SS03 Prof. R. Hiptmair, Dr. P.D. Ledger

Computational Electromagnetics Course

Exercise Sheet 10: Higher Order Discrete Differential Forms 1. Euclidean vector proxies for higher order discrete differential forms on hexahedra are given in equation (7.1b) of the lecture notes. For convenience, they are repeated below

W^0_p (Ĉ) = Q_{p+1,p+1,p+1} (1) W^1_p (Ĉ) = Q_{p,p+1,p+1} × Q_{p+1,p,p+1} × Q_{p+1,p+1,p} (2) W^2_p (Ĉ) = Q_{p+1,p,p} × Q_{p,p+1,p} × Q_{p,p,p+1} (3) W^3_p (Ĉ) = Q_{p,p,p} (4) Show that these higher order discrete differential forms satisfy dW^ℓ_p (Ĉ) ⊂ W^ℓ_p (Ĉ) (5) for ℓ = 0, 1, 2, 3.

2. Lemma 7.2.1.B of the lecture notes states that: if S = [A_{s0} , · · · , A_{sm} ], {s_0, · · · , s_m} ⊂ {0, · · · , n}, ω ∈ Z^ℓ_p(S), ℓ ≤ m ≤ n, p > m − ℓ, then ω = ∑ I⊂{s_0,··· ,s_m},|I|=ℓ α_I (λ_{s0} , · · · , λ_{sm} )λ_I′ dλ_I (6)

with I^′ ∪ I = {s_0, · · · , s_m}, I^′ ∩ I = ∅, α_I ∈ P̃ol_q(R^{m+1}), q = p − (m + 1 − ℓ). Give an explicit basis of Z^ℓ_p(S) for p = 1, ℓ = 1, 2, m = 2 on tetrahedra (that is n = 3). In addition, state the dimension of Z^ℓ_p in each case.

3. To ensure that Whitney forms are included in the set of higher order discrete differential forms on tetrahedra one can employ the idea of direct splitting. Here the spaces Z^ℓ_p(S) and X^ℓ_p (S) are split as Z^ℓ_p(S) := N^ℓ_p (S) ⊕ Y^ℓ_p(S) X^ℓ_p (S) := Y^ℓ_{p+1}(S) ⊕ dY^{ℓ−1}_{p+1}(S) (7) show that N^ℓ_p (S) = dY^{ℓ−1}_{p+1}(S).

4. Section 7.2.3 of the lecture notes discusses the concrete realization of the higher order basis functions for 1–forms on tetrahedra. Discuss the details of how higher order discrete 1–forms can be constructed on triangles in 2-dimensions.