
P allows only two possibilities, say 1 and 0 (yes=1, no=0). There is only one
parameter , say the probability of a yes answer § = P(X = 1). More generally,
in a parametric model, it is assumed that P is known up to a finite number
of parameters 6§ = (01,---,0,). We then often write P = Py. When there are
infinitely many parameters (which is for example the case when P is completely
unknown), the model is called nonparametric.

Nonparametric models.
Nonparametric models cannot be described by finitely many parameters.

Example: density estimation. An example of a nonparametric model is
where one assumes that the density f of the distribution function F' on R
exists, but all one assumes about it is some kind of “smoothness” (e.g. the
continuous first derivative of f exists). In that case, one may propose e.g. to
use the histogram as estimator of f. This is an example of a nonparametric
estimator.

Histograms. Suppose our aim is estimating the density f(z) at a given point
x. The density is defined as the derivative of the distribution function F' at x:

. Fl+h)—-F() . Px,z+h]
) = py PR Pl l)

Here, (z,x + h| is the interval with left endpoint x (not included) and right
endpoint x + h (included). Unfortunately, replacing P by P, here does not
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work, as for h small enough, P,(x,z + h] will be equal to zero. Therefore,
instead of taking the limit as h — 0, we fix h at a (small) positive value, called
the bandwidth. The estimator of f(x) thus becomes

5 P,(z,z+h] number of X; € (x,z + hj

fn(@) = h - nh

A plot of this estimator at points x € {zg,zo + h,xo + 2h,...} is called a
histogram.

Figure 2 shows the histogram, with bandwidth A = 0.5, for the sample of size
n = 200 from the Pareto distribution with parameter # = 2. The solid line is
the density of this distribution.

Figure 2

The question arises how to choose the bandwidth A? One may want to apply
a data-dependent choice. For example, introduce for f,, = f,, 5 depending on h
the risk function

A~

R(fop) = /(fn,h(t) — f(t))%dt.

Note that

R(fan) = [ Batat—2 [Funs@ae+ [ P
does not depend on »

The double product term in the middle can be written as

Z/fn,h(t)dF(t)

It can be estimated by

2 [ Fun®dFu() = 23" fun(X0)
=1



But using the data twice, both for estimation as well as for estimation of the
performance of the estimator, is perhaps not a good idea as it may lead to
“overfitting”. Therefore, we propose here to use a fresh sample, that is, { X/},
i.i.d. copies from X independent of {X;}? ;, and apply the estimated bandwidth

. . 2 .
h = i 2 (t)dt — = wn(X7) ¢
argrgg{/fn,h( Jdt — — ;:1 Jun( 7,)}
Note that the total sample is now
(X1, X, X1y, X0,

with sample size n + m. In other words, for the selection of the bandwidth a
sample splitting technique is used. In order to further improve performance, a
common technique is “cross-validation” consisting of several sample splits (into
training and test sets).

Example: the classification problem. Let Y € {0, 1} be a response variable
(a label) and X € X a co-variable (or input). For all x € X we define the
probability that the label is Y = 1 when the co-variable takes the value z:

n(z) = P(Y =1|X = x).

Our aim is now to predict the label given some input, say xg. Call the predicted
value yo. Bayes rule says: predict the most likely label, that is predict

1 if (o) > 1/2
Yo := { undecided, say 1, if n(xzg)=1/2.
0 if n(xo) < 1/2

Note that n(z) > 1/2 if and only if the log-odds ratio

()

is strictly positive. When & is a subset of r-dimensional Euclidean space R”
one may want to assume the parametric logistic regression model, where the
log-odds ratio is a linear function of the (row) vector x:

1og<n($)> = +28°, e,

1 —n(z)
with a® € R an unknown intercept and 3° € R? an unknown (column) vector
of coefficients. Bayes rule is now 1a, where Ag := {z : o+ 28° > 0} is a

half-space. Maximum likelihood estimators aypg and Sy of the unknown
parameters can be obtained from labeled data {(Xj;,Y;)}!",, which are ii.d.
copies of (X,Y’). This is called logistic regression. Then the estimated Bayes
rule is IAMLE’ where Ay := {z: dvie + TAMLE > 0}.

The risk R(A) of a predictor 14 is the probability that it makes a mistake:

R(A) = PY #14(X)) = P(IY —14(X)| = 1).
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One my mimic this by replacing the unknown P by the empirical measure P,.
Then the empirical risk becomes

Ra(A) = #{(Xi,m LY # 1A<Xi>} =31V~ La (X))
1=1

and the empirical risk minimizer is
A M = ar min R, (A
ER g = n( )

where A is a given collection of subsets of X, for example all half-spaces, such
as is the case in logistic regression. In this notes, we will develop theory for
deducing how close A= AML or A = AERM is to Ag, for example in terms of
the measure of the symmetric difference AAA,.

Sub-example. Here we give an illustration of what can be achieved, although
the details will not be treated in these notes. Suppose X € R, that Ag = [0°, o)
and that A is the collection of all half-intervals (for example X could be the
person’s pitch of voice, and Y the person’s gender). Let Agpv =: [é, o0). Then,
using arguments from empirical process theory, one can show that under certain
conditions, 6 converges with rate n~'/% and that

nl /3 ( é - 00)
converges in distribution to the maximum of a Brownian motion minus parabola.

Conclusion. An estimator T, is some function of the data X1,...,X,. If it is
a symmetric function of the data (which is typically the case when the ordering
in the data contains no information'), we may write T, = T'(P,), where P, is
the empirical distribution. Roughly speaking, the main purpose in theoretical
statistics is studying the difference between T'(P,) and T'(P). We therefore are
interested in convergence of P, to P in a broad enough sense. This is what
empirical process theory is about.

"When the sample is splitted in a training and a test set this symmetry is lost.



Chapter 2

Glivenko Cantelli classes

This chapter introduces the notation and (part of ) the problem setting.

Let X1,...,X,,... bei.i.d. copies of a random variable X with values in X and
with distribution P. The distribution of the sequence X7, Xo,... (4 perhaps
some auxiliary variables) is denoted by IP.

Let {T},, T} be a collection of real-valued random variables.

Definition 2.0.1 The sequence T, converges in probability to T, if for all
e >0,
lim P(|T;,, —T| >¢€) =0.

n— oo

Notation: Ty, Er1or T,=T+op(1).
Moreover, T,, converges almost surely (a.s.) to T if

P(lim T, =T) = 1.

n—oo

Remark. Convergence almost surely implies convergence in probability.

Definition 2.0.2 We say that {T,,} remains bounded in probability if

im limsup P(|T;,| > M) = 0.

1
M—00 p—oo

Notation: T,, = Op(1).

2.1 Law of large numbers for real-valued random
variables

Consider the case X = R. Suppose the mean

wi=FEX

11
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exists. Define the average
1 n
X, = nzx n>1.
1=

Then, by the law of large numbers, as n — oo,

X, — u, as.

Now, let
F(t):=P(X <t), teR,

be the theoretical distribution function, and

A

1

be the empirical distribution function. Then by the law of large numbers, as
n — 0o,

~

F,(t) — F(t), a.s. for all t.

We will prove the Glivenko Cantelli Theorem, which says that

sup |F,(t) — F(t)] — 0, a.s.
t
This is a uniform law of large numbers (ULLN).

Application: Kolmogorov’s goodness-of-fit test. We want to test
Hy: F=F,.
Test statistic:

T, = sup |F(t) — Fo(t)].

Reject Hy for large values of T),.

2.2 Law of large numbers for R?%valued random vari-
ables.

Questions:
(i) What is a natural extension of half-intervals in R to higher dimensions?

(ii) Does Glivenko Cantelli hold for this extension?
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2.3 Definition Glivenko Cantelli classes of sets

Let for any (measurable!) A C X
1

P,(A) = —#{X; € A, 1 <i<n}.
n

We call P, the empirical measure (based on Xj,...,X,).

Let D be a collection of subsets of X.
Definition 2.3.1 The collection D is called a Glivenko Cantelli (GC) class
if

sup | P, (D) — P(D)| 5 o.

DeD

Example. Let X = R. The class of half-intervals
D= {l(foo,t]  te R}

is GC. But when e.g. P = uniform distribution on [0, 1] (i.e., F'(t) =¢,0 <t <
1), the class
B = {all (Borel) subsets of [0,1]}

is not GC.

2.4 Convergence of averages to their expectations

Notation. For a function g : X — R, we write
Pg:= Eg(X),

and

1 n
P,g = — X).
g n;g( )

Let G be a collection of real-valued functions on X.

Definition 2.4.1 The class G is called a Glivenko Cantelli (GC) class if

P
sup |Pa(g) - P(g)] 5 0.
g€eg

We will often use the notation

1P = Pllg :=sup (P, — P)g).
&Y
"'We will skip measurability issues, and most of the time do not mention explicitly the
requirement of measurability of certain sets or functions. This means that everything has to
be understood modulo measurability.
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2.5 ULLN and maximum likelihood

Let {Py : 6 € ©} be a collection of probability measures dominated by a o-finite
measure . Suppose that P = Py for some #° € ©. Define

dPy
dp’

The maximum likelihood estimator (if it exists) is

Py = 0 € O.

6 := arg max P, logpy.

We now let P := {py : 0 € ©} be the collection of densities in our model, write
po := pgo for the true density and p := p; for the estimated density. Thus

p = arg max P log p.
peP

Definition 2.5.1 The Hellinger distance between densities p and p is
i 1 ., 1/2
)= (5 [ (V5 Viran)

We define

L. p+po
=< —log 1
g {2 20 {po > 0} : pEP}
Theorem 2.5.1 Suppose that G is GC. Then
. P
h(PaPO) — 0.

Proof. By the concavity of the log—function

D+ Do p
1 1 > — l —1 .
8 o {po > 0} 518 {po > 0}
Thus
0 < P, <log £l{po > O}>
bo
< 2P, <log PP Ypo > 0}>
2po
— 2(P, - P) <logp ppol{p > 0}) + 2P<logp ppol{p > 0})
But

1
2P(1 P pol{po>0}>

(P 0)

p+p
N / 7 Vi -

_l_
= —h2(p 2p0,p0>.

IN




2.5. ULLN AND MAXIMUM LIKELIHOOD

It follows that

p+po
(222 ) < 1P - Pl

Finally

h2(p,po) = ;/(\/13—\/170)2

i

IN

16h2<p—;p0,p0>.

So we conclude
1 (p,po) < 16]| P, — Pllg.

By assumption, G is GC, i.e., |P, — P|lg L)

15
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Chapter 3

(Exponential) probability
inequalities

A statistician is almost never sure about something, but often says that some-
thing holds “with large probability”. We study probability inequalities for devia-
tions of means from their expectations. These are exponential inequalities, that
is, the probability that the deviation is large is exponentially small. (We will in
fact see that the inequalities are similar to those obtained if we assume Gaus-
sian distributions.) Ezponentially small probabilities are useful indeed when one
wants to prove that with large probability a whole collection of events holds si-
multaneously. It then suffices to show that adding up the small probabilities that
one such an event does not hold, still gives something small.

3.1 Chebyshev’s inequality

Theorem 3.1.1 (Chebyshev’s inequality ) Consider a random variable X €
R with distribution P, and an increasing function ¢ : R — [0,00). Then for all
a with ¢(a) > 0, we have

P(X >a) <

Proof.

E¢>(X)=/¢(w)dp($)= - ¢(z)dP(x) + ¢(x)dP(x)

X<a

> ¢(z)dP(z) > ¢(a)dP(x)

X>a X>a

= ¢(a) /X> dP = ¢(a)P(X > a).

17



18 CHAPTER 3. (EXPONENTIAL) PROBABILITY INEQUALITIES

O

Example. Let X € R, with mean x := EX and finite variance 02 := var(X) =
E(X — w)? Let Xi,...,Xn,... be iid. copies of X and X, := > I, X;/n be
the sample average. Then by Chebyshev’s inequality

_ E(X,, — n)? 2
P(\Xn—u]2a>§(2'u):a2—>0Va>0
a na
Thus
X, =Y

((weak) law of large numbers'). In a reformulation we put a = o+/t/n,

_ 1
]P<|Xn |>0\/?> 5 V>0,

In other words (see Definition 2.0.2)

= p+Op(1/Vn).
We say that X,, converges in probability to u with rate 1/y/n.

Example. Let {g1,...,g9n} be a collection of N real-valued functions with
domain X, such that for some fixed constant o2, var(g;(X)) < o2 for all j €
{1,..., N}. This class of functions is allowed to depend on n and N is allowed
to grow with n. Then by the union bound?

No?
> > < .
]P(lr%zix |(Pn, — P)gj a> g ]P( |(Pn, — P)gj a> < Va>0

We may reformulate this to

Nt 1
]P(max |(P, — P)gj| > 04/ — )SVt>O.
1<j<N n t

Thus, with ¢ kept fixed, we conclude that

max |(P, — P)g;| = Op(v/N/n).

1<j<N
Our aim is now to improve here the dependence on N.
Example. Let X be N(0,1)-distributed. By Exercise 3.4.1

P(X >a) < exp[—a®/2] V a > 0.

!This implies X,, — p almost surely by a martingale argument (skipped here).
2The union bound says that P(AU B) < IP(A) + IP(B) for any two sets A and B.
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Corollary 3.1.1 Let X1,...,X, be independent real-valued random variables,
and suppose, for all i, that X; is N'(0,0?)-distributed. Define

Then

n 2
]P(ZXiZa> < exp [2(162} Va>0,

=1

or reformulated
P (Z X; > b@) < exp[—t] ¥ t > 0.
i=1

Corollary 3.1.2 Let Z1,. .., Zn be possibly dependent real-valued random vari-
ables, and let Z; have the N(O,ajz)—distribution, j =1,...,N. Define 02 :=
maxi<j<ny 0]2-. Then

]P( max |Z;| > 0\/2(t+logN)> < 2N exp[—(t +log N)|] = 2exp[—t] ¥V t > 0.

1<j<N

3.2 Hoeffding’s inequality

Let X1,...,X,, be independent real-valued random variables.

Definition 3.2.1 (Hoeffding’s condition) Suppose that for all i, EX; = 0,
and for certain constants c¢; > 0,

Lemma 3.2.1 Assume Hoeffding’s condition. Let b* := 3 ", cZ. Then for all
A>0
. A2p?
Eexp [)\ z; XZ} < exp [2] .
1=

Proof. Let A > 0. By the convexity of the exponential function exp[Az], we
know that for any 0 < a <1,

expladz + (1 — a)\y] < aexp[Az] + (1 — «) exp[Ay].

Define now
C; — Xi
a; = QCZ‘ .
Then
Xi = ai(—¢) + (1 — aj)c,
SO

exp[A\X;] < ajexp[—A¢] + (1 — ;) exp[Aci].
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But then, since Ea; = 1/2, we find

1
Eexp[AX;] < —exp[—Ag] + 5 exp[A¢;].

N | =

Now, for all x,

o] + exple] =23
exp|—x| + exp|z] = 2 )
— (2k)!

whereas

) .2k

explz®/2] = Z REL
k=0

Since

(2k)! > 28K,

we thus know that
exp[—2] + exp[z] < 2exp[a? /2],

and hence
E exp[AX;] < exp[A\2c?/2].

Therefore,

Eexp [/\Zn:Xi] < exp [)\Zzn:c?/Q] .

i=1 i=1
O

Theorem 3.2.1 (Hoeffding’s inequality ) Assume Hoeffding’s condition. Let
b2 =" ¢ Then

=1 "%
P(ileZa) §exp [—W] \V/a/>0,

7

or reformulated

P (Z X; > b@) <exp[—t] Vt>0.
=1

Proof. It follows from Chebyshev’s inequality that
n
P (ZX’ > a) < exp [A2b2/2 — )\a] .
i=1

Take A\ = a/b? to obtain the first part. Take a = by/2t to arrive at the reformu-
lation.
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Corollary 3.2.1 Consider N functions g; : X — R, j =1,..., N, with, for
some constant K,

Eg;(X)=0
supgex gi(z)| < K

2t
]P(]Pngj| > Kq/) < 2exp[—t], V¢ > 0.
n

Hence by the union bound

Vije{l,...,N}: {

Then for all j

2(t +1log N)

P P.gi| > K
<le gl = m

) < 2exp[-t], Vt>0.

One can also derive an inequality for the expectation of a maximum (instead
of a probability inequality).

Lemma 3.2.2 Consider N functions g; : X — R, j = 1,...,N, with, for
some constant K,

Eg;j(X)=0

sup,cx |9(7)| < K

Vjie{l,...,N}: {

Then

2log(2N
]E< max |Pngj> <K %.

1<j<N n
Proof. We have

eltl <e¥ 4=

Eexp[A|nP,g;] < Eexp[AnP,g;] +Eexp[AnP,g;]
by Lemma 3.2.1 N K?
< 2 exp [ ]

Hence

1
E(lgzgv 7”L|Pngj|> = AElogexp[A @%ﬁnpngjl]

Jensen ]

nsen 1 ,
< 3 logE exp [)\ 1213'&5\/ n|Png; @
1
= logE (ﬁgbaév exp {/\n\Pngj’] )

N
1
X log JZ_:IE (exp [)\n]Pngj \] )

1 A K?
)\log(QNexp[ > ])

log(2N) N AK?
A 2

IN

IN
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We minimize the last expression over A. Take the derivative and put it to zero:

log(2N K?
_log(2N) | K* A

2 5 = 0.
This gives
) 2log(2N)
B K
and with this value of A
log(2N log log

3 V/210g(2N).

3.3 Bernstein’s inequality

Bernstein’s inequality is a close relative of Hoeffding’s inequality and an impor-
tant tool in empirical process theory. We present it here. However, unfortu-
nately we have no space in these lecture notes to show its power.

Let X1,...,X,, be independent real-valued random variables.

Definition 3.3.1 (Bernstein’s condition) For all i,
EX; =0,
|
E|X;|™ < %Km—%?, m=23,....

Lemma 3.3.1 Suppose Bernstein’s condition. Define b* := Y ", 02. Then for

al0< A< 1/K
- 22
< EE——
Eexp [)\ ;21 Xl] < exp[2(1 — )\K)}

Proof. We have for 0 < A < 1/K,

Eexp[\X;] = 1+Z )\m]EXm

IA

—_

+
iMr 1
3

>
=

IN
€]
»
T
—
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Theorem 3.3.1 (Bernstein’s inequality ) Suppose Bernstein’s condition. De-
fine ¥ =31 | 02, We have

P X; > < ——— .
(Z _a)_exp{ 2(aK+b2)] Va>0

=1

Or reformulated

P (2:)(Z > b\/ﬂ—i—Kt) <exp[—t] Vt>0.
i=1

Proof. We have for 0 < A < 1/K,

oo
1
EexpAXi] =1+ ) —ATEX

m=2

It follows that
Eexp [)\ZXi] = H]E exp[AX;]
i=1 i=1
A\2p?
< .
<o [3-m)

Now, apply Chebyshev’s inequality to Y ;" ; X;, and with ¢(z) = exp[Az], z €
R. We arrive at

_ A2p2
P X; > < — — Aa] .
; > a) < exp [2(1_% ]

Take
a

A= ———
Ka + b2
to complete the first part. For the reformulation, choose a = by/2t + Kt.
O

Corollary 3.3.1 Consider N functions g; : X — R, j =1,..., N, with, for
some constants o2 and K

Eg;j(X)=0
Vje{l,...,N}: Eg?-(X)SU
sup, e g5(2)| < K
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Then for all j

2t Kt
P(]Pngj\ > a\/>+ > < 2exp[—t], YVt >0.
noon

Hence by the union bound

2t +logN) K(t+logN
P(max|Pngj\za (t+logN)  K(t+logN)

> < 2exp[—t], V¢ > 0.
1<j<N n n

3.4 Exercises

Exercise 3.4.1 Let X be N(0,1)-distributed. Show that for A > 0,
FEexp[AX] = exp[A\?/2].
Conclude that for all @ > 0,
P(X > a) < exp[A\?/2 — Aa].
Take A = a to find the inequality
P(X > a) < exp[—a®/2].

Exercise 3.4.2 Consider N functions g; : X — R, j = 1,..., N, with, for
some constants o2 and K,

Egij(X)=0

Vie{l,...,N}: EgJQ-(X)SJ

supgey |gj(z)| < K

Derive an inequality for E(max;<;<n |P,g;|) using Bernstein’s inequality (The-
orem 3.3.1) instead of Hoeffding’s inequality (Theorem 3.2.1).

Exercise 3.4.3 Let X1,...,X, be ii.d. copies of a random variable X € R
with mean zero. Suppose that for some constants A and o,

Eexp[\X|] — 1 — A X| <2

Show that Bernstein’s condition (Condition 3.3.1) holds with appropriate con-
stants 02 and K.

Exercise 3.4.4 Recall the class

1. p+po dP
= =1 1 0} : =
g {2 08 {po > 0} pGP}, Po =g

defined in Section 2.5. Show that for all g € G the random variable g(X) —
Eg(X) satisfied Bernstein’s condition (Condition 3.3.1). Hint: use Exercise
3.4.3.
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ULLNSs based on entropy with
bracketing

4.1 The classical Glivenko Cantelli Theorem

For the case X = R we define the theoretical distribution function
Fz):=P(X<z), z€R

and the empirical distribution function
. 1 .
F(x) = —#{X; <z, 1 <i<n}.
n

Theorem 4.1.1 (the classical Glivenko Cantelli Theorem) It holds that

sup|E,(z) — F(z)| 5 0.

zeR

Remark 4.1.1 The convergence in probability can be strengthened to conver-
gence almost surely.

Proof of Theorem 4.1.1 for the case F' continuous. We have for all z
‘1(,00733} - F(‘/EN <1

so that by Hoeffding’s inequality (Theorem 3.2.1)

]P<|Fn(x) —F(z)| > v/ 2t/n> < 2exp[—t] V> 0.

Let now 0 < § < 1 be arbitrary and take ag < a1 < --- < apn such that
F(aj) — F(aj—1) = 0. Note that then N <1+1/6. If x € (aj_1, a;] we clearly
have

(=00, aj-1] C (—00,z] C (=00, a4],

25
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that is, we can “bracket” 1, between a lower function 1 4, ) and an
upper function I(_ ;). This gives for x € (a;-1, a4
Fy(x) = F(z) < Fulag) = F(x)
< Fu(ay) — F(aj-1)
= Fu(aj) — F(a;) +6

and
Faw) = Fla) > Fafoy1) — F(@)
2 Fulaj-1) = Flay)
= Fulaj—1) — F(aj-1) =6

It follows that

sup |[Fy () — F(2)| < max [Fu(aj) — F(aj)| + 6.
z€R 7j=1,...,.N

By Hoeffding’s inequality and the union bound

- 2(t +log N
]P< max |Fy(a;) — Flaj)| > HOg)) < 2exp|—t], ¥ t > 0.
j=1,sN n
Take
L né?
-
Take n sufficiently large:
4
n > 52 log N.

Then

and we find

P (max Fo(ay) = Flay)] > 8) < 2expl-nd? /4]
J=L5

Hence for n > 4log(1 + 1/4) /4>

]P(sup |Ey(x) — F(2)] > 25> < 2exp[—nd?/4].
z€eR

4.2 Entropy

Definition 4.2.1 Consider a subset S of a metric space with metric d. For any
d >0, let N(4,S,d) be the minimum number of balls with radius &, necessary
to cover S. Then N (9, S,d) is called the d-covering number of S. Moreover

H(',S, d) = lOgN(',S, d)

is called the entropy of S.
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Remark. We sometimes require the centres of the balls to lie in S.

@ radius=4
Figure 3
Example 4.2.1 Let S = [—1,1]" be the r-dimensional hypercube. Take as
metric
d(w,y) := max | — | =: |7 = ylloo, z €R', y €R".

Then for all 0 < 6 <1 and fora >0, [a] :=minm € N:m > a,

< [1/81"
< (1+1/9)",
< rlog(l+1/¢).

N(5, 8, d)

H(5,S,d)

4.3 Entropy with bracketing

We define for ¢ > 1
Ly(P):={g: X > R: Plg|? <oo}.
Endow this space with the norm
lglly = (Plg|")%, g € Ly(P).

We let
Lo = {g : HgHoo < 00}7
where

19/loo := sup |g(z)]
xeX

is the sup-norm.
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Definition 4.3.1 Consider a class G C Ly(P). For anyd > 0, let {[gjL,g]U] ;,V:l C
Ly(P) be such that

()V 3, gf < g and ||¢§ —gfllq <9,

(ii)Vge G Iy suchthatgfgggng.

We then call {[gjL,g]U] j-vzl a d—bracketing set.

The §-covering number with bracketing is
N ) — i . _ : L UNN
¢.8(6,G, P) ;= min{ N : 3 §—bracketing set {[g;", 97 |};=1 ¢-

The entropy with bracketing s
H,p(,G,P) :=logN,p(-,G,P).
Remark 4.3.1 Note that
Hqp(0,G,P) < Hxo(6/2,0)

where Hyo(+,G) := H(-,G, || - ||oo) is the entropy of G endowed with the metric
induced by the sup-norm || - ||oc-

Example 4.3.1 A function g on a subinterval X of R is called L-Lipschitz if
lg(x) —g(&)| < Llz — & V 2, € X.
Let now X = (0,1] and
G:={g: (0,1] = [0,1] : g 1—Lipschitz}.

We partition the interval [0,1] into m < 14 1/§ intervals (a;j—1, a;j] with length
at most 6, 0=ap <---<an=1. Forge€ G and x € (a;_1,a;] we let

9(2) /6 = g(a;)/d]
be the integer part of g(a;)/d. Then, since g(aj) — 0 < |g(a;)/d]d < g(a;),
l9(x) — g(z)| < |g(x) — g(a;)| + 6 < 26.

We have at most 1 4+ 1/6 choices for |g(a1)/d]. Given |g(a;)/6| we have

L9(a;j1)/6] = Lg(az)/0]| <2+ lg(aji1) —g(a;)]/6 <3

so there are at most 7 choices for |g(aj+1)/0]. The total number of functions
g as g varies is thus at most

1+1 < (1+1/8)749,
(1+1/6) x7x xT7T<(1+1/6)7

m—1 times

Thus
log 7

]

Hw(6,G) <log(1+1/0) + VO<d<l1.
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Example 4.3.2 Let X =R and G .= {l_ 4 : = € R}. Let F:= P(X <)
be continuous (say). Then

H,p(8,G,P) <qlog(l+1/4), 0<d<1.
In this case Hoo(,G) = 00 for all0 < 6 < 1.

Recall the notation

| P — Pllg := sup [(P, — P)gl-
g€y

Lemma 4.3.1 (ULLN based on entropy with bracketing)
Suppose
Hl,B('a g, P) < Q.
Then
P, — Pllg 5 0.

Proof. We use the same arguments as in the proof of Theorem 4.1.1: let § > 0

be arbitrary and let {[gJL,g]U] ;-Vzl C L1(P) be a minimal d-covering set with

bracketing (N = Np(6,G, P)). Because this is a finite set, we know that!

_ p)gk _pygUl) B
Qggﬁﬂllmm>vaggﬂﬂ Pw,>%0

(P, —P)g Pogy — Pgl
U
(Pn_P)g > Png]L_Pg]U

(P, — P)gl — 6.

Now use that when gjL <g< ng, P(ng - QJL) <9,
<
<

AV

4.4 The envelope function

Let G C Ly(P).

Definition 4.4.1 The envelope function (or envelope) is

G :=sup]g|.
geg
We call G uniformly bounded if
|G oo < o0.
Note that
Hyp(-,G,P) <00 = G € Ly(P).
Similarly

Hoo(-,G) <00 = |Gl < oo
for a and b in R we let a V b := max{a,b} and a A b := min{a, b}.
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4.5 Entropy with bracketing and compactness

Lemma 4.5.1 Let G := {gp: 0 € O} where (©,d) is a compact metric space.
Suppose
- 0 — gg(x) is continuous for all x € X,

- G(+) = supgep |90(")| € Lq(P).
Then
Hq7B(',g,P) < Q.

Proof. Define for # € © and p > 0

wep(-) = sup  |go — gvl-
9 d(6.9)<p

Then by continuity

lim wy , = 0.
p0 0.p

Since G € Ly(P), by dominated convergence,

lim Pwl =0.
p%O 97/)

Let 6 > 0 be arbitrary and pg be such that
ng oo < 41,

Define
By :={9: d(0,9) < pg}.

Then {Bp : 6 € ©} is an open cover of ©. Since © is compact there exists a
finite sub-cover, say

{Bj = {0+ d(6;,9) < po,}}751-

For 0 € B; we have

IA

go gej + w@j,pgj = gj )

_. L
9o = 9o; — Wojpp, = Yj

with

P(g] — g7)" = P(2wg, 5, )? < (28"

37P9]~

4.6 Maximum likelihood for mixture models

Here is an example where the ULLN is used for proving consistency of certain
maximum likelihood estimators. Let ¥ € R be a random variable with unknown
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distribution function Fy. Given Y = y, let X have a known distribution with
density k(x|y). Then X has mixture density

p%:=/%cwmaxw.

WE observe n i.i.d. copies Xq,...,X, of X. Let F be the collection of all
distribution functions. The maximum likelihood estimator of Fjy is

A~

F = P, .
arg max P, log pr
Recall the definition of Hellinger distance (Definition 2.5.1):

1 1/2
i) = (5 [ ViR)
Lemma 4.6.1 It holds that
P
h(pﬁ‘apFo) — 0.

Proof. We have F C (F*,d) where d is the metric induced by the “vague
topology”. The space (F*,d) is compact.? The map

FHsz/MMM%@>

is continuous for d, so
2pF

Fs —
PF + PR,

is continuous for d as well. Let
2
G := {pF : FEF*}.
PF + PRy

This class has envelope
G <2

It follows from Lemma 4.5.1 that G is GC:
1P, — Plig > 0.

We have

2 N
0 < Pn<logpF>
Pp + DR,

2 ~
2o )
Pp + PR,

2p ~ 2p ~
— (PnP)<pF) +P<pF) 1
Pp + DR, Pp + DR,

2We skip details.
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But

Rom) = 5 [(VF- V)

_ 1/ (» — po)®
2J (Vp+m)

< 1/(29—1?0)2

2 P+ po

_ 1/(p0—p)2+1/p0—p(p0+p)

2 Po+Dp 2) pot+p
-0
_ /po—Ppo
Po+p
2p >
= 1- Po
/< P+ po

- 1—P( 2p )
P+ Do

Thus we have shown that

W (pp,pRy) < |1Pn — Plig

whence the result. O

4.7 Exercises

Exercise 4.7.1 Complete the proof of Theorem 4.1.1 allowing for distribution
functions F' with jumps.

Exercise 4.7.2 Let

r

dz(:t,y) = Z(xk - yk)2 = ||.’L' - yH%v T € Rr> RS R"
k=1

and let
S:={z: |zl <1}

be the r-dimensional ball. Show that
H(9,S,d) < const. rlog(1/4), V4§ >0

(where the “const.” does not depend on r or §).

Exercise 4.7.3 Extend the result of Example 4.3.1 to L-Lipschitz functions
with L possibly unequal to 1.
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Symmetrization

Symmetrization is a technique based on the following idea. Suppose you have
some estimation method, and want to know how good it performs. Suppose you
have a sample of size n, the so-called training set and a second sample, say also
of size n, the so-called test set. Then we may use the training set to calculate
the estimator, and the test set to check its performance. For example, suppose
we want to know how large the maximal deviation is between certain averages
and expectations. We cannot calculate this mazimal deviation directly, as the
expectations are unknown. Instead, we can calculate the maximal deviation
between the averages in the two samples. Symmetrization is closely related: it
splits the sample of size 2n randomly in two subsamples of size n.

Let X € X be arandom variable with distribution P. We consider two indepen-
dent sets of independent copies of X, X := X1,...,X,, and X" := X7,..., X].

Let G be a class of real-valued functions on X. Consider the empirical measures

1 « 1«
=1 =1
Here §, denotes a point mass at x. Define
[Pn = Pllg := sup|(P, — P)gl,
g€g

and likewise

|P, = Pllg := sup|(F;, — P)gl,
geg

and

1Py — Pyllg := sup |(Pn — Py)gl.
geg

33
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5.1 Intermezzo: some facts about (conditional) ex-
pectations

5.1.1 Suprema in-/outside the expectation

Let Z € Z be random variable and for a set 7', let be defined a function
ft: Z—=RforallteT. Then

Esup[fi(Z)| > supE|f+(Z)[ = sup [Ef:(Z)].
teT teT teT

5.1.2 TIterated expectations

Let X and Y be random variables, say in R. Then
EE(Y|X)=FEY
and for functions f: R — R and ¢ : R? = R,
Bf(X)g(X,Y)|X] = f(X)E[g(X,Y)|X].
Moreover, for sets A C R and B of R?
P(Y € AIX) = E[L(Y)|X],
and

P(X €A, (X,Y)€B|X) = E[i(X)lp(X,Y)|X]
LA(X)E[lp(X,Y)|X]
(X)P((X,Y) € B|X).

5.2 Symmetrization with means

Lemma 5.2.1 We have

E|| P, — Plig <E[|P, — Pyllg.

Proof. Obviously,
]E(Png|X) = Puyg

and
E(P,g|X) = Pg.

So
(P — P)g =E[(P, — P,,)g|X].
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Hence
Hpn - P”g = sup ’(Pn - P)g’ = sup |]E[(Pn - PA)QHX]
geg geg

Now use the observation of Subsection 5.1.1. We see that

sup (P — Pp)glIX] <E[[| P, — Fylg|X].
g

So we now showed that
1P = Pllg <E[||Pn — Pyllg|X].
Finally, use iterated expectations (Subsection 5.1.2):

E[|F — Pllg <EE[|| P, — P,llg|X] =E|| P — Py lg-

O

Definition 5.2.1 A Rademacher sequence {o;}" is a sequence of independent
random variables o;, with

Let {0;}; be a Rademacher sequence, independent of the two samples X and
X'. We define the symmetrized empirical measure

1 n
Plg:= n;aig(Xi), geg.
—

Let
1P llg = sup [P gl.
g€eg

Lemma 5.2.2 We have
E| P, — Pllg < 2E| Py |g-
Proof. Consider the symmetrized version of the second sample X':

1 n
Pi7g=— Z; oig(X)).
1=

Then ||P, — P.||g has the same distribution as ||PZ — Py ||g. So
E|| P, — Pollg =E[ P} — Py’ llg

<E|P]llg +E|P,"|lg = 2B P lg-
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5.3 Symmetrization with probabilities

Lemma 5.3.1 Let § > 0. Suppose that for all g € G,

P ([(P. — P)g| > 6/2) <

1
2
Then

)
PP~ Plo >0 <20 (17~ Pilg > 5 ).

Proof. Let IPx denote the conditional probability given X. If || P, — P||g > 9,
we know that for some random function g, = g.(X) depending on X,

|(Pn = P)g«| > 6.

Because X' is independent of X, we also know that

| =

Px (I(P, = P)g:| > 6/2) <
Thus,

)
P (17~ Plac > 6 and (7%~ Plal < 3 )

5
— EPx <|(Pn — P)gu| > 6 and |(P, — P)g.| < 2)

~ £ (1B~ Planl < 3 ) MI(Pa — Pl > 3}
> JB((P~ Po.| > 6}
= 2P (P Pl > ).

It follows that

P ([P, = Pllg >0) < P(|(Pn— P)g«| >0)

IN

2P (](Pn — P)gi| > 6 and |(P), — P)g.| < 5)

IN

0
2 (17~ Pl > 5).

Corollary 5.3.1 Let § > 0. Suppose that for all g € G,

P (|(P, — P)g| >6/2) <

N | =

Then

- 0
PP~ Plo >0 < 4P (17216 > §).
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5.4 Exercises

Exercise 5.4.1 Use the same arguments as in the proof of Lemma 3.2.2 to
show that

B s x] < R ZEEE,
with
Ry := max gl
where for a function g : X — R, || - ||, is a short hand (abuse of) notation for

the empirical norm

lglln =V Png?, g: X =R
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Chapter 6

ULLNSs based on
symmetrization

In this chapter, we prove uniform laws of large numbers for the empirical mean
of functions g of the individual observations, when g varies over a class G of
functions. First, we study the case where G is finite. Symmetrization is used
in order to be able to apply Hoeffding’s inequality. Hoeffding’s inequality gives
exponential small probabilities for the deviation of averages from their expec-
tations. So considering only a finite number of such averages, the difference
between these averages and their expectations will be small for all averages si-
multaneously, with large probability.

If G is not finite, we approximate it by a finite set. A §-approximation is called
a d-covering, and the number of elements of a minimal d-covering is called the
d-covering number.

We introduce Vapnik Chervonenkis (VC) classes. These are classes with small

covering numbers.

Let X € X be a random variable with distribution P. Consider a class G of
real-valued functions on X', and consider i.i.d. copies { X1, Xo,...} of X. In this

chapter, we address the problem of proving || P, — P||g B 0. If this is the case,
we call G a Glivenko Cantelli (GC) class.

a.s.

Remark. It can be shown that if || P, — Pl|g £ 0, then also | P, — Pllg = 0.
This involves e.g. martingale arguments. We will not consider this issue.

6.1 Classes of functions

Notation. The sup-norm of a function g is

9]l == sup |g(z)|.
zeX

39
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Elementary observation. Let {A;})_| be a finite collection of events. Then

. N
union bound

P (Ul Ar) < Y P(Ag) < N max P(A).

k=1 - =

Lemma 6.1.1 Let G be a finite class of functions, with cardinality |G| := N >
1. Suppose that for some finite constant K,

< K.
glggl\glloo <

Then we have

2(log N + 1)
n

]P(\|Pg||g>K ) <2exp[—t] Vt>0.

and for all t > 0 such that log N +t > 1

2<1gN+t>> < Sexp ).

P (HPn — Pllg > 4K
Proof.

e By Hoeffding’s inequality, for each g € G,

P (\Pg(g)y > K\@) < 2exp[—t] V> 0.

e Use the elementary observation to conclude that

2(log N +t
P(HPSHQ>K (Ognﬂ> < 2exp[—t] Vi >0.

e By Chebyshev’s inequality, for each g € G and for K2/(nd?) < 1/2

var(g(X))

nd2
K2 1
< =

< — .
- ndé2 2

P (|(Pn — P)gl > 9)

IN

e Hence, by symmetrization with probabilities when log N +¢ > 1

2(1ogN+t)> 2(10gN+t)>

n

IN

P (HPn—PHg > 4K AP (HPXHQ > K

< 8exp[—t].

We recall some definitions from Chapter 4.
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Definition 6.1.1 The envelope G of a collection of functions G is defined by

Glx) = suplg(@)], = € X.
geg

Definition 6.1.2 Let S be some subset of a metric space (A,d). For § > 0, the
d-covering number N (0, S,d) of S is the minimum number of balls with radius
0, mecessary to cover S, i.e. the smallest value of N, such that there exist
51,...,8N int A with

min_d(s,s;) <4, VseS.
j=1,,N

The set s1,...,S8N is then called a minimal d-covering of S. The logarithm
H(-,S,d) :=1ogN(-,S,d) of the covering number is called the entropy of S.

Notation. We let Ny(-, G, P,) be the covering numbers of G endowed with the
metric corresponding to the empirical norm

(Palgl®)/?, g: X =R,
and let Hy(-,G, P,,) be the entropy for this metric.
Theorem 6.1.1 Suppose

lgllc <K, ¥V geG.

Assume moreover that 1
~H.(6,G,P,) 5 o.
n

Then b

1P — Pllg B 0.
Proof. Let § > 0. Let g1,...,9n, with N = N;1(6,G, P,), be a minimal J-
covering of G.

e When P,(|g — g;|) <, we have
\Prgl < |P7gjl+ 6.

So
1Py llg < ez [Py gj| + 6.

e Let IPx dente conditional probability given X. By Hoeffding’s inequality and
the elementary observation, we have

2(log N + 1)

Px ( max_|Py (g;)| > K ) < 2exp[—t] V> 0.
j=1,...,.N n

We will sometimes require that {s; };Vzl €S
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Conclude that

2(log N + 1)
n

/2t
P <||Pg||g >20+ K n)

2H P
< 2exp[—t]+ P <K 1(6;1g7n) >5> Vt>0.

Px <||Pg|g >0+ K ) < 2exp[—t] V> 0.

e But then

e Now, use the symmetrization with probabilities to conclude that

2t
P(M%—PM>8&+M¥n>

< 8exp[—t] + 4P <K >5> Vit>1.

Since 9§ is arbitrary, this concludes the proof.

Example 6.1.1 Consider the case X =R and
G:={g1, 0<g<1}.

Let Noo(+,G, P,) be the covering number of G for the (pseudo-)metric induced
by the (pseudo-)norm

pax [g9(Xi)], g: & = R.

Then Ni(-,G, P,) < Noo(+,G, P,). Let 6 > 0. We approzimate g € G by

9(x) = [g(2)/0]9, = € R,

where [a] := min{b € N : b > a}, a > 0. Now we count how many such
functions g we obtain as g varies. The function § has at most m < 1+ 1/6
jumps. The jumps are counted at Xi,...,X,. So we can represent g by a
sequence of n — 1 zeroes and m ones. The number of such sequences is

)

m+n-—1
m )

We conclude that
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and hence

Hy(0,G,P,) = logNy(4,G,P,)

")
log
m

mlog(m +n—1)
(14+1/6)log(n+1/4).

IN

VANVA

By Theorem 6.1.1 we conclude that the class of monotone functions G is GC.

We next replace the assumption that G is uniformly bounded by the weaker
assumption that its envelope G is P-integrable.

Theorem 6.1.2 Suppose
Gel (P),

and
1
~H(0.G. Py) Eo.

Then
P
| P — Pllg — 0.

Proof. It holds that for all ¢ € G and any K > 0

(P, — P)g| < |(P, — P)g{G < K} +|(P, — P)g{G > K} .
=(9) =(41)

(1) Let Gx := {gl{G < K}}. This class is uniformly bounded by K and since
Hy(-,Gk, P,) < Hi(-,G, P,) we conclude from Theorem 6.1.1 that

P
1P = Plige = 0.
(7i) We have

su[g) (P, — P)g{G > K} < (P,+ P)GH{G > K}
g€
= (P,— P)GH{G > K} +2PGH{G > K}.

E>Oasn—>ooVK —0 as K—oo

6.2 Classes of sets

Let D be a collection of subsets of X, and let {{1,...,&,} be n points in X.
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Definition 6.2.1 We write

AP, ...,&) = card{DnN{&,...,&): DeD}
= the number of subsets of {&1,...,&n} that D distinguishes.

That is, count the number of sets in D, when two sets D1 and Do are considered
as equal if D1ADy N {&1,..., &} = 0.
Here

D1ADy = (DN D3) U (DN Do)

is the symmetric difference between D1 and Do.

Remark. For our purposes, we will not need to calculate AP (&1, ...,&,) ex-
actly, but only a good enough upper bound.

Example. Let X =R and
D={l_ooy: t €R}.
Then for all {&,...,&,} CR

Ap(gl,...,gn) <n+1.

Example. Let D be the collection of all finite subsets of X'. Then, if the points
&1,. .., &, are distinct,

AP(E, .. 6) =2"

Theorem 6.2.1 (Vapnik and Chervonenkis (1971)) We have
1
;logAD(Xl, LX) 5o,

if and only if
sup | P, (D) — P(D)| 5 o.
DeD

Proof of the only if part. This follows from applying Theorem 6.1.1 to
G={lp: DeD}.

To see this, note first that a class of indicator functions is uniformly bounded
by 1. This is also true for the centred version, i.e. we can take K = 1 in
Theorem 6.1.1. Moreover, writing No(+,G, P,,) for the covering number of G
for the (pseudo-)metric induced by the (pseudo-)norm

max [g(X;)|, g: X = R,

1<i<n

we see that
Nl('agapn) S Noo(vgvpn)
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But for 0 < <1,
No(6,{lp: D €D}, P,) =AP(Xy,...,X,).

So indeed, if %log AP(X1,..., Xy) L 0, then also

1 1
“H(6,{lp: DeD},P,) < ~logAP(X1,...,X,) 5 0.
n n

6.3 Vapnik Chervonenkis classes

Definition 6.3.1 Let

mD(n) = Sup{AD(glv' . 75%) : 517" . 7£n € X}

We say that D is a Vapnik Chervonenkis (VC) class if for certain constants c
and V', and for all n,
mP(n) <en,

i.e., if mP(n) does not grow faster than a polynomial in n.

Important conclusion: For sets | VC = GC|.

Examples.
a) X =R, D={l_oy: t €R}. Since mP(n) <n+1,Dis VC.
b) X =R% D= {l_wy: t €RY}. Since mP(n) < (n+1)4, Dis VC.

c) X =RYL D={{z: 0Tz >t} <f> € R4} Since mP(n) < 24(7), D is
VC.

The VC property is closed under measure theoretic operations:

Lemma 6.3.1 Let D, Dy and Dy be VC. Then the following classes are also
VC:

(i) D¢ ={D°: D € D},

(ii) DiNDy = {Dl NDy: Dy €Dy, Dy € DQ},

(iii) DiUDy = {Dl NDy: Dy €Dy, Dy € Dg}.

Proof. Exercise.

Examples.
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- the class of intersections of two half-spaces,
- all ellipsoids,
- all half-ellipsoids,

- in R, the class {{x Orx+ ...+ 02" < t}: <i> € R"H}.

There are classes that are GC, but not VC.

Example. Let X = [0,1]?, and let D be the collection of all convex subsets of
X. Then D is not VC, but when P is uniform, D is GC.

Definition 6.3.2 The VC dimension of D is

V(D) = inf{n: mP(n) < 2"}.

The following lemma is beautiful, but to avoid digressions, we will not provide
a proof.

Lemma 6.3.2 (Sauer-Shelah Lemma) We have that D is VC if and only if
V(D) < co. In fact, we have for V.=V (D), mP(n) < EXZO (3)-

6.4 VC graph classes of functions

Definition 6.4.1 The subgraph of a function g : X — R is
subgraph(g) = {(z,t) € X xR : g(z) > t}.

A collection of functions G is called a VC class if the subgraphs {subgraph(g) :
g € G} form a VC class.

Example. G = {lp : D € D} is GC if D is GC.

Examples (X = R?).
a) G ={g(x) =6+ biz1 + ...+ 0azq: 6 € RTY,
b) G ={g(x) =0+ 0121 + ... + Ogza| : 6 € R},

)d=1,G=

g(x)_{a—l-bx ifr<c cro

Cld+ex ife>c¢’

o UL O R

d)d=1,G={g(z) =e: 6 cR}.
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Definition 6.4.2 Let S be some subset of a metric space (A,d). For § > 0,
the d-packing number D(4,S,d) of S is the largest value of N, such that there
exist s1,...,sN in S with

d(sg,sj) >0, YV k#j.

Lemma 6.4.1 For all§ >0
(i) N(3,8,d) < D3, 5,d),
(ii) D(0,S,d) < N(6/2,S,d).

Proof. Let si,...,sy in S with d(sg,s;) > d, V k # j. Let it be a maximal
such set.

(i) Then for any s € S there is a j € {1,..., N} such that d(s,s;) < ¢ (since
otherwise we could add s to the packing).

(ii) Since {s1,...,sy} C S

N(5/2,S,d) > N(6/2,{s1,...,sx},d).

But
N(5/2, {81,...,SN},d) = N.

O

Theorem 6.4.1 Let Q) be any probability measure on X and let N1(-,G, Q) be
the covering number of G endowed with the metric corresponding to the L1(Q)
norm. For a VC class G with VC dimension V, we have for a constant A
depending only on V.,

N1(6QG, G, Q) < max(A6~ 2V, %), V6> 0

Proof. Without loss of generality, assume Q(G) = 1. Choose S € X with
distribution dQg = GdQ. Given S = s, choose T uniformly in the interval
[—G(s),G(s)]. Let g1,...,gn be a maximal set in G, such that Q(|g; — gx|) > ¢
for j # k. Consider a pair j # k. Given S = s, the probability that T falls in
between the two graphs of g; and gy, is

l9;(s) — gr(s)]
2G(s)

So the unconditional probability that 7" falls in between the two graphs of g;
and g is
195(8) — gk (s)] Qg —gkl) _ 9
—d = — —.
/ 2G(s) 1@l 5 2

Now, choose n independent copies {(S;,T;)}1~; of (T,S). The probability that
none of these fall in between the graphs of g; and g;, is then at most

(1-5/2)".
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The probability that for some j # k, none of these fall in between the graphs
of g; and g, is then at most

N 1 no 1
1-6/2)" < = 2logN — — | < =<1
(5)a-omr < jow|2osn -2 <} <1
when we choose n the smallest integer such that

"> 410§N-

So for such a value of n, with positive probability, for any j # k, some of the
T; fall in between the graphs of g; and g. Therefore, we must have

N < enV.

But then, for N > exp|d/4],

N

IN
o

IA
o

IN
o

So

O

Corollary 6.4.1 By Theorem 6.1.2 and Theorem 6.4.1 we arrive at the fol-
lowing important conclusion:
(G VC & PG < 00 = G GC]

6.5 Exercises

Exercise 6.5.1 Let G be a finite class of functions, with cardinality |G| := N >
1. Suppose that for some finite constant K,

max < K.
na g1 <

Use Bernstein’s inequality to show that for

4log N
n

5% > [6K + K]

one has

né?
_ < —_—— | .
P (1P~ Plo > 9) < 208 ||
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Exercise 6.5.2 Let G := {gl{G < K}: g € G}. Show that
HQ('agKapn) < Hq(',g,Pn).

Exercise 6.5.3 Present a proof of Lemma 6.3.1.

Exercise 6.5.4 Are the following classes of sets (functions) VC? Why (not)?
1) The class of all rectangles in R
2) The class of all monotone functions on R.

3) The class of functions on [0, 1] given by

G = {g(x) = ae® + ce®™ : (a,b,c,d) € [0,1]*}.

4) The class of all sections in R? (a section is of the form {(x1,z2) : =1 =
ay +rsint,xo = ag +rcost, 1 <t < 6y}, for some (ay,az) € R?, some 7 > 0,
and some 0 < 01 < 6y < 27).

5) The class of all star-shaped sets in R? (a set D is star-shaped if for some
a € D and all b € D also all points on the line segment joining a and b are in
D).

Exercise 6.5.5 Let G be the class of all functions g on [0, 1] with derivative ¢
satisfying |g| < 1. Check that G is not VC. Show that G is GC by using partial
integration and the Glivenko Cantelli Theorem for the empirical distribution
function.
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Chapter 7

M-estimators

7.1 What is an M-estimator?

Let Xy,...,X,,... beii.d. copies of a random variable X with values in X and
with distribution P.

Let © be a parameter space (a subset of some metric space with metric d) and
let for 6 € O,
Yo : X — R,

be some loss function. We assume P|vyy| < oo for all 6 € ©. We estimate the
unknown parameter
O := arg min Py,
0 g P 6

by the M-estimator

0,, := arg min P,,yy.
n g 026 nYo
We assume that 6y exists and is unique and that én exists.

Examples.

(i) Location estimators. X =R, © =R, and
(i.a) v9(x) = (z — 0)? (estimating the mean),
(i.b) yg(x) = |x — 0] (estimating the median).

(ii) Maximum likelihood. {pp : 6 € O} family of densities w.r.t. a o-finite
dominating measure g, and

Y9 = — log pp.
If dP/du = pg,, 6o € O, then indeed 6 is a minimizer of P(yy), 6 € O.
(ii.a) Poisson distribution:

X

0
po(x) = eaa, 0>0, ze{l,2,...}.

o1
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(ii.b) Logistic distribution:

e@—ac

=——— 0#€R R.
po(x) (At o) eR, z €
7.2 Consistency
Define for 6 € O,
R(0) = P,
and
Rn(e) = Pys.

Definition 7.2.1 We say that 0y is well-separated if for all n > 0

inf{R(0) : d(6,00) >n} > R(6).

We first present an easy proposition with a too stringent condition (e).

Proposition 7.2.1 Suppose that

(o) sup |R,(8) — R(6)| 5 0,
0cO

i.e., that {7y : 0 € O} is a GC class. Then R(6,) L R(6y). If moreover 0y is
well-separated, also én £> 0.

Proof. We have

0 < R(6,)— R(b)
- [R(én) - R(QO)] - [Rn(én) - Rn(GO)] + [Rn(én) - Rn(QO)]
< [R(Bn) — R(60)] — [Ra(Bn) — Ru(80)] 0

So R(6,) LN R(6) and hence, if 6 is well-separated, 6, LN 6.

O

The assumption (e) is rather severe. It is close to requiring compactness of ©.

Lemma 7.2.1 Suppose that (0,d) is compact and that 0 — ~g is continuous.
Moreover, assume that P(G) < oo, where

G = sup |yl
(U]

Then

sup |Rn(0) — R(0)] 5 0.
0co
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Proof. This is Lemma 4.5.1. O

We give a lemma which replaces compactness by a convexity assumption.

Lemma 7.2.2 Suppose that © is a convex subset of a normed vector space with
norm || - || and that 6 — g, 0 € © is convex. Suppose that for some ¢ > 0,
-0, ={0€0O: ||0—00| <€} is compact,

- P(Ge) < 0o where G := supgeg, |70]-

Then én £> 0.
Proof. By Lemma 4.5.1

P

sup |R,(0) — R(6)| — 0.
10—60ll<e

Define

¢

€+ ||0n — 6o
and

0, = ab, + (1 — «)bo.
Then
167 — bol| < e.

Moreover,

Ru(6,) < aRp(0) + (1 — a)Rn(60) < Rn(60).

It follows from the arguments used in the proof of Proposition 7.2.1 that

R(6,) 5 R(6p). The convexity and the uniqueness of §y implies now that
5 P
16, — 6o]| = 0.
But then also

elln—0ll_x

167 — 0ol = ——"
€ = (|6 — ol

Example 7.2.1 Let X € R, © =R and for some ¢ > 1
vo(x) :=|x — 0], xR
Assume E|X — 0p|?7 < co. Then

Gei= sup |yl <2071 (|X — 60]? + €7) € Ly(P).
10—60||<e

Hence (assuming uniqueness of 0 )

én — 90.
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We may extend this to the situation where there are co-variables: replace X by
(X,Y) where X € R" is a row-vector containing the co-variables and' Y € R is
the response variable. The loss function is
Yo, y) = [y — 0.
Then E|Y — X0y|? < oo together with uniqueness of 0y yields consistency.
Example 7.2.2 Replace X by (X,Y) where X € [0,1] is a co-variable and
Y = 90 (X) + 67
with the noise & ~ N(0,02). We use least squares loss:
o(2,y) = (y — 0(x))*, 2 €[0,1], y € R.

We assume that 0y € © where, for a given m € N, O is the “Sobolev” space
1
0 := {9: 0,1] = R, / 100 (z) 2d < 1}.
0

Here (™) denotes the m-th derivative of the function 0. We endow the space
© with the sup-norm

16]] == [[flloc = sup |6(z)].

ze€(0,1

Then one can show (we omit the details here) that for any e

1
0, := {9: 0,1] = R, ||6 — 6| <e, / 100 (2)|2da < 1}
0

is compact. It follows that under the assumption that 6y is unique (which is
true for example if the distribution of X is absolutely continuous with a density
that stays away from zero), the (non-parametric) least squares estimator én 18
consistent in sup-norm.

7.3 Exercises

Exercise 7.3.1 Let Y € {0,1} be a binary response variable and X € R be a
co-variable. Assume the logistic regression model
1
By (Y =1|X = 2) = :
bo! | ) 1 + explag + xF)]
where 0y = (g, Bo) € R? is an unknown parameter. Let {(X;,Y;)}™, be i.i.d.

copies of (X,Y’). Show consistency of the MLE of 6y (assuming uniqueness of
o).

Exercise 7.3.2 Suppose Xi,...,X,, are i.i.d. real-valued random variables
with density pop = dP/dup on [0,1]. Here, p is Lebesgue measure on [0,1].
Suppose it is given that pg € P, with P the set of all decreasing densities
bounded from above by 2 and from below by 1/2. Let p,, be the MLE. Can you
show consistency of p,? For what metric? Hint: use the result of Section 2.5
and Example 6.1.1.



Chapter 8

Uniform central limit
theorems

After having studied uniform laws of large numbers, a natural question is:
can we also prove uniform central limit theorems? It turns out that precisely
defining what a uniform central limit theorem is, is quite involved, and actually
beyond our scope. In this Chapter we will therefore only briefly indicate the
results, and not present any proofs. These sections only reveal a glimpse of
the topic of weak convergence on abstract spaces. The thing to remember from
them is the concept asymptotic continuity, because we will use that concept in
our statistical applications.

8.1 Real-valued random variables

Let X = R.

Theorem 8.1.1 (Central limit theorem in R) Suppose EX = pu, and
var(X) = o exist. Then

p (Y= N a0 forall -
( ) o). f

g

where ® is the standard normal distribution function.

Notation.

M £> N(0,1),

or

V(X — 1) 5 N(0,0%).

95
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8.2 R’"-valued random variables
Let X1, Xa,... beiid. R"-valued random variables copies of X, (X € X =R"),

with expectation y = EX, and covariance matrix ¥ = EXXT — uu”.

Theorem 8.2.1 (Central limit theorem in R") We have

V(X — ) 5 N(0,3),

i.e.

v [a" (X, — p)] A N(0,aT%a), for all a € RY

8.3 Donsker’s theorem

Let X = R. Recall the definition of the distribution function F' and the empir-
ical distribution function F},:

F(t)=P(X <t), teR,

E,(t) = %#{Xi <t, 1<i<n}, teR.
Define .
Wi(t) == Vn(Fn(t) — F(t)), t € R.
By the central limit theorem in R (Section 8.1), for all ¢
Wa(t) 5 N (0, F(t)(1 — F(1))) .

Also, by the central limit theorem in R? (Section 8.2), for all s < t,

(W) 5 Vo266

where

We are now going to consider the stochastic process W,, = {W,,(t) : t € R}.
The process W, is called the (classical) empirical process.

Definition 8.3.1 Let Ky be the collection of bounded functions on [0,1] The
stochastic process B(-) € Ko, is called the standard Brownian bridge if
- B(0) =B(1) =0,
B(t1)
- for allr > 1 and all ty,...,t, € (0,1), the vector : 18 multivariate
B(tr)
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normal with mean zero,
- for all s <t, cov(B(s),B(t)) = s(1 —t),
- the sample paths of B are a.s. continuous.

We next consider the process Wr defined as

Thus, Wr = Bo F.

Theorem 8.3.1 (Donsker’s theorem) Consider W,, and Wr as elements of
the space IKC of bounded functions on R. We have

W, 5 W,

that is,
Ef(Wy) = Ef (W),
for all continuous and bounded functions f.
O
Reflection. Suppose F' is continuous. Then, since B is almost surely continu-
ous, also Wr = BoF is almost surely continuous. So W,, must be approximately

continuous as well in some sense. Indeed, we have for any ¢ and any sequence

t, converging to t,

W(tn) — Wa(1)] 5 0.

This is called asymptotic continuity.

8.4 Donsker classes

Let X4,...,X,,... be ii.d. copies of a random variable X, with values in the
space X, and with distribution P. Consider a class G of functions g : X — R.
The (theoretical) mean of a function g is

Pg:= Eg(X),

and the (empirical) average (based on the n observations Xi,...,X,,) is
1 n
1=

Here P, is the empirical distribution (based on Xj,...,X,).

Definition 8.4.1 The empirical process indezxed by G is

vn(g) :== vn(P, — P)g, g €G.
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Let us recall the central limit theorem for g fixed. Denote the variance of g(X)
by
o*(9) = var(g(X)) = Pg* — (Pg)*.

If 02(g) < 0o, we have

val9) 5 N(0,0%(9))-

The central limit theorem also holds for finitely many g simultaneously. Let gx
and ¢; be two functions and denote the covariance between g (X) and g;(X) by

o(gk, g1) := cov(gr(X), qi(X)) = Pgrgr — (Pgr)(Par)-

Then, whenever 0%(g) < oo for k=1,...,7,

Vn(91)
. L
— N(()? Egl,~~~,gr)7

Vn(.gr)

where Y4, 4. is the variance-covariance matrix

T

02(91) oo (g1, 9r)
(*) gt gy = : :
olgr,gr) - o*(9r)

Definition 8.4.2 Let v be a Gaussian process indexed by G. Assume that for
each v € N and for each finite collection {g1,...,g.} C G, the r-dimensional

vector
v(91)

v(gr)

has a N(0,%g, . g, )-distribution, with ¥4, 4. defined in (*). We then call v
the P-Brownian bridge indexed by G.

Definition 8.4.3 Consider v, and v as bounded functions on G. We call G a
P-Donsker class if

L
Vp — U,

that is, if for all continuous and bounded functions f, we have
Ef(vn) = Ef(v).

Definition 8.4.4 The process v,, on G is called asymptotically continuous at

9o € G if for all (possibly random) sequences {gn} C G with o(gn — go) L 0, we
have

|Vn(gn) — vn(g0)| £> 0.

If this is true for all go € G we call v, on G asymptotically continuous.
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We will use the notation
Ilg|l* == Pg? g € Ly(P),

ie., || - | is the La(P)-norm.

Remark. Note that o(g) < ||¢g]|-

Definition 8.4.5 The class G is called totally bounded for the metric induced
by || - ||, if its entropy Ha(-, G, P) is finite.

Theorem 8.4.1 Suppose that G is totally bounded. Then G is a P-Donsker
class if and only if vy, (as process on G) is asymptotically continuous.



60

CHAPTER 8. UNIFORM CENTRAL LIMIT THEOREMS



Chapter 9

Chaining and asymptotic
continuity

9.1 Chaining

We consider in this section the symmetrized empirical process and work condi-
tionally on X = (X1,...,X,,). We let Px be the conditional distribution given
X. We describe the chaining technique in this context

Define the empirical norm
glln =/ Prng?
and the empirical radius

R, :=sup||g||n-
geg

For notational convenience, we index the functions in G by a parameter 6 € O:
G={gp: 0 €0O}. Let for s =0,1,2,..., {gj}j\[:sl C G be a minimal 275R,,-
covering set of (G, ||+ |ln). So Ns = N2(27*R,,, G, P,,), and for each 6, there exists
a gy € {91,---,95,} such that |lgg — g5lln < 27°R,. We use the parameter ¢
here to indicate which function in the covering set approximates a particular g.
We may choose gg = 0, since ||gg||ln < R,. We let Hg := log Ny for all s.

Let S € N to be fixed later and let for gf“ € {gf“, e ,gffgil},

g5s = argmin{llgg-g+1 —gilln: g% € {gf,---,gﬁs}}
and for s € {0,...,5 — 1},

glg = argmin{ng;“ gl g€ {gh... ,gfvs}}.

Then we can write for ggH = gf“

S
90 =) (955 —g5s) + (90 —g51):

s=0

61
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One can think of this as telescoping from gy to géSH, i.e. we follow a path taking

smaller and smaller steps. As S — oo, we have maxi<i<n |go(X;) —gégH(Xi)] —
0. The term Zfzo(g;igl - gj,s) can be handled by exploiting the fact that as 0
varies, each summand involves only finitely many functions.

9.2 Increments of the symmetrized process

We define

S
Jn =Y 27 Ryy/2H 1.
s=0
Remark We may use the bound

Ry
JIn < 2/ V2H5(u, G, P,)du.
2

—(S+2)R,,

The right-hand side is called (up to constants) Dudley’s entropy integral.
Theorem 9.2.1 We have

S

J, 1+t
P PI(g5E — g8 g)| > = + 4R/ —— | < 2exp[—t] V t > 0.
x(mas 2 PIGIE — 1912 T aty [ 1) <vexplt] v >
Proof. By Hoeffding’s inequality (Theorem 3.2.1), for all j and s

2t
P 1P7(655 — 3501 > 2_5Rn\/;) < 2exp[f] ¥ £ > 0.
Therefore (by the union bound), for all s

2(Hs+1 + t)

Px <max\P5<g;§1 gl > 2R, ) < 2exp[—1] ¥ ¢ > 0.
J ’ ’ n

Fix t and let for s =0,...,5

o = 2‘3Rn<\/2H5+1 +2(1+s)(1+ t)).

Then

S S
Y ae=Ju+ Y 2 Re/2(1+5)(1+1) < J, + 4R, VI+ L.
s=0 5=0
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Therefore

S
J, 1+4+1¢
P P2 (g5t — > L 4 AR\ ——
X(m?XIZ (G55 -~ g3 = T+ R

ZIPX (max POt — )| > as)

s=0

IA

s)(1+1)]

IN
)
M
o
%

IN
[\
®
ol
= °

9.3 De-symmetrizing

Recall the (theoretical) Lo(P)-norm

lgll = V' Pg?, g € Lo(P
We let

R :=sup g
geg

be the diameter of G.

For any probability measure Q, we let Ha(+,G, Q) be the entropy of G endowed
with the metric induced by the Lo(Q)-norm || - ||q.

Condition 9.3.1 For all probability measures Q) it holds that
Hy(u||Gllg,G,Q) < H(u), Y u>0

for some decreasing function H(-) satisfying

:/Olmdu@o.

We then define
p
p) = 2/ Vv 2H(u)du, p > 0.
0

Theorem 9.3.1 Suppose Condition 9.3.1 is met and G € Lo(P). Then

B 4|GIIT 4R|G) [1+¢
]P(\Pn Pllg > Yo +32R | —

< 8exp[—t] +4]P< sup |(P, — P)g?| > R2> Vit>0
geGU{G}
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Proof. Take S as the smallest value in N such that 27° < 1/y/n. Then
lgo — g5 lln < 27FTYR, < R,/(2y/n). On the set where R, < 2R and
G| < 2||G]| we have

R,
2 / V2H (4G, P)du < |G| T(4R|C])
27(S+2)Rn
so for X in this set
; G| T(4R|G 1+1¢
(1T L TRV =) D

We can then de-symmetrize

_ 4G T (4R||G]) \/1>+t

P(!Pn Pllg > NG +32R [ ——
o < IGIT ARG \/m

§41P<HPan> 7 +8Ry [ —— ).

< 8exp[—t] + 4]P< sup |(P, — P)g?| > R2>.
geGU{G}

9.4 Asymptotic continuity of the empirical process

Theorem 9.4.1 Assume Condition 9.3.1 and that G has envelope G, with
P(G?) < co. Then vy, is asymptotically continuous.

Proof. Define for § > 0 and gy € G
G(6)={9€G:lg—goll <6}

By Theorem 9.3.1

G IVAC E) J1+t
]P<Hpn PHQ((S) > \/'71 + 326 "

< 8exp[—t] + 4]P< sup (P, — P)(g — g90)?| > 62> Vit>0.
9€G(8){2G+g0}

Take € > 0 arbitrary and ¢ = log(8/¢). Since J(8||G||) 4 0 as 6 | 0, we see
that there is a 6 > 0 such that

P(\/ﬁupn — Pllgs) > €) < e+41P( sup |(Pu— P)(g — 90)*| > 52).
9€G(8)U{2G+go}

By the ULLN for {(g — g0)®: g € G(6) U{2G + go}},

]P< sup |(Py, — P)(g — g0)?| > 52> — 0.
9€G(8)U{2G+g0}
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9.5 Application to VC graph classes

Theorem 9.5.1 Suppose that G is a VC class with envelope G € Lo(P). Then
{vn(g) : g € G} is asymptotically continuous.

Proof. We recall Theorem 6.2.1:
Ni(6QG, G, Q) < max(A6~2Y /%), v § > 0.

Now note that for any two functions g and § in G,
Jto-aaq < [19-giac
where dQ := 2GdQ. This gives

N2(0]Gll@, G, Q) < Ni(8*(|GI5). G. Q).

The measure @ is perhaps not a probability measure, but since it is a finite
measure this only effects the constants. In other words, Condition 9.3.1 is met.
Apply Theorem 9.4.1 to finish the proof. O

Remark. In particular, suppose that a VC class G with square integrable
envelope G is parametrized by 6 in some parameter space © C R", i.e. G =
{90 : 0 € ©}. Let 2,(0) = v,(gp). Question: do we have that for a (random)
sequence 6, with 6, — 6y (in probability), also

20 (6n) — 2n(60)| = 07

Indeed, if ||go — g, || L oaso converges to 0y, the answer is yes. In other words,
we need here mean square continuity of the map 6 — gy.

9.6 Exercises

Exercise 9.6.1 Let €1,...,¢, be i.i.d. N(0,1) random variables, independent
of X1,...,X,. Define

(€,9)n = %Zﬁig(Xi), geg.

=1

Let

(o.9]
J(Rn) = 27°\/2H(u, G, P)du,
s=0
where we assume that the sum converges. Show that

J(Ry) 1+t
]PX<Supe,gn2 + 4R, >§exp—t Vi>0.
up(e, ), > 27 u [~
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Chapter 10

Asymptotic normality of
M-estimators

Consider an M-estimator 6,, of a finite dimensional parameter 6. We will give
conditions for asymptotic normality of 0,,. It turns out that these conditions in
fact imply asymptotic linearity. Our first set of conditions include differentiabil-
ity in 0 at each x of the loss function ~g(z). The proof of asymptotic normality
is then the easiest. In the second set of conditions, only differentiability in
quadratic mean of -y is required.

The results of the previous chapter (asymptotic continuity) supply us with an

elegant way to handle remainder terms in the proofs.

In this chapter, we assume that 6y is an interior point of ® C R". Moreover,
we assume that we already showed that 6,, is consistent.

10.1 Asymptotic linearity

Definition 10.1.1 The (sequence of) estimator(s) 0, of 0y is called asymptot-
ically linear if we may write

\/ﬁ(én - 00) = \/ﬁpn£ =+ OP(l)’

where
2
(=1:]:X—=>R",
0

satisfies PL = 0 and P({2) < oo, k = 1,...,r. The function { is then called
the influence function. For the case r = 1, we call 0® := P{? the asymptotic
variance.

67
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Definition 10.1.2 Let én,l and én,Z be two asymptotically linear estimators of
0o, with asymptotic variance 0% and a% respectively. Then

o3
€12 '= —
01

is called the asymptotic relative efficiency (of éml as compared to én’g ).

10.2 Conditions a, b and c for asymptotic normality

We start with 3 conditions a, b and ¢, which are easier to check but more
stringent. We later relax them to conditions aa, bb and cc.

Condition a. There exists an € > 0 such that 6 — vy(z) is differentiable for
all |6 — 0p| < € and all z, with derivative

Yolw) == 20(a), z € X.

Condition b. We have as 68 — 6,
P(¢g —g,) = V(0 —00) + 0o(1)]|0 — 6|,

where V' € R™ " is a positive definite matrix.

Condition c. There exists an € > 0 such that the class

{tg : |0 — o] <€}

is asymptotically continuous at v4,. Moreover,

li — =0.
Jm 1ve — o, ||

Lemma 10.2.1 Suppose conditions a,b and c. Then 0, is asymptotically linear
with influence function
E = 7V_1w907

SO

Vb, —00) 5 N0, VLIV,

where
J = Pig, 05, .

Proof. Recall that 6y is an interior point of ©, and minimizes Py, so that
Py, = 0. Because 0, is consistent, it is eventually a solution of the score
equations

Potpy =0.
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Rewrite the score equations as

0 = Py = Pu(¥ — vo,) + Patbe,
= (Pn - P)(T/)@n _Q;Z)H()) +P7w[}én +Pn'¢]90~

Now, use condition b and the asymptotic continuity of {ty : |0 — 6| < €}, to
obtain

0=op(n %) + V (0, — 0) + 0(|0, — Oo]) + Prtby,.
This yields X
(0p — 0p) = =V ' Pyig, + op(n~Y/?).

O
Example 10.2.1 (Huber estimator) Let X = R, © = R. The Huber esti-
mator corresponds to the loss function
Yo(x) =y(x —0),
with
v(z) = 2®W|z| < k} + (2k|z] — kH)|z| > k}, z € R.

Here, 0 < k < oo is some fized constant, chosen by the statistician. We will
now verify Conditions a, b and c.

a)
+2k frz—-—0<k
Yo(z) =< —2(x—0) if |z —0]<k.
—2k ifx—0>k
b) We have

d
- /%dP —2(F(k+0) — F(—k +0)),
where F(t) = P(X <t), t € R is the distribution function. So
V =2(F(k+6) — F(—k + 6o)).

c) Clearly g : 0 € R is a VC graph class, with envelope ¥ < 2k. The asymptotic
continuity follows from Theorem 9.5.1.

So the Huber estimator 0,, has influence function

—k .
FE+00)—F(—F+05) if £ —60p < —k
_ z—0 :
l(x) = ooy —Fhoy |z — 6o <k .

k .
FOE+00)= F(—F+05) ifx—09 >k

The asymptotic variance is

s _ WF(=k+60) + JEE (@ = 00)%dF (x) + k(1 — F(k + 6o))

(F(k+6y) — F(—k+6p))?

g
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10.3 Asymptotics for the median

The sample median can be regarded as the limiting case of a Huber estimator,
with &k | 0. However, the loss function vy (z) = |z — 6] is not differentiable, i.e.,
does not satisfy condition a. For even sample sizes, we do nevertheless have the
score equation Fy,(6,) — + = 0. Let us investigate this closer.

Let X € R have distribution F, and let F), be the empirical distribution. The
population median 6 is a solution of the equation

1

F(6y) = =.

(o) = 5

We assume this solution exists and also that F' has positive density f in a

neighbourhood of 8y. Consider now for simplicity even sample sizes n and let
the sample median 6,, be any solution of

E,(6,) = 0.
Then we get
0 = Fu(0,) — F(6)
= [BulB) = F@0u)] + [F(0n) - P(00)]
= =Wl + [F6) - Fo)].
where W, := \/ﬁ(ﬁn — F) is the empirical process. Since F' is continuous at

0o, and 8,, — 6y, we have by the asymptotic continuity of the empirical process

(use the VC-property of intervals) that W, (6,) = W,(6y) + op(1). We thus
arrive at

0 = Wn(bo)+vn F(én)—F(eo)]+0p(1)
= Wa(6o) + v/n[f(60) + o(1)][6n — o).

In other words,

Vil — 8) = —"‘;;giy

+op(1).

So the influence function is

1 .
U(z) = {‘2f<eo> o<t

+ 57k if z>6
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We are now in the position to compare median and mean. It is easily seen that
the asymptotic relative efficiency of the mean as compared to the median is

1

127 402 F(00)2

where 03 = var(X). So e; 2 = 7/2 for the normal distribution, and e; o = 1/2
for the double exponential (Laplace) distribution. The density of the double
exponential distribution is

-0
flx) = \/;Tgexp [—\mi_o(ﬂ] , T €R.

10.4 Conditions aa, bb and cc for asymptotic nor-
mality

We are now going to relax the condition of differentiability of ~y.

Condition aa. (Differentiability in quadratic mean.) There exists a function
Py X — R", with Pwak < o0, k=1,...,r, such that

i 108 =700 = (6 = 00) o _

0.
6—60 |60 — 6]

Condition bb. We have as 6 — 0,
1
P(v9 = 60) = 5(0 — 00)" V(0 = bo) + o(1)|0 — 6o,
with V € R"™*" a positive definite matrix.

Condition cc. Define

Yo—6, —(0—00) T1bo
w=1_ o 070
0 0 =0

Suppose that for some € > 0, the class G := {gg : 0 < |6 — 6| < €} is
asymptotically continuous at 0.

Lemma 10.4.1 Suppose conditions aa, bb and cc are met. Then én has influ-
ence function

g = _V_lw(b

and so

Vb —60) SN0,V LIV,
where J = P¢0¢g.
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Proof. Since {gg : [0 —00| < €} is asymptotically continuous we have as § — 6

Pu(v9 — 70,)
= (Pu—P)(v9 —0,) + P(v6 — 78,)
= (Py—P)gol0 — bo| + (6 — 00)" Puibo + P(ve — ve,)
= op(1/V/n)|0 — O] + (0 — 60)" Patho + P(v0 — 0,
= op(1/vn)|0 — O] + (0 — 6)" Patpo + %(9 —00) V(0 — 6o) + (|60 — 6o|*)

2
_ % V2(6 = 65) + (|6 — 6o]) + Op(1/v/n)

Because Pn(’yén — 7g,) < 0 the previous applied with § = 0, gives |én — 6| =
Op(1/4/n). The previous applied to the sequence 0,, := 0y — V2P, gives

1.
Pa(%5, = 0) = =5 V"2 Patiol* + op(1/n).
Because P (75 —Y00) < Pa(vg, — 76,) We get

A 1 . N 1
(en - QO)TPVLUJO + 5(971 - GO)TV(HVL - 00)+ < _§|V_1/2Pn¢0|2 + OP(l/n)

or
2
VY200~ 00) + V2 B| = op(1/n).
Thus .
VY28, — 6o) = =V Y2Paho + op(1/y/n)
or

0, — 00 = —V " P + op(1//n).

10.5 Exercises

Exercise 10.5.1 Suppose X has the logistic distribution with location param-
eter fp. Show that the maximum likelihood estimator has asymptotic variance
equal to 3, and the median has asymptotic variance equal to 4. Hence, the
asymptotic relative efficiency of the maximum likelihood estimator as compared
to the median is 4/3.

Exercise 10.5.2 Let (X;,Y;),i=1,...,n,... beii.d. copies of (X,Y’), where
X e R"and Y € R. Suppose that the conditional distribution of Y given X =z
has median m(z) = 83 + V21 + ... B%z,, with

53
/BO — : c RT+1.
By
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Assume that given X = z, the random variable Y — m(z) has a density f not
depending on x, with f positive in a neighbourhood of zero. Suppose moreover

that
1 X
E_E(X XXT>

exists and is invertible. Let

R R
B = arg min 2 Y; —bo — b1 X1 — ... — b Xy,
1=

be the least absolute deviations (LAD) estimator. Show that
VB~ 59 5 N (0, g m
" 14£2(0) ’

by verifying conditions aa, bb and cc.
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Chapter 11

Rates of convergence for LSEs

Probability inequalities for the least squares estimator (LSE) are obtained, un-
der conditions on the entropy of the class of regression functions. In the ex-
amples, we study smooth regression functions, functions of bounded variation,
concave functions, and image restoration. Results for the entropies of various
classes of functions is taken from the literature on approximation theory.

Let Y7,...,Y, be real-valued observations, satisfying
Yi=go(zi) +e, i=1,...,n,

with z1,...,z, (fixed) covariates in a space X, €1,...,¢€, independent errors
with expectation zero, and with the unknown regression function gg in a given
class G of regression functions. The least squares estimator is

n
(,, := arg min Y — g(x;))?.
gn 1= axg min ;( T — g(21))

Throughout, we assume that a minimizer g, € G of the sum of squares exists,
but it need not be unique.

The following notation will be used. The empirical measure of the covariates is
Ly 1)
Q= 20
For g a function on Z, we denote its squared Ls(Qy,)-norm by
1
ol = " ().
i=1

The empirical inner product between error and regression function is written
as

(6,9)n = %Z €ig(%i)-
=1

75
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Finally, we let for 6 > 0
G(0):={9€G: llg—golln <0}

denote a ball around gg with radius 9§, intersected with G.

Lemma 11.0.1 (Basic inequality). It holds that
Hgn - 90“721 < 2(67.@71 - gO)n-

Proof. This is rewriting the inequality
n n
D (Vi = gal@)® <Y (Vi — golw:))’.
i=1 i=1
O

The main idea to arrive at rates of convergence for g, is to invoke the basic
inequality. The modulus of continuity of the process {(¢,g—go)n : g € G(J)} can
be derived from the entropy Ha(-,G(9), Qn) of G(§), endowed with the metric
induced the the norm || - ||,.

Condition 11.0.1 For all 6 > 0, the entropy integral

)
J(5) =2 /0 ZH3 (0,608, O du

exists (i.e. is finite).

11.1 (Gaussian errors

To simplify the exposition, will assume that
€1,...,6, are i.i,d, N(0,1)—distributed.
Then, as in Theorem 9.2.1

)
]P( sup (6,9 — go)n > J00) +44(1 —i—t)) <exp[—t] Vt>0.
9€6(5) vn

11.2 Rates of convergence

Theorem 11.2.1 Assume Condition 11.0.1 and that J(5)/8? is decreasing in
0. Then for allt > 0 and for

Vno?2 > 8<J(5n) + 45n\/m>

it holds that

~ €
P19 = golln > ) < —— exp[~t].
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Proof. We use the “peeling device”

(-l > ) < 3P (s 2eg—an = 7,2)

_ g€G(276y)

The function ) A
o J(290p) 44275/ T+ 1+
g = -
(276)?
is the sum of two decreasing functions and hence is decreasing. So for all j € N

J(2765, )+42J5\/W J(0n) + 40,1+ 1 \F
(296,,)2 - 62 - 8

1 . 1, . J(2j6n) ; [1+t+7
Z(997185 )2 — Z(995.)2 > J —_r-rJ
2(2 on) 8(2 On) 7 + 4276, -

It follows that

so that

]P(”g - g()”n > 5n)

= J(276) 14t
< P{ sup (69— go)n = +4276 )
2_:1 <geg(2j6n) Vn n

j=

< exp[—(t+j)] = exp[—t].

-1

11.3 Examples

Example 11.3.1 Linear regression Let

G=A{g(z)=011(x)+ ...+ 0,0 (x) : O €R"}.

One may verify

4u
Hs(u, ()Qn)<rlog(5+ ), forall 0 < u <4, 6 > 0.

So

5 1
5 =2 /0 V2Ho(u,G(0), Qu)du < 2v/2r /0 log! /()

1
= 2@5/ log/2(1 + 4v)dv := Ag /7.
0

So Theorem 11.2.1 can be applied with

On 28<A0\/Z+4\/1;:t>.
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It yields that

1+t
P (L@n - gOHn > S(AO\/7+4\/T>> <
n n

(Note that we made extensive use here from the fact that it suffices to calculate
the local entropy of G.)

i 1 exp[—t] V t > 0.

Example 11.3.2 Smooth functions Let

G= { Ol—>R/|g |dg;<1}

Let Yp(x) = o1, k = 1,..com, $(@) = @i(@),...,dm(@)T and T, =
f’(/)’l/JTdQn. Denote the smallest eigenvalue of ¥, by A, and assume that

A > A >0, for all n > ng.
One can show (Kolmogorov and Tihomirov (1959)) that
Hy(5,G(6),Qn) < A6, for small § > 0,
where the constant A depends on A. Thus
J(5) < AY6' 2

for some constant Ay. For

5. >16(A2m+1n T 44y | )
n

VnéZ > 8<J(5n) + 45nm>.

Hence, we find from Theorem 11.2.1 that

1
P (!gn 9olln > 16<A2m“n T + 44/ Z ))

< ° - exp[—t] V ¢ > 0.

we get

Example 11.3.3 Functions of bounded variation in R Let

g:{g:R%R, /|dg§1}.

Without loss of generality, we may assume that x1 < ... < x,. The derivative
should be understood in the generalized sense:

[ 1dsli= 3" late) - gl
=2
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7:= [ 9.

max \g(a:Z | <g+1.

i=1,.

Define for g € G,

Then it is easy to see that,

One can now show (Birman and Solomjak (1967)) that
Hy(6,G(0),Qn) < A6™L, for small § > 0,

and therefore, for some constant Ag
14+t
P (Hgn golln > 16<Agn 8 44y — a >> < - c o exp[—t] V>0,
n —

Example 11.3.4 Concave functions Let

G={g:[0,1] 2R, 0<g<1, g decreasing}.

{g: 0,1] > R, /01 1dg| gz}.

Birman and Solomjak (1967) prove that for all m € {2,3,...},

(5{ £0,1] = [0,1] /|g |dx<1}>gA5$z,forana>o.

Again, our class G is not uniformly bounded, but we can write for g € G,

Then G is a subset of

g9 =41+ g2,

with g1(z) 1= 01+ b2 and ||g2]|cc < 2. Assume now that L 3" (z; —z)? stays
away from 0. Then, we obtain for a constant Ag

2 /14t
P (Hgn—goHn > 16<A8n_§ +4 :)) < eilexp[—t] vVi>0.

Example 11.3.5 Image restoration

Case (i). Let X C R? be some subset of the plane. Each site x € X has a
certain grey-level go(x), which is expressed as a number between 0 and 1, i.e.,
go(z) € [0,1]. We have noisy data on a set of n = ning pizels {xy : k =
1,...,nq, lzl,...,ng} Cc X:

Y = go(zr) + €n,
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where the measurement errors {e : k= 1,...,n1, l = 1,...,n2} are inde-
pendent N'(0,1) random variables. Now, each patch of a certain grey-level is a
mizture of certain amounts of black and white. Let

G = conv(K),
be the closed convex hull of IC, where where
K:={lp: D e D}

Assume that
No(6,KC, Q) < cd™%, for all § > 0.

Then from Ball and Pajor(1990),

Hy(5,G, Q) < A5 2, for all § > 0.

It follows from Theorem 11.2.1 for a constant Agy

P <||§n - go||n > 16 <A61+4W n_f-:_Tw +4\/T>>
mn

<

¢ 1 exp[—t] ¥V t > 0.

Case (ii). Consider a black-and-white image observed with noise. Let X =
[0,1]% be the unit square, and

(z) 1, if x is black,
€T =
g0 0, if z is white.

The black part of the image is
Dy = {$ S [0, 1]2 : go(&}) = 1}
We observe

Y = go(zr) + €n,

with xg = (ug,vy), xx = k/m, x; =1/m, k,1 € {1,...,m}. The total number

of pizels is thus n = m?.

Suppose that
Dy € D = {all convex subsets of [0,1]%},

and write
G:={lp: DeD}.

Dudley (1984) shows that for all § > 0 sufficiently small

Hy(5,G,Qn) < A5 2,
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so that for a constant Ay

2 1+t
P <H§n = golln > 16(Agn§ 14 +>)

n

<

¢ 1 exp[—t] V t > 0.

Let D,, be the estimate of the black area, so that g, = lﬁn' For two sets Dy and
Do, denote the symmetric difference by

D1ADy := (D1 N Dg) U (Dij N Dg)
Since Qu(D) = |[1p||2, we find
Qn(DnADy) = Op(n~3).

Remark. In higher dimensions, say X = [0,1]", r > 2, the class G of indicators
of convex sets has entropy

Hy(5,G,Qn) < A5~ "2, 510,

provided that the pizels are on a regqular grid (see Dudley (1984)). So the rate
1s then

4
A Op(n~73) | if r € {2,3,4},
(D, ADg) =
@l 0) {? if > 5.

4
For r > 5, the rate of convergence can still be shown to be Op(n~7+3). One
needs to refine Theorem 11.2.1 for the case of a diverging entropy integral.

11.4 Exercises

Exercise 11.4.1 Let Y7,...,Y, be independent, Gaussian random variables,
with EY; = g for i = 1,..., |ny], and EY; = 5y for i = [ny]| +1,...,n,
where oy, By and the change point 79 are completely unknown. Write go(i) =
g(i; 0, Bo,v0) = aol{l < i < [ny]} + Bol{|nyw] +1 < i < n}. We call
the parameter («, fo,70) identifiable if ag # By and vy € (0,1). Let g, =
g(+; am, Bn, An) be the least squares estimator. Show that if g, o, v0 is identi-

fiable, then [|g, — golln = Op(1/+/n), and |G, — ap| = Op(1/4/n), |Bn — Bol =
Op(1/4/n), and |5, — 0| = Op(1/n). If (ap,Bo,Y0) is not identifiable, show

that ||gn — golln = Op(+/loglogn/n).

Exercise 11.4.2 Let z; =i/n,i=1,...,n, and let G consist of the functions
o] +agx, ifx <~y
g9(z) = . :
ﬁl + ﬁQxa if x > Y

Suppose gg € G is continuous, but does have a kink at yp: a19 = azg = 0,
Bio = —%7 B2,0 =1, and vy = % Show that [|gn, — golln = Op(1/4/n), and that

[ — a0l = Op(1/v/R), |3 — Bol = Op(1/v/) and [ — 0| = Op (1/n1/3).
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Exercise 11.4.3 If G is a uniformly bounded class of increasing functions, show
that it follows from Theorem 11.2.1 that ||, — golln = Op(n~/3(logn)'/?). (By
a more tight bound on the entropy one finds the rate Op(n~'/3) as in Example
11.3.3).



Chapter 12

Regularized least squares

We revisit the regression problem of the previous chapter. One has observations
{Y;}?_,, and fixed co-variables z1, ..., x,, where the response variables satisfy
the regression

Yi=go(wi) + e, i=1,...,n,

where €1,...,¢€, are independent and centred noise variables, and where gq is
an unknown function on X. The errors are assumed to be N(0, o?)-distributed.

Let G be a collection of regression functions. The regularized least squares
estimator is
1 n
gn = argmin ¢ — Y "[V; — g(x;)|*> + pen(g) ¢ .
99 | "o
Here pen(g) is a penalty on the complexity of the function g. Let @, be the
empirical distribution of z1,...,x, and | - ||, be the La(Q,)-norm. Define

g+ = argmin {|lg — go||2 + pen(g) } .
geg
Our aim is to show that

(%) E||gn — goll7, < const. {|lg. — goll7 + pen(g.)} -

When this aim is indeed reached, we loosely say that g, satisfies an oracle
inequality. In fact, what (*) says is that g, behaves as the noiseless version g..
That means so to speak that we “overruled” the variance of the noise.

In Section 12.1, we recall the definitions of estimation and approximation error.
Section 12.2 calculates the estimation error when one employs least squares
estimation, without penalty, over a finite model class. The estimation error
turns out to behave as the log-cardinality of the model class. Section 12.3
shows that when considering a collection of nested finite models, a penalty
pen(g) proportional to the log-cardinality of the smallest class containing g will
indeed mimic the oracle over this collection of models. In Section 12.4, we
consider general penalties. It turns out that the (local) entropy of the model

83
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classes plays a crucial rule. The local entropy a finite-dimensional space is
proportional to its dimension. For a finite class, the entropy is (bounded by)
its log-cardinality.

Whether or not (*) holds true depends on the choice of the penalty. When the
penalty is taken “too small” there will appear an additional term showing that
not all variance was “killed”. Section 12.5 presents an example.

Throughout this chapter, we assume the noise level o > 0 to be known. In that
case, by a rescaling argument, one can assume without loss of generality that
o = 1. In general, one needs a good estimate of an upper bound for o, because
the penalties considered in this chapter depend on the noise level. When one
replaces the unknown noise level o by an estimated upper bound, the penalty
in fact becomes data dependent.

12.1 Estimation and approximation error

Let G be a model class. Consider first the least squares estimator without
penalty

X 1l 9
an(-,G) = arg min. n; |Y; — g(x:)|".

If we have a collection of models {G}, a penalty is usually some measure of
the complexity of the model class G. With some abuse of notation, write this
penalty as pen(G). The corresponding penalty on the functions g is then

pen(g) = o pen(g).

An estimator that makes a data-dependent choice among the possible models
is

1 n
gn = arg min { Z Y; = gn(zi,G) > + pen(g)} :

ge{g} | n —

where g, (-, G) is the least squares estimator over G. Let
-, G) :=argmin ||g —
9+(,9) g miy lg = golln

be the best approximation of gy within the model G. Then ||g.(-,G) — go||? is
the (squared) approximation error if the model G is used. We define

. 2
* = LANE) - nT )
g arg QIEHES}{”Q ( g) gO” pen(g)}

which trades off approximation error ||g. (-, G) —go||? against complexity pen(G).

As we will see, taking pen(G) proportional to (an estimate of) the estimation
error of g,(-,G) will (up to constants and possibly (logn)-factors) balance esti-
mation error and approximation error.
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12.2 Finite models

Let G be a finite collection of functions, with cardinality |G| > 2. Consider the
least squares estimator over G

n

1
b — in = Y — |2
Jn argl}lelgniEZI\ i — g(xs)]

In this section, G is fixed, and we do not explicitly express the dependency of
gn on G. Define

lg« — golln = Ignelg 19 — golln-

The dependence of g, on G is also not expressed in the notation of this section.
Alternatively stated, we take here

en(g) = 0 Vgeg
Pemly) = 00 Vgeg_\g.

The result of Lemma 12.2.1 below implies that the estimation error is pro-
portional to log|G|/n, i.e., it is logarithmic in the number of elements in the
parameter space. We present the result in terms of a probability inequality.
An inequality for e.g., the average excess risk follows from this (see Exercise
12.6.1).

Lemma 12.2.1 We have for allt >0 and 0 < 6 < 1,

N 2 1 o 4(log |G| +1)
_ > — —_ =2 7 < —t].
P <Hgn golln = 7—5 1 A+ )llgs = golln + 5 < exp[—t]

Proof. We have the basic inequality
19n = gollz < 2(€, gn — g )n + llg« — golla-
For all ¢t > 0, by the union bound

— g 2(1 t
P su (6,9 — gs)n - (log |G| + 1)
9€G, [lg—g«||n>0 ”9 —Q*Hn n

> < exp[—t] Vt>0.

If (6,0n — gu)n < %‘Mngn — g«||ln, we have, using 2vab < a + b for all
non-negative a and b,

R 2(log |G| + 1), .
Y e N I P
ioaldl+7) (.
< 20/ ==l = golln + llg = g0lln | + 9+ = 0l

4(log |G|/(nd) + 1)
no

< 0llgn — golli + + (1 +9)llg« — goll7-
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12.3 Nested finite models

Let G C Gs C - -+ be a collection of nested, finite models, and let G = Ul _1Gm.-
We assume log |G| > 1.

As indicated in Section 12.1, it is a good strategy to take the penalty propor-
tional to the estimation error. In the present context, this works as follows.
Define

G(9) = Gm(g), m(g) = argmin{m : g € Gn},
and for some 0 < § < 1,

161
sty 1808190

In coding theory, this penalty is quite familiar: when encoding a message using
an encoder from G,,, one needs to send, in addition to the encoded message,
logy |G| bits to tell the receiver which encoder was used.

Let

1 n

— > Vi —gl@)) + pen(g)} :
=1

gn = argmin {
n <

geg

and
g« = argmin {|lg — go|2 + pen(g)} .
geg

Lemma 12.3.1 We have, for allt >0 and 0 < § < 1,

. 1 2t
P (19— ol > 125 {0+ Dl — ol + penton) + 26 1) < ol

Proof. Write down the basic inequality

Hgn - gOH% + pen(gn) < 2(6,@11 - g*)n + Hg* - 90”31 + pen(g*).

We invoke a peeling device. Define G; = {g : 2/ < |logG(g)| < 271}, j =
0,1,.... We have for all t > 0,

P (a §€0: (g—gin> 2L 0@IED) —g*nn)

= . 2(427 4t
< P (39 €Gj, (6,9—gs)n > (n)Hg - g*Hn>
§=0
= . 2(log |G:| + 201 + ¢
< ) (396%7 (679_9*)n>\/ (ngn )Hg—g*\ln>
=0
< ) exp[— (27 4 1))
§=0
< Yewl-G+1+0)< [ expl(o+0)] = expl—
0
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But if

R 2(41og |G(gn)| + 1) .
(€,Gn — gx)n < \/ o 9 — g«lln

the Basic inequality gives

lGn — goll?
2\/2(410g|g(gn)| + 1)

n

IN

”gn - g*”n

lg« = g0l + pen(gs) — pen(n)

2(41log |G(gn)| +1t) (.
2\/( 0g |G (gn)| )<Hgn—90”n+Hg*_go””)

n

+

IN

lg« — g0ll7 + pen(g.) — pen(§a)
R 4(4log |G (gn)| +t R
3lgn — golls + LHEEDIED oy,

(14 0)|g« — gol|2 + pen(g.)
= 6)|lgn — goll5 + (1 +0)[lgs — gol|2 + pen(gs) +

IN -+

+

ﬂ
nd’
by the definition of pen(g). O

12.4 General penalties

In the general case with possibly infinite model classes G, we may replace the
log-cardinality of a class by its entropy.

Recall the definition of the estimator

g€y

~ . 1 ¥
gn = arg min {n Zl Y; — g(z:)* + pen(g)} :
1=
and of the noiseless version
g« = argmin {||g — goll}, + pen(g)} -
geg
We moreover define

7(g) := |lg — goll7 + pen(g), g € G,
and
Go)={g€eg: 7'2(9) < 52}, 6> 0.

Consider the entropy H(-,G(6), Q) of G(J). Suppose it is finite for each 4, and
in fact that the square root of the entropy is integrable:

Condition 12.4.1 One has

20
J(6) := 2/0 V2H (u,G(68),Qn)du < oo, ¥ 6 > 0. ()
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This means that near u = 0, the entropy H (u,G(0), Q) is not allowed to grow
faster than 1/u?.

Theorem 12.4.1 Assume Condition 12.4.1. Suppose that J(8)/6% is decreas-
ing function of §. Then for allt > 0 and

(o) 62 > 47%(g.) +8<J\(/5£) +85nﬁ)

we have

P(r(gn) > 6,) < — - exp|—1].

Proof. Since 8, > 7(g.) we know that when g € G(276,)
g = g«lln < 19 = golln + l9x — golln < 7(9) + 7(gs) < 276, + 6, < 27115,

By the Basic inequality
P(7(gn) > 6n) <

ZP( sup  2(e,9 — gu)n > (20716,)° - 72(9*))
j=1 geg(2j5n)

We can apply the same arguments as in the proof of Theorem 11.2.1: since

52 > 47%(g,) + 8<J\(/5£) + 85n\/7)

and § + J(0)/6? is decreasing, it holds for all j € N

; J(276,) , l+t+y
J 2>42* J
(276,)° > 47°(g )4—8( 7 + 827 8,1/ m

so that
. J(278,) 14ty
J—1 2 _ 2 > ¥i
(27720,)° — 7°(g«) > 2< N + 8276, -
and hence
Z ]P< sup  2(6,9 — gu)n > (2j_15n)2 - TQ(Q*))
j=1 geg(2j6n)
> J(296,) o [1+t+g
< ]P( sup  2(€,9 — gu)n = 2( + 8276, >>
]; 9€G(276,) Vn n
[e%s) . o
< S espl-(t+ )] = S espl-1]
j=1
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12.5 Application to the “classical” penalty

Suppose X = [0,1]. Let G be the class of functions on [0, 1] which have deriva-
tives of all orders. The m-th derivative of a function g € G on [0, 1] is denoted
by g(m). Define for a given 1 < p < 0o, and given smoothness m € {1,2,...},

1
I°(g) = /0 9™ (@)Pdz, g € G.

We consider two cases. In Subsection 12.5.1, we fix a tuning parameter A > 0
and take the penalty pen(g) = A2I”(g). After some calculations, we then show
that in general the variance has not been “overruled”, i.e., we do not arrive at an
estimator that behaves as a noiseless version, because there still is an additional
term. However, this additional term can now be “killed” by including it in the
penalty. It all boils down in Subsection 12.5.2 to a data dependent choice for A,

or alternatively viewed, a penalty of the form pen(g) = N[ Frt (9), with A > 0
depending on m and n. This penalty allows one to adapt to small values for

I(go)-

12.5.1 Fixed smoothing parameter

For a function g € G, we define the penalty
pen(g) = A*I7(g),

with a given A > 0.
Lemma 12.5.1 The entropy integral J can be bounded by

J(5) < Ay <5WA—$ 45 1og(§ v 1)) 5> 0.
Here, Ag is a constant depending on m and p.
Proof. This follows from the fact that

Hoo(u,{g€G: I(g) <1, lg| <1}) < Auw™V/™ u >0

where the constant A depends on m and p (see Birman and Solomjak (1967)).

For g € G(0), we have
2
o\ r
I(g) <[ =
(9)_<)\> :

Hg - g*”n <.

We therefore may write g € G(0) as g = g1 + g2, with |g1| < I(g1) = I(g) and
llg2 — gxlln < 04+ 1(g). It is now not difficult to show that for some constant A;

and

1

Hj(u, G(6),Qn) < A ((i) T 10g<()\/\51)u>> , 0<u<é.
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Corollary 12.5.1 By applying Lemma 12.5.1 , we find that for some constant
C1,
13 = goll7 + A2 1P (gn) < 4min|lg — gollz +X17(g)}

2pm
1 \zmtn—2 log(fvi
+OP < 5 > + M X
nAwm n

12.5.2 Overruling the variance in this case

For choosing the smoothing parameter A, the above suggests the penalty

—2pm
pat) = Dot + ()]

nArm

with Cj a suitable constant. The minimization within this penalty yields
;) — 2m 2
pen(g) fr Con 2m+1 12m+1 (g)’
where C{, depends on Cy and m. From the computational point of view (in

particular, when p = 2), it may be convenient to carry out the penalized least
squares as in the previous subsection, for all values of A, yielding the estimators

. 1 E
%cA>:mg%P{HEZDz—g@»2+A%%m}.
=1

~

Then the estimator with the penalty of this subsection is g, (-, An), where

2pm
R ) 1 n . CO 2pm+p—2
1=

nArm

One arrives at the following corollary.

Corollary 12.5.2 For an appropriate, large enough, choice of C{ depending
on p and m, we have

b — anll2 4 Ol Tt [ 3 (§
1gn — golln + Con™ 2m+1 [2mF1 (G,

< min {|lg - goll? + Chn™ 15 () } + Op(1/m).

Thus, the estimator adapts to small values of I(gg). For example, when m =1
and I(go) = 0 (i.e., when go is the constant function), the excess risk of the
estimator converges with parametric rate 1/n. If we knew that g is constant, we
would of course use the > ; Y;/n as estimator. Thus, this penalized estimator
mimics an oracle.
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12.6 Exercises

Exercise 12.6.1 Using the formula
oo
BZ - / P(Z > t)dt
0

for a non-negative random variable Z, derive bounds for the average excess risk
E||gn — gol|? of the estimator considered in this chapter.



