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1

Introduction

Inverse problems in medical imaging are in their most general form illbosed.
They literally have no solution. If, however, in advance one has addibnal
structural information or can supply missing information, then one may be
able to determine specic features about what one wishes to image withta
satisfactory resolution and accuracy. One such type of information can behat
the imaging problem is to nd unknown small anomalies with signi cantl y
di erent parameters from those of the surrounding medium. These anoralies
may represent potential tumors at an early stage. Over the last few yearsan
expansion technique has been developed for the imaging of such anomalies
It has proven useful in dealing with many medical imaging problems. he
method relies on linearizing the data with respect to the characteistic size of
the anomalies. A remarkable feature of this method is that it allows a sable
and accurate reconstruction of the location and of some geometric features
of the anomalies, even with moderately noisy data [64]. This is becauseéh¢
method reduces the set of admissible solutions and the number of unkwns.
It can be seen as a kind of regularization in comparison with (nhonlinear)
iterative approaches.

More recently, assuming that the material properties of the tissueshave
known or partially known frequency pro les or spatial regularity, signal sep-
aration techniques have been successfully used for the robust stikbn of
biomedical imaging problems from multifrequency or multi-measurenent set-
tings [12, 13, 48].

Another promising technique for e cient imaging is to combine into one
tomographic process di erent physical types of waves. Doing so, one aViates
de ciencies of each separate type of waves, while combining theitrengths.
Again, asymptotic analysis plays a key role in the design of robust and e -
cient imaging techniques based on this concept of multi-waves. Inhe last
decade or so, work on multi-wave imaging in biomedical applications has
come a long way [24, 322]. The motivation is to achieve high-resolution and
high-contrast imaging. Multi-wave imaging modalities include photoamus-
tic and thermoacoustic imaging [345], magnetic resonance elastography [262],
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magneto-acousto-electrical tomography [308], magnetoacoustic tomography
with magnetic induction [346], and impediography [208].

Recently, driven by the search for new materials with interestirg and
unigue optical properties, the eld of nanoparticle research has grownim-
mensely [256]. Nanoparticles have been proposed to be used as labels in
molecular biology. New types of cancer diagnostic nanoparticles are constastl
being developed. Plasmon resonant nanoparticles have unique capakigis of
enhancing the brightness and directivity of light and con ning strong elec-
tromagnetic elds. Their optical response is dominated by the appearane of
plasmon resonances over a wide range of wavelengths [256]. Plasmon reso-
nant nanoparticles are also being used in thermotherapy as nanometric la¢-
generators that can be activated remotely by external electromagnetic éds
[90]. Second-harmonic generation contrast mechanisms have been alsodige
biomedical imaging. These emerging nonlinear optical contrast mechanissn
reveal new information from biological specimens and tissues [326].

Properties of Biological Tissues

Dielectric Properties

Dielectric properties of a material basically re ect the electric charge move-
ment inside the material in response to an external electric eld. Dielectric
response of biological materials is always frequency dependent. It salts from
the interaction of electromagnetic radiation with their constituent s at the cel-
lular and molecular level. Information about tissue structure and compogion
can be obtained by measuring the dielectric properties of the tisses [265].
Low-frequency, radio-frequency, and microwave dielectric proprties of bi-
ological materials are of interest in electrical impedance tomography and mi
crowave imaging. They are important for our understanding of the mecha-
nism of interaction of electromagnetic elds with biological systems inthese
frequency ranges. The two electrical properties which de ne theelectrical
characteristics are the dielectric constant and the conductivity. These dielec-
tric properties are frequency-dependent or dispersive. A sigrnéant change in
them over a frequency range is called a dielectric dispersion. Afiough the
dielectric properties of the tissues vary greatly from tissue to tssue, their typ-
ical behavior is characterized by three distinctly large dielectic dispersions,
referred to as -, -, and -dispersions [265]. The -dispersion usually occurs
below a few kHz (low-frequencies), the -dispersion in the frequency region
from tens of kHz to tens of MHz (radio-frequencies), and the -dispersion in
the microwave frequency region from @L to 100 GHz. The mechanism of the
-dispersion is associated with polarization in the tissue. The -dispersion
is caused by the cellular structure of tissues, with poorly conduting mem-
branes separating intracellular and extracellular domains. It arises pincipally
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from interfacial polarization of cell membranes (Maxwell-Wagner-Fricke ef-
fect). The -dispersion arises mainly from polarization due to reorientation of
water molecules.

Assume a time-harmonic electric eld<(E (x)€"t ) is applied to a biological
material. The total induced current density <(Jio; (X)€" ) inside the material
is given by

Joot =( o+ " )E=( o+ !" 9E + i" %E;

where! is the angular frequency of the applied eld, g is the conductivity of
the material at very low frequencies," := "° " ®is the complex permittivity
of the material, "% is the dielectric constant, and "®is the loss factor of the
material. The (frequency-dependent) conductivity of the material is given
by

(1)y= o+ !"%U):
We call

()= )+ Q)

the electrical admittivity of the material.

The dielectric constant"°and the loss factor" “are not independent of each
other. For linear and causal dielectric response, the Kramers-Kronigelations
give a necessary connection between them. We have

Z
2 1 g"Ys)

n 0 " —

(') "1 =-pVv. o 2 12

g

0 32 !2

ds;

R ap.v. ds;
where"; is the dielectric constant at very high frequencies and p.v. denote
the Cauchy principal value. A linear response means that the dielectc prop-
erties are independent of the applied eld strength, which is true for biological
tissue when the external electric eld is not very strong. On the other hand,
causality is one of the fundamental principles in physics. It statesthat the
e ect cannot precede the cause. For scattering of electromagnetic was, it in-
dicates that no scattered wave can exist before the incident waveds reached
the scattering object, whose size is assumed to be nite.

Idealized approaches have been used to interpret experimental datfor the
frequency-dependence of the dielectric constant and the conduity:

Debye model:
"M)=" T

Cole-Cole model:
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where "¢ is the dielectric constant at very low frequencies, is a relaxation
time, and and 0< < 1 depend on the nature of the biological material.

As will shown later, membranes are responsible of the dielectric mp-
erties of tissues at low- and radio-frequencies (- and -dispersion ranges).
Charges accumulate at membranes from extra and intracellular uids and éad
to anisotropic overall dielectric properties because of the orierdtion of cells.
The pertinent mathematical theory for analyzing this fundamental mechanism
is based on homogenization of double layers.

Dielectric properties at microwave frequencies are largely detenined by
the strongly dispersive behavior of water. The cell membranes impas no
hindrance on the ow of electricity through the cell interior for fre quencies
in the -dispersion range. Consequently, since cell structure does not act
microwave data, dielectric properties of tissues at microwave &quencies can
be considered isotropic. Moreover, they are solely determined by ater and
macromolecular content of tissues.

The interaction of electromagnetic radiation with (honmagnetic) biologi-
cal tissues can be modeled by using Maxwell's equations. Let denote the
medium. In the time-domain, these governing equations in R* are

8

S = @_'; r H=J+ @D

@t @t (1.1)

r H=0; r D= ;

where E is the electric eld, H is the magnetic eld, D is the electric ux

density, @D=@it the displacement current, and J are the electric charge

and current densities, andt denotes time. The charge and current densities
and J are the sources of the electromagnetic elds. For wave propagation,

they are localized in space. From (1.1), they satisfy in R* the equation

of conservation of charges:

roJ+ %t: 0: (1.2)

On the other hand, Ohm's law is valid and is expressed as
J= oE in R: : 1.3)

The total current density Jiix = J + @D=@% (E + @D=@1{The electric
ux density D is related to the electric eld E via the so-called constitutive
relation, whose precise form depends on the material in which the als exist.
When a time-varying electric eld is applied, the polarization response of the
biological material is local but not instantaneous. Such (dispersive) esponse
can be described by the causal constitutive relationship:
Z t
D(x;t) = "(x;t S)E(x;s)ds;  (x;t) 2 R*: (1.4)
1
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Through the inverse Fourier transform, general solutions of Maxwell's gua-
tion can be built as linear combinations of single-frequency (or time-larmonic)
solutions. We assume that the elds are time-harmonic

E(x;t)= <(E(!)E); HEGt)= <(HEG! )" );

D(x;t) = <(D(x;! )" ); etc
whereE(x;! );H(x;! );D(x;!), etc, are complex-valued functions. Replacing
time derivatives @=@nly i! , and writing here
z 1
"(x1) = "(x;t)e M dt;
1

the constitutive relation (1.4) becomes multiplicative in the frequency domain:
D! )= "()EMX!):

As said earlier, the Kramers-Kronig relations are the frequency-domai ex-
pression of causality and relate the real and imaginary parts;'®and "% of
" as functions of! . The Maxwell equations (1.1) can be written in the form:

rr E !2"°+i|—E:0: (1.5)

At! I 0,r E =0, and therefore, E = r u, where the electric potential u
is solution to the conductivity equation

r +i"%ru=0:

On the other hand, at microwave frequencies, the Helmholtz equatiorcan be
used to approximate (1.5). Let

2 ||0+7:

n i

Using the vectorial identity r r + rr it follows that

rn

E +!2n%E +2r - E =0:

Assume that
r

r— 1;
n
which means that " and "®vary slowly on the scale of the wavelength 2=! .
Then, any of the componentsE; of E satis es (approximately) the Helmholtz
equation:
E;+!2n°E; =0: (1.6)

We refer to (1.6) as the scalar approximation of Maxwell's equations.



6 1 Introduction
Optical Properties

Electromagnetic elds can be transmitted through a biological medium with
varying degrees of absorption, re ection, and scattering. Absorption is afunc-
tion of the molecular composition of tissue and is therefore sensitived tissue
pathologies and functions, re ection occurs at tissues boundaries andcstter-
ing is caused by inhomogeneities of the order of a wavelength in tissseAt
optical wavelengths, electromagnetic wave propagation is dominated by sd-
tering because the inhomogeneities of cellular structures and pairtle sizes are
of the order of an optical wavelength. Optical propagation in biological ma-
terials can be investigated in three scales [82]. The mathematical desption
of light propagation changes according to the length scale of interest [307].
Maxwell's equations in random media are valid on the microscopic scale. fie
mesoscale, in which the characteristic scale is set by the scatteg length, can
be described by the radiative transport equation. The radiative transer equa-
tion can be derived by considering the high-frequency asymptoticof wave
propagation in a random medium. The random medium is assumed to be sta-
tistically homogeneous and its dielectric properties are describedy a random
eld and are weakly uctuating. Finally, the macroscale can be describeal by
the di usion approximation to the radiative transfer approximation.

In radiative transport theory, the propagation of light through a material
medium is formulated in terms of a conservation law that accounts for gains
and losses of photons due to scattering and absorption. The fundamental
quantity of interest is the speci c intensity | (x; ), de ned as the intensity at
the position x in the direction . The speci c intensity obeys the radiative
transfer equation (RTE):

z
1@l
E@t+ Frl+( a+ )l = & Sp( % N(x; %t)d © .7
for (x; ;t) 2 S R*,where , and s are the absorption and scattering

coe cients, c is the speed of light, andS is the unit sphere. The specic
intensity | also satis es the half-range boundary condition

L(x; ;t)=1"(x; ;t) ; <0; xt)2@ R"; (1.8)

wherel " is the incident speci ¢ intensity at the boundary and  is the outward
normal to @ . The phase functionp is symmetric with respect to interchange
of its arguments and obeys the normalization condition
z
p(; 9d°=1; (1.9)
S
for all . For scattering by spherically-symmetric particles, p(; 9 depends
only upon the angle between and ©°. For isotropic scattering, p=1=(4 ).
If the medium is composed of spatially uncorrelated point particles wih
number density , then
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d
a= a s = Sy D=TS=S; (2.10)

where , and ¢ are the absorption and scattering cross sections of the par-
ticles and d s=d is the dierential scattering cross section. Here, is the
solid angle. Note that ,, s and p are wavelength dependent quantities.

The di usion approximation (DA) to the RTE is widely used in applica-
tions. It is valid in the regime where the scattering mean free path £ s is
small compared to the distance of propagation. The di usion approximation
is derived using asymptotic methods. The advantage of this approach ishat
it leads to error estimates and treats the problem of boundary conditionsfor
the resulting di usion equation in a natural way.

The di usion approximation holds when the scattering coe cient is large,
the absorption coe cient is small, the point of observation is far from th e
boundary of the medium and the time-scale is su ciently long. Accordingly,
we perform the rescaling

1
al a s! — s t1 -t (2.11)
where 1. Thus the RTE (1.7) becomes

cel, ri+ 2,0+ o= Zp(- A (x; %t)d °: (1.12)
c @t a s S t ' '
We then introduce the asymptotic expansion for the speci c intensty

LG )= o0 st)+ 1206 5t)+ 2la(x ;t)+ (1.13)

which we substitute into (1.12). Upon collecting terms ofO(1), O( ) and O( ?)
we have

z
p(; Ylo(x; t)d %= Io(x; ;t); (1.14)
s z
rlo+ sli= s p(; 9(x %td 2, (1.15)
£
rla+ alo+ sla= s p(: Yla(x; %t)d O: (1.16)
S

The normalization condition (1.9) forces |, to be independent of . If p(; 9
depends only upon the quantity 0 it can be seen that

1
l1(x; ;t) = T g rlo(x;t) ; (1.17)
where the anisotropy g is given by
Z
g= P 9d O (1.18)

S
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with 1 < g < 1. Note that g = 0 corresponds to isotropic scattering and
g = 1 to extreme forward scattering. If we insert the above expressionfor
I1 into (1.16) and integrate over , we obfain the (approximate) di usion

equation for the energy density (x;t) = % I(x; ;t)d:

@ (x;1)

at [D)r (x;t)]+ c a(x) (xt)=0: (1.19)
Here the di usion coe cient is de ned by
c

D= ———; 1.20

3 9 . (1.20)

where { = 4+ 5 is the extinction coe cient. The above derivation of the

di usion approximation holds in an in nite medium. In a bounded domain , it
is necessary to account for boundary layers, since the boundary condtiins for
the di usion equation and the RTE are not compatible. In addition to (1.19),

the energy density must satisfy the boundary condition

+e¢ r =f on @ R*"; (1.21)

wheref is the source and the extrapolation length’ ¢, can be computed from
radiative transport theory. We note that "¢y = 0 corresponds to an absorbing
boundary and "¢x; ' 1 to a re ecting boundary.

Assuming a time-harmonic sourcef (x;t) = <(f (x)€"' ) with modulation
frequency ! , the energy density is of the formjPhi(x;t) = <(jPhi(x)€" )
where the density (x) obeys the equation

r [DX)r (X)]+(c a(r)+i') (x)=0 in ; (1.22)
with the boundary condition (1.21) on @ .

Elastic Properties

Elasticity imaging for medical diagnosis aims at providing a quantitative vi-
sualization of mechanical properties of tissues. Biological tissues arénkar,
isotropic (visco-)elastic materials. The elastic properties of tisges carry infor-
mation about their composition, micro-structure, physiology, and pathology.
Changes in tissue elasticity are generally correlated with pathological pe-
nomena such as weakening of vessel walls or cirrhosis of the liver. Mawgan-
cers appear as extremely hard nodules because of the recruitment abltagen
during tumorigenesis. It is therefore very interesting and chalenging for di-
agnostic applications to nd ways for generating resolved images that deput
tissue elasticity or sti ness [262].

Let (; ) be the Lame coe cients of the medium and let  be its density.
We also introduce the bulk modulus := +2 =d. The compression mod-
ulus measures the resistance of the material to compression and the shear
modulus measures the resistance to shearing.
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Let F be a mechanical force. Assuming that we can use the linear isotropic
elasticity model, the displacements inside the medium can be deribed by the
initial boundary-value problem for the Lame system of equations:

8
%gr r ur rsu=F in R:

Q@u_ - 1.23
E @n 0 on@ R;;: (1.23)

u(x;O):%Ltzx;O):O in

wherer S = (r + r T)=2 with the superscript T being the transpose. Here,
@=@denotes the co-normal derivative de ned by

@u_
@n
where is the outward normal at @ . The symmetric gradient r Su is the

strain tensor with entries (@u; + @u;)=2. If we de ne the elasticity tensor
C = (Cij Jijws =1 for by

(r u +2r%u on@ ;

Ciw = i w+ Cik gt i ijk);
the stress tensor is given by
(u)= Cr 3u:

The Neumann boundary condition, @u=@# 0 on @ , comes from the fact
that the sample is embedded in air and can move freely at the boundary.

Under some physical assumptions, the Lane system of equations (1.23)
can be reduced to an acoustic wave equation. For doing so, we neglect the
shear e ects in the medium by taking = 0. The acoustic approximation
says that the dominant wave type is a compressional wave. Equation (1.23)
becomes

8
% @;r r u=F in R, ;

@u

@u_ . 1.24
E @no on@ R;: (1.24)

u(x; 0) = %Lt(x; 0)=0 in
Introduce the pressure
p= r u in R;: :

Taking the divergence of (1.24) yields the acoustic wave equation
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8
1@p 1 . _
—@r -rp=r F in R+ ;
p=0 on @ R, ; (1.25)
oy @D
p(x,O)—@?x,O)—O in

Note that acoustic wave re ection in soft tissue by an interface with air can
be modeled well by a homogeneous Dirichlet boundary condition.

Through the inverse Fourier transform, time-harmonic solutions to the
elasticity and the acoustic wave equations respectively satisfy

8 .
<f rSu+r r u+!?u=F in ;

@u_ _
@n_o on @ ;
and 8
2 1 1z .
r—-rp+ —p=r F in ;
>
' p=0 on @ ;

where, by abuse of notation,F denotes the inverse Fourier transform of the
source term.
In elasticity imaging of biological media, the compression modulus is
four to six orders of magnitude higher than the shear modulus [262]. As
I +1 ,the Lane system converges to the modi ed Stokes system given by

r u=0 in ;

@u
+ — = :

p @ 0 on @ :
By reducing the elasticity system to the modi ed Stokes system one removes
the compression modulus from consideration [47]. Viscosity tissue preg-
ties can be included by considering the shear modulus to depend on the
frequency ! . Again, Kramers-Kronig relations give a necessary connection
between the real and imaginary parts of as functions of! .

gr réu+rp+!2u=F in ;
2

Super-Resolution Biomedical Imaging

Super-resolution imaging is a collective name for a number of emerginggch-
niques that achieve resolution below the conventional resolution lirit, de ned

as the minimum distance that two point-source objects have to be in oder to
distinguish the two sources from each other. In this book we descrid recent
advances in scale separation techniques, spectroscopic approaches tinvave
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imaging, and nanoparticle imaging. The objective is vefold: (i) To provide
asymptotic expansions for both internal and boundary perturbations that
are due to the presence of small anomalies; (ii) To apply those asymptati
formulas for the purpose of identifying the material parameters and cetain
geometric features of the anomalies; (iii) To design e cient inversion algo-
rithms in multi-wave modalities; (iv) to develop inversion techniques using
multi-frequency measurements; (v) to develop a mathematical and americal
framework for nanoparticle imaging.

Applications of the anomaly detection and multi-wave approaches in med-
ical imaging are described in some detail. In particular, the use of asyp+
totic analysis to improve a multitude of emerging imaging techniques is high-
lighted. These imaging modalities include both single-wave and mti-wave
approaches. They can be divided into three groups: (i) Those using bawdary
or scattering measurements such as electrical impedance tomographyitra-
sound, and infrared tomographies; (ii) Those using internal measurenmgs
such as magnetic resonance elastography; (iii) Those using boundary mea-
surements obtained from internal perturbations of the medium such agpho-
toacoustic tomography, impediography, and magnetoacoustic imaging.

Multi-wave imaging is based on thermo-elastic, acousto-electric, antlorentz
force e ects.

When a tissue absorbs and is heated by laser energy, the resulting noni-
form temperature distribution causes internal forces, which lead b thermo-
elastic deformation. This deformation is determined (in a solid body by the
thermo-elastic wave equation subject to the appropriate boundary and nitial
conditions. Thermoacoustic phenomenon consists of two processes:.arowave
energy absorption and acoustic wave generation. Thermal di usion in the
thermoacoustic process can be neglected because the microwave gmiwidth
is much shorter than the thermal di usion time in biological tissues, that is,
the thermal con nement condition is satis ed. Accordingly, the acoustic wave
generated by heat and thermo-elastic expansion from the absorbed micrave

is governed by
1 @p _ S .
2ar p = Cir, JEJ® t=0;

p . . . . .
wherec= = is the speed of soundC, is the specic heat capacity, is
the thermal expansion coe cient, and - is the Dirac mass att = 0. The
electric eld E is solution to the Helmholtz equation

E +12("%+ TIE=0;

with the permittivity "° being known. Quantitative thermoacoustic imaging
is to determine  from measurements of jEj? in the domain

Photoacoustic imaging is a hybrid emerging modality, combining the hgh
contrast and spectroscopic-based speci city of optical imaging with the high
spatial resolution of ultrasound imaging. It consists in measuring outsi@ the
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object the acoustic signals emitted by the thermo-elastic e ect by wse of ul-
trasonic transducers. Its objective is to produce an image that reprsents a
map of spatially variant electromagnetic absorption properties of the tissies,
from knowledge of the measured acoustic signals [345].

Superresolution imaging of electrical activities and properties of blogical
tissues can be achieved using the acousto-electric e ect [208]. The @esto-
electric e ect was rst presented after studying the e ects of ultrasonic pres-
sure changes on conductivity on electrolytes. As an ultrasound wave dis
tributes through an aqueous solution it produces periodic change in mssure
and temperature and therefore modi es the conductivity of the solution inside
the insoni ed volume determined by the ultrasound source. By applying elec-
tric current to the solution, the change in conductivity gives rise to a change
in voltage, producing the acousto-electric interaction signal. The ineraction
signal is proportional to the pressure change and the amount of current low
ing through the medium and has the same frequency as the acoustic pragge
wave. The phenomena causing the modulation of the conductivity are priodic
acoustic pressure change and change in temperature. The resulting ects are
a change in molar concentration due to the bulk compressibility and themal
expansion e ect, and a change in ion mobility due to the changes in solvan
viscosity against pressure and temperature.

The Lorentz force is the force acting on currents in a magnetic eld. It
plays a key role in ultrasonically-induced Lorentz force imaging of condctivity
and magnetoacoustic tomography with magnetic induction [346]. The Lorentz
force per unit volume, F, arising from the current density J and the magnetic
eld B is given by

F=J B:

In general, magnetoacoustic e ects are small, but small e ects underk many
emerging biomedical imaging techniques [308].

The aim of this book is to review recent developments in the mathemadtal
and numerical modelling of anomaly detection, spectroscopic imaging, and
multi-wave biomedical imaging.

The book is divided into four parts:

Anomaly Imaging: Scale Separation Techniques
Multi-Wave Imaging

Spectroscopic Imaging

Nanoparticle Imaging

The four approaches described in this book allow one to overcome the
severe ill-posedness character of imaging reconstruction in biomeddil appli-
cations and to achieve superresolution imaging. Their robustness withespect
to incomplete data, measurement, and medium noises is also investiged.

The bibliography provides a list of relevant references. It is by m means
comprehensive. However, it should provide the reader with some e$ul guid-
ance in searching for further details on the main ideas and approaches dis
cussed in this book.
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The material in this book is taught as a graduate course in applied math-
ematics at ETH. Tutorial notes and Matlab codes can be downloaded at
http://www.sam.math.ethz.ch/  ~hammari/. We are very grateful to Gio-
vanni Alberti and Francisco Romero for preparing them. Some of the mate-
rial in this book is from our wonderful collaborations with Giovanni Alber ti,
Eric Bonnetier, Elie Bretin, Yves Capdeboscq, Mathias Fink, Pierre Gara-
pon, Laure Giovangigli, Bangti Jin, Wenjia Jing, Vincent Jugnon, Eunjung
Lee, Hyundae Lee, Pierre Millien, Matias Ruiz, Jin Keun Seo, Mickael Bnter,
Faouzi Triki, Abdul Wahab, Han Wang, Eung Je Woo, and Hai Zhang. We
feel indebted to all of them.
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Basic Mathematical Concepts

This chapter reviews some mathematical concepts essential for undganding
imaging principles. We rst review commonly used special functiors, function
spaces, and integral transforms: the Fourier transform and the spheri@ mean
Radon transform. We then collect basic facts about the Kramers-Kronig re
lations, the Moore-Penrose generalized inverse, singular value decpsition,
and compact operators. The theory of regularization of ill-posed inverse wb-
lems is brie y discussed.

2.1 Special Functions

2.1.1 Bessel Functions

Bessel functions of the rst kind of real order , denoted by J (x), are useful
for describing some imaging e ects. One de nition ofJ (x) is given in terms
of the series representation

X1 2\l
_( X ( x=4)y
where the gamma function is de ned by
Z +l
(2) = e 't? 1dt for<(z)> 0:
0
Another formula, valid for < > % is
z 1
I () (+21 ¥ @ ) Ftd: (22
2 2 2 1

Some useful identities for Bessel functions are summarized belowor further
details, we refer the reader to [331, pages 225-233].
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We have the recurrence relation

d :
(xF ) =3 1) (2.3)
For n 2 Z, we have the integral representation
1 z
()= o~ & N (2.4)

i.e., the functions J, (x) are the Fourier coe cients of €% s" _ Therefore, the
Jacobi-Anger expansion holds:

- X .
exsh = Jn(x)e" (2.5)
n2z

Formula (2.5) can be used in two dimensions to expand a plane wave as arsu
of cylindrical waves. We have

. X .
e *= = I jixp)en +; (2.6)
n2z
where x = (jXj; x) and = (j j; ) in the polar coordinates. The function

x 7! Jn(j jixj)e€" = is called a cylindrical wave.

6
%09 )
0.6 X
0.4f \ \2 J3(X) J4(X) J_(x)
0.2+ /_\
m N
0 ./—‘) \X/G/ 10

Fig. 2.1. Plots of Bessel functions J(x);n =0;:::;5:

For n;1 2 Z, we have

Z =2
Jon(2xsin )d = 5an(x) : (2.7)
0

and
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4

Ji(2xcos )cos((2n 1) )d =23 (X)) n(X): (2.8)
0

Formula (2.8) is known as Neumann's formula.
Bessel functions appear in an approximation of the Dirac function o at
the origin. Let F be the Fourier transform de ned for f 2 L1(RY) by
z

FIFI()=(@ ) 2 e ™ f(x)dx: (2.9)
Rd

An approximation 7 to o can be de ned by

((2 ) CHii<K;

F[k1()= 0 K (2.10)
or equivalently by
_5Jg=2(K jXj
*()=@2) d‘zm; (2.11)

where J4-5 is the Bessel function of the rst kind of order d=2.
For arguments x < , the Bessel functions look qualitatively like simple
power law, with the asymptotic form for 0 < x

1 X 1 ex
J —_ = — — 2.12
® 2 P 2 (2.12)
For x > , the Bessel functions look qualitatively like cosine waves whose
amplitude decay asx 2. The asymptotic form for x is
r
J (x) icos X — = (2.13)
X 2 4 '
In the transition region where x , the typical amplitude of the Bessel
functions is

2158 1 04473
J ( ) 32:3 2 1=3 1=3
3

which holds asymptotically for large
The Bessel functiond solves the ODE, known as Bessel's equation,

d? 1d 2
@+;&+(1 X—z) J (x)=0; (2.14)
or equivalently,
d 1 d
i < d7+ " JX)= J (xX): (2.15)

Note that adding and subtracting (2.3) and (2.15) produce the identities
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20x)=J3 1(x) Ja(x);

230023 10+ I a0

Equation (2.14), for each , has a two-dimensional solution space. Note that
J is also a solution. From the expression (2.1) it is clear that] and J
are linearly independent provided is not an integer. On the other hand,
comparison of power series shows

Ja(¥)=( 1)"In(x); n2N:
A calculation of the Wronskian shows that

W@ 23 = 25!

Therefore,J andJ are linearly independent, and consequently they form
a basis of solutions to (2.14), if and only if is not an integer. To construct
a basis of solutions uniformly good for all , it is natural to set

J (x)cos J (X)
sin

Y (x) = (2.16)
when is not an integer, and de ne for integern

Yn(X) = Ii!rnn Y (X):
We have

W@ Y= =

for all
2.1.2 Hankel Functions

Another important pair of solutions to Bessel's equation is that of Hankel
functions

HOX)=J x)+iY (x); HAX)=J (x) iY (x): (2.17)
The following behavior of H @ for xed andx! 0 holds:

i2 ()

H® (x) X (2.18)

For n an integer, it is also known that, asx ! 0,
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o= 5 <, @ @
" 2 (n+1) (n+2) 2! (n+3) 3! (n+4) ’
(2.19)

1yy n X1

o= =T O G+ Zlog303000
1=0 '
(3" % (P
27|=o( (1+1)+ (n+|+1))“(n47+|)!, (2.20)
where (1) = and
D4 1
(n) = + I} forn 2

I=1
with  being the Euler constant. In particular, if n =0, we have
1o, 14 6
= X+ —x" 4+ :
Jo(x) =1 4x 64x O(x®) ;
2 2 1 1 1
Yo(x) = =logx+ =( log2) 2—x2 logx+ > 2—( log2) x?
+0O(x*logx) :
It is worth pointing out that the Bessel functions J,.;=»(X), for n an
integer, are elementary functions. For = n + 1=2, the integrand in (2.2)

involves (1  t?)"; so the integral can be evaluated explicitly. We have, in
particular,

Ji=2(x) = ( %)“2 sinx :

Then (2.3) gives
J 1=2(x) = ( %)lzz COSX ;

which by (2.16) is equal to Y;-,(x). Applying (2.15) and (2.3) repeatedly
gives
| % sinx

) P—

X 2x

Yod
Jnrnn=2(X)=( 1)° (d7
=1

and the same sort of formula ford , 1-(x); with the ( 1)" removed, and
sinx replaced by cox.

The functions ro
. Jn+ %(X)
In():= 5P (2.21)
and ro
Yo %(X)
Yn(X) = S—P=—— (2.22)

2 X
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are known as the spherical Bessel functions and form a basis for the sdilon
space of the spherical Bessel equation

@ 2d n(n+1) o
W+;&+(1 T)f(x)—o.
Analogously to (2.17), we de ne h$" and h@ by

hD (x) = jo(X) + iyn(x); h@(X)= jn(x) iyn(x): (2.23)

In three dimensions, there is an analogue to (2.6). The following plane
wave expansion, also known as the Rayleigh equation, holds:

. Xt X _
€ X=4 PG i) Yim (o OYm (5 )5 (2.24)
1=0 m= |
where Y|, are the spherical harmonic functions and = (j j; ; );x =

(jXj; x: x) in the spherical coordinates.
The closure relation,
Z.,, 1
. xJ (tx)J (sx) dx = n ot 9) (2.25)
for > 1=2, holds and is equivalent to
Z.,,
x%j ()] (sx) dx =

2 ot 9):

The cylindrical waves form a complete set. We have the completerss relation

z
X +1 .
of ro)o( o _* 1 I (tr)Im (tro) dte™C o) :  (2.26)
0

r 2
m2Z
which is the analogue of the completeness relation for plane waves
Z Z
1 , ‘
o(X  Xo) oy Yo)=( ?)2 glxxr vV 1lxxot y¥o) g . d

R R
1
= F YW(x X0y  Yo):

The connecting link between these two relations is the plane wavexpansion
(2.5).
Finally, we recall that
z +1
X2jo(tx) dx =2 2 o(t) ; (2.27)
0

which can be obtained by integrating the spherical plane wave repreastation
(2.24).
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2.2 Function Spaces

The following functional spaces are needed for the study of mapping pperties
of layer potentials.

For ease of notation we will sometimes us@and @ to denote the gradient
and the Hessian, respectively.

Let D RY be a bounded smooth domain. We de ne the Banach spaces
WLP(D);1 p<+1;by

Z A
WLP(D)= u2LP(D): juP+ jrufP<+1 ;
D D

wherer u is interpreted as a distribution, and LP(D) is de ned in the usual
way, with the norm
Z 1:p

fiuiice(o) = jui®
D
The spaceW *P(D) is equipped with the norm

z z 1=p
jiuiws o) = DJUjp+ Dir ujP

Another Banach spaceW, * (D) arises by taking the closure ofC} (D), the set
of in nitely di erentiable functions with compact supportin D, in WP (D).
The spaceswW (D) and Wol;p(D) do not coincide for boundedD. The case
p = 2 is special, since the space®V12(D) and W;*(D) are Hilbert spaces
under the scalar product

z Z

(u;v) = av+ rarv;
D D
where" stands for complex conjugation. We will also need the space/,s(R%n

D) of functions u 2 L2.(RYnD), the set of locally square summable functions
in RAnD, such that

hu2 W2(R%nD);8h2C} (R'nD) :

We let W 12(D) to be the dual of W?(D). Further, we de ne W22(D) as
the space of functionsu 2 W%2(D) such that @u 2 L?(D) and the space
WS2(D) as the interpolation space W%2(D);W22(D)]s for 1 <s < 2 and
[L2(D);WY2(D)]s for 0 <'s < 1; see, for example, the book by Bergh and
Lefstmm [104].

It is known that the trace operator u 7! ujgpis a bounded linear surjective
operator from W2(D) into W2,(@D, where f 2 W2,(@D if and only if

f 2L%(@Dand

ifx) fwi?

i d xX)d (y) < +1 :

@p @p X
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We set W2 _,(@D = (W2,(@D) and let (;) 1-2.1=» denote the duality
pair between these dual spaces.
We introduce a weighted norm, kuky, ::2 ga,5y, in two dimensions. Let

o
WO g+ jr u)iPdx: (2.28)

kuk?, =
rend 1+ jxj? R2nD

Li2(R2nD) =
This weighted norm is introduced because the solutions of the statielasticity
equation behave likeO(jxj ) in two dimensions asjxj!1 . For convenience,
we set _

WL2(R?2nD) ford=2;

W(RYnD) := _
( ) W12(R3nD) for d=3:

(2.29)

In three dimensions,W (RY nD) is the usual Sobolev space.

to @Dat x and let « 1
@=@= (@=@) »
p=1
denote the tangential derivative on @D We say that f 2 W2(@D if f 2
L*(@D and @f=@2 L*(@D:

2.3 Fourier Analysis

2.3.1 Fourier Transform

The Fourier transform plays an important role in imaging and in the anal-
ysis of waves. In both cases, the notion of frequency content of a signas i
important.
For f 2 LY(RY), the Fourier transform F[f ] and the inverse Fourier trans-
form F 1[f ] are de ned by
z

FIFI()=@ ) 2 e ™ f(x)dx; (2.30)
Rd

Z
FUF)()=@ ) 2 €& *f(x)dx: (2.31)
Rd

We use both transforms for other classes of functions, such as for funoims

in L2(RY) and even for the tempered distributions SYRY), the dual of the
Schwartz space of rapidly decreasing functions:

S(RY)= u2c* (RY:x @u2L! (RY forall ; 0 :

wherex = x;":1:x, @ = @*::: @, with @ = @=@x
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We list a few properties of the Fourier transform. It is easy to verify that
F:S(RH!S (RY and

i @FIfI()=( Y IF[@(x f)I():
If fr(x)= f(rx);r> 0; we have
FIfIC) =1 “FIFIC *):
Likewise, if fy(x) = f(x +y) fory 2 RY, then
FIfyI( )= € YFIfI():

We have the inversion formula: FF * = F F = | on both S(RY) and
SARY. If f 2 L?(RY), then F[f] 2 L?(RY), too. Plancherel's theorem says
that F : L?2(RY) ! L2(RY) is unitary, so that F 1 is the adjoint.

In general, if ;g 2 L?(RY), then we have Parseval's relation:

Z VA
F[flgdx = fF[g]dx: (2.32)
Rd Rd
SinceF 1[f] = F[f], this relation has its counterpart for F . This indeed
also gives Z Z
fgdx = F[IfIF[g]ld ;
Rd Rd
and hence Z Z

ifizdx=  jF[f]j%d :
Rd Rd

We now make some comments on the relation between the Fourier trans-
form and convolutions. Forf 2 SARY); g2 S(RY), the convolution is de ned

by Z
(f29)(x) = N f(x yaly)dy;
and we have
FIf29]l=(@2 )*F[fIF[g; F[fgl=(@2 ) **F[f]?F[g]:
Moreover, for a real-valued functionf , we have
FIF( x)]=FI[f]; (2.33)

and Z

P fOexydy =2 )R [FIF[g] : (2.34)

Fourier transforms of a few special functions will be needed. Foh a Gaus-
sian function,
L ogi2—
h(x) = el X"72; x2 RY:
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we have o,
Flh]()= e 1772, 2 RY: (2.35)

For o the Dirac function at the origin, i.e., o2 SqRY) and o(f) = f (0) for
f 2 S(RY), we have
Flol=(2 ) *2: (2.36)

Another useful result is the classi cation of distributions supported at a
single point. If f 2 SYRY) is supported at f 0g, then there exist an integern
and real numbersa such that

X
f = a@ o:

Let Z denote the set of all integers. The Shah distribution

X
shatg = Kl
12 zd

where y(f) = f(y), has the Fourier transform
Flshatb -« 1= (2 ) %2KYshaly :

This is Poisson's formula. More generally, we have fof 2 S(RY)
X 21 X .

FIFIC =@ ) d=2Kd " f(Kl)e K !: (2.37)

12zd |2 zd

Physicists consider that a progressive plane wave is of the forre( * 't),
Accordingly the convention for the Fourier transform in time is di ere nt than
in space (compare with (2.30){(2.31)):

z

FFI0) = plzj 11 f (e dt; (2.38)
z

F, 1 = % 11 f(1)e ™ di: (2.39)

The properties listed above still hold true, in particular (2.33) and (2.34):

hZ Felf C O1C0) = Felf 1) (2.40)
Fo  f(s)git+s)ds (1) = "2 Felf1(1)Fal(! ) (2.41)

These simple formulas have important interpretations in imaging. Identity

(2.40) expresses the fact that the time reversal operation in the time dmain
(x 2 R variable) is equivalent to the complex conjugation in the frequency
domain ( variable). Identity (2.41) shows that the cross correlation of two
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signals involves a product of the two Fourier transforms in the freqency
domain, one of the transform being complex conjugated.

Finally, we recall the Paley-Wiener theorem. Letf 2 L2(R");f 0 on
R . Then F[f ] is holomorphic in C* de ned by

C'= 1 :=1> 0 ; (2.42)

and there existsC > 0 such that
Fef10 +i) é; > 0:

Moreover, F([f ] is L? in any horizontal stripe in the upper half-plane. The
converse also holds. IfF is holomorphic in C*, jjFj=i = jj,2 C for 0,
then F is a holomorphic Fourier transform of a functionf 2 L?(R*), F =
Ff 1

2.3.2 Shannon's Sampling Theorem

We call a function (or distribution) in RY;d  1; whose Fourier transform

vanishes outsidg j K band-limited with bandwidth K. Shannon's sampling

theorem for d = 1 is the following. The reader is referred to [261, page 41] for
a proof.

Theorem 2.1 (Shannon's Sampling Theorem) Let f 2 L?(R) be band-
limited with bandwidth K, and let 0 < x =K . Then f is uniquely deter-
mined by the valued (Ix );l 2 Z. The smallest detail represented by such a
function is then of size2 =K . We also have the explicit formula

X .
foy= li % : (2.43)
122

The sampling interval =K is often imposed by computation or storage
constraints. Moreover, if the support of F[f ] is not included in [ K;K ], then
the interpolation formula (2.43) does not recoverf. We give a ltering pro-
cedure to reduce the resulting error, known as the aliasing artifac To ap-
ply Shannon's sampling theorem,f is approximated by the closest function
f~whose Fourier transform has a support in [ K;K ]. Plancherel's theorem
gives that

Z .,
FIFIC) F IFIC)i%d

z1 z
JFIFI0)%d + JFIFIC) FOIFIC)%d

i >K jj<K

it e

The distance is minimal when the second integral is zero and hence
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FIFIC) = FIFIC) ([ KKK ]D() = |027F[7<]( JEIEIC) S
where ([ K;K]) is the characteristic function of the interval [ K;K ] and
Tk (%) =sin(Kjxj)=( K jxj);

see (2.10). This corresponds td™= f ? : The ltering of f (x) by Tk (X)
removes any frequency larger tharK . SinceF [f] has a supportin[ K;K ], the
sampling theorem proves thatf~can be recovered from the sample&{l =K ).

In the two-dimensional case, we use the separable extension prindé This
not only simpli es the mathematics but also leads to faster numerical algo-
rithms along the rows and columns of images. IF [f | has a support included in
[ Ki;K1] [ Kg;K2], then the following two-dimensional sampling formula
holds:

foy) = X fol 2 osin(Kax 1y )sin(Kzy 2 )

1=(1112)222 Ki'Kz  Kix |y Kay Iz

(2.44)

If the support of F[f] is not included in the low-frequency rectangle
[ Ki;K1] [ Kg2;K3], then we have to Iter f with the low-pass separa-
ble lter “«,(x) Tk, (V).

2.4 Kramers-Kronig Relations and Causality

Causal linear systems, with input H (t), output S(t), and transfer function
f (t) are characterized by the relation

yA t
S(t) = f(t s)H(s)ds:
1

If we assume thatf 2 L2(R*), we can investigate the Fourier transform
z +1 i
F(1)= Ff](0) = P f(t)e'" dt:
0

By the Paley-Wiener theorem, F(! ) is analytic for ! = +1i 2 C* and
satis es the integrability property
Z ., Z .,
sup jF( +i)j?d = jF()jd < +1 : (2.45)
> 1 1

Functions analytic in the upper half plane, and satisfying (2.45) are reérred to
as Hardy functions (F 2 H 2(R)). The converse also holds: all Hardy functions
may be obtained as Fourier transforms ofl2-functions supported onR* .

The real and imaginary parts of Hardy functions obey the Kramers-Kronig
relations. The following integral identities hold by applying a limiting proce-
dure to the Cauchy integral representation for analytic functions.
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Theorem 2.2 (Kramers-Kronig relations) Let F(! ) 2 H2(R). Then
z +1 _ |
<F()= 1|0:v: 7_IF('IO)Od!°= H[=F()I;
z,. (2.46)
|
“F() = Lpv: <FUY giom HF( )

I 10

whereH, bounded operator fromL?(R) ! L?(R), is the Hilbert transform and
is given by
Z.,,

G d% G2L%R): (2.47)

HIG(!)] = Ep:v: 10

If the transfer function f (t) is real-valued, then the real and imaginary parts
of its Fourier transform F(!) = F([f](! ) are respectively even and odd. In-
corporating these symmetries into the Kramers-Kronig relations (246) gives

z

+1 0—
<F(!)= Ep:v: . (!!o)zF(!f)zd!O;
2 ZrL <R (249)
=F(l)= —pv: Y !2d! ;

from which we can deduce thatF ( ! )= F(! ) for ! 2 R. Thus, the causality
of a real-valued transfer functionf (t) implies that its Fourier transform F(!)
is analytic in C* and that the real and imaginary parts of F(! ) are not
independent but are connected by the non-local integral relations (218). We
refer to (2.48) as dispersion relations. Kramers-Kronig relations expess the
equivalence between causality and the existence of dispersion ations, and so
between the mathematical properties of the functions describinghe physics in
the domains of time and frequency. They give necessary connections taeen
the real and imaginary parts of the complex permittivity and the complex
shear modulus of tissues and therefore, constitute a fundamental & of self-
consistency since any set of experimental (or reconstructed) data dhe real
and imaginary parts of the complex permittivity or the complex shear modulus
must respect the Kramers-Kronig relations.

From the Kramers-Kronig relations, it is possible to deduce the vale of
the zero-order moment of the real part and the value of the rst-order moment
of the imaginary part of F(! ). This can be obtained by using the fact that if

z +1 h(X)

agly)=p:v: v dex;

where h is continuously di erentiable and h(x) = O((x logx) 1), then
Z + l

h(x)dx = lim  y?g(y):
0 y! +1
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Therefore, from (2.48), it follows that
827Z,,
3 1=F(9dl 0= 5, lim, 12<F(1);
5 A i | (2.49)
" <F(19%d = E!!"Tl I=F():

Similarly, other useful identities can be obtained. Taking the limit of the rst
identity in (2.48) as ! ! 0 yields

dr ©: (2.50)

<F(0) = Ep:v:
0

Since<F (! 9 is an even function of! © <F (! 9 < F(0)= O((! 9?)as! °! O.

Using z., .
“y- 0_— .
p.V. 0 ('()27” d' - 0 )
and taking the limit of the second identity in (2.48) as! | 0, we obtain
Z
ol oyl 20 T T (SF(Y < FO) o
1"1moT_F(! )= —pv: . (1792 dl®: (2.51)

We refer to (2.49), (2.50), and (2.51) as sum rules.

2.5 Singular Value Decomposition

One of the most fruitful tools in the theory of linear inverse and imaging
problems is the singular value decomposition of a matrix and its extensin
to certain classes of linear operators. It allows for both understandingthe
ill-posedness of inverse and imaging problems and describing the ect of the
regularization methods.

Let A be a bounded linear operator from a separable Hilbert spackl into
a separable Hilbert spaceK . By the singular value decomposition (SVD) we
mean a representation ofA in the form

X
Af = (fisf)as
|

where (f|);(g) are orthonormal systems inH;K , respectively, and | are
nonnegative numbers, the singular values ofA. The sum may be nite or
in nite. The adjoint of A is given by

X
Ag= 1(g:9)f1;

and the operators
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A Af

SURMNIE

AA g 2(9:9) 0 ;

[
are self-adjoint operators in H; K; respectively. The spectrum of A A; AA
consists of the eigenvalues|2 and possibly the eigenvalue 0, whose multiplicity
may be in nite.

The Moore-Penrose generalized inverse is given by

+ X 1
A*g= L (@9t
|

where the sum is over the indiced such that | > 0. Indeed this is the least-
squares solution toAf = g of minimum norm.

Let us now review the basic concepts of singular value decomposition of
a matrix. Let Mpy., (C) denote the set of all m-by-n matrices over C. The
set M., (C) is abbreviated to M, (C). The spectral theorem applied to the
positive semi-de nite matrices AA and A A gives the following singular value

decomposition of a matrix A 2 My, (C). Here A = AT; where T denotes
the transpose.

Theorem 2.3 (Spectral Theorem) Let A 2 Mpy, (C) be given, and let
g=minfm;ng. There is a matrix =( )2 Mmn;n (R) with =0 for all
i) and 1 2 lll qq 0; and there are two unitary matrices
V2 Mp(C) and W 2 M, (C) such thatA =V W . The numbersf ;g are
the nonnegative square roots of the eigenvalues AA , and hence are uniquely
determined. The columns ofV are eigenvectors ofAA and the columns of
W are eigenvectors ofA A (arranged in the same order as the corresponding

eigenvalues 2).

The diagonal entries i, i = 1;:::;9=minfm;ng of are called the
singular values of A, and the columns ofV and the columns of W are the
(respectively, left and right) singular vectors of A.

The SVD has the following desirable computational properties:

(i) Therank of A can be easily determined from its SVD. Speci cally, rank@)
equals to the number of nonzero sir@ular values oA.

(i) The Frobenius norm of A, jjAjjr =  Tr( AKT) with Tr being the trace,
is given by jjAjie = T2 Am-

(i) SVD is an e ective computational tool for nding lower-rank appro Xxi-
mations to a given matrix. Speci cally, let p < rank(A). Then the rank p
matrix Ap minimizing jjA  Agjje is given by A, = V. W , where the
matrix , is obtained from  after the singular values ,,;p+1 n g
are set to zero.
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2.6 Compact Operators

Let H be a Banach space. A bounded linear operatoA on H is compact
if whenever fx;g is a bounded sequence irH, the sequencefAx;g has a
convergent subsequence. The operatdX is said to be of nite rank if Range(A)
is nite-dimensional. Clearly every operator of nite rank is compact.

We recall some basic results on compact operators.

(i) The set of compact operators onH is a closed two-sided ideal in the algebra
of bounded operators onH with the norm topology.

(ii) If A is a linear bounded operator on the Banach spacél and there is a
sequencd Ay gy 2 n Of linear operators of nite rank such that jjAy  Ajj !
0; then A is compact.

(iii) The operator A is compact on the Banach spacéd if and only if the dual
operator A is compact on the dual spaceH .

We also recall the main structure theorem for compact operators. LefA be
a compact operator on the Hilbert spaceH (which we identify with its dual).
Foreach 2C,letV =fx2H :Ax= xgandV-=fx2H :AXx= xg
Then

(i) The set of 2 C for which V 6 f0Og is nite or countable, and in the
latter case its only accumulation point is zero. Moreover, dim{/ ) < +1
forall 60.

(i) If 60;dim(V)=dim(V-):

(i) If 60; the range of | A is closed.

Suppose 6 0. Then

(i) The equation (I  A)x = y has a solution if and only ify ? V-.
@iy (1 A) is surjective if and only if it is injective.

We recall the concept of a Fredholm operator acting between Banach
spacesH and K. We say that a bounded linear operatorA : H ! K is
Fredholm if the subspace Ranged) is closed inK and the subspace Kerf)
and the quotient spaceK=Range(A) are nite-dimensional. In this case, the
index of A is the integer de ned by

index (A) =dim Ker( A) dim(K=Range@)) :

In the sequel, we encapsulate the main conclusion of Fredholm's origah the-
ory. If A=1+B,whereB :H ! H iscompact, thenA:H ! H is Fredholm
with index zero. If A:H ! K is Fredholm andB :H ! K is compact, then
theirsum A+ B : H ! K is Fredholm, and index (A + B) = index (A). This
shows that the index is stable under compact perturbations.

Finally, we recall that a compact operator A on a separable Hilbert space
H is a Hilbert-Schmidt operator if the sequence ofp its singular valuess
pduare summable. An equivalent characterization IS DA Rji2 < 1 or

mn JC mi A n)j? < 1 for any orthonormal basis ( ,) of H.
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2.7 Spherical Mean Radon Transform

The spherical mean Radon transform, which integrates a function over al
spheres centered at points of a given set, is useful in multi-wavéomogra-
phies. For instance, in photoacoustic imaging, under some simpli catios, the
spherical mean data of an unknown function (the absorbed optical energy
density) is measured by acoustic transducers, and the imaging probie is to
invert that transform. For the spherical mean transform, uniquenessand sta-
bility reconstruction, explicit inversion formulas, incomplete data problems
are challenging issues. Most of the known inversion formulas pertaina the
spherical acquisition geometry,i.e., to the situation when centers of integra-
tion spheres (the detector positions) lie on a sphere surroundinghte support
of the function to be imaged.

Let be abounded open set oRY. The spherical mean Radon transform
R:CORY!IC %@ R*) with centers on @ is given forf 2 C°(RY) by

Z
RIf1(x;s) = % f(x+s)d (), (x5)2@ R'; (2.52)

' S
where S denotes the unit sphere inRY and ! 4 its area.

Let B be the unit ball of center 0 and radius 1 @B= S). If we look at R
as the map from@G (B) !C ! (S R"), then we have the following inversion

formula for d = 3 [166]:

(= e Zsycgs(SR[;‘X])(y;ij Dy sy
while for d = 2 [165],
1%%2 g ¢
(0= 5 SRl Wi9logis® Jy xifidsd ()5 (259
or equivalently,
f(x)= 21p:v:zsZ 22 (t@?iR[;}))(f;t) dtd (y)

with R[f ] being extended on negative time as an odd function.
We now connect the spherical mean Radon transform to the wave equation.
Let y 2 R® and let

oft J x i)

Uy (x;t) = 40X Y]

forx6 y: (2.55)

The function Uy is the outgoing fundamental solution (also called retarded
fundamental solution) to the wave equation in three dimensions:

(@ Uy(x;t)= y(X) o(t) InR® R: (2.56)
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Moreover, Uy satis es the conditions: Uy(x;t) = @Uy(x;t) = 0 for x 8 y
and t < 0. The function Uy corresponds to a spherical wave generated at the
source pointy and propagating at speed 1.

In the two-dimensional case, the fundamental solution is given by

H(t j x yj)

DS e T e

forjx yj6t; (2.57)

where H is the Heaviside step function.
Consider the wave equation inRY, d = 2;3,

@p,_. T4 — . d + .

@(x,t) p(x;t)=0 in R® R";
with the initial conditions

P 0)= o) and Dfx;0)=0:

Assume that the support of py 2 C°(RY) is contained in a bounded set of
RY. With the outgoing fundamental solution Uy, p can be written as
Z

p(x;t)=  @Uy(x;t)po(y) dy; (xt)2 R? R*: (2.58)

Therefore, the following Kirchho formulas follow from (2.58):
8 Z,
< SR [Pol(X; S)
—p=——-ds; d=2;
=, @, P e (2.59)
- @(tR[po])(x;t); d=3:
When s the unit disk (@ = S), from (2.54) it follows that
Po(X) = R BR[po](x); (2.60)

whereR s the adjoint of R,

z § .
a(y; jx YJ)d(

- - ; 2.61
s XY N (&89

R [0 = 5
and B is de ned by
Z
Blal(x;t) = 2 gg(x;S) log(js®  t%)ds (2.62)
0

forg:S R*! R.

In order to extend the de nition (2.52) of the spherical mean Radon trans-
form to distributions, we introduce the dual operator R : S(@ R*)!
S(RY) dened for g2S(@ R*) by
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aly:ix i)
jx oyt

with S being the Schwartz space. Then, for any tempered distributionf 2
SYRY) (the dual of S(RY)), we de ne its spherical mean Radon transform
R[f12SY@ R") as follows:

(RIfF19)sq@ re)s@ re)=(F R [A)sori):s(rey; 8g2S(@ RY):

The following stability result holds [293].

1 4
R [al(x) = " d (v)

Lemma 2.4 Let0< < 1. Suppose that for anyf 2 W :2(RY) with compact
support, R[f ] =0 implies that f = 0. Then there exists a positive constaniC
such that

EJJfJJW:z(Rd) IR [fliw «a v=22(@ rey Clifliw:2re):

2.8 Regularization of lll-Posed Problems

In this section we review some of the most commonly used methods for sihg

ill-posed inverse problems. These methods are called regularizati methods.

Although the emphasis in this book is not on classical regularization tech-
niques, it is quite important to understand the philosophy behind them and

how they work in practice.

2.8.1 Stability
Problems in image reconstruction are usually not well-posed in the sese of
Hadamard. This means that they su er from one of the following de ciencies:

(i) They may not be solvable (in the strict sense) at all.
(ii) The solution, if exists, may not be unique.
(iif) The solution may not depend continuously on the data.

A classical ill-posed inverse problem is the deconvolution problemDe ne
the compact operatorA : L2(R) ! L?(R) by
z +1
(Af)(x) := . h(x  yf(y)dy;

where h is a Gaussian convolution kernel,
1 _
h(x) := p=e x*=2 .

The operator A is injective, which can be seen by applying the Fourier trans-
form on Af , yielding
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FIAf 1= F[h?f]= F[h]F[f];

with F[h] given by (2.35). Therefore, if Af = 0, we have F[f] = 0, hence
f = 0. Formally, the solution to the equation Af = gis
F(9)
fx)=F 1 ; X2R: 2.
(x) Fy 00 X (2.63)
However, the above formula is not well de ned for generalg 2 L2(R) (or even
in SYR)) since 1=F [h] grows ase ~=2.

To explain the basic ideas of regularization, letA be a bounded linear
operator from a Hilbert spaceH into a Hilbert space K . Consider the problem
of solving

Af =g (2.64)

for f . Item (i) means that g may not be in the range ofA, (ii) means that A
may not be injective, and (iii) means that A * may not be continuous.

One could do away with (i) and (ii) by using the generalized inverg A* .
But A* does not have to be continuous. Thus, small error ing may cause
errors of arbitrary size in f . To restore continuity, we introduce the notion of
a regularization of A* . This is a family (T ) > o of linear continuous operators
T :K ! H; which are de ned on all of K and for which

Ii’mOT g=A"g

on the domain of A*. Obviously, jjT jj! +1 as ! 0if A* is unbounded.
With the help of regularization, we can solve (2.64) in the following way.Let
g 2 K be an approximation to g such that jjg g jj . Let () be such
that,as ! O;
()" 0 T b o
Then,as ! O0;
iToHg A'di Jj T 9i+iiT g A'dgj
I Toil +iTog ATdi
I 0:

HenceT (,g is close toA* gif g is close tog.

The number is called a regularization parameter. Determining a good
regularization parameter is a major issue in the theory of ill-posed protems.

Measurement errors of arbitrarily small L2-norm in g may causeg to be not
in Range(A) and the inversion formula (2.63) practically useless. Therefore,
instead of trying to solve (2.64) exactly, one seeks to nd a nearby prot#m
that is uniquely solvable and that is robust in the sense that small erors in
the data do not corrupt excessively this approximate solution.

We briey discuss three families of classical regularization method: (i)
regularization by singular value truncation, (ii) the Tikhonov-Phill ips regu-
larization and (iii) regularization by truncated iterative methods.
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2.8.2 The Truncated SVD

Let X
Af = (fr;f)a

be the SVD of A. Then

X
Tg= SCHOM (2.65)

is a regularization with jjT jj 1=:

A good measure for the degree of ill-posedness of (2.64) is the rate of
decay of the singular values . It is clear from (2.65) that the ill-posedness is
more pronounced as the rate of decay increases. A polynomial decay is sy
considered manageable, while an exponential decay indicates that onlyewy
poor approximations to f in (2.64) can be computed. The SVD gives us all
the information we need about an ill-posed problem.

There is a rule for choosing the truncation level, that is often refered to
as the discrepancy principle. This principle states that we cannotexpect the
approximate solution f to yield a smaller residual error, Af g, than the
noise level , since otherwise we would be tting the solution to the noise.
This leads to I1§he following selection criterion for : choose the largest that

satis es jjg . (9;9)9ii

2.8.3 Tikhonov-Phillips Regularization
Linear Problems

The discussion in the previous subsection demonstrates that wherofving the
equation (2.64) for a compact operatorA, serious problems occur when the
singular values ofA tend to zero rapidly, causing the norm of the approximate
solution to go to in nity as the regularization parameter  goes to zero. The
idea in the basic Tikhonov-Phillips regularization scheme is to cotrol simul-
taneously the norm of the residual, Af g, and the norm of the approximate
solution f .
To do so, we set
T =(AA+ 1) A

Equivalently, f = T g can be de ned by minimizing jjAf  gjj® + jifjj%:
Here the regularization parameter plays essentially the role of a Lagrange
multiplier. In terms of the SVD of A presented in Section 2.5, we have
X
Tg=  F (1), a:09f; (2.66)
|

whereF ()= 2= 2+ ):
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The choice of the value of the regularization parameter based on the
noise level of the measuremeny is a central issue in the literature discussing
Tikhonov-Phillips regularization. Several methods for choosing have been
proposed. The most common one is known as the Morozov discrepancy prin-
ciple. This principle is essentially the same as the discrepancprinciple dis-
cussed in connection with the singular value truncation principle.It is rather
straightforward to implement the principle numerically.

Let be the measurement error. Let

CRTLORY ()= iAF i

be the discrepancy related to the regularization parameter . The Morozov
discrepancy principle says that should be chosen from the condition

()= (2.67)

if possible,i.e., the regularized solution should not try to satisfy the data more
accurately than up to the noise level . Equation (2.67) has a unigue solution

= () if and only if (i) any component in the data g that is orthogonal to
Range(A) must be due to noise and (ii) the error level should not exceed
the signal leveljjgjj.

Nonlinear Problems

Tikhonov-Phillips regularization method is sometimes applicable afo when
non-linear problems are considered. LeH and K be Hilbert spaces. LetA :
H ! K be a nonlinear mapping. We want to nd f 2 H satisfying

A(f)= g+ : (2.68)

where is observation noise. IfA is such that large changes if may produce
small changes inA(f ), the problem of nding f a solution to (2.68) is ill-posed
and numerical methods, typically, iterative ones, may fail to nd a satisfactory
estimate of f .

The nonlinear Tikhonov-Phillips regularization scheme amounts to sarch-
ing for f that minimizes the functional

iA() di*+ G(f); (2.69)

where G : H ! R is a nonnegative functional. The most common penalty
term is G(f ) = jjf jj? although a lot of work has been recently devoted to the
analysis of nonquadratic-type penalization methods; see, for instan¢cg315].
We rst restrict ourselves to this choice and suppose thatA is Fechet di er-
entiable. In this case, the most common method to search for a minimir of
(2.69) is to use an iterative scheme based on successive linearizatiooSA.
The linearization of A around a given point fo leads that the minimizer of
(2.69) (around fy) is
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f =(R{,Rio*+ 1) 'Ry, 9 A(fo)+ R fo ;
where R;, is the Fechet derivative of A at fo. We recall that A is Fechet
di erentiable at fg if it allows an expansion of the form
A(fo+ h)= A(fo) + R h + o(jjhjj) ;

where R¢, is a continuous linear operator.

2.8.4 Regularization by Truncated Iterative Methods

The most common iterative methods to solve (2.64) are Landweber iteration,
Kaczmarz iteration, and Krylov subspace methods. The best known of e
Krylov iterative methods when the matrix A is symmetric and positive de nite
is the conjugate gradient method. In this section, we only discuss igularizing
properties of Landweber and Kaczmarz iterations. We refer to [209] and the
references therein concerning the Krylov subspace methods.

Linear Landweber lteration

The drawback of the Thikhonov-Phillips regularization is that it req uires to
invert the regularized normal operator A A+ | . This inversion may be costly
in practice. The linear Landweber iteration method is an iterative technique
in which no inversion is necessary. It is de ned to solve the linar equation
Af = g as follows:

f0=0; f¥t=fk+ A g Af*; k 0;
for some > 0. By induction, since
f“* =1 A A+ A g k 0;

we verify that fK = T g, with =1=k;k 1; and
Tg= (1 A AAg:

Let g +1 be the number of singular values ofA. Let | be the singular
values arranged in a decreasing sequence amy and f| be respectively the
associated left and right singular vectors. Since

X 3
(I A AAg= 7(1 1 O Nas9)f;
1=0 1=1

wheref, = (f;g,), a good choice of is thus 1
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Kaczmarz lteration

Kaczmarz's method (also known as the algebraic reconstruction technue) is
an iterative method for solving linear systems of equations. LetH;H;;j =

Aj cH!D Hj, j=1;00p;

be bounded linear maps fromH onto H; with Range(A;) = H;. Let g; 2 H;
be given. We want to computef 2 H such that

Aif=g; j=1:0p: (2.70)

Kaczmarz's method for the solution of (2.70) reads:

Algorithm 2.1  Kaczmarz's method
1. fo = fk X
2.f5 =1 1+ Aj(AJA) Mg Afj 1), j=1p;
3.1 = f,; with °2 H arbitrary.

Here is a regularization parameter. Under certain assumptionsf  con-
verges to a solution of (2.70) if (2.70) has a solution and to a generalized
solution if not.

2.8.5 Regularizations by Nonquadratic Constraints
L *-Regularization

Regularization methods rely on a regularization term that is adapted to the a
prior knowledge on the solution to be recovered. In some biomedical iaging
applications, the a prior knowledge is that the solution has a sparse exansion
with respect to some given basis. Sparsity means that only a few coe @nts
of the solution are nonzero.

In orderF;o promote sparsity, an L! penalization can be added,G(f) =
jfjjce = j jC" j;1)i, where ( ;) is an orthonormal basis of H. When
compared to the classical [,-) Tikhonov-Phillips regularization, the L?*-
regularization puts a lesser penalty on functionsf with large but few compo-
nents with respect to the basis ( j), and a higher penalty on sums of many
small components. TheL *-minimization procedure promotes then sparsity of
the expansion off with respect to the basis ( ).
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Total Variation Regularization

When the solution of the imaging problem is piecewise constant, total vaa-
tion regularization can be used.

Let be a bounded smooth domain. The total variation of a real-valued
function f on is de ned by

Z
f oy ) =sup f(x) (x)dx; 2C3( )sup j 1
A function f in is of bounded variation on if f v ) < +1 . Iff 2
C( ), then f v y = dir fiiLs ). The total variation of the characteristic

function ( ) is the length of @ .

Consider the minimization problem (2.69). The total variation regulariza-
tion is nonquadratic and given by G(f ) = jr fj. If A is Fechet dieren-
tiable, then the gradient of the discrepancy function atfg is given by

r fo

- -+ 2R A(f ;

ir fOJ fo g ( 0)
where Ry, is the Fechet derivative of A at fo.

Direct computation of a solution to the minimization problem (2.69) can be
complicated as the gradient is not continuous. Nevertheless, an approxiate
solution can be obtained via an iterative shrinkage-thresholding algoribm
[97].

Algorithm 2.2 Iterative shrinkage-thresholding algorithm
1. Data g; initial set: f© = x©@ =0, to =1;
2.x0 =17 f0 R 4 g A(Ff®) with > 0being the step size and

T [y] = arg min %ky Xk, + ke xkii @.71)

1+ P 1+4 12

3. f (kD) =y (k) 4 % x(&) (kD) with  tke = 7

2.9 Optimal Control

Let H be a Banach space. In biomedical imagingH stands either for a set of
admissible properties of a biological material or for a set of geometric shage
Consider a discrepancy functionald (u(h)) depending onh 2 H via the solu-
tion u(h) to a system whereh acts as a parameter, sayA(h)u(h) = g. Here,
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g represents the data. In order to minimizeJ we need to compute its Fechet
derivative

@J @u
= ulh)) ="
@JU( ) an
which is not explicit in h. The introduction of the adjoint system

A(h) p(h) = Su(h) @72)

where A(h) denotes the adjoint of A(h) makes this explicit. Multiplying
(2.72) by &'h we obtain

@J @u_ _ @A _
G Zih = p(h) 2 hu (h)
and therefore, the Fechet derivative of J is given by

@A .
p(h)@]u(h).

Algorithm 2.3 Optimal control algorithm

1. Data g; initial set: h©@ :
2. Compute p(h™®) solution to (2.72);
3. htk*D) = K9 4 p(h(k))%—’*hu(h(k)) with > 0 being the step size.

2.10 Convergence of Nonlinear Landweber Iterations

We state a convergence result concerning nonlinear Landweber iteratns. This
result will be useful in studying optimal control approaches for hybrid tomo-
graphies.
Let H be a Hilbert space andF : K ! H be a di erentiable map where
K is an closed and convex subset dfl . Giveny 2 H, assume that we want
to solve the equation
Fx)=y; x 2K: (2.73)

It is natuaral to minimize
J(x) = %kF (x) yk? (2.74)

with x 2 K. Assume that F is Fechet di erentiable. So is J. The derivative
of J is given by

dI(x)h= dF(X)h;F(x) y = hdFXx) (F(xX) vy) ; (2.75)
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where the superscript indicates the dual map. The iteration sequence due to
the descent gradient method is given by the so-called (nonlinear) Landeber
iterations:

x(MD = 1M dF (Tx™M) (F(Tx™M) y): (2.76)

Here, T is the Hilbert projection of H onto K
T:H 3x7!argminfkx ag:a2Kg (2.77)

and is a small positive number. The presence off in (2.76) is necessary
becausex(") might not be in K and F (x(™) might not be well-de ned. The
map T above also increases the rate of convergence of{)) to x due to

kTxM™  x k kx™ xk n 1: (2.78)

We have the proposition.

Proposition 2.5 Assume that the Fechet derivative dF is Lipschitz contin-
uous and that for all x 2 K;

kdF (X)ky  C; (2.79)

for some positive constantc. Then the sequence de ned in(2.76) converges
to x provided that x© is a "good" initial guess for x and is su ciently
small.

Proof. SincedF is Lipschitz continuous, we have for allx such that kx x k
is small

kKF(x) F(x) dFX)(x x)k Ckx x k?
Ckx x KkF(x) F(x )k
kF(x) F(x )k (2.80)

for small constant . For all n 1, let F, denote the nth error quantity
F(Tx(M) 'y .We have

kx(MD x K2k xM x K2 ok x(MD 0 x K2k Tx(M x K2
=2 D TxMTx™M x4+ kx(MD Tx(MK2
=2 h dF(Tx™) Fp; Tx(M x|
+hF,; dF (TxM)dF(Tx™M) i
=W 2F,  2dF (TxMY)(TxM™  x )i kF,Kk?
P F i1+ dF (Tx™)dE P Tx M) )Fai
(2 1kF,k2:

It then follows that

kx(* D x KB+ (1 2 )kFok? k x(™M x K2; (2.81)
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and therefore,
kx©@  x K2

(n) 2
kFT(x'") vyk T 2)

n=1

(2.82)

We now obtain the convergence ofX(") to x using the mean value theorem
and condition (2.79)

ckTx™M  x k k dFM)(TxM  x k= kF(Tx™M) F(x )k! 0 (2.83)

for somext™ = tTxM +(1  t)x ,t2(0;1). u

2.11 Level Set Method

Let H be a set of geometric shapes and consider the minimization ovet
of a discrepancy functionalJ. The main idea of the level set approach is to
represent the boundary of the domainD as the zero level set of a continuous
function , i.e.,

D= x: X)<0 ;

to work with function instead of D, and to derive an evolution equation
for to solve the minimization problem. In fact, by allowing additional tim e-
dependence of , we can compute the geometric motion ofD in time by
evolving the level set function . A geometric motion with normal velocity
V = V(x;t) can be realized by solving the Hamilton-Jacobi equation

@,
@t

Minimization within the level set framework consists of choosing a elocity V
driving the evolution towards a minimum (or at least increasing the discrep-
ancy functional we want to minimize).

Consider the geometry of the zero level set

Vjr j=0: (2.84)

@D= x: (x)=0 ;

under a variation of . Suppose that (x) is perturbed by a small variation
(x). Let x be the resulting variation of the point x. By taking the variation
of the equation (x) =0, we nd

=r X: (2.85)
Observe that the unit outward normal at x is given by

r (.
ro(g

(x) =



2.11 Level Set Method 45

Now, if t represents time, then the function depends on bothx and t. We
use the notation

@Ot)= x: (x;t)=0

Assume that each pointx 2 @@t) moves perpendicular to the curve. That
is, the variation x satis es

ro(xt)

X =VXt)——=:
ro ()i
Suppose thatJ is given by (2.69) (with = 0) and the minimization is

performed over piecewise functiong = f. (R9nD)+f (D) with f being
given constants. The minimal requirement for the variations of (x;t) is that
J be a decreasing function oft. The directional derivative of the function J
in the direction f is given by

J(F)=Jd%F)f =2R, g A(f) f;

where J% is the Fechet derivative of J and R, is the Fechet derivative of
A(f). Since f is a measure on@ Dgiven by

f=(fs f)x (X);
we have

_ ro(x) .
f=(fe £ X (2.86)

Hence,
J(f)=(f+ f )J°(f)V ;

and therefore, in order to make J (f ) negative, we can choose
Vix;t)=(f+ f IRy g A(f) : (2.87)

As (2.87) is only valid for x 2 @D a velocity extension to the entire domain
should be performed. This leads to the Hamilton-Jacobi equation (2.84) for
(x;t) with the initial condition  (x;0) = o(x), and thus the problem of

maximizing J(f ) is converted into a level set form.
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Layer Potential Techniques

The anomaly imaging algorithms described in this book rely on asymptotic
expansions of the elds when the medium contains particles of small vel
ume. Such asymptotics will be investigated in the cases of the condtigity
equation, which models the quasi-static limit for electromagnetic vaves, the
Helmholtz equations, which are used for the scalar theory of electromagniat
waves and for the propagation of acoustic waves, and the elasticity equa-
tions. The use of Helmholtz equations in electromagnetic theory can be gti-
ed when there is no depolarization as the electromagnetic wave propagate
through the medium. The depolarization e ects can be ignored only if the
wavelength is much smaller than the typical size of the inhomogeneits in the
medium.

We prepare the way in this chapter by reviewing a number of basic fais
on the layer potentials for these equations which are very useful forabust
imaging of small anomalies. The most important results in this chapter are
on integral representations for solutions to transmission scattering poblems
and, on the other hand, the Helmholtz-Kirchho identities. The results on
the transmission scattering problems will be used to provide asymptotic ex-
pansions of the solution perturbations due to presence of small partiels. As
will be shown later, the Helmholtz-Kirchho identities play a ke y role in the
analysis of resolution in wave imaging.

We begin with the conductivity equation and study the Neumann-Poincae
operator. We then discuss the transmission scattering problem for ta Helmholtz
equation. Compared to the conductivity equation, the only new di cul ty in es-
tablishing integral representation formulas for the Helmholtz equationis that
the equations inside and outside the particle are not the same. We shodil
then consider two unknowns and solve a system of equations on the bouad/
of the particle instead of just one equation. We also note that when deal-
ing with the Helmholtz equation, one should introduce a radiation condtion,
known as the Sommerfeld radiation condition, to select the physical alution
to the problem. Then we derive the Helmholtz-Kirchho identity, which plays
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a key role in the resolution analysis. Finally, we recall useful resiis on layer
potential techniques for the elasticity equations.

3.1 The Laplace Equation

This section deals with the Laplace operator (or Laplacian) inRY, denoted
by . The Laplacian models the quasi-static approximation for electromag-
netic wave propagation. After deriving the fundamental solution for the Lapla-

cian, we shall introduce the single- and double-layer potentials as &ll as the
Neumann-Poincae operator. We then provide the jump relations and map-
ping properties of these surface potentials. We review the spedt properties
of the Neumann-Poincae operator. We recall a Caldeon identity (also known

as Plemelj's symmetrization principle) and apply the symmetrization principle

to the Neumann-Poincae operator. Finally, we investigate the transmission
problem.

3.1.1 Fundamental Solution

To give a fundamental solution to the Laplacian in the general case of the
dimension d, we denote by! 4 the area of the unit sphereS in RY.

Lemma 3.1 A fundamental solution to the Laplacian is given by

81
Ez—logjxj; d=2:
X) = 3.1
(x) ?#iXJ”' . (3.1)
(2 dlyg '
It satis es in the sense of distributions = .

Leta2 RYandq2 R.Let (x;z):= (x z)forx 6 zbe the fundamental
solution for a source point atz. The function q (x;z) is called the potential
due to chargesq at the source pointz. The function a r ; (x;z) is called the
dipole of moment jaj and direction a5aj at the source point z. It is known
that using point charges one can obtain a dipole only approximately (two
large charges a small distance apart). See [295].

We next state Green's identity.

Lemma 3.2 Assume thatD is a boundedC?-domain in R%;d 2; and let
u2 Wt2(D) be a harmonic function. Then for anyx 2 D,
Z

- @ . @u : :
u(x) = oo u(y)@y(x,y) @y(Y) (xy) d(y): (3.2)

Particularly useful solutions to the Laplace equation in R? are homoge-
neous harmonic polynomialsr”"e ™ with (r; ) being the polar coordinates.
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3.1.2 Layer Potentials

In this subsection we show how important the fundamental solution isto
potential theory. It gives rise to integral operators that invert the Lapl acian.
We need these integral operators (also called layer potentials) in soing the
transmission problem.

Given a bounded C>-domain D in R%;d 2, we denote respectively the
single- and double-layer potentials of a function 2 L?(@D as Sp[ ] and
Dp[ ], where

i

Sp[ I(x) = (xy) (y)d (y); x2RY; (3.3)
yad

Dol 0= 2 (xy) ()4 () x2R'n@D: (34
@D y

We begin with recalling their basic properties. We note that forx 2 Rn@D
andy 2 @D @ =@ (x;y) is an L* -function in y and harmonic in x, and it
is O(jxj* 9)asjxj! +1 : Therefore we readily see thatDp[ ] and Sp[ ] are
well-de ned and harmonic in RY n @D Let us list their behavior at + 1 .

Lemma 3.3 The following holds:

() Do[ ](x)= O(jxj* ¢) asjxj! +1:
(i) Sp[ 1(x)= O(jxj®> %) asjxj! +1 whend 3.
(i) If d=2, we have

Z

Sol 1(x) = zi . () d (y) logjxj + O(jxj *) asjxj! +1 :

@
R
(iv) If @D (y)d =0, then Sp[ ](x) = O(jxj* 9) asjxj! +1 ford 2.

Lemma 3.2 shows that ifu 2 W12(D) is harmonic, then for any x 2 D,

UX) = Doligdl®) S o 2V () 35)
@ @p

To solve the Dirichlet and Neumann problems, where eitheru or @u=@
on @Dis prescribed, we need to understand well the subtle behaviorsf the
functionsDp[ J(x t x)andrS p[ J(x t x)forx 2 @Dast! 0".A detailed
discussion of the behavior near the boundary@Dof Dp[ ] and rS p[ ] for a
C?-domain D and a density 2 L?(@D is given below. We shall follow [168].
Throughout this book, we use the dot for the scalar product inRY. Assume

that D is a boundedC?>-domain. Then we have the bound

Y x

. . —— forx;y2 @D;x6 y; 3.6
x e xooyje 2 y Y 40

which shows that there exists a positive constantC depending only onD such
that
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L0y WL Yy
: _ X+ 20 _ Y C: 3.7
ep Jx yj jx yjd ) S
and
Z . o . Z
i(x Y)_de+J(X_ Y)_dyJ d(y) ¢ dlzrd 2 4r
iy xj< ix i X i o (3.8)
C;

for any x 2 @D by integration in polar coordinates.

Introduce the operator Kp : L?(@0 ! L?(@D given by

Z

1 (y x) y
K X)= — —_— d . 3.9
o[ 100= 1 st Wd o) (3.9)
We refer to Kp as the Neumann-Poincae operator.

The estimate (3.7) proves that this operator is bounded. In fact, for; 2
L2(@D, we estimate

zZ Z

(y x) y
o @0 X YT (y) (x)d (y)d (x) (3.10)

via the inequality 2ab  a? + 2. Then, by (3.7), (3.10) is dominated by
C jj it en * i itz (en
Replacing ; , by t; (1=t) , we see that (3.10) is bounded by
2.. ..2 1 . ..2 .
C tj it2(@p * 2l lizen

minimizing over t 2 (0;+1 ), via elementary calculus, we see that (3.10) is
dominated by Cjj jjL2(@pll liL2(ep., Proving that Kp is a bounded operator
onL?(@D.

On the other hand, it is easily checked that the operator de ned by

Y x

Xy (y)d (y); (3.11)

1

Kol 1(x)= —

‘d

is the L2-adjoint of Kp . Furthermore, the operator K, is scale invariant:

Keo [€I(B) = Kp[ 1(x); x2 @D;

where sD denotes the dilation of D by s> 0, g = sx; €(g) = (sy);y 2 @D

It is now important to ask about the compactness of these operators.
Indeed, to apply the Fredholm theory for solving the Dirichlet and Neumann
problems for the Laplace equation, we will need the following lemma.
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Lemma 3.4 If D is a boundedC?-domain, then the operatorsKp and K
are compact operators inL?(@D.

The Neumann-Poincae operator K, is not self-adjoint on L2(@0D unless
D is a disk or a ball. In these cases, we may simplify the expressiome ning
the operators Kp and K . The following results hold.

Lemma 3.5 (i) Suppose thatD is a two dimensional disk with radiusrg.
Then,

x y) x_ 1 : : :
W_FO 8x;y2 @D;x8 vy;

and therefore, for any 2 L?(@D),

4
1

4I’0 @D

Kol 1(x) = Kp[ I(x) = d(y); (3.12)

forall x 2 @D
(i) For d 3, if D is a ball with radius rg, then, we have

x y) x_ 1 1

= — . 2 D- .
KyE 2oy 2 SXY2 @Dy

and forany 2 L?(@D andx 2 @D

(2 d
2ro

Kol 1(x) = Kp[ I(x) = Sp[ 1(x): (3.13)

In two dimensions, we also remark that if the diskD of radiusrg is centered
at the origin, then one can easily see that for each integen

8 inj
_ 2 ZLO = e ifjxj=r<ro;
S [eln ](X): Jjnj To o (314)
§ ro fro 1M . .
T gn T e’ if jxj=r>ro;
and hence
8 .
1 r jnj 1 )
@ 3 - L e ifjxj=r<ro;
Zsple" )= 2 o (3.15)
@r 21 rg inivl |
"3 T e" if jxj=r>rgq:
It follows from (3.12) that
Kp[e" 1=0 8n60: (3.16)

We also get
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8 -
3 1r inj
Dole" )= _2 "o
2 1 rq In

2
Another useful formula in two dimensions is the expression oKp[ ](x),
where D is an ellipse whose semi-axes are on the; and x, axes and of

length a and b, respectively. Using the parametric representationX (t) =
(acost;bsint);0 t 2 , for the boundary @D we nd that

Z
ab ? (X (1) :
2 (@2+1®¥) 4, 1 Qcost+ ) at; (3.17)
wherex = X( )and Q =(a? ©)=(a?+ ).

Turning now to the behavior of the double layer potential at the boundary,
we rst recall that the double layer potential with constant density has a jump.
Lemma 3.6 If D is a boundedC?-domain, then Dp [1](x) = 0 for x 2 RYnD;
Dp[1](x) =1 for x 2 D; and Kp[1](x) =1=2 for x 2 @D:

Lemma 3.6 can be extended to general densities 2 L2(@D. For con-
venience we introduce the following notation. For a function u de ned on
RY n @D we denote

W (0= im u(x tx); x2@D;

e ifjxj=r<ro;

e ifjxj=r>rg:

Kol 1(x) =

and
@u

@«

if the limits exist. Here  is the outward unit normal to @ Dat x.
We relate in the next lemma the tracesDpj of the double-layer potential
to the operator Kp de ned by (3.9).

Lemma 3.7 If D is a boundedC?>-domain, then for 2 L?(@D

(X):=t||imo+rU(x tx) x; x2@D;

Dol D )= %I +Kp [](x) ae.x2@D: (3.18)

In a similar way, we can describe the behavior of the gradient of the sigle
layer potential at the boundary. The following lemma reveals the conrection
between the traces@yp =@j and the operator K, de ned by (3.11).

Lemma 3.8 If D is a boundedC?-domain, then for 2 L?(@D
@@'ISD[ ] ¥)= @@'ISD[ ] (x) ae.x2 @D; (3.19)

where @=@1B the tangential derivative and

@@SD[ ] X)= %I +Kp [1(x) ae.x2@D: (3.20)
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It is worth emphasizing that the signs in (3.18) and (3.20) are opposite.
We now consider the integral equations

%|+ Kp []1=f and %| Ko [1=9 (3.21)

for f;g 2 L2(@D:

By the trace formulas (3.20) and (3.18) for the single- and double-layer
potentials, it is easily seen that if and are solutions to these equations
then Dp[ ] solves the Dirichlet problem with Dirichlet data f :

( .
U =0 inD;

U=f on@D;
and S p[ ] solves the Neumann problem with Neumann datag:

8
<V =0 inD;
@V
@ g on@D;
) R R
if gand satisfy @ng = @D d =0.
In view of Lemma 3.4, we can apply the Fredholm theory to study the
solvability of the two integral equations in (3.21).
We conclude this section by investigating the invertibility of th e single
layer potential. We shall see that complications arise wherd = 2.

Lemma 3.9 Let D be a bounded smooth domain irRY. Let 2 L?(@D
satisfy Sp[ 1=0 on @D

() 1fd 3 theng =0.
(i) Ifd=2 and @D =0, then =0.

Lemma 3.10 Let D be a bounded®?-domain in RY.

(i) fd 3, thenSp :L?(@DO! WZ(@D has a bounded inverse.
(i) If d=2, then the operatorA : L?(@0D R! WZ(@D R dened by
Z
A(;a)= Sp[ ]+ &
@D
has a bounded inverse.
(i) Supposed =2 and let ( ¢;a) 2 L?(@D R denote the solution of the
system (
gD[ e]+a=0;

oy (3.22)

@D
then Sp : L?(@D ! WZ(@D has a bounded inverse if and only if 6 0:
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3.1.3 Invertibility of I K,
Let D be a bounded domain, and let
Z
Li@p= 2L*@n: d =0
@D

Let 6 0 be areal number. Of particular interest for solving the transmission
problem for the Laplacian would be the invertibility of the operator 1 K
onL?(@D or L{(@D for j j 1=2. The casej j = 1=2 corresponds to the
integral equations in (3.21).

It was proved by Kellogg in [219] that the eigenvalues oK, on L?(@D
lie in ( 1=2;1=2]. The following injectivity result holds.

Lemma 3.11 Let be a real number and letD be a boundedC?>-domain.
The operator | K , is one to one onL3(@D if j j 1=2 and for 2
(1 ; 1=2][ (1=2+1), | K  isone to one onL?(@D.

We now turn to the surjectivity of the operator | K  on L2?(@D or
L3(@D. SinceD is a boundedC?-domain, as shown in Lemma 3.4, the opera-
tors Kp and K, are compact operators inL?(@D. Therefore, the surjectivity
of I K , holds, by applying the Fredholm alternative.

3.1.4 Symmetrization of K,

Lemma 3.11 shows that the spectrum oK lies in the interval ( 1=2;1=2].
In this subsection we symmetrize the non-self-adjoint operatolK, and prove
that it can be realized as a self-adjoint operator onW 2, _,(@D by introducing
a new inner product.

We rst state the following result.

Lemma 3.12 Letd 2. The operator Sp in Wzlzz(@[) is self-adjoint and
Sp OonlL?@D.

Ey Lemma 3.12, therﬁ exists a unique square rBot o5 p which we denote
by S p; furthermore, S p is self-adjointand” S p 0.
Next we look into the kernel of Sp. If d 3, then it is known that Sp :
W2 _(@D! W2Z,(@D has a bounded inverse. Suppose now thad = 2. If
0 2 Ker(Sp), then the function u de ned by

u(x) := Sp[ o](x); x2R?

satises u =0 on @D Therefore, u(x) =0 for all x 2 D. It then follows from
(3.20) that
1
KD[ o] = E o on@D: (3.23)

Let (;) 1,1 denote the duality pairing between W2 (@D and W2,(@D.
If ( 0;1) 1=21=2 = 0, then u(x) ! Oasjxj!1 , and henceu(x) = 0 for
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X 2 R?nD as well. Thus o = 0. The eigenfunctions of (3.23) make a one
dimensional subspace ofV?,_,(@D, which means that Ker(Sp ) is of at most
one dimension.

Let( ¢;a) 2 Wzlzz(@D R denote the solution of the system (3.22), then
it can be shown that Sp : W2 _,(@D ! WZ,(@D has a bounded inverse if
and only if a6 0.

The following result is well-known. It shows that Kp Sp is self-adjoint on

W2, ,(@D.

Lemma 3.13 The following Caldepn identity (also known as Plemelj's sym-
metrization principle) holds:

SoKp = KpSp onW?_,(@D: (3.24)

Consider the three-dimensional case. Since the single layer potia be-
comes a unitary operator fromwzlzz(@D onto szz(@D, the operator K
can be symmetrized using Caldeon identity (3.24) and hence becomeself-
adjoint. It is then possible to write its spectral decomposition. Let H (@D
be the spaceWzlzz(@[) with the inner product

(Uv)n = (USpVD) 1.1; (3.25)

which is equivalent to the original one (onWZl:Z(@ D).
Theorem 3.14 For d = 3, the following results hold:
(i) The operator Ky is self-adjoint in the Hilbert spaceH (@D;

(i) Let (5" ), ] =0;1;2;::: be the eigenvalue and normalized eigenfunction
pair of K, in H (@D, then ¢=1=2, ; 2( 3;3)forj l,and ;! O
asj!1 ;

(iii) The following spectral representation formula holds: forany 2 W2 _,(@D,

R
Kol 1= iCis dn g
j=0
Moreover, it is clear that the following result holds.

Lemma 3.15 Let d = 3. Let H(@D be the space\lezz(@D equipped with
the following equivalent inner product

UV =(( S b) MULV) 13 (3.26)

Then, Sp is an isometry betweenH (@D and H(@D.

Furthermore, we list other useful observations and basic results irthree
dimensions.

Lemma 3.16 Let d=3. The following results hold:
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(i) We have ( %I +Kp)Sy !l (@D] =0 with (@D being the characteristic
function of @D

(i) The corresponding eigenspace to o = % has dimension one and is
spanned by the function' o = ¢Sy 1 (@D] for some constantc such that
i"oin =1.

(iii) Moreover, H (@D = Hy,(@D f ' o; 2 Cg, where Hy(@D is the
zero mean subspace o (@D and '; 2 H (@D for j 1 ie.,
("j; (@D) 1.1 =0 for j 1. Here, f' ;g is the set of normalized
eigenfunctionzs 2ofKD .

In two dimensions, again based on (3.24), we show that, can be realized
as a self-adjoint operator by introducing a new inner product, slighly di erent
from the one introduced in the three-dimensional case.

Recall that the single-layer potential Sp : W?,_,(@D ! WZ,(@D is not,
in general, invertible nor injective. Hence, (u; Sp[v]) 11 does not de ne
an inner product and the symmetrization technique described in Theorem
3.14 is no longer valid. To overcome this di culty, a substitute of Sp can be
introduced as in [80] by

So[ ] if(; (@D) 11 =0; (3.27)

(@D it ="o

where ' ¢ is the unique eigenfunction ofK, associated with eigenvalue %2
such that (' o; (@D) 11 = 1. Note that, from the jump relations of the

2

layer potentials, Sp[' o] is constant.
The operator & : W2,_,(@D ! W2,(@D is invertible. Moreover, the

following Caldewon identity holds Kp S, = $ K . With this, de ne

Sl 1=

(UVn = (WS 1

Thanks to the invertibility and positivity of ~ $p , this de nes an inner product
for which K, is self-adjoint and H is equivalent to W21:2(@ D. Then, if D

is C?, we have the following results.

Theorem 3.17 Letd=2. Let D be aC? bounded simply connected domain
of R? and let &, be the operator de ned in (3.27). Then,

(i) The operator K is compact self-adjoint in the Hilbert spaceH (@D
equipped with the inner product de ned by

(Uvn = (SN 14 (3.28)
(i) Let (j;"5), ] =0;1,2:::; be the eigenvalue and normalized eigenfunc-
tion pair of K, with o= . Then, ; 2 ( 3;3land ;! Oasj!1l ;

(i) H (@D = Hy(@D f ' o; 2 Cg, where Hy(@D is the zero mean
subspace oH (@D;
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(iv) The following representation formula holds: for any 2 W2, _,(@D,

R
Kpl 1= iCis e
j=0
Lemma 3.18 Let H(@D be the spaceNfzz(@D equipped with the following
equivalent inner product

(Uvn =( Stul;v) (3.29)

g2
Then, & is an isometry betweenH (@D and H(@D.

Note that §,'[ (@D]= "o and ( 31 + Kp) =( 3l + Kp)Py,; where
Pw , is the orthogonal projection onto H,(@D. In particular, we have ( %I +
Kp)S 'l (@D]=0.

Note also that using (3.12), it follows that if D is a disk, then the spectrum
of Ky is f0;1=2g. Furthermore, by using (3.13) it can be shown that the
spectrum of K in the case whereD is a ball is 1=(2(2j +1));j =0;1;:::. If
D is an ellipse of semi-axes and b, then 1=2 and (1=2)((a b)=(a+ b)) ;j =
1;2;::: are the eigenvalues ofK,, which can be expressed by (3.17). The
eigenvalues ofK, for D being an ellipsoid can be expressed explicitly in
terms of Lane functions.

3.1.5 Neumann Function

Let be asmooth bounded domainirR;d 2. Let N (x;z) be the Neumann

function for in  corresponding to a Dirac mass atz. That is, N is the
Sé)lution to
< xN(x;z)= ? ;

@N 1 ] (3.30)

— = — N(x;z)d (x)=0 for z2
@x @ @] e bez)d ()
Note that the Neumann function N (x;z) is de ned as a function ofx 2 for
each xedz?2 :
The operator de ned by N (x; z) is the solution operator for the Neumann

problem 8
< U =0 in ;
@u (3.31)
@ @ - g .
Namely, the function U de ned gy
U(x) = N (x;z)g(z)d (2) (3.32)
@

R
is the solution to (3.31) satisfying e Y d =0.
Now we discuss some properties dfl as a function ofx and z.
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Lemma 3.19 (Neumann Function) The Neumann function N is symmet-
ric in its arguments, that is, N(x;z) = N(z;x) for x 6 z2 . Furthermore,
it has the form
8 1
2 2—Iogjx zj + Ry(X;2) if d=2;
N (x;z) = S 1 (3.33)
. — + Raq(X; if ;
@ 2iax 792 a(x;z) ifd 3

where Ry( ; z) belongs toW%?z( ) forany z2 ;d 2 and solves

3 xRa(x;2) =0 in
@R  _ 1 1(x 2) «

@ e @ty x g8 e

Note that, because of (3.33), the formula
Ux) S [al(x) in

is obtained as a rst approximation of the solution to the Neumann problem
(3.31).
For D, a subset of , let

Z
Np [f](x) := NOGy)f(y)d (y);, x2
@D

The following lemma relates the fundamental solution to the Neumann
function N.

Lemma 3.20 Forz2 andx 2 @, let ,(x):= (x;z) and Nz(x) =
N (x;z). Then

1

EI + K [N ]J(xX)= ;(xX) modulo constants x2 @ ; (3.34)

or, to be more precise, for any simply connected smooth domaiB compactly
contained in  and for any g 2 L(@D, we have for anyx 2 @

Z Y4

%l + K [N:J(x)9(2)d (2) = 2(x)9(2)d (2) ; (3.35)
@p @p

or equivalently,

1
SI+K . (Nolg) g (0= Soldl o (%) (3.36)
The following simple observation is useful.

Lemma 3.21 Letf 2 L?(@ ) satisfy 31 K [f]=0.Thenf is constant.
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We mention that the Neumann function for the ball Bg(0) is given, for
any x;z 2 Br(0), by

1 1

N (x;z) = + —
(xi2) 4x zj 4 jRx Xy
ix] R
1 5 1 o des (3.37)
+ log — - ora=3;
4R 1 3+ &Rz Bx 2R
and by
1 : : R X logR — 5.
N (x;z) = > logjx zj+log j71.x Ez + ford=2: (3.38)

3.1.6 Transmission Problems

Consider a bounded domainD b RY with a connected smooth boundary and
conductivity 0 <k 61 < +1 .
Let H be a harmonic function in RY, and let u be the solution of the
transmission problem
8

Sr 1+(k 1) (D) ru=0 in RY;

(3.39)
(u H)x)= O@xj* 9 asjxj! +1 :

We have the following result.

Theorem 3.22 Suppose thatD is a domain compactly contained in RY with
a connected smooth boundary and conductivitp < k 6 1 < +1 . Then the
solution u of the transmission problem(3.42) is given by

u(x)= H(x)+ Sp[ 1(x); x2R?; (3.40)
where 2 L3(@D is the unique solution to the integral equation
I Kp []:@_' on @D ; (3.41)
@ p

where =(k+1)=2(k 1)).

Let be a bounded domain inR? with a connected smooth boundary and
conductivity equal to 1. Consider a bounded domainD b with a connected
smooth boundary and conductivity 0<k 61 < +1 . Let g2 L3(@ ), and
let u be the solutign of the Neumann problem

%r 1+(k 1) (D) ru=0 in :
(3.42)

uix)d (x)=0:
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We state a decomposition formula of the steady-state voltage potential
u into a harmonic part and a refraction part. This decomposition formula
is unique and inherits geometric properties of the inclusionD. We refer to
[64, 214] for its proof.

Theorem 3.23 (Decomposition Formula) Suppose thatD is a domain
compactly contained in  with a connected smooth boundary and conductivity
O0<k 61 < +1 . Then the solution u of the Neumann problem(3.42) has
the representation

ux)= H(xX)+ Sp[ 1(x); x2 ; (3.43)
where the harmonic functionH is given by
HX)= 'S [g()+ D [f1x); x2 ; f = U@ 2W,(@); (344)
and 2 L3(@D satis es the integral equation
k+1 @H
— K = — on @D : 3.45

The decomposition(3.43) into a harmonic part and a refraction part is unique.
Moreover, 8 n 2 N, there exists a constantC, = C(n; ; dist(D; @ )) inde-
pendent of D and the conductivity k such that

kH kC” (@) Ch kgkLZ(@ ) - (3.46)
Furthermore, the following holds
H(x)+ Sp[ ](xX)=0; 8x2RYn : (3.47)

Another useful expression of the harmonic partH of u is given in the
following lemma.

Lemma 3.284 We have
Fuc) (kD) ry (ky) ruly)dy: x2
H(x) = ; 7 (3.48)
Tk 1) ry (xy) rou(y)dy; x2Rn
D

Let g2 L3(@ ) and
U(y) = o N(x;y)g(x)d (x) :

Then U is the solution to the Neumann problem (3.31) and the following
representation holds.
Theorem 3.25 The solution u of (3.42) can be represented as

u(x)= U(x) Np[ I(x); x2@ ; (3.49)
where is de ned in (3.45).
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3.2 Helmholtz Equation

Consider the scalar wave equatior@U U = 0. We obtain a time-harmonic
solution U(x;t) = <(e ¥ u(x)) if the space-dependent partu satis es the
Helmholtz equation, u + k?u =0.

Mathematical models for acoustical and microwave soundings of biological
media involve the Helmholtz equation.

This section begins by discussing the well-known Sommerfeld raation
condition, and by deriving a fundamental solution. We then introduce the
single- and double-layer potentials, and state Rellich's lemma. The, we estab-
lish an integral representation for the solution to the transmission sattering
problem. We also discuss the reciprocity property and derive theHelmholtz-
Kirchho identity for fundamental solutions of the Helmholtz equations .

3.2.1 Fundamental Solution

A fundamental solution (x) to the Helmholtz operator + k? in RY is a
solution (in the sense of distributions) of

( +Kk) k= o; (3.50)

where g is the Dirac mass at 0. Solutions are not unigue, since we can add

to a solution any plane wave (of the forme* *; 2 RY :jj = 1) or any

combination of such plane waves. So, we need to specify the behavior thfe

solutions at in nity. It is natural to look for radial solutions of the form
k(X) = w(r) that is subject to the extra Sommerfeld radiation condition

or outgoing wave condition

do% ikwe  Cr (D=2 atin nity. (3.51)

If d =3, equation (3.50) becomes

— I —+ =0: > .
r2drr ar kew, =0; r> 0;

whose solution is ) )
kr e ikr
Wi (r) = ¢ r +C

r
It is easy to check that the Sommerfeld radiation condition (3.51) leads to
C; =0 and then (3.50) leads toc; = 1=(4 ).
If d=2, equation (3.50) becomes
-——r—+ =0: > :
rdrr ar kew, =0; r> 0:
This is a Bessel equation whose solutions are not elementary functisn From
Section 2.1, we know that the Hankel functions of the rst and second king of
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order 0, H(()l) (kr) and H(()Z) (kr), form a basis for the solution space. At in nity
(r! +1), only Hél) (kr) satis es the outgoing radiation condition (3.51). At
the origin (r ! 0), Hél) (kr) behaves like (2= ) log(r): The following lemma
holds.

Lemma 3.26 (Fundamental Solution) The outgoing fundamental solu-
tion (x) to the operator + k2 is given by

3 JHP(xi) s d=2;
k(X) = s ek (3.52)
4 Jxj

(()1) is the Hankel function of the rst kind of order 0.

for x 6 0, where H

Note that the time-harmonic fundamental solution | satis es the identity

(Y= TR )K) |

where F; is de ned by (2.38) and Uy is respectively de ned by (2.55) and
(2.57) ford=3 and d = 2.
The following Graf's addition formula for d = 2 will be useful [337].

Lemma 3.27 For jxj > jyj, we have

X ) )
HY (kix  yvi)= H® (kixj)e™ *3n (kivi)e ™ 7 ; (3.53)
n2z

where x = (jxj; x) andy = (jyj; y) in polar coordinates. Here HY is the
Hankel function of the rst kind of order n and J, is the Bessel function of
order n; see (2.2) and (2.17).

In three dimensions, the following addition formula holds forjxj > jyj:

gkix vi Xt X @) v s
20X Vi = ik h| (KixDir(kiyDYim ( x5 x)Yim ( ys y) ) (3.54)
J yl 1=0 m= |

where x = (jxj; x; x), ¥ = (jyi; y; y) in the spherical coordinates andYn

is the spherical harmonic function. Here,j; and hl(l) are de ned by (2.21) and
(2.23). Formulas (3.53) and (3.54) are particularly useful since they will albw
us to introduce the notion of scattering coe cients for the solutions to the
Helmholtz equation.

Another useful decomposition of  is into plane waves. The following
decomposition, known as the Weyl representation of cylindrical and sherical
waves holds: .

k(x) = icg L gt Oiir mg (3.55)

rer ()
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(p
(e TP sk
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e
As will be shown later, (3.55) plays a key role in di raction tomography. From
now on, we denote by (x;y):= (x y)forx6y.

Particular solutions to the Helmholtz equation in RY:d = 2;3; are plane
waves given byek * where is a unit real vector, and cylindrical and spher-
ical waves de ned by ¢(x;y) with y being the source point for respectively
d =2 and 3. These particular solutions will be very useful in the subsquent
chapters.

3.2.2 Layer Potentials

For a bounded smooth domainD in RY and k > 0 let S§ and DY be the
single- and double-layer potentials de ned by , that is,

Z
S5 1(x) = kOGy) (Md (y); x2R;
z@P .
o5[100= @Y yd (); x2RIn@D:
y
for 2 L?(@D. Because , where is de ned by (3.1), is a smooth
function, we can easily prove from (3.20) and (3.18) that
assl ) (x) = 1 +(KK) [1x) ae.x2@D; (3.56)
@ 2
(OS[) (9= 1+Ks [1() aex2@D; (3.57)

for 2 L?(@D, where K is the operator de ned by

KELI00= D) g ), (359
@D y
and (KK) is given by
Z .
(<5) 1= D) g (). (359
@b X

Moreover, the integral operatorsK and (KK) are compact onL?(@D). Note
that (KX) is the L2-adjoint of K*.
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We will need the following important result from the theory of the
Helmholtz equation. It will help us to prove uniqueness of the soluion to
exterior Helmholtz problems. For its proof we refer to [140, Lemma 2.11] or
[270, Lemma 9.8].

Lemma 3.28 (Rellich's Lemma) Let Ro > 0 and Bg(0) = fijxj < Rg:
Let u satisfy the Helmholtz equationu + k?u = 0 for jxj > Ro. Assume,
furthermore, that 7

lim ju)jd (x)=0:
Then, u O for jxj >Ry.
Note that the assertion of this lemma does not hold ifk is imaginary or k = 0.

Now we can state the following uniqueness result for the Helmholtz agp-
tion.

Lemma 3.29 Supposed =2 or 3. Let D be a boundedz?-domain in RY. Let
u2 W22(RYnD) satisfy

% iku =0 r (@D a5y =jxj! +1 uniformly in %

8 _
%u +k%u=0 inRYnD;
u

_@u
=
@Du@

Then,u O0in RYnD.

=0:

3.2.3 Transmission Problem

Introduce the piecewise constant functions

o, X2 nD;

(x) = . x2D- (3.60)
and o
.\ "o X2 nD;

(x) = . x2D- (3.61)

where o; »;"o; and ", are positive constants.
Letf 2 szz(@ ), and let u and U denote the solutions to the Helmholtz
equations 8
< 1 2n H .
r(=ru+!“"'u=0in ;
(3.62)
u=f on@ ;

and
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U +12'9 ,U=0in ;
U=f on@ :

In electromagnetics,"y and ", are electrical permittivities, ¢ and - are
magnetic permeabilities, andu and U are electric potentials. In acoustics, one
replaces permittivity and permeability by compressibility and volume density
of mass, and the scalar electric potential by the scalar acoustic presser

We now present two decompositions of the solution of (3.62) similar to the
representation formula (3.43) for the transmission problem for the harmoic
equation. To do so, we rst state the following theorem which is of importance
to us for establishing our decomposition formulas. We refer the readeto [64]
for its proof.

(3.63)

Theorem 3.30 Letk3:=12 ,",. Suppose thak3 := ! 2 4" is not a Dirich-
let eigenvalue for ~ on D. For each (F;G) 2 WZ(@D L2?(@D), there exists
a unique solution(f;g) 2 L?(@D L?(@D to the system of integral equations
8
2Sp'lf] S plal=F
Llasglit)  1@sgle) _, @b (364
. @ 0 @ .

Furthermore, there exists a constantC independent ofF and G such that
kf kLZ(@D) + kgkLz(@D) C kF ka(@D) + kaLZ(@D) . (365)

The following decomposition formula holds.

Theorem 3.31 (Decomposition Formula) Suppose thak3 is not a Dirich-
let eigenvalue for on D. Let u be the solution of (3.62) andg := %‘j@ .
De ne

H(x):= S *[g](x)+ D*[f](x); x2R'n@ ; (3.66)

andlet(; )2L%(@D L%@D be the unique solution of
8
2S5[1Se[1=H

>1@spl) 1@sl)
T, @ o @ N

Then u can be represented as

_ 1 @H on @D : (3.67)
0@

_(H(x)+Sg°[ Ix); x2 nD;

Uix) = S,'S-’[ IxX); x2D: (3.66)

Moreover, there existsC > 0 independent ofH such that

k kLZ(@D) + k k|_2(@D) C kH kLZ(@D) + kr HkLZ(@D) . (3.69)
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The following proposition is also of importance to us. We refer again to
[64] for a proof.

Proposition 3.32 For each n 2 N there exists C,, independent of D (but
depending ondist(D; @ )) such that

kH kC” (5) Cn kf kwlzzz(@ ) .

We now transform the decomposition formula (3.68) into the one using
Green's function and the background solutionU, that is, the solution of (3.63).

Suppose thatk3 is not a Dirichlet eigenvalue for onD. Let G, (X;y)
be the Dirichlet Green function for + k3 in , i.e., for eachy 2 , Gy, is
the solution of

(
( + kDG (XY)= y(X); x2 ;

(3.70)
Gk, (Xy)=0,; x2@ :

Then,

@G, (X;y)
@y
We need to introduce some more notation. For aC2-domain D b and

2 L?’(@D, let

U(x) = fiy)d (y); x2

Z
GRL 1) = Gi(xy) (Y)d (y); x2 :
@D

Our second decomposition formula is the following.

Theorem 3.33 Let be the function de ned in (3.67). Then

@y ._ @U . @cyl)
G0= g+ =2

Note that if x 2 R9n andz2 |, then

xX); x2@ : (3.71)

Z .
W) CREN g )= (xi2) (3.72)
y @
As a consequence of (3.72), we have
1 ky @G(zZ)) _ @u(x2)
2I + (K*?) @, . (x) @. ; (3.73)

forall x2 @ andz2
Finally, we will need the Neumann function Ny, which is de ned by

8
< xNg,(x;2) + ko®Ny, (x;2) = , in

' 3.74
@@@T"@:O forz2 : ( )
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Here, we assume thatk? is not a Neumann eigenvalue of  in . Recall
that the following useful relation between the Neumann function and te
fundamental solution , holds:

Gl K NG = w2 x2@522 : (375)

3.2.4 Reciprocity

Let and " be two piecewise smooth functions such that (x) = ¢ and
"(x) = "o for jxj Ro for some positive Ro. For y 2 RY, introduce the
fundamental solution ,(X;y) to be the solution to
1 1
(rx Zry+127 0= v (3.76)

subject to the Sommerfeld radiation condition.
An important property satis ed by the fundamental solution |, is the
reciprocity property. The following holds.

Lemma 3.34 We have, forx 6 vy,
ko (XY) = ko(YiX): (3.77)

Identity (3.77) means that the wave recorded at x when there is a time-
harmonic source aty is equal to the wave recorded aty when there is a
time-harmonic source atx.

Proof. We consider the equations satis ed by the fundamental solution with
the source aty, and with the source aty; (with y; 6 y5):

1
(rx —rx+! 2") ko(X;y2) = 70 ya 1
1 1
(r x —Fx* ! 2") ko(X;Y1) = 70 y1 .

We multiply the rst equation by  ,(x;y1) and subtract the second equation
multiplied by, (X;y2):
h

|
Fx — kOGYDF x k(Y2)  keOGY2 x ko (X Y1)

ko(X5Y2) yi ¥ ke (XiY1) y,
ko(Y13¥2) yi ' ko(Y2i Y1) v,
We next integrate over the ball Bg of center 0 and radiusR which contains

both y; and y, and use the divergence theorem:
z h i

ko OGYDN x ko(XiY2) k(X Y2)M x ko(XY1) d (X)

@B
= iyt k(Y23 y1)
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where is the unit outward normal to the ball Bgr, whichis = x=jxj.
If x 2 @k and R ! 1 , then we have by the Sommerfeld radiation
condition:

. 1
Fx koY) = Ko ko (XY)*+ O =y
Therefore, asR !'1

ko(%l;yZ)"' ko (Y25 Y1)
= iko ko (5 Y1) ko (XY2)  ko(XY2) ko(X Y1) d (X)
@Bk
=0 :

which is the desired result. u

3.2.5 Lippmann-Schwinger Representation Formula

The following Lippmann-Schwinger representation formula for , holds.
Lemma 3.35 For any x 6 % we have

(GY) = k() + (% Dr k(2:X) 1 ko (z;y) dz
%) (%) 10(z1y) dz:

Proof. We multiply (3.76) by , and subtract the equation satis ed by ,
multiplied by = -
h

(3.78)
+k3 (1

¥
[
Mo 5 @Mz wEZX) L (@ 2 k(EZY)

- 1 1 . .
—(H *O)r z ko(ZiX) Tz k(Z}Y)
"(2)

+127 1 e ko (Z1X) ko (Z3Y)

+i0( WOOY) XD 6(Y) 4(2) :

We integrate over Bg (with R large enough so that it encloses the support of
oand" "g)and sendR to in nity to obtain thanks to the Sommerfeld
radiation condition the desired result. u
Lippmann-Schwinger representation formula (3.78) is used as a basis for
expanding the fundamental solution , when pand" "g. If , in
the right-hand side is repIac;d by «,, then we obtain:

(GY)  k(GY)+ (% D k(ZY) T ok(z;y) dz
"fj’) WY oy dz;

which is the ( rst-order) Born approximation for .

(3.79)

+ki (1
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3.2.6 The Helmholtz-Kirchho Theorem

The Helmholtz-Kirchho theorem plays a key role in understanding the reso-
lution limit in imaging with waves. The following holds.

Lemma 3.36 Let @R be the sphere of radiuRR and center 0. We have
Z

@« — @« ,
°(x; z; X; ®(z; =2i=m ,(x;2);
on @ (XY) w(zZY)  k(XY) @ (ziy) d (y) ko(X:2)
(3.80)
which yields

z 1
pim, (XY) L@V )= —= k(Xx2); (3.81)

P e 0

by using the radiation outgoing condition.

Identity (3.81) is valid even in inhomogeneous media. The following ide-
tity holds, which as we will see shows that the sharper the behaviowf the
imaginary part of the fundamental solution , around the source is, the
higher is the resolution.

Theorem 3.37 Let (, be the fundamental solution de ned in (3.76). We
have .

: — 1

lim ko (XY) k(ZY)d (V)= —= k(X2): (3.82)
R! +1 jyi=R kO
Proof. The proof is based essentially on the second Green's identity and th
Sommerfeld radiation condition. Let us consider

1

(ry Try+127) 4 (yixz) = X3 »

1

(ry =ry+! ") ko (Y3 X1) = X1 -

1
0
1
0

We multiply the rst equation by ¢, (y; X1) and we subtract the second equa-
tion multiplied by, (Y; X2):
h i
My XNy o (iX2) koYX y ko (ViX1)

ko (YiX2) o+ ko (YiX1) x,
ko (X17X2) xi ¥ ko (X1:X2) x5 5

using the reciprocity property ,(X1;X2) = ko (X2; X1).
We integrate over the ball B and we use the divergence theorem:
Z h i

Tk (XN y ko (YiX2) ko (YiX2)F y ko (YiX1) d (y)
@B

= (X X2)+ ko (X1iX2)
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This equality can be viewed as an application of the second Green's id#ty.
The Green's function also satis es the Sommerfeld radiation conditbn
Ly .
lim = T ik o(Yix1) =0 ;
iy Ty 0 ko(YiX1)
uniformly in all directions y=jyj. Using this property, we substitute ikg , (Y; X2)
for 'y ko (YiX2) in the surface integral over @k, and ko «,(y;x1) for
Iy k(Y;X1), and we obtain the desired result. u

3.2.7 Scattering Amplitude and the Optical Theorem
Scattering Coe cients

We rst de ne the scattering coe cients of a particle. Assume that k3 is not
a Dirichlet eigenvalue for on D. Then, from Theorem 3.30 we know that
tge solution to

<r Eru+!2"u:0 in R?;
(3.83)

(u U) satis es the outgoing radiation condition;

can be represented using the single layer potential?»[k,0 and S,'g? as follows:

U(x)+ SE°[ 1(x); x2 R?nD;

u(x) = 3.84
“% s5r100; x2D: (389
where the pair (; )2 L?(@D L?(@D is the unique solution to
8
35Sy 1 Spll=U
. 1@sgr)  1@sgl) _ 1@u on@b: (3.85)
N o @ . 0@
Moreover, there exists a constantC = C(k-; ko; D) such that
k' k|_2(@D) + k kLZ(@D) C(kUkLZ(@D) + kr UkLZ(@D)) : (3.86)
Furthermore, the constant C can be chosen to be scale independent. There
exists ¢ such that if one denotes by ( ; ) the solution of (3.85) with k-
and ko respectively replaced by k, and kg, then
k' k|_2(@D) + Kk k|_2(@D) C(kUkLZ(@D) + kr UkLZ(@D)) : (3.87)

Note that the following asymptotic formula holds as jxj! 1 , which can be
seen from (3.84) and Graf's formula (3.53):
Z

i X . .

w0 U= g kit dnloivde "0 ()d )
n2z

(3.88)

Let (" m; m) be the solution to (3.85) with Jn, (kojxj)€™ * in the place of
U(x). We de ne the scattering coe cient as follows.
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De nition 3.38  The scattering coe cients Wy, , m;n 2 Z, associated with
the permittivity and permeability distributions "; and the frequency! (or
k-»;Kko; D) are de ned by

z

Wom = Wan [ 51 ]:= In(kojyp)e ™ ¥ m(y)d (y): (3.89)
@D

We derive the exponential decay of the scattering coe cients. Wehave the
following lemma for the size ofjWyn, j.

Lemma 3.39 There is a constantC depending on("; ;! ) such that
. .y o CImEim
Wam [0 i SR forall nym2 Z: (3.90)
Moreover, there exists ¢ such that, for all 0s
Won 500 5 O™ nieimifor all mim 2 Z 3.91
J nm [ [ ]J W or a n, m y ( . )
where the constantC depends on("; ;! ) but is independent of .

Proof. Let U(X) = Jm(Kojxj)€™ * and (' m; m) be the solution to (3.85).

Since o
(pm et imj

JIm (t —_— — 3.92
"0 P g (3.92)
asm!1l (see (2.12)), we have
cimj
kUkLZ(@D) + kr UkLZ(@D) W
for some constantC. Thus it follows from (3.86) that
Cimj

for another constant C. So we get (3.90) from (3.89).
On the other hand, one can see from (3.87) that (3.93) still holds for some
C independent of as long as o for some (. Note that
Z

Wi [ 5! 1= In(kojyde ™ ¥ m () (¥); (3.94)
@D

where ( m. ; m: ) is the solution to (3.85) with k, and ko respectively re-
placed by k» and ko and Jn ( Kojxj)€™ * in the place of U(x). So one can
use (3.92) to obtain (3.91). This completes the proof. u

Recall from (2.26) that the family of cylindrical waves f J, (kojyj)e ™ ¥ gn
is complete. If U is given as
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X
U(x) = am (U)Im (Kojxj)e™ * ; (3.95)
m2Z7Z

where an, (U) are constants, it follows from the principle of superposition that
the solution (; ) to (3.85) is given by

X
= am(VU) m:
m2Z

Then one can see from (3.88) that the solutioru to (3.83) can be represented
as

i X X
UK) U= 5 HO (oixe” T Waman(U) asixj!1
n2z m272
(3.96)
In particular, if U is given by a plane wavee®° * with  being on the unit
circle, then

i X X
u(x) eko x = L H® (kojxj)en * Won €M (z ) asjxjl1
n2z m2Z72
(3.97)
where = (cos ;sin ) and x = (jXxj; ). In fact, from the Jacobi-Anger
expansion of plane waves (2.6) it follows that
X
glo x = em iz I (kojxj)em * ; (3.98)
m2Zz2
and X
= emniz ) (3.99)
m2Z

Thus (3.97) holds. It is worth emphasizing that the expansion formula (396)
or (3.97) determines uniquely the scattering coe cients Wy, , for n;m 2 Z.

Scattering Amplitude

Let D be a bounded domain inR? with smooth boundary @D and let ("o; o)
be the pair of electromagnetic parameters (permittivity and permeablity) of
R?>nD and ("»; -») be that of D. Then the permittivity and permeability
distributions are given by

"="y (RnD)+ "> (D) and = o (R®nD)+ - (D): (3.100)
Given a frequency! , setk, = ! p"ﬁ and kg = ! p"ﬁ. For a function U
satisfying ( + k3)U = 0 in R?, we consider the scattered wavay, i.e., the
solution to (3.83).

Suppose thatU is given by a plane waveeko * with  being on the unit
circle, then (3.97) yields
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i X _ X .
— H® (kojxj)em Won €M (z ) asjxj!i
n2z m2Z

ux) eke x=

(3.101)
whereW,, , given by (3.89), are the scattering coe cients, =(cos ;sin ),
and x = (jxj; x)-

The far- eld pattern A; [*; ;! ], when the incident eld is given by eko X,
is de ned to be

. : K 0jX]
) €0 = de TpE AP (5 )+ olixj F) asxjll
8K ojXj
(3.102)
Recall that ro_
HE (1) tiei(t D ast!l (3.103)

where indicates that the di erence between the right-hand and left-hand
side isO(t 1). If jxj is large whilejyj is bounded, then we have

. L 1
X yi=ixj jyjcos(x y)+ O(m);

and hence
s
@ iy i 2 dkolxil vicos(x 4D agixi |
Hg” (kojx yj) e kojxje v asjxj!1
Thus, from (3.84), we get
_ Cogkoixi £
ux) ko x e Tp—o e koicslx y) (y)d (y) (3.104)
8k ojXj @b
asjxj!1 and infer that the far- eld pattern is given by
Z
ATt 005 0= e emiesta ) (y)d (y) (3.105)
@D

where is given by (3.99).

We now show that the scattering coe cients are basically the Fourier
coe cients of the far- eld pattern (the scattering amplitude) wh ich is 2 -
periodic function in two dimensions.

Let X _
Acht 105 x)= be( )en >
n2z
be the Fourier series ofA; [*; ;! ]( ;). From (3.105) it follows that
Z, Z
— 1 ik ojyj cos( ) in
bh( )= 5= e Mot vl (y)d (y)e " xd

2 0 @D

Zz 7,

1 Lo .
27 e ik ojyj cos( x y)e in x ¢ « (y)d ( y):
@D 0
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Since
Z
12 _ S
7 e ik ojyj cos( x y)e n xd x = Jn(koJYJ)e in(y+7) ;
0
we deduce that
Z

bh( )= In(kojye " (v 2) (y)d (y):
@D

Using (3.99) we now arrive at the following theorem.

Theorem 3.40 Let and ©°be respectively the incident and scattered direc-
tion. Then we have

X
ALl 06 9= i omen W [t Je ™ (3.106)
nm22Z

where the scattering coe cients W, are de ned by (3.89).

We emphasize that the series in (3.106) is well-de ned provided thatk3 is
not a Dirichlet eigenvalue for on D. Moreover, it converges uniformly
in and ©°thanks to (3.90). Furthermore, there exists o > 0 such that
for any o the series expansion ofA; [ ;! 1(; 9 is well-de ned and
its convergence is uniform in . This is the key point of our construction of
near-cloaking structures. We also note that ifU is given by (3.95) then the

scattering amplitude, which we denote byA; [*; ;! ](U; 9, is given by
X X
A [0 U 9= 0 el Wiom am (U) (3.107)
n2z m2Z

The conversion of the far- eld to the near eld is achieved via formula (3.101).

Optical Theorem

Let d = 3. The analogous quantity of the Poynting vector in scalar wave
theory is the energy ux vector [112]. For < u(x)e kot | the averaged value
of the energy ux vector, taken over an interval which is long compared b
the period of the oscillations, is given by

F(xX)= iko[a(X)r u(x) u(x)r u(x)] :

Consider the outward ow of energy through the sphere@B of radius R and
center the origin:
Z
W = F(x)  ()d (x);
@B

where (x) is the outward normal at x 2 @ k.
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As the total eld can be written as u = U+ u®, the ow can be decomposed
into three parts:

W= W'+ W+ W

where 7

W= Ux)r U(x) uUxr ux) x)d (x);

W= i [US()r u(x)  u(x)r us(x)] () d (x);

WOo= Ux)r us(x) us(x)r U(x) U)r us(x)+ us(x)r U(x) x)d (x);
@B

where is a positive constant. _
In the case whereU(x) = €0 X is a plane wave, we can see thaiv' = 0:
Z

W= Ux)r U(x) uUxrux d (x);
7@B
= e *o Xikge®o X+ gko Xkode ¥ X (x)d (X);
o%
=2 ko () d (x):
@8
=0:

In a non absorbing medium with non absorbing scatterers,W is equal to
zero because the electromagnetic energy would be conserved by thetering
process. However, if there is an absorbing scatterer inside the rdiim, the
conservation of energy gives the rate of absorption as

wa= w
Therefore, we have
w2+ we=w O
Here, WO is called the extinction rate. It is the rate at which the energy is
removed by the scatterer from the illuminating plane wave, and it is the sum
of the rate of absorption and the rate at which energy is scattered.

Denote by V the quantity V(x) =  UMX)r U(x) UX)r U(x) . In the
case of a plane wave illumination,V (x) is independent ofx and is given by
V =2k 0-

De nition 3.41  The scattering cross-sectionQ?®, the absorption cross-section
Q2 and the extinction cross-section are de ned by
ws wa w o
s — Y . a_— 7 . ext — .
Q v @ v @ v -
Note that these quantities are independent ok in the case of a plane wave
illumination.
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Theorem 3.42 (Optical theorem) Let d = 3. If U(x) = €<°o X, where
is a unit direction of incidence, then

4

Q¥ ! 10)=Q%[ 5! 1)+ Qs 1) = Koo ALt 16D
7 (3.108)
QTiit 1= ALl IG R (®) (3.109)
j*j=
with A; being the scattering amplitude de ned by
eikonj X 1
U = —A ! ;o o — 3.110
(W V= Al ] e +0 o (3.110)
Proof. The Sommerfeld radiation condition gives, for anyx 2 @k,
rus(x) (x) ikeu®(x): (3.111)
Hence, from (3.110) we get
S . Zko A ohy g L X
uw)r us(x)  (x)  use)r u3(x)  (x) e A0 1 m ;

which yields (3.109). We now compute the extinction rate. We have
rux) x)=ike  (x)eko x: (3.112)

Therefore, using (3.111) and (3.112), it follows that

_ _ eko(jxj  x) @ko(jxj  x)
UOOr w6) (9 W00r U6 () iko—— o + ko ALl ]
ikoeikOij (x) X
_——— xX)+1) A "; ,' , ——
ixi ( ()+1) AL ] X
For x 2 @R, we can write
ikge koR () ( () X

U)r us(x)  (x)  u*()r U(x)  (x) ( G+ AL ]

R "X

We now use Jones' lemma (see, for instance, [112, Appendix XII])

Z .
o emete Wd (g 2L g)e MR G ( ek
@B 0

asR!1 |, to obtain
Z

ue)r us(x) us(x)r ux)  (x) 4A [0 1(; ) asR!1
@B
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Therefore,
WO=id4 Ay [5il 1) ALt 1) = 8 =AY 1G]
Since
Ux)r ux) U)r ux) =2ko;

we get the result. u

In two dimensions, the scattering cross-sectiorQ®["; ;! ]is de ned by
Z, 2
Q5! (9= Aclhs 1G9 de: (3.113)
0
As an immediate consequence of Theorem 3.40 we obtain
X X 2
Q[ ! 1(9H=2 i "Wpm [0 1€" ; (3.114)
m2Z n2Zz2
Analogously to Theorem 3.42, we can prove that
r
k
=A% 9= PR (Y 8 °2[02 ] (3.115)

Therefore, for non absorbing scatterersj.e., Q% = 0, the above optical the-
orem leads to a natural constraint on Wy, . From (3.114) and (3.115), we
obtain

- 2
- X jm ngi(n m) oan [0 ]= ﬁ X X i "Wom [ ! ]ein 0
nm2Z 2 m2Z n2Z
(3.116)
8 %202 ]
Since! 7! A; [* ;! ]is analytic in C*, A; vanishes e ciently rapidly
as! ! +1 ,andAi [%; 1= A1["%;! ]forreal values of! , the real and

imaginary parts of the scattering amplitude are connected by the Krames-
Kronig relations (2.48) and we have for 2 RY;j j=1:d=2;3,

241 (9@ 2geay ;1 9 ) g1 0-

<AL [0 105 )= capive . 9z 12 (3.117)
and
Z
ext m. . —_ 2 oy w1 <A ["; ’l OJ(; ) .
Q[ st 1() = PPV 1(! T dr%  (3.118)

where ¢z = P o 0=(2 ?)and ¢, = P o 0=(2 3). Moreover, from (2.50)
and (2.51), we obtain by respectively taking the limits of (3.117) and (3.118)
as! ! 0 the following sum rules:
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Z 4
<AL [ 05 )= capv: (9 =gt 9 ydl 0 (3.119)
0

and
Z
2 A G ) < AT 0N
Qext [n; : 0]( )= p:V: 1 [ OJ( )| > 1 [ ]( ) d! 0:
00 0 (9
(3.120)
3.3 Elasticity Equations
Let be adomaininRY, d=2;3.Let and be the Lanme constants for
satisfying the strong convexity condition
>0andd +2 > O (3.121)

The constants and are respectively referred to as the compression modulus
and the shear modulus. We also introduce the bulk modulus := +2 =d.We
refer the reader to [243, p.11] for an explanation of the physical signi cance
of (3.121).

In a homogeneous isotropic elastic medium, the elastostatic operator cor-
responding to the Lane constants ; is given by

L' u:=u +( + )r u u: ! RY: (3.122)

If is bounded with a connected smooth boundary, then we de ne the
conormal derivative @ u=@1y

@u_
@n

where r u is the matrix (@ui)ﬂj -, Wwith u; being the i-th component of u,
and is the outward unit normal to the boundary @ .
Note that the conormal derivative has a direct physical meaning:
@u .
— = traction on :
@n @
The vector u is the displacement eld of the elastic medium having the Lane
coecients and , and the symmetric gradient

(r u + (ru+ru”); (3.123)

rsu:=(ru+ru)=2 (3.124)

is the strain tensor.
In RY, d=2:3, let

= g e;

1
|::E(jl km + jm k)§ €& €& €n;
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with (ey;:::;€4) being the canonical basis ofRY and  denoting the tensor
product between vectors inRY. Here, | is thed d identity matrix or 2-tensor
while 1 is the identity 4-tensor.

De ne the elasticity tensor C = ( Cjum ) =1 for R by

Ckm = jk m* (ji km* jm k) (3.125)

which can be written as
C:= | | +2 |I:

With this notation, we have

and

@u_ sy = :
@n—(Cr u = ();

where (u) is the stress tensor given by
(u)= Cr Su:
Now, we consider the elastic wave equation
@u L " U=0;

where the positive constant is the density of the medium. Then, we obtain
a time-harmonic solution U(x;t) = <e[e " u(x)] if the space-dependent part
u satis es the time-harmonic elasticity equation for the displacemen eld,

(L' +12)u=0; (3.126)

with | being the angular frequency.
The time-harmonic elasticity equation (3.126) has a special family of so-
lutions called p- and s-plane waves:

P _ i!p=(+2)x s _ i!pTx ?
UP(x) = € and U®°(x) = ¢ (3.127)

for 28! 1:=f 2RY:jj=1gthe direction of the wavevector and ? is
suchthatj ?j=1and ? = 0. Note that UP is irrotational while US is
solenoidal.

Taking the limit ! ! 0 in (3.126) yields the static elasticity equation

L' u=0: (3.128)

In a bounded domain , the equations (3.126) and (3.128) need to be
supplemented with boundary conditions at@ . If @ is a stress-free surface,
the traction acting on @ vanishes:
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This boundary condition is appropriate when the surface@ forms the outer
boundary on the elastic body that is surrounded by empty space.

In a homogeneous, isotropic medium, using the Helmholtz decomposition
theorem, the displacement eld can be decomposed into the sum of an-r
rotational and a solenoidal eld. Assume that is simply connected and
its boundary @ is connected. The Helmholtz decomposition states that for
w 2 L?( )Y there exist 2 W%2( )and 2 Heun( )\ Hgiv () such
that

W=r +r we (3.129)

The Helmholtz decomposition (3.129) can be found by solving the following
weak Neumann problem in  [79, 148]:
z Z

r w rgdx= W rqdx 8q2 W%Y2( ): (3.130)

The function 2 W2( ) is uniquely de ned up to an additive constant.
In order to uniquely de ne the function ,, we impose that it satis es the
following properties [111]:

(

r w=0 1in ;

w  =(r w) =0 on@: (3130)

The boundary condition (r w) =0on @ shows that the gradient and
curl parts in (3.129) are orthogonal.

We de ne, respectively, the Helmholtz decomposition operatorsHP and
HSs for w2 L2( )9 by

HP[wl:=r  and H°[w]:=r wi (3.132)

where , is a solution to (3.130) and , satisfy r w=Wr  together
with (3.131).
The following lemma holds.

Lemma 3.43 (Properties of the Helmholtz decomposition operators)
Let the Lame parameters (; ) be constants satisfying (3.121). We have the
orthogonality relations

HSHP = HPH® =0: (3.133)

Moreover, H® and HP commute withL* : For any smooth vector eld w in

3

H L' wlj=L" H [w] = p;s: (3.134)

Proof. We only prove (3.134). The orthogonality relations (3.133) are easy to
see. LetHS[w]=r  andlet HP[w]=r w- Then we have

L' w=( +2)r wt T wh
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and therefore,
H[L® w]l=( +2 )r =L H%Ww];
and
HPIL® wl= r w=L" HP[w]
as desired. u

It is worth emphasizing that in the exterior (unbounded) domain R n"—
or in the free spaceRY, the Helmholtz decomposition (3.129) stays valid with
WZL2( ) replaced byfv2 L2 :r v2 L?g; see, for instance, [177, 163].

In the time-harmonic regime, if the medium is in nite, then the i rrota-
tional and solenoidal elds solve two separate Helmholtz equations with d
ferent wavenumbers. As will be shown in the next section, radiaton conditions
should be imposed in order to select the physical solutions. The igtational
eld is called compressional wave f-wave) and the solenoidal eld is called
shear wave 6-wave). The displacement eld associated with thep-wave is in
the same direction as the wave propagates while the displacement eldssoci-
ated with the s-wave propagates orthogonally to the direction of propagation
of the wave. Note that, in three dimensions, thes-wave has two directions of
oscillations. Note also that if the medium is bounded, then thep- and s-waves
are coupled by the boundary conditions at the boundary of the medium.

Let the wave numbers s and | be given by

| |
ST & and . (3.135)
where cs is the wave velocity for shear waves and, is the wave velocity for
compressive waves:
S

|

= — and ¢ = *2

(3.136)

The -wave, = p;s, propagates with a wave number , through space
and the corresponding wave velocity is given byc . Note that if > 0, then
Cp is larger than cs provided that (3.121) holds. This means that the p-wave
arrives faster than the s-wave in the time domain.

Finally, it is worth mentioning that by antiplane elasticity equati on we
mean the conductivity equation r r uz = 0, where ugz is the x3-component
of the displacement eld u in three dimensions. When the elastic material
is invariant under the transformation xj3 ! X3, the equations of linearized
elasticity can be reduced to the antiplane elasticity equation.

3.3.1 Radiation Condition

Let us formulate the radiation condition for the time-harmonic elastic waves
when Im ! Oand! 60.
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SinceHSs and HP commute with L * , as shown in Lemma 3.43, it follows
from the Helmholtz decomposition (3.129) that any smooth solutionu to the
constant-coe cient equation (L +! 2 )u =0 can be decomposed as follows:

u= up+ Us; (3.137)
where u, and us satisfy the equations
(
(4+ 2up=0; r up=0;

(3.138)
(4 + 2)us=0; r us=0:
In fact, u, and us are given byu, = HP[u] and us = H3[u].
In order to select the physical solutions, we impose oru, and us the

radiation condition for solutions of the Helmholtz equation by requiring, as
r=jxj! +1,that

( @up(X) i pUp(x) = O(r (d*D =2y,

@us(x) i sug(x)= O(r (4+D)=2). (3.139)

We say that u satis es the Sommerfeld-Kupradze radiation condition if it can
be decomposed in the form (3.137) withu, and us satisfying (3.138) and
(3.139).

We recall the following uniqueness results for the exterior prol#m [235].

Lemma 3.44 (Uniqueness result) Let u be a solutionto(L* +!2 )u=0
in RYn" satisfying the Sommerfeld-Kupradze radiation condition (3139). If
either u=0 or @u=@%0 on @ , then u is identically zero in RY n

3.3.2 Integral Representation of Solutions to the Lane System
Fundamental Solutions

In dimension d, the Kupradze matrix ' = ( ;i) of the fundamental
solution to the operator L + ! 2 satis es

Li +12) '(x y)= y);  x 2R%Ex6y; (3.140)

where  is the Dirac mass aty and | isthed d identity matrix. The function
' can be decomposed into shear and pressure components:

'X)= s+ p(x); x2R% x80; (3.141)

where

1

s( 8 +D) ¢(x): (3142

J00= 5D 100 and  l(0=

S
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Here, the tensorD is de ned by

D=rr = @)sl -1 (3.143)

where the function ' is the fundamental solution to the Helmholtz operator,
ie.,

( + 2 '0)= ox); x2R%x860;
subject to the Sommerfeld radiation condition:

@ '(x) i '()=0@ PP asr=jxj! +1:

Notethatr ¢ =Oandr ;| =0.Moreover, ' satis es the Sommerfeld-
Kupradze radiation condition (3.139). Here, the vector eld r ¢ and the

matrix eld r » are de ned by

(
r )a=r (sa);
(r p)a=r (509
for all g2 RY.
The function ', for = p;s, is given by
8
3 ZHEC ixi)d=2;
LX) = s @ i (3.144)
: —; d=3;
4 jX]

where Hél) is the Hankel function of the rst kind of order 0. We recall the
following behavior of the Hankel function near 0:

i ! . Xt . .
ZHE (i) = 5-log( i)+ + (wlog( jxi)* cn)( jxi)*" (3.148)
n=1
for = p;s;where
(o i X
h’l - 2 22n(n!)2’ Ch = bn |ng 2 - J ’

and the constant = (1=2 )( log2) i=4, being the Euler constant.
Moreover, ast! +1 , we have
r
HY (1) = 24t D 140
P
%Hél) (t) = tie“t+ D 1+0

(3.146)

~lR
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Using (3.146), one can see that in the two-dimensional case
2 rHG(ixi) i HG(ixi)= O(xj *); (3.147)

where X := x=jxj. This is exactly the two-dimensional Sommerfeld radiation
condition one should impose in order to select the physical solution ofhe
Helmholtz equation.

In the three-dimensional case, the Kupradze matrix ' = ( ;i) -, is
given by
Uiy = N gk L e o g 3.148
100= ¢ 412 T (3.148)
where , = p;s, is given by (3.135). One can easily show that i!I has the
series representation:
1 X g n+1 1
! — n vin 1
()= — =t 5 X (3.149)
4 o, (n+2nl ol
1 X inn 1 1 1 o
+ 4 I(n(: 2) n)| n+2 n+2 ! n]XJn 3Xj X
n=0 - G G
If I =0,then := 0Ois the Kelvin matrix of the fundamental solution to
the Lane system; i.e.,
C(xy= L _2XXi
it (X) 20 4 @ (3.150)
where
1 1 1 1 1 1
1— é —+ 2 T and 2 — E - 2 I (3151)
In the two-dimensional case, the Kupradze matrix ' =( ;)7 ., of the

fundamental solution to the operatorL: + 12 || 60, is given by
[
412

. i »
0= - iHE (six)+

@@ H (pixi) HE ( sixj)

(3.152)
For! =0, we set to be the Kelvin matrix of fundamental solutions to the
Lane system; i.e.,

2XjX|_

= _1. ixji 2271
jl (X) - 2 il IOgJXJ 2 ]XJ2 . (3153)
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Single- and Double-Layer Potentials

Let be a bounded domain inRY, d = 2; 3, with a connected smooth bound-
ary. The single- and double-layer potentials for the operatorL © + ! ? are
given by

S'[Ix) = F(x oY) (Dd(y); x2RY (3.154)
' — @ ! ' . d .
D' [1(x)= o @|(1y)(x y) (y)d (y); x2R'n@; (3.155)

for ' 2 L?(@ )Y, where @=@denotes the conormal derivative de ned in

Z |

L - % '
'L 100y = @y(x .y) ) )
%ﬁ%'; X Y) 1) k(y)d (y):

The following formulas give the jump relations satis ed by the conormal
derivative of the single-layer potential and by the double-layer poential:

@Séa]) )= %' +(K') [1x) aex2@; (3.156)
@O'rd = %I +K' []x) aex2@ ; (3.157)

whereK' is the operator de ned by

K[ 1(x) = p.v. o W(X y)' (y)d (y) (3.158)
and (K' ) is the L2-adjoint of K ' ; that is,
A
'y o _ @' . :
(K) [ 1(x)=p.v. o 7@@()0( y)' (y)d (y):

The operators (K' ) and K' are called the Neumann-Poincae operators.

By a straightforward calculation, one can see that the single- and double-
layer potentials, S' [ Jand D' [ Jfor' 2 L2(@ )¢, satisfy the time-harmonic
elasticity equation in  and R n~ together with the Sommerfeld-Kupradze
radiation condition (3.139).

LetS ,D ,(K ) ,andK be the layer potentials for the operatorL -
Analogously to (3.156) and (3.157), the following formulas give the jump
relations obeyed byD [ Jand by @S [ ])=@ron @ for' 2 L2(@ )¢:

% (x) = %| +(K ) []x) ae.x2@ ; (3.159)

O] x)= %| +K []X) ae.x2@: (3.160)
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Again, the layer potentials S [ ], D [ ]for' 2 L?(@ )Y satisfy
L' S[T]=L' D[]=0 in [(RYn):

We emphasize that the singular integral operatorsKk and K' are not com-
pact, even on smooth domains. This causes some di culties in solving hie
elasticity system using layer potential techniques.

Let be the vector space of all linear solutions to the equatior. * u=0
satisfying @u=@+ 0 on @ , or, equivalently,

2w Y@ +@;=0;1 jl d;

(3.161)
= (x)=a+Bxa2C%B2M} ;
where M} is the space of antisymmetric matrices. One has
dim = d(d+1)=2
De ne a subspace ofL?(@ )® by
Z
L?2@)= f2L@): f d =08 2 (3.162)
@
In particular, since  contains constant functions, we get
z
fd =0
@
forany f 2 L2(@ ).
De ne
W @)= 2W2,(@)° (5 ) 1212=08 2 (3.163)

Then the following result holds.

Lemma 3.45 (Mapping properties of K ) The operator %I +K isin-

vertible on W 1:2(@ ). Moreover, there exists a positive constanC such that

kS [l ]kW(Rd) (:kI kW21:2(@ ) (3164)
for all ' 2 Wzlzz(@ Y4, Furthermore, the null space of %I + K on
W2,,(@)is

The following invertibility results will be also needed.

Lemma 3.46 (Mapping properties of (K') ) The operator %I +(K")
is invertible on W2,_,(@ )®. If 1 2 is not a Dirichlet eigenvalue for L
on ,then 2l +(K') isinvertible on W2?,_,(@ )? as well.
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Next, we recall Green's formulas for the Lanme system, which can be ob-
tained by integration by parts. The rst formula is

Z
u de = UL vdx+ Qu;v); (3.165)
@ n
whereu 2 W12( )4, v 2 W322( )d and
Z
Q(u;v) = (r u)(r v)+2 rsu:rSv dx (3.166)

P
Here and throughout this book A : B = j(;jl -, & by for matrices A = (&)
and B =(by).
The strong convexity condition (3.121) shows that the quadratic form

u7! Q(u;u)

is positive de nite. Note that W2( )9 is the closure of this quadratic form
sinceu 7! r Su is elliptic of order 1.
Formula (3.165) yields Green's second formula
z — Z
~ @v @u o S
u— v — dXx= UL v vULiu dx 3.167
o T an Y @n W (3.167)

for u; v 2 W322( )d,
Formula (3.167) shows that ifu 2 W322( )d satisesL: u=0in

then @Qu=@® 2 L?>(@ ).
The following formulation of Korn's inequality will be of interest to us.

Lemma 3.47 (Korn's inequality) Let be a bounded smooth domain in
RY. Let u 2 W2( )9 satisfy
A
u +ru:r dx=0 forall 2 : (3.168)

Then there is a constantC depending only on the Lipschitz character of
such that 7 7

jui+jrui? dx C jr Suj?dx: (3.169)
D

Here,jr ujf?=ru:ruandjr Suj>2=r su:r Su.
Finally, using Green's formulas one can prove thatS is positive.

Lemma 3.48 The operator S :L?(@ )Y! L%(@ )Y is positive and self-
adjoint.
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Transmission Problem

In this subsection we consider a smooth bounded inclusio® with Lare
parameters€ e di erent from those and of the background medium. We
assume that the pair of Lane parameters € e satisfy the strong convexity
condition (3.121) and is such that

( ©( e 0 ( ©%+( e)?60: (3.170)

Let & denote the single-layer potential de ned by (3.154) with ;  replaced
by € e. We also denote by @u=@the conormal derivative associated with

€ e. We now have the following solvability result which can be viewedas a
compact perturbation result of the case! =0.

Theorem 3.49 Let D be a smooth bounded domain ifRY. Suppose that(
e)( e) Oand0< € e< +1 . Suppose that=! 0Oand!? isnota
Dirichlet eigenvalue for L © on D. For any given (F;G) 2 WX2(@D¢
L2(@DY, there exists a unique pair(f;g) 2 L2(@DY L2?(@D¢ such that

8
<&l Spldis = F
@

2911 osbld, =G

A positive constant C exists such that
jifiiczi@pe + ii9iiLz@pe C JiFliwiz(@pe * iiGjiL2(@pe :  (3.171)

Moreover, if | =0 and G 2 L? (@D, theng2 L? (@D.

Consider the following transmission problem:

8 _
L' u+!2u =0 in nD;
%Lgeu+!2u:0 in D;
@u_ _
a@n ¢ on @ ; (3.172)
§ u, u =0 on @D;
@u @u
- = — =0 on D;
o @ @
whereD and are smooth bounded domains irRY with D . Note that the

p- and s-waves cannot be decoupled because of the boundary and transmission
conditions.
For problem (3.172) the following representation formula holds.
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Theorem 3.50 (Representation formula) Let=! 0. Suppose thatl ?
is not a Dirichlet eigenvalue for L © on D. Let u be a solution of (3.172)
andf := ujg . Dene

H(x):= D' [f1(x) S '[g)(x); x2R'n@ : (3.173)
Then u can be represented as

_(H(X)+S|5[](X); x2 nD;

- 3.174
10 SHI10%); X 2 D; ( )

where the pair('; )2 L?(@DY L?(@DY is the unique solution of

8
<$&[1 Syl 1=Hijeon

. Qe @u,_ @H (3.175)
@gD[ : @”SD[ 1= ‘@neo
Moreover, we have
H()+ Sp[ 1(x)=0; x2RInT (3.176)

3.3.3 Reciprocity Property and Helmholtz-Kirchho Identities

We now discuss the reciprocity property and derive the HelmholtzKirchho
identities for elastic media.

Note rst that the conormal derivative tensor @ ' =@nmeans that for all
constant vectors g,

@ _._d'd
@n ' @n
From now on, we set ' (x;y):= '(x y)forx6y.
An important property satis ed by the fundamental solution ' is the

reciprocity property. If the medium is not homogeneous, then the folowing
holds:

Py =l toeylTs x 6y (3.177)

If the medium is homogeneous, then one can see from (3.148) and (3.152) that
' (x;y) is symmetric and

Ly;x)= T(xy); x8y: (3.178)

Identity (3.177) states that the nth component of the displacement atx
due to a point source excitation aty in the mth direction is identical to the
mth component of the displacement aty due to a point source excitation at
X in the nth direction.

The following results are the building block of the resolution analysis in
elasticity imaging.
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Proposition 3.51 Let be a bounded smooth domain.

(i) For all x;z2 , we have

Z 1 #
@' (xy)— .. e @ (v32) .
o W 1 (y;2) (xy) @ny) d (y)= 2i=mf " (x;2)g
(3.179)
(iDFor all x;z2 , we have
" #
@< (5Y) . Ly @0 (¥32) _a.
o @) ° ;2) (X,Y)i@l(]y) d (y)=0: (3.180)
(iifForall x;z2 and = p;s,
@' (%Y)—,.. e @ (Y3 2) o v
o W (y;2) (X,y)i@(\y) d (y)= 2=mf " (x;z)g:

(3.181)

In order to simplify Helmholtz-Kirchho identities , we derive an approx-
imation of the conormal derivative

@' (xy)=@); y2@;x2 ;

when is a ball with very large radius
If (y)=yY x(G=(y x)Ijx yjandjx vyj 1,then, for = p;s we

have @' (xy) 1
“Xiy) _ . Uy
and the following result holds.
Proposition 3.52 (Helmholtz-Kirchho Identities) Let RY be a
ball with radius R. Then, for all x;z 2 , we have
z 1
lim y) T(y;2d (y)=  —=mf '(x;2)g, = p;s; (3.183)
RI+1 g Ic
and z
lim s (Xy) S (yi2)d (y)=0: (3.184)
R! +1 @

3.3.4 Incompressible Limit

Let D be an elastic inclusion which is a bounded domain irR? (d = 2;3)

with smooth boundary. Let (€ e) be the pair of Larme parameters of D while
(; ) is that of the background RY nD. Then the elasticity tensors for the

inclusion and the background can be written respectively a€ = ( €jum ) and
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C = (Cjum ) where €y and Cjum are de ned according to (3.125) and the
elasticity tensor for RY in the presence of the inclusiorD is given by

(D)€+ (RYnD)C: (3.185)

We assume that the strong convexity conditions (3.121) and (3.170) hold
for the pairs (; ) and (€ e) respectively, that are in turn required to have
the representation of the displacement vectors in terms of the singl layer
potential in what follows. We also denote by € the bulk modulus given by
€=€+2ad.

We consider the problem of the Lanme system of the linear elasticity: for
a given function h satisfyingr Cr Sh=0in RY,

r ( (D)€+ (RYnND)C)r Su=0 in RY;

- - (3.186)
u(x) h(x)= O(jxj* 9 asjxj!1 ;
wherer Su is the symmetric gradient (or the strain tensor). Equation (3.186)
is equivalent to the following problem:
8
L' u=0 in RYnD;
L°®u=0 in D;

uj =uj+ on@Db;
eu _a@u oo (3.187)
@ @ . ’

“u(x) h(x)= O(xj* 9 asjxj!1

We show that if € ' 1  and e is xed, then (3.187) approaches to the

Stokes system. Roughly speaking, if ! 1 , thenr u is approaching to 0
while €r u stays bounded. So (3.187) approaches to the Stokes problem.
The following result from [47] holds.

Theorem 3.53 Suppose that and € go to+1 with & = O(1). Suppose
thatr h=0 in RY. Let (u; ;p) be the solution to

8 ] -
u ; +rp=0 in R nD;
eu ;1 +rp=0 in D;

usq =ur |

on @D;
(p +e%) =(p + %ﬂ)+ on @D; (3.188)
r up =0 in RY:
up (x) h(x)= O(xj' 9 asjxj! +1;
p(x)= O(xj ) asjxj! +1;
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where@u =@j =r1 Su; j . There exists a positive constantC independent
of and € such that the following error estimate holds for and € large

enough:
C @h

wey TT @ ween’
where W (RY) is de ned by (2.29).

u ug (3.189)

Equations (3.188) are the linearized equations of incompressible uids othe
Stokes system. Existence and uniqueness of a solution to (3.188) can beped
using layer potential techniques; see [47]. We refer the reader §d61, 162] for
a unique continuation and regularity results for (3.188).
A complete asymptotic expansion can be constructed. For doing so, la;
forj 1 be dened by
8 _
u j+rp+ rp 1=0 in RYnD;
eu ,-+rpi+erpj 1=0 in D;
e !
u = — U on @D;
L ! !

o] @ @ (3.190)
- P+ 6“ P +e@” =0 on @D;

+

+

r u=p 1 inRY
u(x) = O(jxj* 9) asjxj! +1;
p(x)= O(xj 9 asjxj! +1:

Here,po = p given by (3.188). Equations (3.190) are nonhomogeneous. In [47],
the following theorem is proved.

Theorem 3.54 There exists a positive constantC independent of and €
such that the following error estimate holds for and € large enough and for
all integers J:

X1 1
Uu (5 (RIND) o PNy
=1

1,1 @h .
W (RY) J+i el+: @ w?,_,(@D’
(3.191)
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Probabilistic Tools

In this chapter we introduce useful probabilistic tools for imagingin the pres-
ence of noise. In particular, we examine image characteristics with spect
to various data acquisition and processing schemes. We focus speaily on
issues related to image resolution, signal-to-noise ratio, and image artifas.

The noise models discussed in this book are measurement and medium
(or cluttered) noises. They a ect the stability and resolution of the imaging
functionals in very di erent ways.

Imaging involves measurement and processing of activated signals emanat
ing from an object. Any practical measurement always contains an undesable
component that is uncorrelated with (i.e., independent of) the desired signal.
This component is referred to as measurement noise. On the other hand
medium noise models the uncertainty in the physical parameters oftie back-
ground medium. In many practical situations, the physical parameters ofthe
background medium uctuate spatially around a known background. Of great
concern in imaging is the question of how measurement and medium noise
are modeled and how the imaging process handles them-that is, wheth they
are suppressed or ampli ed. We give in this section an introduction b proba-
bility theory that provides the basic tools for modeling imaging schemes with
waves in the presence of noise.

4.1 Random Variables

A characteristic of measurement noise is that it does not have xed valies in
repeated measurements. Such a quantity is described by a random \vable.
The statistical distribution of a continuous random variable can be charader-
ized by its probability density function (PDF). The PDF of a (real- valued)
random variable is often denoted byp (x), which represents the probability
density of obtaining a speci ¢ value x for in a particular measurement:
z b
P( 2[a;b)=  p (x)dx:

a
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Note that p is a nonnegative function whose total integral is equal to one.
Given the PDF it is possible to compute the expectation of a nice fumwtion
(bounded or positive) of the random variable ( ), which is the weighted
average of with respect to the PDF p :

Z

E[ ()]= . (x)p (x)dx:

The most important expectations are the rst- and second-order moments
The mean of the random variable is de ned as
z

E[]1= xp (x)dx:

It is the rst-order statistical moment. The variance is de ned as
Var[ 1= E[j E[ 1= E[ ?] E[]?;

which is a second-order statistical moment. The variable = P Var[ ] is
called the standard deviation, which is a measure of the average deviatn
from the mean.

The PDF of measurement noise is not always known in practical situa-
tions. We often use parameters such as mean and variance to describe lit.is
then usual to assume that the noise has Gaussian PDF. This can be justed
by the maximum of gntropy principle, which assumes that tge PDF maxk
pizes the entropy B (X)logp (x) dx with the constraints p (x)dx =1,

xp (x) dx = Xg, and (X Xo)?p (x)dx = 2. This PDF is nothing else than
the Gaussian PDF

(X xp)?

52 ; (4.1)

1
P ()= p—exp

with mean xo and variance 2. Moreover, the measurement error often results
from the cumulative e ect of many uncorrelated sources of uncertainty As
a consequence, based on the central limit theorem, most measuremenbise
can be treated as Gaussian noise. Recall here the central limit theorenwhen
a random variable is the sum of n independent and identically distributed
random variables (with nite variance), then the distribution of  is a Gaussian
distribution with the appropriate mean and variance in the limit n! +1 .In
terms of PDFs, this means that, if a function h(x) is convolved with itself n
times, in the limit n! +1 , the convolution product is a Gaussian function
with a variance that is n times the variance ofh(x), provided the area, mean,
and variance ofh(x) are nite.

The following theorem, which is a consequence of Slutsky's theong, will
be useful.

Theorem 4.1 Let ( ) and ( ) be sequences of random variables. If, con-
verges in distribution to a random variable and |, converges in probability
to a non zero constantc, then 1 , converges in distribution toc ! .
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Throughout this book, if has the PDF (4.1), then we write N (Xo; 2)
with N (xo; 2) being the normal distribution of mean xq and variance 2.

4.2 Random Vectors
A d-dimensional random vector is collection ofd (real-valued) random vari-

terized by the PDF p :
z
P( 2 [a1;b] [aq; bu]) = p(x)dx; 8y b

[a1;b1] [ad;bg]

v
p(x)=  p,(xp)forall x=(xq;:::;Xa) 2 R?;
j=1

or equivalently,

E 1(1) a(a) =E 1(1) E 4a(a); 8 1,::5 d2G(RIR):

Here, G(R; R) denotes the space of all bounded continuous real-valued func-
tions.
Example: a d-dimensional normalized Gaussian random vector has the
Gaussian PDF o
p ()= po—exp( 2L
(2)1 27
This PDF can be factorized into the product of one-dimensional Gaussin
PDFs, which shows that is a vector of independent random normalized

In the general case, two formulas are of interest. The marginal formula
1

2
random vector with PDF p ,. ,(X1;X2), then ; is a random vector with PDF

Z
p,(x2)= P, (Xeix2)dxy ;

gives the PDF of a subvector extracted from a random vector: If is a

since for any test function we have
2z Z

E[ (2)]= (X2)P ; ,(X1;X2)dx1dX = (X2)p ,(x2)dxz :

The conditioning formula gives the PDF of a subvector extracted from
a random vector given the observation of the complementary subvector: If
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1 is a random vector with PDF P, ,(X1;X2), then, given = Xz, 1isa

2
random vector with PDF

P, (X1;X2) |

Lz oo 4.2
p,(x2) 4-2)

Indeed, this can be seen by taking the limit x; ! Oand x,! 0in

P,(X1j 2= X2) =

P(12[X1;X1+ X1)] 22 [X2;X2+ X2))
_ Pla2[xaixa+ X1); 22 [XoiXe+ X2)) P ,(X1:X2) X1 X2
P( 22 [X2;X2+ X2)) p,(X2) X2

It is worth emphasizing that formula (4.2) holds if p ,(x2) > 0, otherwise one
denes p,(X1j 2 = X2) = po(X1), where pg is an arbitrary PDF which plays
no role.

Of course, if the vectors ; and ; are independent, thenp , (X1j 2 = Xz2) =
p , (x1) since the knowledge of , does not bring any information about ;.

As in the case of random variables, we may not always require or may not
be able to give a complete statistical description of a random vector. Insuch
cases, we work only with the rst and second statistical moments. Let =
(i)i=1;:ma be arandom vector. The mean of is the vector =( j)j=1.:4:

= B[yl

The covariance matrix of is the matrix C = (C; )j; =1 ;0

Ci=EC(; EL[;DCr ELD

These statistical moments are enough to characterize the rst two momats
of any linear combination of the componerl'gs of . Indeed, if =( j)j=1;md 2

RY, then the random variable Z = = o1 j j has mean:
xd
ElZ]= = JELT:
i=1
and variance:
xd
Var(Z) = Cc = Cj| i

jil =1
As a byproduct of this result, we can see that the matrix C is positive semi-
de nite.
If the variables are independent, then the covariance matrix is diagoal.

In particular:
xd xd
Var i = Var( ) :
j=1 j=1
The reciprocal is false in general i(e., the fact that the covariance matrix is
diagonal does not ensure that the vector is independent).
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4.3 Gaussian Random Vectors

A Gaussian random vector = ( 1;:::; ¢)' with mean and covariance
matrix R (we write N (;R ) with N (;R ) being the normal distribution
of mean and covariance matrix R) has the PDF

_ 1 (x ) RYYX ) .
p(x) = Wpﬁ@@ > ;

provided R is symmetric and positive de nite. As mentioned in the case of
random variables, the Gaussian statistics is the one that is obtained fronthe
maximum entropy principle (given that the rst- and second-order moments
of the random vector are speci ed) and also from the central limit theorem.
This distribution is characterized by
i — z i X — : R . d.
E[e€ 1= e *p(x)dx =exp i — 2 RY; 4.3)
Rd

which also shows that, if 2 RY, then the linear combination is a Gaussian
random variable N ( ; R ).

The Gaussian property is robust: it is stable with respect to any linear
transform, and it is also stable with respect to conditioning. Indeed if L

1

denotes the distribution and is a Gaussian random vector (with ; a

2
RY -valued random vector and , a R%-valued random vector):
| |
L 1 N 1 . RuRp
2 2 ' Ra1Rx»

with the means ; 2 R9 and , 2 R%, the covariance matricesRq; of size
d; di, Rip ofsized; dy, Rop = RIZ of sized, di, and Ry, of sized, dy,
then the distribution of ; conditionally on , = X, is Gaussian:

L 4j2=x2 =N 1+ RpRy (X2 2);R11  Ri2R,Rop (4.4)

This result is obtained from the application of the general conditioningformula
(4.2) and from the use of the block inversion formula

1
Ri1 R~ _ Q! Q 'RizRy, :
R21 Raz Ry R Q ¢ Ry + Ry R21Q *RizRy;

whereQ = Ry;  R12R,, Ry is the Schur complement.
The extension to complex-valued random vectors is straightforward: a

complex-valued random vector = ( 1;:::; 4)7 has Gaussian statistics if
(< 1;::5:< q;= 1;::1;= 4)7 is a real-valued Gaussian random vector.
Let = ( 1;:::; ¢)7 be a complex Gaussian random vector. We say

that is circularly symmetric if its mean is zero and if its relation matrix
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(E[j 1])f) -1 is zero. Its distribution is characterized by its covariance matrix

(E[ |])j‘;‘I -,. For d = 1, ie., for the case where is a complex Gaussian
random variable, circular symmetry holds if and only if < and = are statis-

tically independent and identically distributed Gaussian statistics with mean

zero and equal variance.

4.4 Random Processes

Random signals measured in an imaging experiment are conveniently mokel
as random functions of time, which are known as random (or stochastic)
processes.

Remember that a random variable is a random number, in the sense that
a realization of the random variable is a real number and that the statistical
distribution of the random variable is characterized by its PDF. In th e same
way, a random process ((t))i2re IS @ random function, in the sense that a
realization of the random process is a function fronR¢ to R, and that the dis-
tribution of ( (t)){2re is characterized by the nite-dimensional distributions

As in the case of real random variables, we may not always require a
complete statistical description of a random process, or we may not be ab
to obtain it even if desired. In such cases, we work with the rst andsecond
statistical moments. The most important ones are

(i) Mean: m(t) = E[ (D)];
(i) Variance: Var[ (t)]= E[( (t) E[ ()])?];
(iiiy Covariance function: R(t;t%) = E[( (t) E[ (O)D( (Y E[ (t9]].

4.4.1 Gaussian Random Processes

We say that a random process ((t));,re is a real-valued Gaussian if any linear
X

combination = i (ti) has Gaussian distribution. In this case has
i=1
Gaussian distribution with PDF

2
p(XFP%GXD (x27r2); X2 R;
where the mean and variance are given by
X
m = iE[ (t)]= im(t;) ;

i=1 i=1

2 X 2 X

= i JEL@) ()] m® = i jR(t;t):

i =1 i =1
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The rst two moments ( m(t))2re and (R(t;t9) . 02re Characterize the nite-
dimensional distribution of the process ( (t)),r«. INdeed, the nite-dimensional

distribution of ( (t1);:::; (tn)) has PDF p(x1;:::;Xn) that can be obtained
by applying an inverse Fourier transform to
z
P
€ 0= Nip(xgriinXp)dxy o dxg
P , Z 2
= E[e /= i W)=E 1= &p (x)dx=exp im >
X 1
=exp | im(t;) > i R
i=1 =1
which shows with (4.3) that ( (t1);:::; (tn)) has a Gaussian PDF with mean
(m(tj))j=1:::n and covariance matrix (R(tj;t))j1=1;::n - AS @ consequence

the distribution of a Gaussian process is characterized by the mearuhction
(m(t))12re and the covariance function R(t;t)) oo re-
It is rather easy to simulate a realization of a Gaussian process (1)), rd

Algorithm 4.1 Random generator

1. Compute the mean vector M; = E[ (ti)] and the covariance matrix Cj =
E[ (t) ()] E[ (t)IEL ().
2. Generate a random vectorZ = (Zi;:::;Zn) of n independent Gaussian random

variables with mean 0 and variance 1 (userandn in Matlab , or use the Box-Maller
algorithm).
3. Compute Y = M + C¥*27.

Gaussian distribution and it has the correct mean and covariance.

Note that the computation of the square root of the matrix C is expensive
from the computational point of view, and one usually chooses the Cholesky
method to compute it.

4.4.2 Stationary Gaussian Random Processes

We say that ( (t));,re IS a stationary stochastic process if the statistics of the
process is invariant to a shift in the origin: for any to 2 RY,

((to+ t)izrs “"EON ( ()i2pe

Let us consider a stationary Gaussian process (t)){,ge With mean zero
and autocovariance functionC( ) = E[ (t) (t+ )]. The spectral representa-
tion of the real-valued stationary Gaussian process ((t))iore iS
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Z

N o I
e " F[C](k)hydk :
Rd

1
(t)_ (2 )d=4
with My is a complex white noise,.e., g is complex-valued, Gaussiann”™y =
Ay, E[NK] =0, E[NA] =0, and E Ao = (k kY (the representation is
formal, one should in fact use stochastic integralsiW, = M dk). A complex
white noise is gctually the Fourier transform of a real white noise: we ave
A = (2 ) 2 e ktn(t)dt where n(t) is a real white noise,i.e., n(t) real-
valued, Gaussian,E[n(t)]=0, and E[n(t)n(t)] = (t t9.

It is straightforward to simulate a realization of a stationary Gaussian pro-
cess (with mean zero and autocovariance) using its spectral representation
and Fast Fourier Transforms. In dimensiond = 1, if we x a grid of points
ti=(i 1)t ,i=1;:::;n,then one can simulate the vector ((t1);:::; (tn))
by the following algorithm:

Algorithm 4.2  Realization of a stationary Gaussian process

variables with mean 0 and variance 1.

3. Filter with the element-wise square root of the (discrete) Fo urier transform of

c
p

Y =IFT DFT(c) DFT(Z)

Output: The vector Y is a realization of ( (t1);:::; (tn)).

In practice one uses FFT and IFFT instead of DFT and IFT, and one

the FFT. This algorithm is much more e cient than the Cholesky's met hod.

In imaging problems, a commonly used covariance function is of the form
C()=exp(j j?=I?).Herelis said to be the correlation length of the random
process. In this book, to model clutter (or medium noise), we ussuch a choice
for the covariance function.

4.4.3 Local Maxima of a Gaussian Random Field

Let b R3be abounded domain and let ((x))x> be a stationary Gaussian
random eld with mean zero. The statistical distribution of the random eld
is characterized by the covariance function:

Cx)= E (x9 (x°+ x) :

From now on we assume thatC is smooth, so that the realizations of the
random eld are smooth [5, Theorem 1.4.2]. As we will see below, the relewmt
statistical information about local and global maxima of the eld is in the

variance
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ug = C(0) = E[ (x)7]

and in the Hessian matrix of the correlation function

E@ (0@ (x) . @xC0o .
E (X)2 jlh=1;:53 - W jl=1;3 '

Let us denote byM, the number of local maxima of (x) in  with values
larger than u:

M, =Card local maxima of ( (x))x2 with values larger than u

We have [4, Theorem 6.3.1]
I

U2 2 Uo
EM,]= Y. 2 exp
0

u
— 1+ 0 —

; foru  ug;
2u§ 0

where V; is the hotspot volume de ned in terms of the determinant of the
Hessian of the correlation function as:

4 2
Vo= —
€7 (det )12

4.4.4 Global Maximum of a Gaussian Random Field
Let us denote by ., the global maximum of the eld over the domain

max =MaxX (X):

Using [4, Theorem 6.9.4] wherj j V, the statistical distribution of .,
is of the form h . . o i
I I
— +B —/ Zoy ;
VC VC 0 »
where Z, follows a Gumbel distribution with cumulative distribution fun ction

P(Zo Xx)=exp( e X),

AV = " Zlogy + 99 21090V) .

2log(V)

max — Yo A

1
B(V)= p——:
V) 2log(V)
To leading order, the value of the global maximum is deterministic and gven
by S
: i
max Uo 2|Og VC
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4.4.5 The local Shape of a Local Maximum

Using Eqg. (4.4) one can show that, given that the random eld (x) has a
local extremum at xo with peak amplitude u (with u Ug), then we have
locally around xg:
h i
y (X Xo)

(x)" T +0(1) ; [u  uo]:

To prove this, let us x X 2 R3. The random vector

0 1
(x)
@ (xo) A
r (Xo)

has Gaussian distribution:

010 1

0 C(0) C(x Xo) r C(x xo)T

N @A ;@ C(x xo) C(0) 0 A
0 r C(x Xo) 0 C(0)

Applying Eg. (4.4), the distribution of (x) given (Xg) = uandr (xg)=0
is
C(x Xo) rC(x xo)7 r C(x xo)

C(0) C(0)

This gives the desired result whenu  ug = C(0)*2.

N u; C(0)

4.4.6 Realization of a Cluttered Medium

Let be a bounded smooth domain. Lety 2 RY n . We consider the
Helmholtz equation:

x t k5(1+ noise (X)) ko (X Y) = y in R :

subject to the Sommerfeld radiation condition. Here, nise(X) is a random
process with mean zero. For instance, it may be a smooth, odd, and bodied
function of a stationary Gaussian process with mean zero and given covari
ance function, multiplied by a characteristic function of a compact domain
within . The composition by the smooth and bounded function ensures that
the process 1 + noise (X) remains bounded and bounded away from zero al-
most surely. The multiplication by the characteristic function ensures that the
uctuations of the medium are compactly supported.

The random process neise (X) describes the random uctuations of the
index of refraction in the medium. Since the coe cient of the equation is
random, the fundamental solution ,(X;y) is itself random. The relation
between the statistics of the uctuations of the index of refraction and the
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statistics of i, (x;y) is highly nontrivial and nonlinear. In particular cluttered
noise, that is the di erence between the random fundamental solutionand the
background homogeneous fundamental solution, is not an additive white noise

In order to simulate eise (aNd ,), We rst generate on a grid of points
that covers the support of the characteristic function a realization of a sta-
tionary Gaussian random process using the method described in Séah 4.4.
Then we apply the smooth and bounded function and we multiply by the
characteristic function.

Figure 4.1 shows a typical realization of a medium noise and its projedn
on the nite-element mesh.

Fig. 4.1. Realization of a medium noise.
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General Image Characteristics

Irrespectively of the methods used to acquire images, there are aumber of
criteria by which the image characteristics can be evaluated and compad.
The most important of these criteria are spatial resolution and the signaito-
noise ratio. This section covers a number of general concepts applicabto
multistatic imaging.

5.1 Spatial Resolution

There are a number of measures used to describe the spatial resoloi of
an imaging modality. We focus on describing a point spread function (FBSF)
concept and show how to use it to analyze resolution limitation in seeral
practical imaging schemes.

5.1.1 Point Spread Function

Consider an idealized object consisting of a single point. It is liket that the
image we obtain from it is a blurred point. Nevertheless, we are still ake to
identify it as a point. Now, we add another point to the object. If the two
points are farther apart, we will see two blurred points. However, as he two
points are moving closer to each other, the image looks less like two pus.
In fact, the two points will merge together to become a single blob when
their separation is below a certain threshold. We call this threshadl value the
resolution limit of the imaging system. Formally stated, the spatial resolution
of an imaging system is the smallest separation of two point sources necesy
for them to remain resolvable in the resultant image.

In order to arrive at a more quantitative de nition of the resolution, we
next introduce the point spread function concept. The relationshp between
an arbitrary object function 1(x) and its image I" can typically be described
by f\(x) = (1 ?h)(x), where the convolution kernel function h(x) is known
as the point spread function sincel'(x) = h(x) for 1(x) = o(x). In a perfect
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imaging system, the PSFh(x) would be a delta function, and in this case the
image would be a perfect representation of the object. Ih(x) deviates from
a function, I'(x) will be a blurred version of I (x). The amount of blurring
introduced in I'(x) by an imperfect h(x) can be quanti ed by the width of
h(x). The spatial resolution, W, is clearly related to the PSF. It is de ned
as the full width of h(x) at its half maximum,; alternatively the half width of
h(x) at its rst zero.
If the PSF is a Gaussian function,

x2
h(x)=e 77 ;

where is the standard deviation of the distribution, thﬁn the resolution,
de ned as the full width at the half maximum, is givenby 2" 2log2  2:35:

Consider now the problem of reconstructing a one-dimensional imagedm
its truncated Fourier series. The image reconstructed based on thertincated
Fourier series is given by

1 NXz 1 _
f(x)= p=—k S(nk )enkx
2 - N
n= N=2

R )
whereS(nk )= pi= 1(x)e "¥* dx. The underlying PSF is given by

sin(N kx ) |
sin( kx ) '’

h(x) =

with k being the fundamental frequency andN the number of Fourier sam-
ples. Then the resolution (de ned as the half width of h at its rst zero) is
Wy = 1=(N k ). Therefore, we cannot improve image resolution and reduce
the number of measured data points at the same time. This assertion is t#n
referred to as the uncertainty relation of Fourier imaging, and in practice, one
choosesN as large as signal-to-noise ratio as long as imaging time permits.

5.1.2 Rayleigh Resolution Limit

In imaging with waves, the Rayleigh resolution limit is de ned as the minimum
distance that two point-source objects have to be in order to distirguish the
two sources from each other.

Using the Helmholtz-Kirchho identity (3.80), it can be seen that in th ree
dimensions the PSF is a sinc function,

sinkgX
koX

h(x) = sinc(kox) = (= Jo(kox)) :

Therefore, the two point sources can be resolved if the peak intertyi of the
sinc PSF from one source coincides with the rst zero-crossing poinbf the
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PSF of the other, i.e., if the two source points are separated by (at least)
one-half the wavelength :=2 =k . If the PSF is given by

J1(kox)
koX '

h(x) =

J; being the Bessel function of the rst-order, then the resolution is given by
W, 0:61 since the rst positive zero of J; is approximately 3:83.

5.2 Signal-To-Noise Ratio

In imaging it is useful to measure the relative strength of a signal or ifiorma-
tion versus noise level. For doing so, we de ne the concept of signal-tneise
ratio.

Let "= | + be a measured quantity containing the true signall and the
noise component with zero mean and standard deviation . The signal-to-
noise ratio (SNR) for I from a single measurement is de ned by

(SNR){\ = u .

We remark that the signal-to-noise ratio is sometimes de ned by {I j= )2 and
that the signal-to-noise ratio in logarithmic decibel scale (dB) is 20 logjl j= ).
If N measurements are taken such thaf;, = 1 + , are obtained to produce

P
then the signal-to-noise ratio for (1=N) E=l M is

o i p
| ﬂiN -
Var[& o nl

assuming that the noise for di erent measurements is yncorrelatedThus N
signal averaging yields an improvement by a factor of N in the signal-to-
noise ratio. Recall that two signals, ; and ,, are said to be uncorrelated
if

E(: E[1D(2 E[2]) =0:
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Electrical Impedance Tomography

There are a variety of medical problems for which it would be useful toknow
the distribution of the electrical properties inside the body. By electrical prop-
erties we mean speci cally the electric conductivity and permittivity. The
electric conductivity is a measure of the ease with which a materiatonducts
electricity; the electric permittivity is a measure of how readily the charges
within a material separate under an imposed electric eld. Both of these prop-
erties are of interest in medical applications, because di erent tssues have
di erent conductivities and permittivities.

One important medical problem for which knowledge of internal electical
properties would be useful is the detection of breast cancer. Expénental
results show that the conductivity of the cancerous tissue is 5 to 8times
larger than the one of normal tissue [176, 207]. In this chapter we describe
general algorithms used in electrical impedance tomography (EIT).

6.1 Mathematical Model

In this section we present the mathematical model for EIT. We use ths model
to describe some reconstruction algorithms.
The electric potential or voltage u in the body is governed by

r (!')ru=0; x2 : (6.1)

Here the (frequency dependent) admittivity is given by (x;! )= (x! )+
i" (x;!), where is the electric conductivity, " is the electric permittivity,
and! is the angular frequency of the applied current.

In practice, we apply currents to electrodes on the surfacé® of the body.
These currents produce a current density on the surface whoseward pointing
normal component is denoted byg. Thus,

%u= g on@ : (6.2)
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The mathematical model of RIT is (6.1) and (6.2), together with the con-
servation of charge condition g = 0 and the condition u = 0, which
amounts to choosing a reference voltage. The injected currents canebapprox-
imated by linear combinations of dipoles. A dipole at a pointz 2 @ is given
by | @ ] @,=@T @=@Mbeing the tangential derivative at @ . The operator

W2 @) Wi@)
g 7! Uj@

is called the Neumann-to-Dirichlet boundary map. Here,flvzlzz(@ ) is the
set of functionsg in Wzlzz(@ ) satisfying (9;1) 1=5.1=p =0 and fl\llzzz(@ ) is
the set of functions in W2,(@ ) with mean-value zero.

Green's formula yields the reciprocity property of the Neumann-to-Dirichlet
data:

(f; [ 1=21=2=(T; [f] 1=2.1=2; (6.3)

for f;g 2 W2 _(@ ).

The reconstruction problem in EIT is to obtain an approximation of in

from the boundary measurements ofu on @ . This problem is challenging
because it is not only nonlinear, but also severely ill-posed, whicmeans that
large changes in the interior can correspond to very small changes in the
measured data.

From a theoretical point of view, all possible boundary measurements
uniquely determine in . However, in practice we are limited to a nite
number of current-to-voltage patterns.

Before describing classical reconstruction algorithms in EIT, we eglain the
fundamental shortcomings of EIT in detail by use of its discretized vesion.

6.2 lll-Conditioning

For simplicity, we suppose that is a square region inR2. We divide

uniformly into N N sub-squares j with the center point (x;;y;), where

i;j =0;:::;N 1. The goal of EIT is to determine N N admittivity values

under the assumption that the admittivity  is constant on each subsquare
ij,»say j.Let

= . ] ij :ConStantfor I,J :O;:::;N 1

For a given 2 , the solution u of the direct problem (6.1) and (6.2) can
voltage ux; k = i + jN is determined by the weighted average (depending on

) of the four neighboring potentials. More precisely, a discretizedform of
(6.1) is given by
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1
Uk = @ Akky Uky T 8kksUks t Akke Ukg + 8kky Uky 5
with
X k ki
Ak = ak, andagy, = ——— forl=N;S;E;W:

| kKt K
Here ky ; ks; ke ; kw denote north, south, east, and west neighboring ok th
point. The discretized equation (6.1) with the Neumann boundary condtion
(6.2) can be written as a linear systemA U = G, where G is the injection
current vector associated withg. Let F denote the small-size sub-vector otJ
restricted to @ , which corresponds to the boundary voltage potential on@ .
Then the inverse problem is to determine , or equivalently A , from one or

ponentially di cult as the matrix size A increases. More precisely, the value
of the potential at each j; inside can be expressed as the weighted average
of its neighboring potentials where weights are determined by the adnttivity
distribution. Therefore, the measured dataF is entangled in the global struc-
ture of the admittivity distribution in a highly nonlinear way and any internal
admittivity value  ; has a little in uence on boundary measurements if j

is away from the boundary. This phenomenon causes the ill-posednessature

of EIT. Nevertheless, as it will be shown later, a multifrequencyapproach can
be successfully employed to recover stably admititvity distibutions and to
eliminate modeling errors.

6.2.1 Static Imaging

Static image reconstruction problem is based on iterative methods. Anm-
age reconstruction algorithm iteratively updates the admittivity dis tribution
until it minimizes in the least-squares sense the di erence bveen measured
data and computed boundary voltages. As part of each iteration in the min-
imization, a forward solver is used to determine the boundary voltages hat
would be produced given the applied currents. This technique wagst intro-
duced in EIT in the 80's following a number of variations and improvements.
These include utilization of a priori information, various forms of regular-
ization (Tikhonov, I, or total variation regularizations) and adaptive mesh
re nement. Even though this approach is widely adopted for static imaging
by many researchers, it requires a large amount of computation time for po-
ducing static images even with low spatial resolution and poor accuracy.

Because of the fundamental limitations of EIT, it seems from a practical
point of view reasonable to restrict ourselves to nd the deviation of the
admittivity from an assumedly known admittivity.
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6.2.2 Dynamic Imaging

The algorithms described here are based on approximations to the liregized
EIT problem.

Barber-Brown Backprojection Algorithm

The Barber-Brown Backprojection algorithm is the rst fast and useful al-
gorithm in EIT although it provides images with very low resolution. It is
based on the assumption that the admittivity does not di er very much from
a constant.

For simplicity, suppose that is the unit disk in R> and is a small

perturbation of a constant = o+ in . In the simplest case we assume
o =1, so that
xX)=1+  (x); ] (X Lx2 ; (6.4)
and we further assume that = 0 on @ . Let up and u denote the po-

tentials corresponding to ¢ and with the same Neumann boundary data
g= 2@ ,=@ atapointz2 @ . Writing u= ug+ u, u satis es approxi-
mately the equation

u r rup in ; (6.5)
with the homogeneous boundary condition. Here, the termr r u is ne-
glected.

Observe that ,
— X Z .
UO(X) - ]X ij ’

wherez” is the rotate of z by =2. Next, we introduce a holomorphic function
in  whose real partis up:

x z7 iz x.
x  zj? x oz~

(X)) = s+ it =

Then we can view ; as a transform which maps the unit disk onto the upper
half plane € := fs+ it : t > 1=2g: Hence, we can viewx as a function with
respectto , = s+it denedin €. Let fu,( ,(x)= u()andf ,( ,(x) =

(x). Using the factthat r s r t =0 and jr sj = jr tj, it follows from (6.5)
that 8

% fuz: @@; in €
E@UZ =0:
@t ;-

Hence, iff , is independent of thet variable, fu, depends only ons and
f . With the notation z = (cos ; sin ), Barber and Brown derived from this
idea the following reconstruction formula:



6.2 lll-Conditioning 115

122

(0=".0:00)= 5 = Glus+ ié)d ;

Dynamic Imaging

gives rise to the potential u" inside . In dynamic imaging, we measure the
boundary voltage potential f " = u"j to reconstruct the change of the admit-
tivity from the relation betweeng" and f ". Let ug denote the background
potential, that is, the solution to

8 .
3 U §=0 in ;
@8 _ .
—~=g on@ ;
3 K@
C @ W=0:
Set u"™ = u" uj. The reconstruction algorithm is based on the following
identity
Z VA Z
rug rug = @(g“f(;“ f'g™) ru” rug:

Since the last term in the above identity can be regarded as negligiblgmall,

the perturbation can be computed from
z

rug rug =bn;mj; (6.6)

R
where bn; m] = @ (g"fg fhgm).
In order to construct , we divide the domain into L small subregions

as = [|; 1 and assume that is constant (= ) in each subregion
1. With this kind of discretization, we can transform (6.6) into matrix f orm.
To do this, we use a single index = 1;:::;J with J = N?2 for the index

pair (m;n) with j = N(m 1)+ n, and introduce the sensitivity matrix
M =[M; ]2 R’ b with its entries Mj; given by
Z
Mj = rug rugdx ($ (m;n));
|

and a data vector X 2 R’ with its jth entry X; given by
Xj=bnm] ($ (m;n)):

Upon writing the vector A = ( |); 2 C‘, we obtain the following linear
system
MA = X: (6.7)

The matrix M is called the sensitivity matrix. It depends on the data col-
lection. The distribution of its singular values determines the smtial image
resolution.
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6.2.3 Electrode Model

The continuum model (6.1) and (6.2) is a poor model for real experiments
because we do not know the current densityg. In practice, we know only the

currents that are sent down wires attached to discrete electrodg which in

turn are attached to the body. One might approximate the unknown current

density as a constant over each electrode, but this model also tushout to be

inadequate. We need to account for two main e ects: the discretenesof the

electrodes, and the extra conductive material (the electrodeshemselves) we
have added. We should account for the electrochemical e ect that take place
at the contact between the electrode and the body. This e ect is the formation

of a thin, highly resistive layer between the electrode and the bdy. The

impedance of this layer is characterized by a numbee,, called the e ective

contact impedance.

Let E, denote the part of @ that corresponds to the nth electrode and
let I, be the current sent to the electrodeE,,. The electrode model consists
of (6.1), 7 @

u
. @ ln; n=1;::1N;

%u: 0 in the gap between the electrodes

the constraint

u
u+ z, %:Vn onEn,; n=1;:::;N;

and z, is the contact impedance assumed to be known, together with the

conditions
X
I, =0 (conservation of charge)

n=1
and
X\I .
Vh, =0 (choice of a ground):
n=1
This model has been shown to have a unique solution and able to predi
the experimental measurements.
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Ultrasound and Microwave Tomographies

Propagation of acoustical and electromagnetic waves in biological tissue is de
scribed by linear wave equations. Although the physical interpretaion varies,
these equations largely coincide. Ultrasound and microwave tomographiesan
be done in the time domain and the frequency domain. A standard invergn
technique in ultrasound and microwave imaging in the frequency dorain is
the di raction tomography.

7.1 Born Approximation

In ultrasound and microwave imaging, the object to be imaged is irradiatd
by a plane wave U(x) = &> , with the wavelength := 2 =! | travelling
in the direction of the unit vector . The relevant equation is the Helmholtz
equation

u +!12(1+V)u=0 inRY;

subject to the Sommerfeld radiation condition on the scattered eld

uw:=u U
at in nity, where the object is given by the function V, which vanishes outside
the object. The total eld uis measured outside the object for many directions
. From all these measurements, the functionv has to be determined.
The scattered eld u(® satis es the Sommerfeld radiation condition and
the Helmholtz equation

u &)+ 12u®(x)= 12 +u®X)VEX); x2RY: (7.1)

Now we consider the Born approximation for weakly scattering target. We
assume that the functionV is supported injxj < andjVj 1. Then we can
neglectu(® on the right-hand side of (7.1), obtaining

u O+ 12u®x) 12" V(x); x2RY:
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This equation can be solved foru(®) with the help of the outgoing fundamental
solution | for the Helmholtz operator + ! 2. We have
Z
ud(x) 172 L(y)e' YV(y)dy; x2R?: (7.2)
jyi<

. is the outgoing fundamental solution to the Helmholtz equation in RY:

( +12)0(6y)= «(y) inRY; (7.3)
subject to the outgoing radiation condition. Here  is the Dirac mass atx.
We have | (x;y) = (X Vy;0)and, in dimensiond =2 or 3, ,(x;0)is

given by (3.52) and it has the plane wave decomposition (3.55).

7.2 Diraction Tomography Algorithm

In the frequency domain, from measurements at a single frequency oram-
dlimited measurements, di raction tomography can be used to reconstuct
within the Born approximation a low-pass version of the electromagnett tar-
get. The principal of di raction tomography computes the Fourier transfor m
of the re ectivity function of the weakly scattering target from the F ourier
transform of the measured scattered data. The computation is based on the
Weyl representation (3.55) of cylindrical and spherical waves.

To present the basics of di raction tomography, we rst recall that the f un-
damental solution , has the plane wave decomposition (3.55). Substituting
(3.55) into the Born approximation (7.2) for the scattered eld u(® yields

z z
W) it 2o VO g Oixa vait = Mg Yayd :  (7.4)
Rd 1 jyj< ()

wherey = (¥; Ya).
Suppose for simplicity that d =2, = (0;1) and u’® is measured on the

line x, = |, wherel is greater than any y,-coordinate within the object. Then
(7.4) may be rewritten as
z z
a2 +1
WO (xsl) o d VI g (1 yar (1 v gy 2 gy -

4 1 jyi< (
Recognizing part of the inner integral as the two-dimensional Fourier tans-
form of the re ectivity function V evaluatedat(; () !)we nd

i|22+1 1 .
uxil) O )e'“)'”l)FV(; () Hd;

where
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1 Z
FIVI(: )= 5= Ve ¥ * Vedy:
Taking the one-dimensional Fourier transformF; of u(®)(x1;1),
Z

Fau®)(;1) = plzj U9 (y1; e Y tdys ;

we obtain
r

: 1 P
Fau®)(;1) it 2 P ¢

TR T 2 1)

forj j<!.
This expression relates the two-dimensional Fourier transform ol to the
one-dimensional Fourier transform of the scattered eld at the recever line
Xo = l.
The factor r
2

i jp 1 e
) 2712 2

is a simple function of for a xed receiver Iinﬁ and operating frequency! .
As varies from ! to !, the coordinates (; ! 2 2 1) in the Fourier
transform of V trace out&tﬁsemicircular arc. The endpoints of this semicircular
arc are at the distance 2! from the origin in the Fourier domain. There-
fore, if the object is illtﬂwlinated from many dierent -directions, we can ||
up a disk of diameter 2! in the Fourier domain and then approximately
reconstruct V (x) by direct Fourier inversion. The reconstructed object is a

low-pass Itered version of the original one.

7.3 Time-Reversal Techniques

From time-domain or broadband measurements, time-reversal techniges
yield direct reconstruction of V within the Born approximation. The main
idea of time-reversal is to take advantage of the reversibility of the vave equa-
tion in order to back-propagate signals to the support ofV that re ected them.
In the context of inverse source problems, one measures the scatest wave
on a closed surface surrounding the support of/, and retransmits it through
the background medium in a time-reversed chronology. Then the perttbation
will travel back to the support of V.
Consider the wave equation in the free spac®?, d =2 or 3,

8 @ .
3 Zhxt) u (ct)= Somf(x); (1) 2R R;
@ dt
(7.5)

-§u(x;t)=0 and @(l(;();tt) =0;

t< 0;
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where g is the Dirac mass at 0 and the sourcd is real-valued, smooth and
has a smooth compact support.

Let be a smooth bounded domain inRY containing the support of f .
Let g(y;t) be de ned asg(y;t) ;= u(y;t) forall y2 @ andt 2 [0; T], where,
in three dimensions,T is supposed to be su ciently large such that

@ux;t)
@t
fort Tandx?2 .Itis easy to see thatgis smooth.
Our aim in this section is to reconstruct an approximation of the sourcef
fromgon@ [O;T].
We introduce the time-dependent Green function
Z

(Kyisin= o beyye( (@ sy (7.6)

=0

u(x;t) =

where , is the outgoing fundamental solution (7.3) to the Helmholtz equa-
tion ( +!2)in RY subject to the outgoing radiation condition. The time-
dependent Green function is the solution of the free space wave egtion

8
@% (X,y,S, ) y (va131 ) X(y) S( )! (yv ) ’
(Xy;sit) = %t(x;y;s;t)=0; y2RY t<s;

where , and s are the Dirac masses a and at s. Note that Uy (x;t) intro-
duced in (2.56) is nothing else than (x;y; 0;t). Moreover,
Z

oy;t) = %t(z;y;o;t)f(z)dz; y2@; t2[0T]: (77

7.3.1 Ideal Time-Reversal Imaging Technique

We introduce the solution v of the following wave problem

S @

@z(x;t) V) =05  (xt)2 0;T];

v(x; 0) = @\gx; 0)=0; X2 ; (7.8)
©v(xpt) = Eg(x;T t); xt)2 @ [0;T]:

The time-reversal imaging functional | %3 (x) is de ned by
Iﬁg X)=v(x;T); x2 : (7.9)

In order to make |$1F§ (x) explicit, we introduce the causal Dirichlet Green
function (also called retarded Dirichlet Green function) G°(x;y;s;t) de ned
as the solution of the following wave equation
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8

3 %G% (xyisit)  yGUxy;si) = x(y) s(1); (yit) 2 R;
3 G(xyisit)=0; %(i(x;y;s;t)ﬂ: y2 i t<s;

" Go(xy;sit) =0; nze R:

We also introduce the anticausal Dirichlet Green function (also cdled ad-
vanced Dirichlet Green function) G2(x;y;s;t) de ned as the solution of the
following wave equation

8
3 @?@G%(x;y;s;t) yGUyisit) = x(y) s (vih2 Ry
3 G(xy;sit) =0; %(X;y;s;t)=0: yz i t>s;

" GA(xy;sit) =0; 2@ R:

Using the time-reversibility of the wave equation, the anticausal Green func-
tion is given in terms of the causal Green function by

GA(xy;s;t) = GU(xy;s:25  t) = GE(xy;t;8) : (7.10)
Finally we introduce the symmetric Dirichlet Green function:
G(x;y;sit) = % Gl(xy;sit) (1 59+ G(xy;sit) ((si1))()

where ((1 ;s)) and ((s;1)) are the characteristic functions of the inter-
vals (1 ;s)and (s;1 ), respectively. The function G contains both the causal
and anticausal Green functions and it is a solution of

8 dc
< @(X;y;s;t) yGXy;sit) = x(y) s(t);  (y;t) 2 R;
G(GY;sit) = 0; y;)2@ R:

We can then express the time-reversal imaging functional %2 as

‘14 @G(xy;s;T)

0 @ @y

where @=@ denotes the outward normal derivative aty 2 @ . The relation
(7.10) yields

IR = vixT)= 3 oy:T  S)d (y)ds;

7.2
1 G(x;y;T;
1R (0= 3 L. @(gis)g(y;T s)d (y)ds
ZTZ T
= @®YTEhyyr g4 (as
0 e @y
T Y 0;
- CRYOY gyt ()t

0 @ @y
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becauseG is even. Sinceg(x;t)=0for t T andfort O,

zz @Gx;y; 0;1)
R @ @y

182 (x) = g(y; t)d (y)dt: (7.11)

In identity (7.11), the dependence of the time-reversal functionall %3 on
the boundary data g is explicitly shown. Moreover, it follows from (7.7) that

z zz @Gxy; 0t) @

1Rx= {2 ) @ (ziy;00)d (y)dtdz:  (7.12)

@ @y @t

The reason why we have chosen to express the functionhﬁ% in terms of the
symmetric Green function G rather than in terms of the causal Green function
G°¢ will be clear later.

Now we prove that | %ﬁ (x) gives a perfect image of (x). For doing so, we
denote z

G (xy)=  G(xy;0t)e" dt:
R

Then from (7.6), (7.12), and Parseval's relation (2.32), we have
. Z z Z

Re= o @ ! %(x;y)T(z;y)d (y)didz :
R @ y
Moreover, by integrating by parts over we get
A
G — — _
9y TEd = 1@ 6D T2 G (62):
@ y

and recalling that G, is real-valued because ! G(x;y; 0;t) is real and even,
we have

Z
%(X;Y)T(Zi}’)d == 1(x2) = =f (x2)9:
@ y
Therefore,
z Z
18 (x) = f(z) !=f ,(x;z)gdldz: (7.13)
R
Recall that Z
0= (2)ed = 00 (7.14)

R
which follows from (2.27) or equivalently, from using

@
t!Im(l @t(x,z,0,0)— 2(xX)

and (7.6).
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Finally, from (7.13) it follows that
28 x) = f(x):

Note that the choice of the symmetric Dirichlet Green function is justi ed
by the fact that its Fourier transform is real-valued. The ideal time-reversal
imaging functional | %3 yields a perfect image off . However, we need to com-
pute the symmetric Dirichlet Green function G associated with the domain

. In the general case, it may be di cult to nd an explicit expressi on for G.
In the next section we introduce a modi ed time-reversal imagingfunctional
where G is replaced with the free space fundamental solution and show that
the modi ed functional yields a good approximation of the source termf .

7.3.2 A Modi ed Time-Reversal Imaging Technique

In this section, we present a modi ed approach to the time-reversal concept
using \free boundary conditions”. For s 2 [0; T] we introduce the function vy
de ned as the solution to the wave problem

8
% @C;;S (x;t) xVs(X;t) = O:Tts(t)g(x;T S) @ (X); (xt)2 RI R;
-§vs(x;t):0; %{[(x;t):o; x2RY: t<s:

Here, @ Iis the surface Dirac measure or@ and g is the measured data.
We de ne a modi ed time-reversal imaging functional by

Zs
112 () = . Vs(x;T)ds; x2 (7.15)

Note that Z @
Vs(X;t) = @t(x;y;s;t)g(y;T s)d (y):
@

Consequently, the functional | % can be expressed in terms of the free-space

fundamental solution as follows:

z.7
19 (x) = S YSTIOY T 9d (s
2z @@
= —(x;y;0;t)g(y;t)d (y)dt x 2 (7.16)
R @ Ot

Note that I% is not exactly equivalent to I%ﬁ but is an approximation.

Indeed, denoting by Z
g ()= dy;9)e* ds



124 7 Ultrasound and Microwave Tomographies

the Fourier transform of g(s;y), we have from (7.6) and (7.7)

Z
a(y)=1 L (z;y)f (2)dz :
Parseval's relation and (7.6) give
Z:2 @
12 (x) = @t(x;y; 0;t)g(y; t)d (y)dt
1 ¥ 7@
=5 il (xy)a ()d (y)d!;
1 RO@ 77
=5 f(2) 12 (xy) 1 (z;y)d (y)didz :
Rd R @

Using the Helmholtz-Kirchho identity (3.82)
z

()@ @) e D

which is valid when is a sphere with a large radius inRY, we nd
1 Z z
28x) = f(@ !=f (xz)gddz:
Rd R

Using (7.14), we nally obtain that
2800 1)

which yields
1200 1 R0
Note that, from (7.7), the operator T : f | g can be expressed in the

form
Z

TOW= ayin=  SEvo0d vinze  [0T:

Then its adjoint T satis es
ZZ

TEW= Geioneyind ma;

which can be seen from (7.16) to be the time-reversal functional % .
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Time-Harmonic Reverse-Time Imaging With
Additive Noise

In this chapter we consider acoustic and microwave imaging in the preence of
measurement noise. Within the Born approximation, we analyze the stabity
and the resolution properties of reverse-time imaging.

8.1 The Data Set

Let us consider the propagation of scalar waves in a three-dimensional
medium. In the presence of a localized re ector, the speed of propagiain

can be modeled by
1 1

20 = % 1+ Vier(X) : (8.1)
Here
- the constant ¢ is the known background speed. For simplicity, we assume
that ¢y = 1;
- the local variation Ve (X) of the speed of propagation induced by the re ector
at zef is of the form

Viet (X) = et ( ref)(X Zref) ; (8.2)

where (¢ is the re ectivity of the re ector, z.; is its center, and (g iS a
compactly supported domain with volume 13, that models its spatial support.

Suppose that we have co-localized time-harmonic transmitter and resiver

of a re ector, the eld received by the jth receiving element x; when the
transmitter at x; emits a unitary time-harmonic wave is u(!;x j;x), where

u(!; x;y ) the solution to the Helmholtz equation
1 2
<u+ mu = (x vy (8.3)

with the Sommerfeld radiation condition imposed onu.
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The data set collected by the array describes the transmit-receie process
performed at this array. If we remove the incident eld then it can be de ned
as

vibxgsxi)s sl =100 (8.4)
with
v(Lx gsx) = ulx g x) C(Xp X))+ Wy (8.5)

Here Wj; represents the additive measurement noise. The incident eld s
given in terms of the homogeneous Green's function, (x;y) de ned by (7.3).

8.2 The Forward Problem

A re ector is embedded at zs and is modeled by the local variation Ve (X)
of the propagation speed as in (8.1). The full Green function , , that is to
say, the Green function of the medium in the presence of the re eor at zs,

is solution of )
|

20 Xy = (X y): (8.6)

From Lemma 3.35, it follows that the Lippmann-Schwinger integral equation
for the full Green function | is

x 1 Xy +

Z

LGY) = (y) 1P (X 2)Vier(2) 1 (z5y)dz: (8.7)
Using the Born approximation, we get
Z

LOGY) = 1 (6y) 1P (6 2)Veet (2) 1 (z3y)dz: (8.8)

Therefore the full Green's function can be written as the sum

r(y)= 1 (K5Y)+ Gret (XY ): (8.9)
The term Gy is the term in the data set that corresponds to the re ector:
Z
Grer(iXxy )= 12 | (%2Z)Vei(2) 1 (z;y)dz:

The approximation (8.9) is formally valid if the correction G is small com-
paredto ,,i.e., intheregime inwhich | 1, with an error that is formally

of order O( Eef). We also assume that the diameterl,; of the scattering re-
gion ¢ is small compared to the typical wavelength. We can then model

the re ector by a point re ector (the point interaction approximation )

Vet (X) ref Irsef (X Zet); (8.10)

and we can write the correction in the form
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Grefr (5% Y )= 12 rerlig 1 (X Zrer) 1 (Zref s Y): (8.11)
The data set is therefore of the form

VX 55X) = Vier (5 X g5 xi) + Wy (8.12)

with vies the ideal data set in the absence of measurement noise

Viet (X j3X1) = Gret 11X X

= 12 el X Zet 1 ZietsXi (8.13)
and W, is the measurement noise. We assume that the random variables/;

are independent and identically distributed, with a circular complex Gaussian

distribution with variance 2, that is to say, <(Wj ) and =(W;; ) are inde-
pendent and identically distributed real-valued Gaussian random varables

with mean zero and variance 2,,=2.

8.3 Imaging Functionals

De ne, for a smooth compactly supported V,
z
[A(M)V] = L(X;2)V(2) 1 (z;x)dz (8.14)
R3

A(!) is the frequency-dependent, linear operator that maps the functon V
to the array data (up to the factor ! 2).

In order to image the support of V, a least-squares method can be used.
The least-squares inverse problem under the Born approximation comsts in
minimizing over the functions V the mist functional J s[V]:

X 2
Jis[V]:= Ay AV
=1

where A™€35(1 ) is the measured data matrix (8.12). The solution of the least-
squares linearized inverse problem is

Vis= A (A(L) 1A (1)A™=(1)

Here the adjoint operator A (! ) is de ned for n n matrices A = (A; ) by

X0
A (DA (x)= P (GX) (X xX)A
il =1

Remember that the complex conjugation in the frequency domain correspnds
to the time-reversal operation in the time domain. This shows that the adjoint
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operator corresponds to the backpropagation of the array data both from the
receiver point x; and from the source pointx; to the test point x.
The least-squares imaging functional is
h i
Is(xX)= A (DHA(!) LA (PH)A™EES(1)  (x) : (8.15)

Motivated by the fact that we often have A (! )A(!) I, wherel is
the identity operator (in particular, this is a consequence of the Hemholtz-
Kirchho identity when the array completely surrounds the region of interest),
we can drop this term to get a simpli ed imaging functional. The Reverse-
Time migration imaging functional for the search point x is de ned by

Lrr (X) = A (1AT(L) (x)
X
= POGX]) 1 (X X)ATEE(L) (8.16)
=1

The Kirchho migration (or travel time migration) is obtained as a simpli -
cation of the Reverse-Time migration imaging functional in which we repace

C(xy) with € TOY) where T (x;y) = jx yj is the travel time from x to y
(since ¢y = 1). Therefore the Kirchho migration imaging functional has the
form:

X .
I km (X) = e it (T (xj )+ T(x:x)) AjrlneaS(! ) :
=1

8.4 The RT-Imaging Function
In the presence of a point re ector at z; and in the presence of additive noise

the data set is of the form (8.12). We study the e ect of the measuremennoise
on the time-harmonic reverse-time imaging function de ned by

X
I'rr (X) = POGXG) T OGxDV(G X g xp): (8.17)
=1

8.4.1 The Imaging Function Without Measurement Noise
In the absence of noise s = 0 the imaging function is given by
I'rr (X) = To(X); lo(X) = reflfefnz! ’H (X; Zref); (8.18)

where

xXo
oo = 27 o) o) (8.19)
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The function x ! H (X;zef) is the point spread function that describes the
spatial pro le of the peak obtained at the re ector location z.s in the imaging
function when the re ector is point-like.

Full-Aperture Array

If the sensor array is dense (i.e. the inter-sensor distance is stter than half a
wavelength) and completely surrounds the region of interest (for intance, it
covers the surface of the ball with center at 0 and radiud) then Helmholtz-
Kirchho theorem states that H(Xx;y) is proportional to the square of the
imaginary part of the Green's function  (x;y). We nd

H(x;y) = CLI8(x y); wherel®(x) =sinc? ! jxj ; (8.20)

and C_ =1=(4 L )*. Therefore we have

Lo(X) = of¥(X  Zrer); (8.21)
where 22 -
— el 7, —aine2 20X
0= —aL)y K (x) = sinc : (8.22)

and = 2 =! is the wavelength. This shows that the width of the point
spread function K¥(x) is of the order of =2, which is the Abbe diraction
limit [112].

8.4.2 The Imaging Function With Measurement Noise

In the presence of measurement noise the imaging function is a compl&aus-
sian random eld. Its mean is the unperturbed imaging function |, de ned
by (8.18), its relation function is zero:

E Irr(X) | o(X) Trr(x) I o(x% =0;
and its covariance functions is:

E Irr(X) I o(X) Trr(X9 I o(x9 ;

Cov I rr (X); I rr (X9

2 2 1 X R e, i
mesh ﬁ ! (X-Xj) ! (X .Xj)
i=1

2 esN?H (x; x9): (8.23)

If we assume thatH(x;y) = CLH(x vy), with I¥(x) a smooth peaked
function centered at 0, as in the case of a full-aperture array discugsl above,
then we can see that the messurement noise creates a speckle ndige | o
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in the image, which is a stationary Gaussian random eld with mean zero,
variance

r210ise = aneSnZCL 1#(0); (8.24)
and covariance function:
Cov lrr (X);lar (X9 = AgseHnoise(x X9 (8.25)
with
K (x
Hnse () = ﬂioi : (8.26)

This random eld is a speckle pattern whose hotspot pro les are close tahe
function Hneise(X), Which is (proportional to) the point spread function of
the imaging function. Here the hotspot pro le refers to the local shapeof the
speckle eld around a local maximum (see Section 4.4).

The hotspot volume is de ned as

4 2
Ve= —5
€7 (det )12

@J X H noise(x) jx=0 =g e 3: (8-27)

The maximum of the random eld Igr(X) | o(x) over a domain  whose
volume is much larger than the hotspot volume is a random quantity desctbed
in Section 4.4, which is equal to a deterministic value to leading ordr in
j j:VC: S
max Irr(x) | o(X) = nose 2log ‘! : (8.28)
X2 Vc

Full-Aperture Array

In the case in which the array completely surrounds the region of inteest,
I gt (X) is a Gaussian random eld with mean | 4(x) given by (9.23), variance

1
r%oise = r?nesn2(4 L )4; (8.29)

and covariance function:

2 . Cei2 20X
Cov lrr (X);lrr (X9 = ZiceHnoise (X X9; Hoise (X) = sinc? == :

(8.30)

The speckle pattern is made of hotspots with typical radius and typical
amplitude hoise. The typical shape of the hotspot is given by the function
H noise (X), that has a slow power law decay as %xj2. The signal to noise ratio
in the image is
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_ |O(Zref) _ o _ N reflfef! 2 _n reflfef .
SNR noise noise mes(4 L )2 4 mes 22’ (8'31)
Note that:
- The SNR increases with the numbern of sensors, and this is because the
additive noise is independent from one sensor to the other one.
- The SNR decays with the square of the wavelength, because the scating
e ciency (and therefore the re ected signal amplitude) at small wav elengths
is inversely proportional to the square of the wavelength.
- The SNR decays with the square of the distance from the array to the
re ector, because the re ected signal amplitude is inversely promrtional to the
distance from the array to the re ector (in a three-dimensional homogeaeous
medium).
In the case of the full-aperture array, the matrix is proportional to the
identity and the hotspot volume is

8 2 33:2
= 32h Ve = = 8. (8.32)
This result shows that the SNR (8.31) should be considered with cautios. If

noise 1S Of the same order as ¢, then the speckle pattern may have a local
maximum whose peak amplitude is much larger than s and that could be
misinterpreted as a re ector.

When the SNR is large, the imaging function has the form of a peak
centered at the re ector location z,; that emerges from the speckle pattern.
When the SNR is small, the peak centered atz, is buried into the speckle
pattern.

8.4.3 Localization Error

The localization of the re ector consists in looking after the maximum of the
imaging functional (the statistical approach proposed in [58] shows that tre
location of the maximum of the Reverse-Time imaging function is the Max
imum Likelihood Estimator of the location of the re ector). In the pre sence
of a re ector at z.; the imaging functional has the form

Irr (X) = To(X)+ 11(x);

wherel g is the unperturbed imaging function given by (8.18) andl ; is a com-
plex Gaussian random eld with mean zero, variance 2., and covariance
function 2 ceHnoise(X  X9.

We consider the case in whictH neise is real-valued, which is the case for a
full-aperture array, and we denote by the width of the point spread function,
which is of the order of for a full-aperture array. We assume nqjse 0, SO
that a Taylor series expansion aroundzyes, for jx ZzZefj . =SNR =" ngise= o0,
gives:
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1 1
IRT (X): 0 1 E(X Zref)T (X Zref)+ :ll(zref)

1 3
+ 70” 1(Zref)T (X Zwef)+ O L:L‘se : (8.33)
0

The estimator of the location of the maximum has the form:

2
2 1 o2

2:"31"9"]’"31)( | RT (X) = Zet + —< lrl 1(Zref) +0 lese :

X 0

To leading order (in noise= o) the estimator 2 is unbiased, i.e. its mean is the
true location z.f. Moreover, using the fact that E <rl 1(zyef)<tl 1(Zref)' =
2 ise = 2, the covariance matrix of the estimator 2'is

2

i 1

E(2 ze)2 Ze) =29 '=_—_—— & 8.34
( ref )( ref ) 2 S 2 SNRR ( )

which is order “2=SNR?. This means that the relative error (relative to the
radius ~ of the point spread function) in the localization of the re ector is
of the order of I=SNR = 4ise= o. Note also that, as a byproduct of this
analysis, we nd that the perturbed value of the maximum of the peak is of

the form
2

2, 2 i
| rr (2) 5 1+ —< l1(ze) + O —g ; (8.35)
where< 11(z.) follows a Gaussian distribution with mean 0 and variance
2. =2

noise ™

Full-Aperture Array

If the sensor array is dense and surrounds the region of interest, timethe local-
ization errors are independent along the three directions and their &riances
are 2 a2 L 32
E (21 Zref M )2 = nOizse 2 = 2 2;
& 16 SNR- 16
This shows that the resolution is proportional to the wavelength and irversely
proportional to the signal-to-noise ratio in the image (8.31).

j=1;:53
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Reverse-Time Imaging With Clutter Noise

9.1 The Data Set

Let us consider the propagation of scalar waves in a three-dimensional
medium. In the presence of a localized re ector and small random uctia-
tions of the medium, the speed of propagation can be modeled by

1 1

m = % 1+ Vo (X) + Vet (X) (9.1)

Here

- the constant ¢y is the known background speed. For simplicity, we assume
that ¢co = 1;

- the random processV, (X) represents the cluttered medium;

- the local variation Ve (X) of the speed of propagation induced by the re ector
at zef is of the form

Viet (X) = ret ( ref)(X  Zeet); (9.2)

where ¢ is the re ectivity of the re ector, zes is its center, and (¢ IS a
compactly supported domain with volume Ifef that models its spatial support.

of n elements, used to detect the re ector. In the presence of a re etor and
small random uctuations of the medium, the eld received by the j th receiv-
ing element x; when the pulseF (t) is emitted from x, is U(t; x;;x;), where
(t;x) ! U(t; x;y) is the solution to the scalar wave equation

1 @u _ )
200 @t xU=F(t) (x y) (9-3)
or, in the Fourier domain, (!;x ) ! u(!;x;y ) de ned by
Z 1

u(tixy ) = Felu(xy)l(t) = Plzj . Ut x;y)e" dt
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is the solution to the Helmholtz equation

12
. u-= | -
xU+ CZ(X)U f(') (x vy (9.4)
with the Sommerfeld radiation condition imposed onu. Here, f is the Fourier
transform of F
1 41
f(1)=FJIFIC) = Po= F(t)" dt:
1
The data set collected by the array describes the transmit-receie pro-
cess performed at this array. If we remove the incident eld, whth is here
r (X x))f () when the source is atx; and emits F (t), then it can be de-
ned as
vibxpsxi)s P 2R =150 (9.5)
with
v(ix sx) = ulx grx)+ o (xgrxnf () (9.6)
The incident eld is given in terms of the homogeneous Green's fundbn
1 (X;y) de ned by (7.3).

9.2 A Model for the Scattering Medium

In this section we introduce a model for the inhomogeneous medium. &
assume that the propagation speed of the medium has a homogeneous back-
ground speed value 1 and small uctuations responsible for scattering:

1
Cglu (X)

where V¢, (X) is a random process with mean zero and covariance function of
the form

=1+ Vau(X); (9.7)

E Vclu (X)Vclu (XO) = glu P K clu (X)K clu (XO)H clu (9-8)

Iclu
Here E stands for the expectation with respect to the distribution of the ran-
domly scattering medium. , is the standard deviation of the uctuations.
The function x ! K¢y (X) is nonnegative valued, smooth, and compactly
supported, it characterizes the spatial support of the scatterers (ad the typ-
ical amplitude of K, (x) is of order one). The function x ! H¢y (X=lgy)
[s the local correlation function. It is normalized so that Hcy (0) = 1 and

Hqu (X)dx = 1. Therefore I, can be considered as the correlation length
of the random medium. We assume that the standard deviation , is small
(smaller than one) and that the correlation length I, is small (smaller than
the wavelength).
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For simulatiorb purposes, the random medium uctuations can be seen
asVau(X) = cu Keu(X)Zewy (X=lgy) where Zg, (x) is a stationary random
process with mean zero, variance one, and correlation length equal to one.
Realizations of a stationary random process can be generated by spectral
methods easily.

The clutter Green's function G, that is to say, the Green's function of
the medium with clutter noise, is the fundamental solution of

xGeu XY +02.760Iu Exyy = (x y) (9.9)

with the Sommerfeld radiation condition, where cq (X) is given by (9.7). The
Lippmann-Schwinger integral equation for the clutter Green's function Ggy,
de ned by (9.9) is

z

Gau(hxy)= 1(xy) '? Gau(;Xz )Vau(2) 1 (z;y)dz;  (9.10)

where Vg, (X) is the random process modeling the background uctuations as
described by (9.7). We will use the Born or single-scattering approknation
for the clutter Green's function solution of (9.10) by replacing G¢, by 1 on
the right-hand side. This approximation takes into account single-sattering
events for the interaction of the waves with the cluttered medium

Gau ixy = 1 x5y +G1 Lxy ; (9.11)

where G; is given by

z

Gy ixy = 172

1 X2 Vau(2) 1 z3y dz; (9.12)
and the error is formally of order O( §|u) where ¢, is the standard deviation
of Vel (X)

9.3 The Forward Problem

We now assume that a re ector is embedded atzes in the cluttered medium.
We model the re ector by a local variation Ve (x) of the propagation speed
as in (9.1). The full Green's function ,, that is to say, the Green's function
of the medium with clutter in the presence of the re ector at z., is solution
of
] 2

2(x)
The Lippmann-Schwinger integral equation for the full Green's funcion
is

x | Xy + X5y = (X y): (9.13)
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4

L0GY) = 1 (6y) 1P (62) Vau(2) + Veet(2) 1 (23y)dz:(9.14)
Using again the Born approximation, we get

LGY) = (6y) P2 1 (%2) Vau(2) + Veer(2) 1 (2;y)dz:(9.15)
Therefore the full Green's function can be written as the sum

FGY)= o (6y)+ Gi(hxy )+ Grer(h Xy ): (9.16)

The term G; is the term in the data set that will be responsible to speckle
noise in the image and it is of the form (9.12). The termG, is the term in
the data set that corresponds to the re ector:

VA

Grer(;xy )= 12 | (X2)Viet (2) 1 (2;y)dz:

The approximation (9.16) is formally valid if the correction G is small com-
paredto ,,i.e., inthe regime in which 1, with an error that is formally

of order O( ;). We also assume that the diameterl s of the scattering re-
gion ¢ is small compared to the typical wavelength. We can then model

the re ector by a point re ector (the point interaction approximation )

Vet (X) refl?ef (X Zpef); (9.17)
and we can write the correction in the form
Grer (%Y )= 12 1ol 1 (X Zret) 1 (Zeet3Y): (9.18)

The data set (9.5) is therefore of the form
VX X)) = Vrer (5Xg5x) + WX 55 X1); (9.19)

with v,es the ideal data set in the absence of random uctuations of the
medium

Viet (15X 5X1) = Grer Lxjix £(1)
S U2 (0) rerldf 0 X iZiet 1 Zref X1 (9.20)

and w the noise due to the interaction of the wave with the random uctua-
tions of the medium

w(l;x j;x)= G !;)éj;xl f()

=12f(1) L Xj3Z Vau(2) 1+ Z;% dz: (9.21)

Sincelg, is small, the eld w is Gaussian distributed by the Central Limit
Theorem.
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9.4 The Imaging Function

In the presence of a point re ector at z and in the presence of clutter noise
the data set is of the form (9.19). We study the e ect of the clutter noise on
the reverse-time imaging function de ned by

z

X
I rr (X) = plzj dl (x5 x;) (G x)v(x X)) (9.22)
=1

9.4.1 The Imaging Function Without Clutter Noise

In the absence of noise ¢, = 0 the imaging function is given by

Lrr (X) = To(X);  lo(X) = rerliNH(X; Zrer); (9.23)
where
1 Z
Hxy)= p=— d!l 2 (1)h(;xy); (9.24)
1 X 2
h(;xy )= o P (GX) (Y xg) (9.25)

j=1
The function x ! H (X;z.) is the point spread function that describes the
spatial pro le of the peak obtained at the re ector location zes in the imaging
function when the re ector is point-like.

Full-Aperture Array

If the sensor array is dense (i.e. the inter-sensor distance is stter than half a
wavelength) and completely surrounds the region of interest (for ingance, it
covers the surface of the ball with center at 0 and radiud_) then Helmholtz-
Kirchho theorem states that h(!;x;y ) is proportional to the square of the
imaginary part of the Green's function | (x;y). We nd

h(:;x;y )= CLB(!;x y); whereB(!;x )=sinc? ! jxj ; (9.26)

and C_ = 1=(4 L )*. Therefore, when the bandwidthB of F is smaller than its
central frequency! o, for instance, when the source is a modulated Gaussian

with central frequency ! o and bandwidth B o:
B?t2
F(t)=cos(to)exp  —— (9.27)
and 1 ¢ 1)? 1 ()2
f(' ): e 2 + _—_e 22 ; (928)

2B 2B
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we have
H(X;Zrer) = CL! 318(X  Zier); (9.29)

where 5 i
18 (x) = sinc? X (9.30)
0

and o =2 =! ( is the central wavelength. This shows that the width of the
point spread function 1¥(x) is of the order of =2, which is the Abbe di rac-
tion limit [112]. Note also that the function H(x) decays slowly, as Ex;j?,
which will turn out to be problematic when addressing scattering media.

Finite-Aperture Array

If the sensor array is dense and occupies the domaid, f Og, with D, R?
with diameter a, and the search region is a domain around (0;0; L), then
in the Fresnel diraction regime o a L with é=2L3:2 a? oL we
have

h(;x;y )= CLB(Lx y); (9.31)

where, forx = (X, ;X3),

1 ? ly, iy 12

|- = 2ilx 3 H
A x)=e D.j Daexp - % 5

Xz dy, : (9.32)

This shows that the width of the function f(!;x ) is of the order of L=a in
the transverse directions &, ) and L 2=& in the longitudinal direction ( x3),
where =2 =! isthe wavelength associated to the frequency . These are the
classical Rayleigh resolution formulas for time-harmonic waves [112, Siens
8.5 and 8.8].

If the bandwidth B of the pulse is smaller than the central frequencyl o
and such that B I va2=L2, for instance, when the source is a modulated
Gaussian (9.27) with central frequency! ¢ and bandwidth B, then the range
resolution is the same one as in the time-harmonic regime and we have

H(X;Zret) = CL! 2B(X  Zeer); (9.33)
where
Z L 2
1 : 2y, Y, °
B(x) = Zex i2l gX3 —— ex [ i—2 x5 dy +cc:
(%) > p 0X3 iDal o, P oL X, oL2 3 ay,
(9.34)

This shows that the width of the point spread function ¥ (x) is of the order
of oL=a in the transverse directions &, ) and oL?=& in the longitudinal
direction (x3). Note the loss of resolution compared to the full-aperture case,
by a factor L=a in the transverse directions and (=a)? in the longitudinal
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direction. Note also that the function ¥(x) decays slowly, as &jx, j? in the
transverse direction and as %xsj in the longitudinal direction.

If the bandwidth B of the pulse is smaller than the central frequency ¢
but such that B | ya2=L2, for instance, when the source is a modulated
Gaussian (9.27) with central frequency! o and bandwidth B, then the range
resolution is bandwidth-limited and we have

H(X; Zret) = C! Sﬁ(x Zief); (9.35)
where
1 z 2 2
B(x)= —exp 2 oxz exp 2B?x3 —— exp Yo x, dy +cc:
2 IDa) p, ob 7 7
(9.36)
If the array is square with sidelengtha, i.e.
Da=[ a=2;a=2J%; (9.37)

then

B(x) =cos 2! ox3 exp  2B?x3 sinc iLxl sinc? isz : (9.38)
0 0

This shows that the width of the point spread function ¥ (x) is of the order of
oL=a in the transverse directions , ) and 1=(2B) in the longitudinal direc-
tion (x3). Note the loss of resolution compared to the full-aperture case, by a
factor L=a in the transverse directions and! =B in the longitudinal direction.
Note also that the function 1¥(x) decays slowly, as %jx, j? in the transverse
direction, but may decay fast in the longitudinal direction depending on the

source.

9.4.2 The Imaging Function With Clutter Noise

In the presence of clutter noise the imaging function is a real Gausan random
eld. Its mean is the unperturbed imaging function | de ned by (9.23) and
the covariance function of the imaging function is:

ZZ

Cov lrr (X);1rr(x) =n* 3, dydyH(xy)H(y%x9

yy":

P
K clu (y) K clu (yO) H clu |
clu

(9.39)

Using the fact that the correlation length of the medium is small, this can
be simpli ed as
Z

Cov lgrr (X);lrr (x9 =n* 3,13, dyH(%y)Kau (Y)H(y:x9: (9.40)
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If we assume that the random scatterers are uniformly distributed inthe
search region, i.eKqy 1, and that H(x;y) = C_! 3K(x y) as in the case
of a full-aperture array or nite-aperture array discussed above, then we have

Cov lgr (X);1rr (x9 = n* 2,13,C21 518 218(x  x9; (9.41)

where the star stands for the convolution inR3. This shows that the speckle
noisel rr | ¢ in the image is a stationary Gaussian random eld with mean
zero, variance

2 e =n% 2,13,C21 318 218(0); (9.42)

noise n clu cIu

and covariance function:

Cov lgr (X); 1R (XY = ZoseHnoise(x  x9; (9.43)
with
_ _ 1?28 (x).
HnOISE(X) |'¢ ? ﬁ(o) . (9'44)

This random eld is a speckle pattern whose hotspot pro les are close tahe
function Hpeise (X), Which is (proportional to) the autoconvolution of the point
spread function of the imaging function. Here the hotspot pro le refersto the
local shape of the eld around a local maximum (see Section 4.4).

Note also that, when the random scatterers are not uniformly distributed
in the search region, i.e.K ¢, is not constant, then the slow decay (as a power
law) of the function K implies that the random scatterers in a far region
can generate speckle noise everywhere in the image as shown by (9.40). As a
consequence it is very di cult to image through a scattering layer. This is a
serious drawback for reverse-time imaging.

Full-Aperture Array

In the case in which the array completely surrounds the region of inteest,
| gt (X) is a Gaussian random eld with mean | o(x) given by (9.23), variance

3
r210ise = 4 glulclu CL 08701 (9-45)

and covariance function:
4 jx XY

Cov | RT (X);I RT (XO) = rzloisehnoise 70 ) (946)

with the normalized function (hpeise (0) = 1)

. z,
hnoise (X) = S')((X); Si) = sincly)dy: (9.47)
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The speckle pattern is made of hotspots with typical radius o and typical
amplitude noise- The typical shape of the hotspot is given by the function
hnoise, that has a slow power law decay as #x. The signal to noise ratio in
the image is p
|O(Zref) — 2 2 reflfef_
. 3=2 3=2"

noise clu |CIu 0
Note that it is independent of the number of sensors, because the cltdr noise
recorded by di erent receivers is correlated.

The hotspot volume is de ned as

SNR = (9.48)

42 45X :
Ve = W, = @j xi Nnoise 70 Ix=0 R (9.49)
Here the matrix is proportional to the identity and we have
162 _ 27 4
= Q—%I, Ve = 16 O (9.50)

The maximum of the function I gt | o over adomain whose volume is much

larger than the hotspot volume is a random quantity described in Sectioré4.4,

which is equal to the deterministic value (8.28) to leading order inj =\,

with the values of ,ise and V; as given by (9.45) and (9.50). This result

shows that the SNR (9.48) should be considered with cautious. The spelk

pattern may have a local maximum whose peak amplitude is much larger thn
noise @nd that can be misinterpreted as a re ector.

Finite-Aperture Array

In the case in which the sensor array is dense and occupies the sqeado-
main D, f 0g, with D, =[ a=2;a=2]* R?, the bandwidth B of the pulse
is smaller than the central frequency! ¢ but such that B | pa2=L2, and
the search region is a domain around (0;O; L), then the eld |y (X) is a
Gaussian random eld with mean | ¢(x) given by (9.23), variance

P— >

L2
r210ise = n4 glulglu CE! g? 90a2 ; (9-51)
and covariance function:
Cov lrr (X);lrr (X% = 2. cOS 2! g(xz  x9)
2a(x; x9) 2a(xs x9
Pnoise (xa 1); (x2 2);ZB(X3 Xg) 7 (9.52)
oL oL
with the normalized function (hpeise (0) = 1)
1 sinc(xy) 1  sinc(x x2
hnoise (X1; X2; X3) = 36 5 (1) . ®2) o %3 (9.53)
X{ X5 4
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The speckle pattern is made of hotspots with typical radius gL=a in the
transverse direction, typical radius 1=(2B) in the longitudinal direction, and
typical amplitude oise. The signal to noise ratio in the image is

P —

P -
_ I o(Zrer) _ 3 2¢ reflrsef Bl_za,
SNR = — = 52 32 | 12, (9.54)
noise dulgy o oL

Note the SNR reduction compared to the full-aperture case, by a factor ofie
order of (B=! o)*?(a=L).
The hotspot volume is de ned as before ad/; =4 ?(det ) 72 with

_ 2ax 1 2ax . . .
= @ixlhnoise T, T,ZBXg JXZO ]‘;| -1 ;:::;3. (955)

Here is diagonal and we have

- S R _ 53,

The maximum of the function over a domain  whose volume is much larger
than the hotspot volume is given by (8.28) as before with the values of nise
and V. as given by (9.51) and (9.56).
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Optical Coherence Tomography With Clutter
Noise

10.1 The Principle of Optical Coherence Tomography

In Optical Coherence Tomography (OCT) a time-incoherent light beam is
used in a Michelson interferometer [197]. This means that a single indent
beam of incoherent light is divided by a beam splitter into two identical beams.
The rst beam (the reference beam 1) propagates through a homogeneous
medium and it is re ected by a mirror whose longitudinal position can be ad-
justed (reference mirror in Figure 10.1). The second beam (the samplbeam
2) is focused and backscattered by the sample to be imaged. The centrabsi-
tion of the reference mirror corresponds (in terms of propagation distanes) to
the same plane as the focusing plane of the sample beam. The superp asit
of the reference and sample beams is then measured by a photodetectonich
is sensitive to the intensity.

Reference — SCTh
Mirror & Y ept
Scan
[~ B~ ]
Low-Coherence
LightSource Lateral
(<t
Beam Expander Beam Sample
C__» Splitter d Lens

=\ /e Pinhole
Detector
Sample
I Signal
Processing

Fig. 10.1. Optical Coherence Tomography set-up. From [164].
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We address the standard OCT technique, in which two scans are per-
formed, the depth scan and the lateral scan:

- the lateral scan addresses laterally adjacent focused beams, whickart be
achieved by moving the sample or by using a rotating mirror which lateally
shifts the probing beam (lateral scan in Figure 10.1).

- the depth scan is achieved by shifting (longitudinally) the reference mirror
(depth scan in Figure 10.1).

Note that other OCT versions allow to acquire the image without scans,
in particular, Fourier-domain OCT allows to get the depth-scan information
by an inverse Fourier transform of the spectrum of the backscatteredight by
using a light source with tunable frequency.

In this section, we denote the three-dimensional spatial coordinatex =
(%, ;z) where x, 2 R? stands for the lateral coordinates andz for the longi-
tudinal coordinate.

In the plane of the photodetector z = L ¢, the reference eld is

u(h;x, ;Ldet; X 532 )= ur(; X, ;Ldet; Z )+ ua(!; X, ;Lger; X ,); (10.1)

where ui(!;x, ;Lget; Z ) is the eld re ected by the mirror when the po-
sition of the mirror is shifted by z compared to the central position and
uz(!; X, ;Lget; X , ) isthe eld backscattered by the sample when the focused
beam is laterally shifted by x ., .

The initial beam is a plane wave

ui(x,;z)= (! )exp ilz ; (10.2)

that is time incoherent, in the sense thatf (! ) is the Fourier transform of a
stationary real-valued random process with mean zero and covariance fuation
F (t), or equivalently

Ef(l) =0; Ef(!)mzpfp(!)(! 19: (10.3)
Here P(!) is the Fourier transform of F
z
P()= F[F]I(1) = p;j l F(t)e" dt
1

it is the power spectral density of the source by Bochner's theom, it is a

nonnegative real-valued even function. It is concentrated around the entral

frequency! ¢ and has a bandwidth denoted byB (see (10.30) for an example).
We consider an inhomogeneous sample, with the speed of propagation:

1 f—
(x)
The goal is to image the function Vgam (X).
We rst describe the reference and sample beams in Section 10.2. We
de ne the OCT imaging function in Section 10.3 and analyze its point spread

function in Section 10.4. Finally in Section 10.5 we study the clutter roise in
the OCT image produced by scattering.

1+ Vsam(X): (10.4)
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10.2 The Reference and Sample Beams

Considering the reference beam, the propagation distance up to the fhode-
tector is Lget When the mirror is at its central position, or Lget +2 z when
the mirror is shifted by z . Therefore the eld ui(!;X, ;Lget; z ) in the plane
of the photodetector is the initial eld delayed by Lget +2 z :

ur(5x, sLaets 2 )= F(1)Gu(h X, sLdets 2 ); (10.5)
01(X, sLget; z )=exp il (Lget +22 ) : (10.6)

Considering the sample beam, it is focused by a lens in the plare= Lgym
in the sample and it is backscattered by the sample inhomogeneities it we
want to image. The propagation distance from the initial plane to the plane
of the lens isLens. The propagation distance from the plane of the lens to
the focusing plane isLtc = Lsam Liens (i-€. Lioc IS the focal length of the
lens). The propagation distance from the focusing plane to the photodector
isLget Lsam- So the overall propagation distance from the initial plane to the
photodetector, when backscattering happens in the plane = Lgm, is equal
to Lget. Let us derive the expression of the sample eld in the photodeteatr
plane.

Before the lens, the eld goes through a lateral scan device (a rotating
mirror) that imposes a linear delay across the beam, which has the form od
linear phase shift in the Fourier domain. The lens imposes a quadraticlelay
across the beam, which has the form of a quadratic phase modulation, and
an amplitude cut-o . As a result of these two operations, the eld just after
the lens reads:

Uzi( X, s Lienss X 5 ) = F(1)%i(5 X, s Liensy X 5 ); (10.7)
Y . _ , I P S G
gzi(!,X? iLiens: X )=exp ilL jens I’g"' r% i! I O(r(2)+ rf)ro
exp 2ilx , X, (10.8)
’ Iorors

Here:

- We have chosen a Gaussian amplitude cut-o function with radiusp ré+r?
because it allows for an explicit calculation below. The radius; will be taken
large (i.e. larger thanrg) below.

- The quadratic phase modulation isri=rq larger than the amplitude cut-o .

- The linear phase modulation is parameterized byx , . As we will see below,
X , turns out to be the center of the focused incident beam in the foal plane,
the radius rg is the width of the focused incident beam in the focal plane, and
the radii ro and r; determine the focal lengthLsoc:

|
Lioe = - °r2°r1: (10.9)

We consider the Fresnel approximation for the propagation from the lens
to the focal plane (which holds when the radius of the beam is larger tharthe
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wavelength but smaller than the propagation distance, i.e. the focal lagth),
so that the eld is given by the Fresnel di raction integral (this is also known
as the paraxial approximation):
Uzi (X, s hiens + 23 X, ) = F(1)Gi(h %, sLiens + 2, X, ); (10.10)
! .
il x, ;L|ensz+ Z; X ,)= ﬁexp i'z
I .
Gi(5Y, iLienss X, )exp i_jx, %7 dy; (10.11)

that is to say,

! .
Qi(hX, sLiens+ 2, X, ) = 2_—exp it (Liens + 2)
iz
z - .
exp L 1M1y sk yJ? dy{1012)
rg+r2 Lolo 7 lorery 2277 ’ T

The explicit expression of the eld gy (!; X, ;Liens + Z; X , ) can be obtained
by a direct calculation (involving only Gaussian integral evaluations):

1

2iz ilr 1
1+ !(r02+ rlz) !

%i(5X, s Liens + 2, X ,) = exp i! (Liens + 2)

ofo
iy ir
. jx, 1+ rm
xp r2+r21+ 2iz l+i!r1
0 1 L (r2+r?) I'oro
exp 2i x, x, 1
2i ir
ofafo 1+ !(rgzrf) * Toro
2 jx ,j%z 1
exp 21212 14 22 14 03 (10.13)
ofiTe LY ey LY Ton
In the plane Ligns + Lioc (Which is equal to Lsam), this reads
| ' 4 ro
%i(5X, s Lsam; X ;) = ir— 2o exp il sam
-0 1 I'ii
. 1 r
oxp ol L% x,
g1 i g 1 i
21201+ 18
ix,i2rz(d+ %)
exp > ——— (10.14)
re 1 i+

by (10.9). Forj! ! !, this can be reduced to

T r )
Gi(5X, leam; X ,) = i—= 1+i=> exp ilL sam
' ' lo ra
X, j? X T ix .2 r
exp JX?ZJ +2X? > 2 1+i-2 J ;J 1+i-2 (10.15)
r.0 rO ri ro I
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With r1  rg, this simply reads

r _ ' X ,j2
%i(; X, ;Lsam; X ,) = ﬁeXp i'L sam exp JX?TJ ; (10.16)
0
which shows that the focused incident beam in the focusing plang = Lgam
has a transverse Gaussian pro le with widthro and with center x ., as an-
nounced above. Moreover, using again the Fresnel di raction integral £0.13),
the focused incident beam has the following form in the vicinity ofthe focusing
plane:

ra
2i

iro 1+ TOZZ

%Gi(h X, ;Lsam* Z; X ,) = exp i! (Lsam + 2)
X,  x,j?

exp .
2 2
ro 1+ !I'Izo

(10.17)

We consider a weakly inhomogeneous sample, with the speed of propa-
gation (10.4), so that the Born approximation is valid for the backscattered
sample eld. The backscattered sample eld in the planez = L s, is therefore

uz(h; X, ;Lsam; X ,) = f(! )%ﬁl;x? iLsam; X ,); (10.18)

| 2

92(!;)(7 ; Lsam; X B ) = ! (X> ;Lsam);(y? yLsam * Z)

Vsam(¥, ;Lsam + Z)02i Ly, ;Lsam + Z; X , dy, dz; (10.19)

where , (x;y) is the homogeneous Green's function andy;(!;y ; X , ) is the
focused incident beam, given by (10.17). Using again the Fresnel appraxia-
tion, we have

. >
1 (% ;Lsam); (% ;Lsam + 2)) = iexp ilz +i! mTyl : (10.20)

4z

Finally, the backscattered sample eld in the planez = Lgan is sent to the
photodetector planez = L gt by the OCT system. Therefore the backscattered
sample eld uz(!;x, ;Lget; X , ) in the photodetector plane is given by

uz(hx, s Ldets X, )= F(1)g(X, s Ldet; X, ); (10.21)
Q5 X, Laets X ,) =exp ! (Lget Lsam) 92(!; X, ;Lsam; X ,):(10.22)

10.3 The Imaging Function

The imaging function is the intensity collected at the photodetector:
1 Z:Z

H(x,:z)=F . sz“(t;x? Laet; X ,; 2 )j2dx, dt: (10.23)
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As T !'1 , using the stationarity of the source eld, the time average con-
verges to the statistical average and we have

Z
I(x,;z)= Eju(O;x?;Ldet;x?;z)j2 dx, ; (10.24)
which gives
1 7
H(x o2 )= po= PG, iLaers 2 ) Ga(tiX jLaets X ,)i%dx, dt:
(10.25)
It can be decomposed into the sum of three terms:
1 ZZ
I(x,;z)= P P()ig(h X, ;Laet; z )j?dx, d!
pé ZZ
+p=< P()a(x, Ldet; 2 )q(5 X, ;Ldet; X ,)dx, d!
1 ZZ
tpo= POiG(iX, L X )jZdx, dI: (10.26)

The rstterm is a constant background independent of z and x , . The third
term is negligible in the Born approximation. Therefore the imagel (x ,; z )
is determined by the second interference term that we study in he next sec-
tion.

10.4 The Point Spread Function

Using the expressions (10.6) and (10.22) of the reference and sample elds,
the imaging function (10.26) is, up to the rst constant background term,

p. 7272Z . oy
H(xoiz)=p=< PPz ep it =R V(Y ilsan + 2)
. .
2l (z  z) r iy, X . j
¢ 1y 2y X =2 7°_ dy dzdx d(10.27
irg 1+ 25z p 2L+ 22) y, dzdx, df )

By integrating in X, :

1 727
I(x,;z)= pzj< ()P )e 2 (2 DV (v i Leam + 2)
M v X,
ire 1+ 27 ———>— dy, dzd!(10.28
irg 1+ ,rz—'zz xp I‘S(1+ I2r|7z2 y, dzd!( )
0 o

If P has central frequency! o and bandwidth B with B ! o, for instance,
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2+2
F(t) = cos(! ot) exp 5 (10.29)
1 ¢ 19?2 1 (1 +1,)2
1y= — J . A, R P A
P)= g5 exp B2 28 P sz (1030)

and if 1=B  r3= o, with =21 o, which means that the Rayleigh length
ré= o of the Gaussian pro le is larger than the width 1=B of the coherent

window, then
27

I(x,,z)= H(x, X:;z 2 Z )Veam(X, ;Lsam + 2)dx, 420.31)

where the point spread function is

! 1 ix j2
H(x,;z;z )= ﬂe:exp 2B27% exp ij,%
fo 1+ 42; ro(l+ T2
0’0
h iy 02 i
2z
cos 2! gz + arctan > 7 JX"J“ — (10.32)
Yol ‘olg ro(1+ ; Srg)

This shows that:

- the point spread function has longitudinal fringes (at the second harmoic
2! o) that are characteristic of OCT techniques and are sometimes called inge
bursts. In fact, these fringes can be used to extract the interfeence term from
the background term in the imaging function, so that only the fringe enwelopes
are retained.

- the envelope of the point spread function decays fast in the transvse and
in the longitudinal directions (here, the decay is Gaussian).

- the longitudinal resolution is 1=(2B), that is proportional to the width of
the coherent window,

- the cross-range resolution igg when the mirror position is z = 0, which
corresponds to the scanned deptlz = Lsay in the sample, and deteriorates

z 2

asri(l+ ‘_‘zﬁ) when the mirror position is z , which corresponds to the
scanned de(btohz = Lgagm + z in the sample.

Consequently:

- Longitudinal resolution depends only on the width of the coherent wincbw,
that is, the bandwidth of source.

- Lateral resolution is essentially determined by the waist of the foased beam,
it is all the higher as the beam is more focused, but then the sample q¢hs
that can be scanned are reduced: if one considers that a deterioration of 5086
the lateral resolution around the depthz = L is acceptable, then this means
that the scanned depths should be within the interval Lsam I 3= 0; Lsam +

r 3= o], which means around the depthz = L, with a thickness of the
order of the Rayleigh length of the focused beam. This indicates that @T
can only scan a quite small range of depths. If one improves by a factor twthe
transverse resolution, then the thickness of the sample that can becanned is
reduced by a factor four.
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10.5 The Clutter Noise in Optical Coherence
Tomography

When there is clutter noise, that is to say, small heterogenetiesn the sample,
the speed of propagation can be described as

1
¢ (x)

= 1+ Veam(X) + Vo (X) ; (10.33)

where Vi, (X) is a random process with mean zero and covariance function
(9.8). The imaging function is then of the form

F(x) = Lo(x) + 11(x); (10.34)

lo(Xx) = H(x X?O; z 2% Z)Vsam (X?O; Lsam *+ Zo)dx_,odzo; (10.35)
Z
lix)= H X%z z2%2)Vau (X0 Leam + 29dx%dz%  (10.36)

wherel ¢ is the unperturbed image described in the previous section antl; is
the speckle noise in the image. The speckle noise is a Gaussian randomid
with mean zero and with covariance

Z

Cov I (x)l(x9 = Zul3 dx°H x, x2z 2%z Kay (X% Lsam + 2%

H x2 x22° z%92%10.37)
where we have used the fact that the correlation length of the random udu-
ations of the sample is small.

If, additionally, the random heterogeneities are uniformly distributed, so
that Ky (y) 1, then

z
Cov I (x);l(x9 = Gl dxH x xXz 2%z
H x? x2z° z%2°%; (10.38)

or equivalently (denoting the mid-point by X = (X, ;Z) and the o set by
X=(x%,2)

z
X, X, _ X, z z
Cov I (X + 21 (X ) = Zulde dxX°H x4+ ?,z°°+ 52+ 5
H o x® %220 2.7 Z1939
T iz 54 31039

By computing the covariance function, we nd that the random eld I; =
I | ¢ is stationary (the covariance function does not depend on the mid-
point X):
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3=2

X X
Cov I (X + )1 (X  3) = §|UI§|U!§rfﬁcos 2! vz
iy i2
exp B?z% exp JX?JZ : (10.40)
2rg

This covariance function describes the local prole of the hotspots ofthe
speckle pattern generated by clutter noise. The speckle hotspotgjp to the
high-frequency fringes, have longitudinal radius £B and transverse radiusrg
throughout the search region. Note that the covariance function, and theréore
the local pro le of the hotspots, is stationary throughout the scanned sampe,
contrarily to the point spread function that laterally spreads out away from
the focal plane (see (10.32)).

If the random heterogeneities are not uniformly distributed, i.e. whenK ¢,
is not constant, then the image will be speckled only in the scatteriig region
because of the fast decay of the functiorH, as shown by (10.37). This is
an important di erence compared to reverse-time imaging for instance In
particular the fast decay in the depth z shows that OCT is capable to image
through a scattering layer, as the image beyond the scattering layers hardly
aected. If Kgu(x;2) = exp( (z Lsam + Lou)?=L 2,), which models a
scattering layer located around the depthz = Lggnm Loy With the width
L ¢u, then the variance of the speckle pattern generated by the scatterig
layer is

3=2 2
_ 2 (3 2.2 (Lew + Z)
Var | (X) - clulclu! ol 1 1=2 exp L 2 1 !
B 1+ aB2L 2 clu 4B?2
clu

which clearly illustrates the decay of the speckle noise in the irage away from
the region of the scattering layer.






Part Il

Anomaly Imaging






11

Small Volume Expansions

In their most general forms imaging problems are severely ill-posed andon-
linear. These are the main obstacles to nd non-iterative reconstrution al-
gorithms. If, however, in advance we have additional structural information
about the pro le of the material property, then we may be able to determine
speci ¢ features about the conductivity distribution with a satis factory res-
olution. One such type of knowledge in the conductivity case could behat
the conducting body consists of a smooth background containing a numtyeof
unknown small anomalies with a signi cantly di erent conductivity .

Over the last 10 years or so, a considerable amount of interesting work
has been dedicated to the imaging of such low volume fraction particlesThe
method of asymptotic expansions provides a useful framework to accately
and e ciently reconstruct the location and geometric features of the particles
in a stable way, even for moderately noisy data.

Using the method of matched asymptotic expansions we formally derive
the rst-order perturbations due to the presence of the particlesin the con-
ductivity case. These perturbations are of dipole-type. A rigorous poof of
these expansions is based on layer potential techniques. The condepf po-
larization tensor is the basic building block for the asymptotic exparsion of
the boundary perturbations. It is then important from an imaging point of
view to precisely characterize the PT and derive some of its propeiés, such
as symmetry, positivity, and optimal bounds on its elements, for devéoping
e cient algorithms to reconstruct conductivity particles of small v olume.

We then provide the leading-order term in this asymptotic formula of the
solution to the Helmholtz equation in the presence of small electromagni
particles. The leading-order term is the sum of a (polarized) magnetiaipole
and an electric point source.

It is worth emphasizing that all the problems considered in this chager
are singularly perturbed problems. As it will be shown later, derivatives of
the solution to the perturbed problem are not, inside the particle, close to
those of the background solution. Consequently, the far- eld expansioa are
not uniform in the whole background domain. Nevertheless, inner expariens
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of the solution inside the particle are provided. An example of a reguldy
perturbed problem is the Born approximation. See (7.1).

The asymptotic expansions are rst provided for bounded domains. We
consider a small particle inside a bounded domain. A boundary condition
(Neumann or Dirichlet) is applied and the perturbations of the (Diric hlet or
Neumann) boundary data are derived. Then the asymptotic expansions are
extended to monopole sources in the free space. The perturbations dii¢ eld
at a receiver placed away from the particle are derived. Finally, an gten-
sion of the asymptotic approach to time-domain measurements is descréal.
It will be shown that after truncating the high-frequency component of the
measured wave, the perturbation due to the particle is a wavefronemitted by
a dipolar source at the location of the particle. Such a formula will be seful
for designing time-reversal techniques for particle localization.

11.1 Conductivity Problem

In this section we derive an asymptotic expansion of the voltage potentia in
the presence of a diametrically small particle with conductivity di erent from
the background conductivity.

Let g2 L3(@ ). Consider the solution u of

gr 1+(k 12 (D) ru=0 in ;

11.1
Gu g; ud =0: (11.0)
@ @ @
Let U be the background solution, that is, the solution to
2 U =0 in ;Z
11.2
ey . 0; ud =0: (1.2
@ o @

The following asymptotic expansion expresses the fact that the condctive
particle can be modeled by a dipole.

Theorem 11.1 (Voltage Boundary Perturbations) Suppose thatD =
B + z, and let u be the solution of (11.1), where0 <k 6 1 < +1 . De-
note

=(k+1)=(2(k 1)): (11.3)

The following pointwise asymptotic expansion on@ holds ford=2;3:
ux)= U(x) 9 U@ M(;B)rN(xz)+ O( *); (11.4)

where the remainderO( 9*') is dominated by C 9+ kgk 2(@ ) for some C
independent ofx 2 @ . Here U is the background solution,N (x;z) is the
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Neumann function, that is, the solution to (3.30), M(;B ) = (mpq)g;qz1 is
the polarization tensor given by
z

Mpq = @B(l Kg) [pl() qd (); (11.5)

where =( 1;:::; 4) is the outward unit normal to @Band =( 1;:::; 4).

Sincer ;N(x;z)= r xN(x;z), from (3.32) and (11.4), it follows that
z
(u) UEF(x)d ()= r U(2) M(;B)r V(z)+ O( ©*); (11.6)
@

wheref 2 L3(@ ) and V is the solution to

§v =0 in ;Z
@ = f; Vd =0:
@@ @

For B a smooth bounded domain inR% and 0<k 61 < +1 a conduc-
tivity parameter, let v(B; k) be the solution to

8 ] 4=
v =0 in R"nB;

v =0 in B;

Vj@v Vj+ ;(\J/ on @B ; (11.7)
%k@ @+:O on @B ;
() I 0 asjj! +1:

The asymptotic expansion (11.4) does not hold uniformly in . For internal
perturbations of the voltage potential that are due to the presence of the
conductivity anomaly D, the following inner asymptotic expansion holds.

Theorem 11.2 We have

X Z

u(x) U@+ v( ;K) r U(z) for x nearz: (11.8)

The following result connects the polarization tensorM to the corrector v.

Lemma 11.3 Let M(;B ) =( m,Dq)g;q:l be de ned by (11.5). Then we have
VA

M(;B)=(k 1) rv(;k)d (11.9)
B

with v being the solution to (11.7) and given by (11.3).
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The asymptotic expansion (11.4) shows that, from an imaging point of
view, the location z and the polarization tensor M of the anomaly are the
only quantities that can be determined from boundary measurements of he
voltage potential, assuming that the noise level is of order 91 | It is then im-
portant to precisely characterize the polarization tensor and derive sme of its
properties, such as symmetry, positivity, and isoperimetric inejualities satis-
ed by its elements, in order to develop e cient algorithms for recon structing
conductivity anomalies of small volume.

Some important properties of the polarization tensor are listed in the net
theorem.

Theorem 11.4 (Properties of the polarization tensor) For 0 < k 6
1< +1,letM = M(;B) = (m,f,q)g;q:1 be the polarization tensor asso-
ciated with the bounded domainB in RY and the conductivity k, where is
de ned by (11.3). Then

(i) M is symmetric.

(i) If k> 1, then M is positive de nite, and it is negative de nite if 0 <k <
1

(i) The following isoperimetric inequalities for the polarization tensor

8
3 1 aceM) @ 1+ D)Bj:
k 1 k
d 14K (11.10)
3 (k 1)trace(M 1) B ;

hold, wheretrace denotes the trace of a matrix andjBj is the volume of
B.

The polarization tensor M can be explicitly computed for disks and ellipses
in the plane and balls and ellipsoids in three-dimensional space. S€66, pp.
81{89]. The formula of the polarization tensor for ellipses will be useful lere.
Let B be an ellipse whose semi-axes are ontlxg and x, axes and of length
a and b, respectively. Then,M ( ;B ) takes the form

0 1

a+b

oy - Ba+ kb .
M(:B)=(k 1)jBjB? a+b£. (11.11)

b+ ka

Formula (11.4) shows that from boundary measurements one can always rep-
resent and visualize an arbitrary shaped anomaly by means of an equivalent
ellipse of centerz with the same polarization tensor. Further, it is impossi-
ble to extract the conductivity from the polarization tensor. The inf ormation
contained in the polarization tensor is a mixture of the conductivity and the
volume. A small anomaly with high conductivity and a larger anomaly with
lower conductivity can have the same polarization tensor.
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11.2 Helmholtz Equation

Suppose that an electromagnetic medium occupies a bounded domainin RY,
with a connected C?-boundary @ . Suppose that contains a small particle
of the formD = B + z, wherez2 and B is a C>-bounded domain in RY
containing the origin.
Let  and "o denote the permeability and the permittivity of the back-

ground medium , and assume that o and "y are positive constants. Let

» and ", denote the permeability and the permittivity of D, which are also
assumed to be positive constants. Introduce the piecewise constamagnetic
permeability

o, X2 nD;

(x) = 2; X2D:

The piecewise constant electric permittivity, " (x), is de ned analogously.
Let the electric eld u denote the solution to the Helmholtz equation

r (ir u+12"u=0in ; (11.12)

with the boundary condition u=f on @ with f 2 W2(@ ), where! > 0 is
2

a given frequency.
Problem (11.12) can be written as

( +125 ,u=0 inD;

1 @u 1 @u _ )
e @, 0 °oneb
u u, =0 on @D ;

"u=f on@ :

8 _
%( +12'%0 o)Ju=0 in nD;

Assuming that

I 2"y o is not an eigenvalue for the operator in L2( )
with homogeneous Dirichlet boundary conditions (11.13)

we can prove existence and uniqueness of a solution to (11.12) at least for
small enough.
With the notation of Section 3.2, the following asymptotic formula holds.

Theorem 11.5 (Boundary Perturbations) Let kg = ! p_o 0. Suppose
that (11.13) holds. Let u be the solution of (11.12) and let the functionU
be the background solution as before:

U +k3U=0 in ;
u=f on @ :
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Forany x2 @ ,
o= S+ ¢ ruE m(is) Bl
O G L R CERE)
0 X
where M ( ;B ) is the polarization tensor de ned in (11.5) with  given by
_ (o=2)+1
. m . (11.15)

Here Gy, is the Dirichlet Green function de ned by (3.70).

For internal perturbations of u that are due to the presence of the electro-
magnetic anomaly D, the following inner asymptotic expansion holds.
Theorem 11.6 We have

ux) U@+ v(e—2

;—O) r U(z) for x nearz; (11.16)
?

wherev is de ned by (11.7) with k = o= ».

Before concluding this section, we make a remark. Consider the Helnuftz
equation with the Neumann data g in the presence of the inclusionD:

8

1
2r —ru+!2"

u=0 in ;
(11.17)
> @u
T —=gon@ :
@ g
Let the background solution U satisfy
8
< U +kU=0in ;
@U (11.18)

@:g on @ :

The following asymptotic expansion of the solution of the Neumann problem
holds. For anyx 2 @ , we have

ux)= Ux)+ ¢ r U@M(;B)r ;N (x2)

+K3(=2  1)BjU(Z)Ny,(x;2) + O( ¥y ; (11.19)
0
where Ny, is the Neumann function de ned by
8
< xNg,(x;2) + ko®Ng, (x;2) =, in ;
11.20
@N, =0 forz2 : ( )

@y @
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Moreover, the inner expansion (11.16) holds true withU being de ned by
(11.18).

The following useful relation between the Neumann function and the @in-
damental solution , holds:

1

(3

I+ KN G2 = 1o(x2); x2@ ;22 ¢ (11.21)

11.3 Asymptotic Formulas for Monopole Sources in Free
Space

11.3.1 Conductivity Problem

Lety2 R9nD and let uy(x) be the solution to the transmission problem

Coark p orus L0 x2 R

11.22
uy(x)  (xy)= OGxjit 9); jx yj!l ( )

Let Uy(x) = (x;y) denote the background solution. We still assume thatD
is of the form D = B + z. For y 2 @Dand x away from z, we can prove
similarly to (11.4) that the following expansion of u, Uy for x away from z
holds:

(uy U))= rz (xz) M(GB)rz (y;2)+ O( “*):

Note that, because of the symmetry of the PT, the leading-order term
in the above expansion satis es the reciprocity property,i.e., r ; (X;z)
MOGB) 2z (vi2)=r1y (vi2) M(GB)rz (x2).

11.3.2 Helmholtz Equation

Suppose that D is illuminated by a time-harmonic wave generated at the
point sourcey with the operating frequency! . In this case, the incident eld
is given by

Uy(X) = k(XY);
and the eld perturbed in the presence of the particle is the soluton to the
following transmission problem:

L (RYnD) + 1 (D) ruy+!% "5 (RInD)+ "> (D) uy = 1
0 ? 0

y
(11.23)
and is subject to the outgoing radiation condition, or equivalently
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8
uy+ kduy, = in RInD;
uy+kiu, =0 in D;
u , u =0 on @b; (11.24)
1 @y 1 @u
—— ——= =0 on @D;

% 0@ ., 2 @

" uy satis es the outgoing radiation condition:

Here, k3= 12", ,.

Let uy be the solution to (11.24) and letU, be the solution in the absence
of the target, i.e., Uy(X) = K, (X V).

As ! 0, the following asymptotic expansion of the perturbation of the
perturbation uy, Uy due to the presence ofd = B + z can be proved
analogously to (11.14):

uy(x) Uy(x) = DIBJ ko (X:2) ko (Y;2)

(11.25)
+r ko(X;Z) M(,B )r z ko(y;z) + O( d+]_);

where is given in this case by (11.15). Note that (11.25) is a dipolar ap-
proximation. Formula (11.25) shows that, at the leading-order in terms of the
characteristic size, the e ect of a small electromagnetic particle onmeasure-
ments is the sum of a polarized magnetic dipole and an electric point soae.
Moreover, the leading-order term satis es the reciprocity propety.

11.4 Elasticity Equations

Consider an elastic medium occupying a bounded domain in RY, with a
connected smooth boundary@ . Let the constants (; ) denote the back-
ground Lane coe cients, that are the elastic parameters in the absence of
any inclusion. Suppose that the elastic inclusionD in is given by

D= B + z

where B is a bounded smooth domain inRY. We assume that there exists
Co > 0 such that infy,p dist(x; @ ) > co:

Suppose thatD has the pair of Lane constants (€ e) satisfying (3.121)
and (3.170). An asymptotic expansion for the displacement eld in terms of
the reference Lame constants, the location, and the shape of the inckion
D can be derived. This expansion describes the perturbation of the sotion
caused by the presence ob. It is expressed in terms of the elastic moment
tensor which is a geometric quantity associated with the inclusion.Based on
this asymptotic expansion, we will derive the algorithms to obtain accuate
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and stable reconstructions of the location and the order of magnitude of the
elastic inclusion.

The elastic moment tensor (EMT) associated with the domainB and the

Lare parameters (; ;€ e) is de ned as follows: Forp;q=1;:::;d, let fyq
and gyq solve

28 ([fpgli S B[Guli+ = Xpediee:
11.26
> 28l o = @), (126

@nSB [9oq] . @n jes;
where (e;;:::; ey) is the canonical basis oRY. Then the EMT M := ( Mjing )llpq -
is de ned by Z
Milpq = Xp€y G d: (12.27)
@B
The following lemma holds [66].
Lemma 11.7 Suppose that0< € e< +1 . For j;I;p;q =1;:::;d,
z
@Xpeq) | @Xpeq)
Mijpg = + v d; 11.28
ilpg . @n @ il ( )
wherev; is the unique solution of the transmission problem
8 _
vi =0 in RYnB;
% v,| =0 in B;
e "J'J =0 on @B; (11.29)
% —y =0 on @B;

@n
Vil (x) xJel = O(jxj* %) asjxj! +1:
11.4.1 Static Regime

In this subsection we consider the e ect of a small elastic inclugin on the
boundary measurements in the static regime. For a giverg 2 L2 (@D (see
(3.162)), let u be the solution of

8 . ) _
L u =0 in nD;
L°®u =0 in D;

=u , on@Db;
@u _ @u . (11.30)
@ @n. on @D;
@u _
@ng Y

U, 2L2(@):
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Let N (x;z) be the Neumann function for the Lane system on , namely,
forz2 , N(x;z) is the solution to

SL; N (x;z2)= (X, x2;
> %Nn(x;Z) = j@ijl; X2@ ; (12.31)
subject to the orthogonality condition:
N (x;z) (x)d (x)=0 8 2 : (11.32)
We have ’
(Z1+K) M 2I0=N (x2); x2@; 22 ;  (11.39)

modulo a function in
The following outer expansion for the displacement eld holds.

Theorem 11.8 Let u be the solution of (11.30) andug the background so-
lution. The following pointwise asymptotic expansion on@ holds:

u(x)= up(x) 9 ug(z): Mr N (x;z)+ O( 1), x2@ : (11.34)

Note that in (11.34) we have used the convention

xd xd

ruo(z):Mr N (xz) = @(uo)i1(2) Miipg @(N Jkq(X:2)
il = q=1
e " (11.35)

When there are multiple well-separated inclusions
Di=B,+z; |=1;:::;m;
wherejz;  z0j > 2¢, for somecy > 0, | 6 19 then by iterating formula (11.34),
we obtain the following theorem.
Theorem 11.9 The following asymptotic expansion holds uniformly forx 2
@ :
u (x) = uo(x) ™ ruo(z) : M'r ;N (x;z)+ O( **1);
I=1

whereM' is the EMT corresponding to the inclusionBy, | =1;:::;m.

Finally, the following inner asymptotic formula holds.

Theorem 11.10 We have

X
U uw@+ w2

il

)(@(uo)i)(z) for x near z: (11.36)
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11.4.2 Time-Harmonic Regime

Let0= ;4 2 ... be the eigenvalues ofL * in  with the Neumann
condition on @ . Note that ; = 0 is of multiplicity d(d+1)=2, the eigenspace
being .For! "™ "2f P 79 1, let ug be the background solution associated
with(;; )in ,ie.,
8
<(L' +12)up=0 in ;
@y _ (11.37)
an_ Y on@ ;

with g2 L?(@ )Y.

Suppose that the elastic inclusionD in  is givenbyD = B + z, whereB
is a bounded smooth domain inRY. We assume that there existsc, > 0 such
that inf w2 p dist(x; @ ) > co: Suppose thatD has the pair of Lane constants
(8 e) satisfying (3.121) and (3.170) and denote by -ts density.

Let u be the solution to

8 . .
(L' +!2)u =0 in nD;
%(Lge+!2~)u =0 in D;

u =u, on @D;

(11.38)
> Qu_ .
@—g on @ :

For! P-2¢ png 1, let N*' (x; z) be the Neumann function forL i +12
in  corresponding to a Dirac mass atz. That is, for z2 , N' (;2) is the
matrix-valued solution to

E(L? +12)NY (x2) = () x2
_@N, . _ (11.39)
: @(x,z)—o, X2@ :

Analogously to (11.31), the following relation holds:
%I +K' IN'G2I(x)= '(x2), x2@; z2 : (11.40)

Then, the following result can be obtained using arguments analogous to
those in Theorem 11.8.

Theorem 11.11 Let u be the solution to(11.38), ug be the background so-
lution de ned by (11.37)and! ? be di erent from the Neumann eigenvalues
of the operator L * on . Then, for ! 1, the following asymptotic

expansion holds uniformly for allx 2 @ :
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u(x) ue(x)= 9 rue(z):Mr ,N'(xz) (11.41)
+12( JJBIN' (2)uo(z) + O( ):

Moreover, we have

1 !
=l K°
2

[u  ulx)= 9 rug(2):Mr, '(x zJ11.42)

+12( JBj ' (x  2)uo(z) +O( *)

uniformly with respecttox 2 @ .

We also have an asymptotic expansion of the solutions of the Dirichlet
problem.

Let O 1 2 ... bethe eigenvalues ofL * in  with the Dirichlet
conditonon @ . For! " "2f P g 1,let G' (x;z) be the Dirichlet function
forL: +12 in corresponding to a Dirac mass atz. That is, for z2
G' (;2) is the matrix-valued solution to

((L? +12)G (x;2)=  ,(X)I; X2

. (11.43)
G (x;2)=0; X2@ :

Then forany x 2 @ ; and z 2  we can prove in the same way as (11.40)
that

1 . @G @'

—| + (K" — (; = —(x2): 11.44

S (K Fgn I = “5o(62) (11.44)
Theorem 11.12 Let ! 2 be dierent from the Dirichlet eigenvalues of the
operator L * on . Letv be the solution to

8
(L' +!2)y =0 in nD;
%(L?e+!2~)v =0 inD;
Vo=V, on @b: (11.45)
@v @v
—_— = — on @D;
§ @  en, @
v =f on @ ;
and let vy be the background solution de ned by
Li +12)v=0 in;
( Vo (11.46)
vo = f on@ ;
with f 2 W2,(@ )9. Then, for ! 1, the following asymptotic expansion

holds uniformly for all x 2 @ :
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@v,. . @y . _ q mr L @6
@ (x) @ (x) = r vo(z) : Mr, @ (x;2) (11.47)
12 ~)ij@;§<x:z)uo<z) + 0 #);
Moreover,
%I+(K!) [w](x): d rvo(z):Mrz%(x 11.48)
12 ~)jsj%(x 2)Vo(z) + O( &)

uniformly with respecttox 2 @ .

11.4.3 Properties of the EMT

We now provide some important properties of the EMT such as symmetry
positive-de niteness, and bounds.

The following theorem holds [66, 68].
Theorem 11.13 (Symmetry) Let M be the EMT associated with the do-
main B, and (€ e) and (; ) be the Lame parameters ofB and the back-

Mipg = Migp;  Mjipg = Mijpg ;  and  Mjpg = Mpgji : (11.49)

The symmetry property (11.49) implies that M is a symmetric linear trans-
formation on the spaceM 3 of d d symmetric matrices.

We now recall the positive-de niteness property of the EMT. The following
holds [66, 68].

Theorem 11.14 (Positivity) Suppose that (3.170) holds. Ife>  (e<
resp.), then M is positive (negative, resp.) de nite on the spaceM $ of d d
symmetric matrices.

Set
Pr==1 I; Py=1 Pq: (11.50)

Since for anyd d symmetric matrix A
I 1T(A)=(A:1)I =trace(A) | andI(A)= A;
one can immediately see that
PiP1 = P1; PP, = P;; PP, =0;

and P; is then the orthonormal projection from the space ofd d symmetric
matrices onto the space of symmetric matrices of trace zero.

With notation (11.50), we express the trace bounds satis ed by the EMT
in the following theorem.
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Theorem 11.15 (Bounds) Set = +2=d; €= €+2ed. Suppose for
simplicity that e> . We have
1 d +2(d 1)e
— trace(P.MP d(e _ 11.51
joj vacePIMPL)  d(® ) (1151)
1 d>+d 2
— 1 P,MP 2 _
B race (P2MP?) (e 5

d 1 d 1
+

2(e ; 11.52
( ) 2e dé+2(d 1e ( )
. 1 de+2(d 1)
1 .
jBjtrace P1M “P; ae yd +2(d 1) ; (11.53)
1 d?>+d 2
n 1
jBjtrace P,M -“P, (e ) 5
+2 e d 1 d 1 (11.54)

N .
2 d +2(d 1)

xd
where for C = (Cpqjt ), trace(C) := Cigji
=1

Note that P1MP; and P,MP, are the bulk and shear parts ofM. We also
note that

trace(P1)=1 and trace(P;)=(d(d+1) 2)=2

The bounds (11.51){(11.54) are called Hashin-Shtrikman bounds for the EMT
and are obtained in [124, 259].

It is worth mentioning that the dimension of the space of symmetric 4-
tensors in the three dimensional space is 21, and hence the equaliti€kl.53)
and (11.54) are satis ed on a 19 (21 2) dimensional surface in tensor space.
However ellipsoid geometries (with unit volume) only cover a 5 dimasional
manifold within that 19 dimensional space.

EMT's under linear transformations

We recall formulas for EMT's under linear transformations. These formuas
were rst proved in [66].

Theorem 11.16 Let B be a bounded domain irRY and let (mjpq (B)) denote
the EMT associated withB. Then the following holds:

translation formula Let z 2 RY. Then,

Mijipg (B + 2) = mypq (B); j;ip;q =1;:::;d; (11.55)
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scaling formula Let > 0. Then,
Mijpg (B ) = dm“pq (B); JiLp;g=1;:::;d; (11.56)

rotation formula Let R = (R; ) be a unitary transformation in RY. Then,

xd X
Mijipg (R(B)) = RpuRavRjk Rir Mgy (B); Jihpig =150,
uv =1 k;r =1
(11.57)

EMTs for Ellipses and Balls

In dimension two, let M = (m;jpq ) be the EMT for the ellipse B whose
semi-axes are on thex; and x, axes and of lengtha and b, respectively,
and let (€ e) and (; ) be the Lane parameters of B and the background,
respectively.

Then we have

(e )& +e )m?> 2( Iml+c

M = jBj( +2 )(e M3+ )NE+eIm2+( +C+e)( + e);

(e )& +e )m*+2( Lml+c

M2222 = jBj( +2 )(e B +(1 )E+e)m2+( +€+e) + e)

(+2)(e )& +e Im2+(® e+ )+(e ).
(e I3 +@ )E+eIm2+( +C+e) + e ’

(e ) +1)

M1 = JBj

Miz12 = |B] (e Jmi+ + o
where
c=(® +e )+ e+( Ie ) +E+e);
m=(a b=a+band =( +3 )= + ): The remaining terms are

determined by the symmetry properties (11.49). Ifm = 0, i.e., B is a disk,
then

8

gL r2IE e+ (e )
%mnzz—JBl ( +€+e)( + e) ’ (11.58)
.§ Maz12 = J'ij:

With notation (11.50), the EMT of a disk given by (11.58) can be rewritten
as
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e
M = 2j j( v2 )Ere )P1+2j5jwp2;
+€+ e + e
or, equivalently,
M = jBjm® 2m@P P, +2P,) (11.59)
with 1
+
m(lz) _ (e ) );
te 11.60)
o_(+2)C+e )+ e (-

( +&+e)e ) +1)
Analogously, for a spherical inclusionB, M can be expressed as [67]

M = jBjm{Y 3m$) Py +2Py); (11.61)
where
m@ = 15C oC 1 :
LT 15 )+2( eG4
m@ = (915 @ )+2 ( o6 4 (11.62)
5 3 @1 )3 ( © ( en 2)
2( e ( e 5 ( 9 )
5 €3 @1 ) 3 ( & ( et 2)
and = —— denotes the Poisson ratio.

C2(+ )
Note that from (11.59) and (11.61) it follows that the EMT M of a disk
or a sphere is isotropic. One can writeM as

M=al+bl I (11.63)

for constants a and b depending only on ; € ; e and the space dimensiord,
which can be easily computed. In fact, using (11.50), (11.59), and (11.61), we
have

a=2jBjm{";

o 2
b:JBJm(ld)(m(zd) a):

Incompressible Limit

Let w; be the unique solution of the Stokes problem
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8W,-|+rp=0 in RYnB;

ew j +rp=0 in B;

W j+ =W j on@B,
@w @w

P+ g T Pregn on @B; (11.64)

Lo
Wi (X)  xj@+ JFI Xp& = O(xj* %) asjmj! +1;
p=1
" p(x)= O(jxj 9 asjmj! +1:
De ne the tensor V = (Viipg )fipq =1 Y
Z
Vipg = (e ) rwpoir S(xpeg)dx;  jilip;g =1;:i;d:
B
The tensor V, introduced in [47], is called the viscous moment tensor. Again

in [47], it is proved that

viji wy Wpp ! 0 as® ! +1; (11.65)
p=1 W (Rd)

wherev; is de ned by (11.29). Here, the limits are taken under the assumption
that & = O(1). Therefore, one can show from (11.65) that

V= lim P,MP5;

€ 1 +1

where P,, de ned by (11.50), is the orthonormal projection from the space of
d d symmetric matrices onto the space of symmetric matrices of trace zer

11.5 Asymptotic Expansions for Time-Dependent
Equations

11.5.1 Asymptotic Formulas for the Wave Equation

Consider the initial boundary value problem for the (scalar) wave equaion

8

E@Uf ( nD)+k (D) ru=0 in 1;
u(x; 0) = up(x); @u(x;0)= uy(x) for x2 ; (11.66)

.E @u

@:g on @ ;
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where T < +1 is a nal observation time, 1 = ©0;T),and @ 1 =
@  (0;T). The initial data up;u; 2 C* (' ), and the Neumann boundary
data g2 C! (0;T;C! (@ )) are subject to compatibility conditions.

De ne the background solution U to be the solution of the wave equation
in the absence of any anomalies. Thud) satis es

g@u U =0 in 1;

U(x; 0) = up(x); @U(x;0)= ui(x) for x2 ;

32 @u
T —= on @ T :
@ g T
For > 0, de ne the operator P on tempered distributions by
Z
Pl Jxt)= plzj e " x1)dl; (11.67)
it

where “(x;! ) denotes the Fourier transform of (x;t) in the t variable:
1 4
6= RGO = p= (;t)e" dt:
1
Clearly, the operator P truncates the high-frequency component of .
The following asymptotic expansion holds as ! 0.

Theorem 11.17 (Perturbations of weighted boundary measurements)
Let w 2 C' (" 1) satisfy (@ W(Xth= 0 in 1 with @w(x;T) =
w(x;T)=0 for x 2 . Suppose that 1= . De ne the weighted boundary
measurements
A
l[U:T] = P Uity 1)d (xdt:
@ 7 @

Then, for any xed T > diam( ), the following asymptotic expansion for
Iw[U;T] holds as ! O:
Zq
lwlU;T] d r P UI(z; )M (;B )r w(z;t) dt; (11.68)
0

whereM ( ;B ) is de ned by (11.5).

Expansion (11.68) is a weighted expansion. Pointwise expansions similar
to those in Theorem 11.1 which is for the steady-state model can also be
obtained.

Let y 2 R® be such thatjy zj . ChooseU(x;t) = Uy(x;t), where Uy
is de ned by (2.55) and consider for the sake of simplicity the wave eqation
in the whole three-dimensional space with appropriate initial conditons:
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8
2@u r (R®nD)+ k (D) ru= 4=y in R® (0;+1);
>
u(x;0)=0; @u(x;0)=0 for x2R%*x6vy:
(11.69)
The following theorem holds.
Theorem 11.18 (Pointwise perturbations) Let u be tfbeisolution to (11.69).
Set Uy to be the background solution. Suppose that 1=
(i) The following outer expansion holds
z
Plu U(xt) 5 r P [U(x;t ) M(;B)r P [U(z; )d ;
R
(11.70)

for x away from z, where M ( ;B ) is de ned by (11.5) and U, and U, by
(2.55).
(i) The following inner approximation holds:

Plu Ulxt) v % rPulxt) forxnearz; (11.71)

wherev is given by (11.7) andUy by (2.55).

Formula (11.70) shows that the perturbation due to the anomaly is in the
time-domain a wavefront emitted by a dipolar source located at the poirn z.

Taking the Fourier transform of (11.70) in the time variable yields the
expansions given in Theorem 11.5 for the perturbations resulting fromthe
presence of a small anomaly for solutions to the Helmholtz equation at low
frequencies (at wavelengths large compared to the size of the anomaly).

11.5.2 Asymptotic Analysis of Temperature Perturbations

Infrared thermal imaging is becoming a common screening modality in he
area of breast cancer. By carefully examining aspects of temperature an
blood vessels of the breasts in thermal images, signs of possible cance
pre-cancerous cell growth may be detected up to 10 years prior to beg dis-
covered using any other procedure. This provides the earliestletection of
cancer possible. Because of thermal imaging's extreme sensitivitfhese tem-
perature variations and vascular changes may be among the earliest signs of
breast cancer and/or a pre-cancerous state of the breast. An abnormal in-
frared image of the breast is an important marker of high risk for developimg
breast cancer.

Suppose that the background is homogeneous with thermal conduc-
tivity 1 and that the anomaly D = B + z has thermal conductivity
0<k 61 < +1 . In this section one considers the following transmission
problem for the heat equation:
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8
gQur ( nD)+k (D) ru=0 in 1;

u(x; 0) = ug(x) for x2 ; (12.72)
'§ @u: g on @ ;

@ T »

where the Neumann boundary datag and the initial data ug are subject to
a compatibility condition. Let U be the background solution de ned as the
solution of 8
@Qu U =0 in T
U(x;0) = up(x) for x2 ;
3 @U
' @ =g on @r:

The following asymptotic expansion holds as ! 0.

Theorem 11.19 (Perturbations of weighted boundary measurements)
Let w 2 C! ( 1) be a solution to the adjoint problem, namely, satisfy
(@+ )w(x;t)=0 in 1 with w(x;T)=0 for x 2 . De ne the weighted
boundary measurements

z @

WUTI= (U U)ot 2ty d (x)dt:
@ T @

Then, for any xed T > 0, the following asymptotic expansion forl,[U; T]
holds as ! O:

Z

lw[U; T] 4 ruU(z;t) M(;B)r w(z;t)dt; (11.73)
0

whereM ( ;B ) is de ned by (11.5).

Note that (11.73) holds for any xed positive nal time T while (11.68)
holds only for T > diam( ): This di erence comes from the nite speed
propagation property for the wave equation compared to the in nite one for
the heat equation.

Consider now the background solution to be the Green function of the
heat equation aty:

8 ix_yj?
2 e "m

Ut = Yyt = | @i 0 (11.74)
"0 fort< O:

Let u be the solution to the following heat equation with an appropriate initi al
conéjition:

2 d T -0 d . .
@u r (R*nD)+ k (D) ru=0 in R (0;+1); (11.75)

>
u(x; 0) = Uy(x;0) for x2 R%:
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Proceeding as in the derivation of (11.70), one can prove thatu (x;t) .= u U
is approximated by
Z, z
1 x x%2 @v X0 z 0
k 1) ————0 e = (=) rU(x%)d (x9d ;
o @t )N® @p @ /
(11.76)

for x near z, where v is given by (11.1). Therefore, analogously to Theo-
rem 11.18, the following pointwise expansion follows from the approximabn
(11.76).

Theorem 11.20 (Pointwise perturbations) Let y 2 RY be such thatjy
Zj . Let u be the solution to (11.75). The following expansion holds
Z t
(u U)(xt) ¢ Ut IM(GB)rUg(z; )d  forjx zj  O();
0
(21.77)
whereM ( ;B ) is de ned by (11.5) and Uy and U, by (11.74).

When comparing (11.77) and (11.70), one should point out that for the
heat equation the perturbation due to the anomaly is accumulated over time.
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Anomaly Imaging Algorithms

In this chapter we apply the accurate asymptotic formulas derived in Chapter
11 for the purpose of identifying the location and certain properties ofthe
inclusions.

We consider conductivity, electromagnetic, and elasticity imaging aml sin-
gle out simple fundamental algorithms. Least-squares solutions to the imging
problems can be computed. However, the computations are done iteratilg
and may be di cult because of the nonlinear dependence of the data on tle
location, the physical parameter, the size, and the orientation of the mclusion.
Moreover, there may be considerable non-unigueness of the minizer in the
case where all parameters of the inclusions are unknown.

In this chapter we construct various direct (non-iterative) recongtruction
algorithms that take advantage of the smallness of the inclusions. In par-
ticular, MUIltiple Signal Classi cation algorithm (MUSIC), backpropagation,
Kirchho migration, and topological derivative are investigated. We investi-
gate their stability with respect to medium and measurement noisesas well as
their resolution. We also discuss multifrequency imaging. In the pesence of
(independent and identically distributed) measurement noise amming a given
imaging functional over frequencies yields an improvement in thesignal-to-
noise ratio. However, if some correlation between frequency-depeadt mea-
surements exists, for example because of a medium noise, then surimgp
an imaging functional over frequencies may not be appropriate. A single
frequency imaging functional at the frequency which maximizes thesignal-to-
noise ratio may give a better reconstruction.

The imaging techniques developed in this chapter could be seen as agu-
larizing method in comparison with iterative approaches; they redue the set
of admissible solutions. Their robustness and accuracy are related tdhe fact
that the number of unknowns is reduced and the imaging problem is spae.
The algorithms designed for the Helmholtz equation and the time-harmonic
elasticity equations use the phase information on the measured wave ian
essential way. They can not be used to locate the target from intensit-only
measurements.
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12.1 Direct Imaging for the Conductivity Problem

In this section one applies the asymptotic formula (11.4) for the purposeof
identifying the location and certain properties of the conductivity inclusions.
Two simple fundamental algorithms that take advantage of the smallness of
the inclusions are singled out: projection-type algorithms and MUSICtype
algorithms. These algorithms are fast, stable, and e cient.

12.1.1 Detection of a Single Inclusion: A Projection-Type
Algorithm

We briey discuss a simple algorithm for detecting a single incluson. The
projection-type location search algorithm makes use of constant curren
sources. Let be the background medium and letU be the background solu-
tion. One wants to apply a special type of current that makesr U constant in
the inclusion D. The injection current g= a  for a xed unit vector a2 RY
yieldsr U = ain

Let the conductivity inclusion D be of the formz+ B . Let w be a smooth
harmonic function in . From (11.4) it follows that the weighted boundary
measurementsl ,, [U] satis es

Z

lwlU]:== (u U)(X)%V\(X)d (x) rU(z) M(;B)rw@; (12.1)
@

where =(k+1)=(2(k 1)), k being the conductivity of D.
Assume for the sake of simplicity thatd =2 and D is a disk. Set

w(x)= (1=2 )logjx yj fory2 R?’n;x 2
Sincew is harmonic in , then from (11.11) and (12.1), it follows that

(k_DDj(y 2) a, 2 .=
®+D Jy 77 y2R°n : (12.2)

lw[U]

The rst step for the reconstruction procedure is to locate the inclusion.
The location search algorithm is as follows. Take two observation lines ; and
» contained in R n  given by

1 := aline parallel to a;

a line normal to a:

2 -

Find two points z° 2 ;i =1;2; so that

lw[UN(zD) =0;  1w[U1(z3) = max jhw V1Y) -

From (12.2), one can see that the intersecting pointz® of the two lines
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1(z9):=fyja (y z£)=0g; (12.3)
2(z3):=fyj(y z3)is parallel to ag (12.4)

is close to the centerz of the inclusion D: jz°5  zj = O( 2).

Once one locates the inclusion, the factofDj(k 1)=(k + 1) can be esti-
mated. As it has been said before, this information is a mixture of the con
ductivity and the volume. A small inclusion with high conductivity and larger
inclusion with lower conductivity can have the same polarization tersor.

An arbitrary shaped inclusion can be represented by means of an equiva-
lent ellipse (ellipsoid).

12.1.2 Detection of Multiple Inclusions: A MUSIC-Type
Algorithm

ConsiderP well-separated inclusiondD, = B ,+ z, (these are a xed distance

that all the domains B, are disks. Lety, 2 RZn forl=1:;:::;n denote the
source points. Set

Uy, = wy, == (1=2 )logjx wyj forx2 ; | =1;:::55n:

The MUSIC-type location search algorithm for detecting multiple inclusions
is as follows. Forn 2 N su ciently large, de ne the response matrix A =
(Ano)fjozy by
VA
@
A=l Uyl = (0 U050 d ()
@

Expansion (12.1) yields

X 2(ky  1)iDpj

Ajo r Uyo(zp) 1 Uy (2p):

p:l kp+1
For j =1;2, introduce
) T
g% = g r U, (258 1 Uy, (25 ; 2852 ;

wherefe;; e,gis an orthonormal basis ofR?.

Lemma 12.1 (MUSIC characterization) There existsng > dP such that
for any n > n ¢ the following characterization of the location of the inclusiors
in terms of the range of the matrix A holds:

g¥)(z%) 2 Ranged) for j =1;2i z52fz;:::;2p0: (12.5)
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The MUSIC-type algorithm to determine the locations of the inclusions is
as follows. Let pise = | , where s the orthogonal projection onto the
range of A. Given any point z5 2 , form the vector gl)(zS). The MUSIC
characterization (12.5) says that the point zS coincides with the location of
an inclusion if and only if nise[g1)](z°) = 0, j = 1;2. Thus one can form
an image of the inclusions by plotting, at each pointzS, the cost function

1
i noise 0P 1(Z)i% + i noise[0P1(z9)jj%

The resulting plot will have large peaks at the locations of the inclugons.
Once one locates the inclusions, the factorgDpj(kp, 1)=(kp +1), p =

Imu (2%) = p

12.2 Direct Imaging Algorithms for the Helmholtz
Equation

12.2.1 Direct Imaging at a Fixed Frequency

In this section, we design direct imaging functionals for small inclsions at a
xed frequency ! . Consider the Helmholtz equation (11.12) with the Neumann
data g in the presence of the inclusionD and let U denote the background
solution.
Let w be a smooth function such that ( + kj)w = 0 in  with k3 =
12 4"o. The weighted boundary measurementd ,[U;! ] de ned by
z

WU 1= @ U S%d K (12.6)
@ @
satis es

lw[U;1] = drU@)M«BMw@Hk&% 1)jBjU(z)w(z)

+o( 9);

(12.7)

with  given by (11.15).

We apply the asymptotic formulas (11.14) and (12.7) for the purpose of
identifying the location and certain properties of the inclusions.

Consider P well-separated inclusionsD, = z, + B, p=1;:::;P. The
magnetic permeability and electric permittivity of D, are denoted by , and
"p, respectively. Suppose that all the domainsB, are disks. In this case, we
have

X !
lw[U;!] jDpj 2
p=1

O U(z) r w(z)+ k&(
p

- 2 DUE@WE)
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MUSIC-type Algorithm

that we are in possession of the boundary datau when the domain s
illuminated with the plane wave U(x) = €ko X, Taking the harmonic func-
tion w(x) = e ko °x for 22 f ::::: ,gand using (11.11) shows that the
weighted boundary measurement is approximately equal to

2 04 21 kol Oz
ot »p 0

NG
lwlU;!] jDpjk3 2
p=1

De ne the response matrix A = (Ajo)fjo; 2 C" " by

Ao = lw,o[Us! ] (12.8)
where Uj(x) = &0 1 X;w(x) = e ko1 X:] = 1;:::;n. It is approximately
given by

» . ; ‘
Ao jDpjks 2-° Lot 2 1 ekl iz (12.9)
— ot p 0
p=1
for I;1°=1;:::;n. Introduce the n-dimensional vector elds gi)(z%), for z5 2
andj =1;:::;d+1, by
() (5SY — 1 ko 125..... ko nzS T e .
g (z)—]%ﬁe; e ;8 e ;1 =1;::d; (12.10)
and
g(d+l) (ZS) = p— eiko 12°... .;elko a 28 T : (1211)
wherefe;;:::;eqgis an orthonormal basis ofRY. Let g(z%) be then d matrix
whose columns areg® (z%);:::; g9 (z%). Then (12.9) can be written as
X b o =T ./ p (d+1) (5 \oq(d+D) (5"
A n  jDpjky 2 n 9(zp)a(zp) +(;- 1)g (zp)9 (2p)
p=1 ot p 0
Let oise = | , Where is the orthogonal projection onto the range of

A as before. The MUSIC-type imaging functional is de ned by

%1 =

I mu (ZS;! ) = K noise [g(j )](Zs)k2 . (12.12)
j=1

This functional has large peaks only at the locations of the inclusions.



182 12 Anomaly Imaging Algorithms

Backpropagation-type Algorithms

Let ( 1;:::; o) be n unit vectors in RY. A backpropagation-type imaging
functional at a single frequency! is given by
S 1 X 2ik o | 2°
lep (z751) = — e 00 15y [Ut ] (12.13)
1=1
where Uj(x) = w(x) = ko1 X | =1;:::;n. Suppose that (1;:::; ,) are

equidistant points on the unit sphere S® 1. For su ciently large n, we have

(
1 X _ sinc(kojxj) for d=3;
© Jo(kojxj) ford=2;
(12.14)
where sincE) = sin( s)=s is the sinc function and Jg is the Bessel function of
the rst kind and of order zero.

Therefore, it follows that

gho 1 x 4(k*)d Z=m (% 0)
I=1 0

s x 2 50 p.,p ( sinc(Zkojz®  zpj) for d=3;
| y iDpjk2 2 W21 . . ’
gp(2>;!) - 1D pIKo ot b (3 ) Jo(2kojz®  zpj) ford=2:

These formulas show that the resolution of the imaging functional is thestan-

dard di raction limit. It is of the order of half the wavelength =2 =k .
Note that | gp uses only the diagonal terms of the response matripd,

de ned by (12.8). Using the whole matrix, we arrive at the Kirchho migrat ion

functional:
y(rl

law (2%1) = g0)(z8) AgU)(2%); (12.15)
j=1
where gi) are de ned by (12.10) and (12.11).

Suppose for simplicity that P =1 and let (",; -) denote the electromag-
netic parameters of the inclusion. In the case where , = ¢, the response
matrix is R .

A= nDjki(:  1)g (29D (2)
0

and we can prove thatl yy is a nonlinear function of I kv [57]. In fact, we
have

lkw (2%1) = niDjka(G= 1) 11 ,§(@%1)
0
It is worth pointing out that this transformation does not improve neit her the
stability nor the resolution.

Moreover, in the presence of additive measurement noise with variare
k3 Z.se, the response matrix can be written as

A= MDD @eFI @)+ osekaW ;
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where W is a matrix of independent complex circularly symmetric Gaussian
random variables with mean zero and variance 1.

According to [57], the Signal-to-Noise Ratio (SNR) of the imaging func-
tional | v , de ned by

_ Ellkm (z:!1)]
is then equal to i .
nkojDjj== 1
SNR(Igm )= ————0 = (12.16)

noise
For the MUSIC algorithm, the peak of | yy is aected by measurement
noise. We have [170]
( nidikeilz 1j .
Gy PRI T niDjkoi® L oises
IMU (Z,. )_ noise ) - -"0 )
1 if nijkoj% 1 noise -

Suppose now that the medium is randomly heterogeneous around a con-
stant background. Let ", be the electric permittivity of the inclusion D. The
coe cient of re ection is of the form 1 + ( —O 1) (D)(X)+ noise(X); where
1 stands for the constant background, % 1) (D) stands for the localized
perturbation of the coe cient of re ection due to the inclusion, and  pise (X)
stands for the uctuations of the coe cient of re ection due to clutt er (i.e.,
medium noise). We assume that ,gse IS @ random process with Gaussian
statistics and mean zero, and that it is compactly supported within

If the random process noise has a small amplitude, then the background
solution U, i.e., the eld that would be observed without the inclusion, can
be approximated by .

Ux) UQx) K& NOY) noise()UQ (y) dy;

where U@ and N,Eg) are respectively the background solution and the Neu-
mann function in the constant background case. On the other hand, in the
weak uctuation regime, the phase mismatch betweenNy,(x;z), the Neu-

mann function in the random background, and Nég) (x;z%) when z° is close
to z comes from the random uctuations of the travel time betweenx and z

which is approximately equal to the integral of neise=2 along the ray from x

to z:

Ni,(62) NG (x2)eeT0

with Z,

x 7z
T
Therefore, for any smooth function w satisfying ( + k3)w = 0in , the
weighted boundary measurementd ,,[U© ;! ], de ned by (12.6), is approxi-
mately given by

noise Z+(X Z)S ds:




184 12 Anomaly Imaging Algorithms

kg var( T)

WU@;1] ] Dk~ Ve 2 w(@Uu(2)
Z 0

(12.17)
ki wy)UQ(y) noise(y) dy ;

provided that the correlation length of the random process nise is small [54].
Without the medium noise,

WUO:1] | DK Lw(z)UO (2)
0

So, expansion (12.17) shows that the medium noise reduces the height ofeth
main peak ofl xm by the damping factor e k6Va(T)=2 and on the other hand
it induces random uctuations of the associated image in the form of a spdde
eld due to the second term on the right-hand side of (12.17).

Topological Derivative Based Imaging Functional

The topological derivative based imaging functional was introduced in [54]
Let D= zS+ B9 0> , "0, BOpe chosen a priori (usually a
disk), and let °be small. If > < and", <", then we choose °<  and
||0< n
0-
Let w be the solution of the Helmholtz equation

8 .
<w +kiw=0 in ;

%W:( %' +(K %) )( %I + KK)U  Uneas] ON@ ;

(12.18)

where umeas IS the boundary pressure in the presence of the inclusion. The
function w is obtained by backpropagating the Neumann data

( 51+ (K ) 51+ AU tneas]
inside the background medium (without any inclusion). Note that (K*°) =
(K Koy .

The function w can be used to image the inclusion. It corresponds to
backpropagating the discrepancy between the measured and the backgrodn
solutions. However, we introduce here a functional that exploits béer the
coherence between the phases of the background and perturbed elds #te
location of the inclusion. This functional turns out to be exactly the topolog-
ical derivative imaging functional introduced in [54].

For a single measurement, we set

Io [U](z%) = <e r U(z°%) M( %BIr w(z®)+ kS(.‘.I*0 1iBYU(z%)w(z°)
0
(12.19)
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The functional | 1p [U](z%) gives, at every search pointz® 2, the sensi-
tivity of the mis t function

1 z 1
EUIE) = 5 (51 KU Umeas](X) “d (0
@

where u,s is the solution of (3.62) with the inclusion D°= z5 + % The
location of the maximum of z5 7! | 1p [U](z®) corresponds to the point at
which the insertion of an inclusion centered at that point maximally decreases
the mist function. Using the Helmholtz-Kirchho identity (3.80) and the
relation (11.21) between the Neumann functionNy,, de ned by (11.20), and
fundamental solution ,, we can show that the functional | rp attains its
maximum at zS = z; see [54]. It is also shown in [54] that the postprocessing
of the data set by applying the integral operator ( %I + Kk°) is essential in
order to obtain an e cient topological derivative based imaging functional,
both in terms of resolution and stability. By postprocessing the data,we ensure
that the topological derivative based imaging functional attains its maximum
at the true location of the inclusion.

For multiple measurements, U;;1 = 1;:::;n, the topological derivative
based imaging functional is simply given by

s X s
o (z7;!) = o I'to [Ui](z°) : (12.20)
=1
Let, for simplicity, ( 1;:::; n) be n uniformly distributed directions over
the unit sphere and considerU, to be the plane wave
Ux)= e o rx: x2 . | =1;:::;n: (12.21)
Let
4
re,(2°;2) := k(X 25) (X 2)d (X); (12.22)
Z@
Re(z%52) = 17 (6292 (x2)7d () (12.23)

Note that Ry, (z5;z)isad dmatrix. When -, =, itis proved in [54] that
w0 "
I [UI(z°)  %ko*(— 1)( DiBY<e UE®)r,(z52)U(2) ; (12.24)
0 0

wherery, is given by (12.22). Therefore, by computing the topological deriva-
tives for the n plane waves @ su ciently large), it follows from (12.14) to-
gether with

z

0X2) wxz9d (X))  =m o (z%57) ; d=2:3; (12.25)
@ ko
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whereA B meansA CB for some constantC independent ofkgp, that

1 X g
= 1o [U1(Z%)  ko® %(=m  k,(25;2) )?:
1=1

Similarly, when ", = "¢, by computing the topological derivatives for the

1 X
- I o [UI](2%)
I=1

d 21><1 ko | (z° 2) 0. S. .
kO* <e € | M( vB%Rk (Z!Z)M(!B)|
n 0
=1

Using B the unit disk, the polarization tensor M ( %B9 = Cg4l, where Cq is
a constant, is proportional to the identity; see (11.11).

If, additionally, we assume that M ( ; B ) is approximately proportional to
the identity, which occurs in particular when B is a disk or a ball, then by
using

Z
r o k(6259 2 kK(xz)Td (x)
@ T (12.26)

S S
_ S. 4 zZ Z
kO_m ko(z ,Z) jZ ZSj jZ ZSj

we arrive at

X
- 1o [U1(Z%)  ko® %(=Em  (25:2) )?: (12.27)
I=1

Therefore, | p attains its maximum at z. Moreover, the resolution for the
location estimation is given by the diraction limit. We refer the re ader to
[54] for a detailed stability analysis of | tp with respect to both medium and
measurement noises as well as its resolution. In the case of measuremeaise,
the SNR of | 1p ,

Ell o (z;!)] .

Var(l 1o (z;!))2°

SNR(Ip) =

is equal to
p

2 1 a2 D 2jy )iz 1)iDj
SNR( 1) = 0 V@i 1) I
noise
In the case of medium noise, let us introduce the kernel
n z )
Q(z%;2) := <e UQ(z5)U0 (2) k(X 25) K, (X;Z)d (x)
@
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We can express the topological derivative imaging functional as follows [54]
"o z

I TD [U(O) ](ZS) k04(T 1)].8% noise (y)Q(ZS;Y) dy

0 (12.28)

kg2var( T)
D

n0 n
+ko“(i 1)(% 1)iBYiDjQ(z%; z)e

provided, once again, that the correlation length of the random process noise
is small and the amplitude of ise is @also small. Consequently, the topological
derivative has the form of a peak centered at the locationz of the inclusion
(second term of the right-hand side of (12.28)) buried in a zero-mean Gaugmn
eld or speckle pattern (rst term of the right-hand side of (12.28)) that we
can characterize statistically.

12.2.2 Direct Imaging at Multiple Frequencies

instead of a xed frequency:
Uj (x):= U ;1) = ékirx,

wherek; := P "0 o!j, and record the perturbations due to the inclusion. In
this case, we can construct the topological derivative imaging functionalby
summing over frequencies

lp (25;1) : (12.29)
j=1

I 1pF (2°) =

Suppose for simplicity that , = . Then, (12.24) and (12.25) yield
Z 2

| 1or (2°) ko> @ =m  (z%52) dko; d=2;3;
ko

and hence,| 1pr (z°) has a peak only atz. In the case where > 6 (, we can
use (12.26) to state the same behavior at.

An alternative imaging functional when searching for an inclusion using
multiple frequencies is the Reverse-Time migration imaging funttonal [105]:

1 XX
| ri (2°) = om u@zs; ;')
7=t =1 (12.30)
1

@ 50+ K Ul 151) 1 (62%)d () :

In fact, when for instance » = g,
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S 1 x 3 T1(=>S S
| R (2°) o FPU(z; 5! )U(Ze; tj)=mt  (2752)9;
=1 j=1
and therefore, it is approximately proportional to
Z Z
ko’ % D=mf (2% 2)gdkod ()
S ko Z 5
k ko> ¢ =mf ,(z%2)g dko;
0

where S is the unit sphere andd = 2; 3. Hence,
lrve (2%) 1 1oF (2°):

Finally, it is possible to use a backpropagation imaging functional:

1
lgpr (2%) = = lep (25%;1));
m._

or a Kirchho imaging functional:

X s
lkm (27315) -

1
| kme (2°) = m
j=1

We can also use the matched eld imaging functional:

1 . .
I (2°) = = ilem (255152 ;
j=1

in which the phase coherence between the di erent frequency-ependent per-
turbations is not exploited. This makes sense when the di erent fequency-
dependent perturbations are incoherent.

identically distributed, the multiple frequencies enhance te detection perfor-
mance via a higher \e ective" SNR.

If some correlation between frequency-dependent perturbationsxést, for
example because of a medium noise, then summing over frequenceas imag-
ing functional is not appropriate. A single-frequency imaging functional at the
frequency which maximizes the SNR may give a better reconstructin.

In the presence of a medium noise, a Coherent Interferometry (CINJ pro-
cedure may be appropriate. CINT consists of backpropagating the cross cogr
lations of the recorded signals over appropriate space-time or space-freency
windows rather than the signals themselves. Here, we provide a CINBtrategy
in inclusion imaging.

Following [107, 108] a CINT-like algorithm is given by
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Z7Z 7Z Z Z ity !2212 ix1 X2ij
Lo (2°) = e *b5 e 0
S 1 !, @ @

(51 KU U065 ) e z90E (KD Ul )

ke (X2;2%)U(2°%; 51 2)d (x)d (x2)d! 1dlod () ;
(12.31)
whereXp and p are two cut-o parameters.

The purpose of the CINT-like imaging functional | ¢t IS to keep in
(12.31) the pairs (x1;! 1) and (xp;!2) for which the postprocessed data
( 3+ KU Ulxg;te) and (31 + K*)[u  UJ(xz;! 2) are coherent,
and to remove the pairs that do not bring information.

Depending on the parametersXp; p, we get di erent trade-o s between
resolution and stability. When Xp and p become small,l ¢yt presents
better stability properties at the expense of a loss of resolution. Inthe limit
Xp!'1l , p!l ,we getthe square of the topological derivative functional

| TDF -

12.3 Direct Elasticity Imaging

In this section we present MUSIC-type location search algorithms, reerse-
time migration, and Kirchho imaging for the detection, localization, and
characterization of small elastic anomalies in dimension two.

12.3.1 A MUSIC-type Method in the Static Regime

For the sake of simplicity, we take to be the unit disk centered at the origin
and chooseN 1 equi-distributed points x; along the boundary. Let the unit

vectors 1;:::; n be the corresponding observation directions. Suppose that
the measuredN 3 matrix A := ( %I + K )[u(') u(()')](xj) i has the
il
spectral decomposition
X3
A= v W

1=1

where | are the singular values ofA and v, and w, are the corresponding left
and right singular vectors. Let : RN I sparfvy;vy;vsg be the orthogonal
projector

Let a2 R?>nf0g. One can prove that for a search pointzS 2 , the vector
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;
fO(z5a):= (WO :Mr s (x1:2%) a;::; (WO T Mr ,s (xn;25)) a

(12.32)
in RN lies in the space spanned by columns oA if and only if z5 = z [41].
Let
where
00

@ -
w 01

10 01
01 10
form a basis of the space of 2 2 symmetric matrices, and letu’) and ug) be
the solution of the static elastic problem (11.30) with and without inclusion,
respectively. In (12.32),M can be estimated using the following formula:
VA

W U gd ()= WO MWD + 0O 3); il =1;23:

@
(12.33)

Thus one can form an image of the elastic inclusion by plotting, at each

point z5, the MUSIC-type imaging functional

1 .
S i OIf 0Nz a)ji2

Sy —
Iwu (2°) = &p

where | is the N N identity matrix. The resulting plot will have a large
peak at the location of the inclusion.

12.3.2 A MUSIC-type Method in the Time-Harmonic Regime

In this subsection we extend the MUSIC algorithm to the time-harmonic
regime. Let D be a small elastic inclusion (with location atz and Lane pa-

operating both in transmission and in reception.
We choose the background displacement to be such that

uWWe)= tx) g x2 (12.34)
From (11.42), we have
( %I + KUY udey = 2, Y z) ML (%) )

o | (12.35)
+12( JiBj '(x2) '(zx)j +O(3):
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The measured data is theN N matrix given by

1 . .
A= ( S+K " uPxy (12.36)
jil
For any point x 2, let us introduce the N 2 matrix of the incident eld
emitted by the array of N transmitters G(x;! ), which will be called the Green
matrix, and the N 3 matrix of the corresponding independent components
of the stress tensorsS(x;! ), which will be called the stress matrix:

GOG1)=( 'ox1) ni L eaxn) )T (12.37)
S )=(s1(X);: 08N (x))T ; (12.38)
where
s =0 00 Yoo Yoo D= crs( Hxx) )

One can see from (12.35) and (12.36) that the data matrixA' is factorized
as follows:

A = PH(z;1)D()HT(Z!); (12.39)

where
H(x:!)=[S(x!); Gx! )] (12.40)

and D(! ) is a symmetric 5 5 matrix given by

L[M] 0

D)= "o 1z jBjl

(12.41)
for some linear operatorL.

Consequently, the data matrix A' is the product of three matricesH T (z;!),
D(!)and H(z;!). The physical meaning of the above factorization is the fol-
lowing: the matrix HT(z;!) is the propagation matrix from the transmitter
points toward the inclusion located at the point z, the matrix D(!) is the
scattering matrix and H(z;!) is the propagation matrix from the inclusion
toward the receiver points.

Recall that MUSIC is essentially based on characterizing the range of data
matrix A', so-called signal space, forming projections onto its null (noise)
spaces, and computing its singular value decomposition.

From the factorization (12.39) of A' and the fact that the scattering matrix
D is nonsingular (so, it has rank 5), the standard argument from linear algebra
yields that, if N 5 and if the propagation matrix H(z;! ) has maximal rank
5 then the ranges Rangef (z;! )) and Range(A) coincide.

The following is a MUSIC characterization of the location of the elastic
inclusion and is valid if N is su ciently large.
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Proposition 12.2  Suppose thatN 5. Let a2 C°® nf0Qg, then
H(z%)a2 Range@d') ifandonlyif z5=2z:

In other words, any linear combination of the vector columns of the propa-
gation matrix H(z%;!) de ned by (12.40) belongs to the range ofA' (signal
space) if and only if the points z5 and z coincide.

If the dimension of the signal spaces( 5), is known or is estimated from

the singular value decomposition ofA' , dened by A' = V U', then the
MUSIC algorithm applies. Furthermore, if v;i denote the column vectors of the
matrix V then for any vector a2 C® nf0g and for any space pointzS within

the search domain, a map of the estimator yy (z°) de ned as the inverse of
the Euclidean distance from the vectorH (z%;! )a to the signal space by

1
I (2%) = dp—r — (12.42)
i=se1 Vi H(z%:1)a

peaks (to in nity, in theory) at the center z of the inclusion. The visual aspect
of the peak ofl yy at z depends upon the choice of the vectoa. A common
choice which means that we are working with all the signi cant singular vec-
torsisa=(1;1;:::;1)". However, we emphasize the fact that a choice of the
vector a in (12.42) with dimension (number of nonzero components) much
lower than 5 still permits one to image the elastic inclusion with our MUSIC-
type algorithm. See the numerical results below. It is worth mentbning that
the estimator | vy (z°) is obtained via the projection of the linear combination
of the vector columns of the Green matrix G(z%) onto the noise subspace of
the A' for a signal space of dimension if the dimension of a is I.

Let us also point out here that the function | vy (z%) does not contain any
information about the shape and the orientation of the inclusion. Yet, if the
position of the inclusion is found (approximately at least) via observaion of
the map of | yy (z°), then one could attempt, using the decomposition (12.39),
to retrieve the EMT of the inclusion (which is of order 2).

Finally, it is worth emphasizing that in dimension 3, the matrix D is9 9
and is of rank 9. For locating the inclusion, the number N then has to be
larger than 9. We also mention that the developed MUSIC algorithm applies
to the crack location problem in the time-harmonic regime.

12.3.3 Reverse-Time Migration and Kirchho Imaging in the
Time-Harmonic Regime

In this section we consider the time-harmonic regime. The perturlations of
the boundary measurements due to the presence of a small inclusioneagiven
by the asymptotic expansion (11.41).

Suppose for simplicity that a small elastic inclusion (with location at z)
has only a density contrast and let the background displacement be the eld
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generated by a point source aty 2 emitting along € . Again, from (11.41),
we have forx;y 2 @ :

(S + KO uly) = 22 i8I (62) ! (zi)e + O( )

Thus, for a search pointzS 2, it follows by using (3.183) that
z

TEOC S+ KO u iy (9

2
CotC IiBiEm (2%2) ' (zy)e:

@

We introduce the reverse-time migration imaging functional | ry . (z5) for
= por s given by
x Z Y4

@ T 2K Wlyd (9d ():
(12.43)

I rv: (2°) consists in backpropagating with the -Green function the data
set

j=1;2 @

( %I + KO uWxyyy2@ix2@; j=1;2
both from the source pointy and the receiver pointx.
Using (3.183) and the reciprocity property (3.177) we obtain that

2
lrm; (%) =z(  JiBj=m (z°;2)j%:
The imaging functional | gy (z%) attains then its maximum (if < - or
minimum (if > Jat zS = z.
The imaging functional | gy . (z%) can be simpli ed as follows to yield the
Kirchho migration imaging functional |y . (z°) given by
x 4 s z s 1 : _
e! W g el o Si+kU? ul0d (x)d (y):
j=1;2 @ @
(12.44)
The function 1y . attains as well its maximum at z5 = z. In this simpli ed
version, backpropagation is approximated by travel time migration.

12.4 Time-Domain Anomaly Imaging

12.4.1 Wave Imaging of Small Anomalies

To detect the anomaly from measurements of the wave eldu U, away from
the anomaly one can use a time-reversal technique in dimension thregaking
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into account the de nition of the outgoing fundamental solution (2.55) to th e
wave equation, spatial reciprocity and time reversal invariance of tle wave
equation, one de nes the time-reversal imaging functionaW+g by

Z Z

Wrg (X;t) = Uy (X%t S)W(xo; to S)
R@S (12.45)
@u(xo;t P u U, J(x%t s) d (x9ds;
where R ) %
0. _ jx x3) .
Uy (x5t )= 1% X :

The imaging functional Wt corresponds to propagating inside the volume
surrounded by S the time-reversed perturbation P [u  Uy] and its normal
derivative on S. Theorem 11.18 shows that

Z

Plu Ulxt) P rP Ut ) m(z; )d ;
R

where
m(z; )= M(;B)r P [U)](z; ): (12.46)
Therefore, since
Z Z
Uxtt 9@y s
R S @
Glott 9P Lo s ) d as (124D
= P [U](x;to t) P UJxt to+ );

one obtains the approximation
z
Wrr (X;t) 5 m(z; )r, PIU(Xto t) P Ut to+ ) d;
R

which can be interpreted as the superposition of incoming and outgoing aves,
centered on the locationz of the anomaly. Since

sin (jx ) .
4( jx ydix i’

P U0 )=

m(z; ) is concentrated at the travel time = T = jz vyj. It then follows that

Wrg (X;t) 3mz;T) r, PUdte T t) PIUJ(Xt to+ T) -

(12.48)
The imaging functional Wtr is clearly the sum of incoming and outgoing
polarized spherical waves.
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Approximation (12.48) has an important physical interpretation. By chang-
ing the origin of time, T can be set to 0 without loss of generality. Then by
taking a Fourier transform of (12.48) over the time variable t, one obtains
that

Wir (1) 3m(z;T) r sinc(l jx  zj);

where! is the wavenumber. This shows that the time-reversal perturbaton
Wrr focuses on the locationz of the anomaly with a focal spot size limited
to one-half the wavelength.

12.4.2 Thermal Imaging of Small Anomalies

In this subsection the formula (11.73) is applied (with an appropriate ctoice of
test functions w and background solutionsU) for the purpose of identifying
the location of the anomaly D. The rst algorithm makes use of constant
heat ux and, not surprisingly, it is limited in its ability to e ec tively locate
multiple anomalies.

Using many heat sources, one then describes an e cient method to late
multiple anomalies and illustrate its feasibility. For the sake of simplicity only
the two-dimensional case will be considered.

Detection of a Single Anomaly

Fory2 R?n |, let

1 ix_yj?
) = 1) = e
W(X;t) = wy(x;t): QT t)e : (12.49)
The function w satises (@+ )w =0in 1 andthe nal condition wj;=1 =0
in .

Suppose that there is only one anomalyD = z+ B with thermal con-
ductivity k. For simplicity assume that B is a disk. Choose the background
solution U(x;t) to be a harmonic (time-independent) function in 1. One
computes

Y 2o ke,

r Wy(Z,t) = me

k 1)jBj z iz_yj?
M(;B )r wy(z;t) = ( k+¥ ]4 2/_'_ t)ze ar o ;

and
Zq

T iz_yj?

z
. e (K DiBjy z°Te 0
. M(;B)r wy(z;t)dt= ] A, (T 02

But
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and therefore

Z; .
. . _(k 1Bj y z iz
. M(;B)r wy(z;t)dt = 1 iz yjze T O

Then the asymptotic expansion (11.73) yields

ok 1.B.r U(z) (y Z)e iy zj2

Now one is in a position to present the projection-type location searic
algorithm for detecting a single anomaly. Prescribe the initial conditon
uo(x) = a x for some xed unit constant vector a and chooseg = a
as an applied time-independent heat ux on @ 1, where a is taken to be a
coordinate unit vector. Take two observation lines ;1 and , contained in
R?n  such that

1 ‘= aline parallel to a; > :=aline normal to a:
Next nd two points P; 2 ; (i =1;2) so that |,,(T)(P1) =0 and
8
< min Iy (T)(x) ifk 1<0;

lw(T)(P2) = : er21axIW(T)(X) ifk 1>0:

Finally, draw the corresponding lines 1(P1) and ,(P,) given by (12.3).
Then the intersecting point P of (P1)\ 2(P2) is close to the anomalyD:
jP zj= O( jlog j) for small enough.

Detection of Multiple Anomalies: A MUSIC-type Algorithm

Consider m well-separated anomaliesDs = Bgs+ z5, s = 1;:::;m, whose
heat conductivity is ks. Choose

jx

1 ijZ 0 2 —_—
U(x;t) = Uyo(x;t) := He at fory"2 R“n

or, equivalently, g to be the heat ux corresponding to a heat source placed
at the point source y® and the initial condition ug(x) =0in , to obtain that

@k
w20 g agney 2y
s=1
Z1 i 2 0 52
1 e omP D m g
o (T 1) AT ) 4t
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wherew is given by (12.49) andM () s the polarization tensor of Ds.

Suppose for the sake of simplicity that all the domainsB¢ are disks. Then
it follows from (11.11) that M (&) = m()|, wherem() = 2(ks 1)jBsj=(ks+1)
and |, is the 2 2 identity matrix. Let y; 2 R>n for | 2 N be the source
points. One assumes that the countable sety,g>n has the property that any
analytic function which vanishes in fy;g oy vanishes identically.

The MUSIC-type location search algorithm for detecting multiple anoma-
lies is as follows. Forn 2 N su ciently large, de ne the matrix A =[Ay o]{}l 0=1

by

X1k
Anoi= (64 mOye z) (v 2)
s=1
Z . . . .
Tl exp 2 S
o (T 1)2 4T t) 4t '
For z2 , one decomposes the symmetric real matrixC de ned by
ZT . . . .
— 1 iy Zi® gy Zj?
c= o 2@ 02 am 4t dt P
as follows:
xP
C=  vi2v@' (12.51)

=1

for somep n, wherev, 2 R". De ne the vector gg') 2R" 2forz2 by

T
D= (yp Vi@ (e 2DVin(2) ; 1=15::p: (12.52)
Here vi1;:::; v, are the components of the vectorv;, | =1;:::;p. Let y, =
(Yix;y) for I =1;:::5n,2=(2;2zy), and zs = ( Zs; Zsy)- One also introduces
T
§'X) = (Yix  zovin(2);::5 (Y Zx)Vin (2)
and
T

9§'y) = (Yiy zZ)Vvia(2)::: Yy Zy)Vin (2)

Lemma 12.3 (MUSIC characterization of the range of the response matrix)
The following characterization of the location of the anomaliesn terms of the
range of the matrix A holds:
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Note that the smallest number n which is su cient to e ciently recover
the anomalies depends on the (unknown) numbem. This is the main reason
for taking n su ciently large. As for the electrical impedance imaging, the
MUSIC-type algorithm for the thermal imaging is as follows. Compute [ 5ise
the projection onto the noise space, by the singular value decompositn of the
matrix A. Compute the vectorsy; by (12.51). Form an image of the locations,
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13

Photoacoustic Imaging

13.1 Introduction

In photoacoustic imaging, optical energy absorption causes thermoelasticxe
pansion of the tissue, which leads to the propagation of a pressure wavéhis
signal is measured by transducers distributed on the boundary of the oject,
which in turn is used for imaging optical properties of the object. The major
contribution of photoacoustic imaging is to provide images of optical contrass
(based on the optical absorption) with the resolution of ultrasound. In pure
optical imaging, optical scattering in soft tissues degrades spatial resation
signi cantly with depth. Pure optical imaging is very sensitive to optical ab-
sorption but can only provide a spatial resolution on the order of 1 cm at cm
depths. Pure conventional ultrasound imaging, which is based on the detc-
tion of mechanical properties (acoustic impedance) in biological soft tisues,
can provide good spatial resolution because of its millimetric waveingth and
weak scattering at MHz frequencies. The signi cance of photoacoustic imag-
ing combines both approaches to provide images of optical contrasts (based
on the optical absorption) with the ultrasound resolution. Because the opical
absorption properties of tissue is highly related to its molecular constu-
tion, photoacoustic images can reveal the pathological condition of the tissue
and therefore, facilitate a wide-range of diagnostic tasks. Moreover, wén em-
ployed with optical contrast agents, photoacoustic imaging has the potentl
to lead to high-resolution molecular imaging of deep structures, whik cannot
be achieved with pure optical methods.

In photoacoustic imaging, if the medium is acoustically homogeneous and
has the same acoustic properties as the free space, then the boundary dfet
object plays no role and the optical properties of the medium can be exacted
from measurements of the pressure wave by inverting a spherical @& circular
mean Radon transform.

In some settings, the free space assumption does not hold. For example,
in brain imaging, the skull plays an important acoustic role, and in small an-
mal imaging devices, the metallic chamber may have a strong acousticext.
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In those cases, one has to account for boundary conditions. If a boundary
condition has to be imposed on the pressure eld, then an explicit inersion
formula no longer exists. However, using a duality approach, one can dki
reconstruct the optical absorption coe cient. In this chapter we in vestigate
quantitative photoacoustic imaging in the case of a bounded medium with
imposed boundary conditions and propose a geometric-control approach to
deal with the case of limited view measurements. In both cases, wedas on a
situation with small optical absorbers in a non-absorbing background and po-
pose adapted algorithms to locate the absorbers and estimate their absoedl
energy.

A second challenging problem in photoacoustic imaging is to take into
account the issue of modelling the acoustic attenuation and its comperadion.
In this chapter, we propose two approaches to correct the e ect of acoust
attenuation. We use a frequency power-law model for the attenuation

A third challenging problem is to identify the locations of absorbersfrom
limited-view data. By using the geometric control method and testing the
measurements against an appropriate family of functions, we show that we
can access the initial condition for the photoacoustic problem.

Another interesting problem is to correct the e ect of an unknown clut-
tered sound speed on photoacoustic images. When the speed of sound of the
medium is randomly uctuating (around a known value), the acoustic waves
undergo partial coherence loss and the designed algorithms, assuming anz
stant sound speed, may fail. In this chapter, by combining cohereninterfer-
ometry (CINT) imaging with a spherical mean Radon inversion, we propose
an e cient algorithm for photoacoustic imaging in the presence of random
uctuations of the sound speed.

The chapter is organized as follows. Section 13.2 is devoted to a mathe-
matical formulation of the photoacoustic imaging problem. In Section 13.3 we
consider the photoacoustic imaging problem in free space. We rst propas
an algorithm to recover the absorbing energy density from limited-vew data.
We then present two approaches to correct the e ect of acoustic attenation.
We use a power-law model for the attenuation. We test the SVD approach
proposed in [305] and provide an e cient technique based on the stationary
phase theorem. The stationary phase theorem allows us to compute (appxe
imately in terms of the attenuation coe cient) the unattenuated wav e from
the attenuated one. Section 13.4 is devoted to correct the e ect of impaed
boundary conditions. By testing our measurements against an appropriate
family of functions, constructed by the geometrical control method, we show
how to obtain the initial condition in the acoustic wave equation, and thus
recover quantitatively the absorbing energy density. In section 13, we de-
rive a quantitative photoacoustic imaging approach in the framework of small
absorbers. Finally, we describe a CINT-Radon algorithm for photoacoustic
imaging in acoustically inhomogeneous media. The algorithm consists in |-
tering the data in the same way as for the spherical mean Radon inversion
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before backpropagating their local correlations. Our results in this bapter are
from [31, 32, 36, 37, 39, 54].

13.2 Mathematical Formulation

In an acoustically homogeneous medium RY, d = 2;3, when an optical
laser pulse is employed, the photoacoustic e ect is described byhe following
wave equation;

: 20 ety @H : :
—(x;t) cgp (xt)= @(x,t), X2 ;t 2R;

wherec is the acoustic speed in , is the dimensionless Gnaneisen coe cient
in , which is assumed to be homogeneous, and is a heat source function
(absorbed energy per unit time per unit volume). The constant provides a
measure of the conversion e ciency of heat energy to pressure.

Let Di;I =1;:::;L; be absorbing domains inside the nonabsorbing back-
ground . Assuming the stress-con nement condition, the source term can be
modeled as

X
H (x;t)= o(t) (DNAI(X);
I=1
where ¢ is the Dirac distribution at 0. Under this assumption, the pressure
p satis es
@p

@t
for some nal observation time T, the initial conditions

(x;t) &p(xt)=0 x2 ;t 2(0;T); (13.1)

hS
Pit=o = Po = (DA|(x) and @pjt=0 =0; (13.2)
I=1

and either the Dirichlet or the Neumann boundary condition (if  is bounded)

p=0 or %p: 0O on@ (O;T): (13.3)

The Neumann boundary condition corresponds to the tissue/water interfice
while the Dirichlet boundary condition accounts for a tissue/air inte rface.

The inverse problem in photoacoustic imaging is to determine the suports
of nonzero optical absorption,D; b ;I =1;:::;L, and the absorbed opti-
cal energy density times the Graneisen coe cient, A(x) = |L:1 Ai(x) (Dy),
from boundary measurements of the pressure or@ (if is bounded) or
measurements on the boundary of a bounded domain if = RY. The nal
observation time T is large enough that

T > diam( )= ; (13.4)
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which says that the observation time is long enough for the wave initiagd in-
side toexitthe domain (if is bounded) or the surface where the pressure
is measured. The image reconstruction problem in photoacoustic imagingan
then be interpreted as an inverse source problem.

The densilgy A(x) is related to the optical absorption coe cient distribu-
tion a(x)= |, 1(X) (Di) by the equation

A(x) = a(xX) (); (13.5)

where is the light uence. The function  depends on the distribution of
scattering and absorption within , as well as the light sources. Equation
(13.5) reveals that photoacoustic images are determined by the optical ab-
sorption properties of the object as well as variations in the uence of the
illuminating optical radiation.

Let ¢ denote the reduced scattering coe cient in . Based on the di u-
sion approximation to the transport equation, the light uence  satis es

1 1 .
a3l . F 0 in ; (13.6)
with the boundary condition
@
—+ | = on@ : 13.7
@ g (13.7)

Here, g denotes the light source andl a positive constant, 1= being an ex-
trapolation length.

Since A is a nonlinear function of the optical absorption coe cient dis-
tribution 4, the reconstruction of 5 from A is a nontrivial task and one
of considerable practical interest, since only the optical absorption poperties
are intrinsic to the object.

13.3 Photoacoustic Imaging in Free Space

In this section, we rst formulate the imaging problem in free space am
present a simulation for the reconstruction of the absorbing energy dasity
using the spherical or circular Radon transform. Then, we provide a otal
variation regularization to nd a satisfactory solution of the imaging proble m
with limited-view data. Finally, we present algorithms for compensating the

e ect of acoustic attenuation. The main idea is to express the e ect ofatten-
uation as a convolution operator. Attenuation correction is then achieved ly
inverting this operator. Two strategies are used for such deconvolutn. The
rst one is based on the SVD of the operator and the second one uses its
asymptotic expansion based on the stationary phase theorem. We compare
the performances of the two approaches.
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13.3.1 Full-View Setting

We consider the wave equation (13.1) in two dimensions whemy = 1 with

the initial conditions (13.2). Assume that the support of py, the absorbing
energy density, is contained in the unit diskB. Our objective in this part is
to reconstruct pg from the measurementsg(y;t) = p(y;t)on S (0;T), where
S denotes the boundary ofB.

The problem of reconstructing po is related to the inversion formula (2.54)
of the spherical mean Radon transformR. Formula (2.54) can be rewritten
as follows:

Po(x) = R BR[po](X); (13.8)

where the backprojection operatorR and the Iter B are respectively de-
ned by (2.61) and (2.62). We refer to (13.8) as the ltered backprojection
formula for the inversion of the spherical mean Radon transform. Note that
the operator B is symmetric and positive.

On the other hand, de ne the operator W by

Wig(y:t) = z BM (13.9)

forg:S R* ! R.Then, from the Kirchho formula (2.59) in two dimensions
and by inverting an Abel-type equation it follows that

Rpol(y:t) = W(p](y;t); (13.10)

and therefore, the ltered backprojection formula (13.8) gives the initial data
po from measurements of the pressur@ on S R*.

Let N denote the number of equally spaced angles 08. Suppose that
pressure signals are uniformly sampled al time steps, and the phantom (the
initial pressure distribution pg) is sampled on a uniform Cartesian grid with
Nr Ngr points. Figure 13.1 gives a numerical illustration for the reconstruc-
tion of py using a discretization of (13.8).

Time-reversal imaging techniques can be applied in order to reconsict
the initial data po(x) from measurements ofg(y;t) = W{p](y;t) for (y;t) 2
S (0;T). Let v be de ned by (7.8) and let the time-reversal imaging function

I %lF)z (x) be given by (7.9). Sincep satis es (7.5) with f replaced bypy, we have

18 (x) = *po(X) X 2

13.3.2 Limited-View Setting

In many situations, we have only at our disposal data on (0; T), where
S. Restricting the integration in formula (13.8) to  as follows:
1 Z7Z, ,

PO 5 Rl logit® [y xfjdtd (); (13.11)
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Fig. 13.1. Numerical inversion using (13.8) with N =256, Ng =200and N = 200.
Top left: po ; Top right: p(y;t) with (y;t) 2 S (0;2); Bottom left: R[po](y;t) with
(y;t)2' S (0;2); Bottom right: R BR[po].

1

08

06

Fig. 13.2. Numerical inversion with truncated (13.8) formula with N =128, Nr =
128, and N = 30. Left: po; Right: R BR[po].

is not stable enough to give a correct reconstruction of; see Figure 13.2.
The inverse problem becomes severely ill-posed and needs to beyudar-
ized. We apply here a total variation regularization, which is well adapted to
the reconstruction of smooth solutions with front discontinuities. In order to
reconstruct pg from g(y;t) := W[p](y;t) fory2 andt 2]0;2[, we introduce
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the regularized minimization problem:
. 1 .-
minJ [f]:= EkEsl 2[RIF] dlkiz( i * Krfkiig y;

where is the regularization parameter. As noted in Section 2.8.5, a direct
calculation of the minimizer of J is complicated, but an approximate solution
can be obtained by the following algorithm.

Algorithm  13.1 Iterative shrinkage-thresholding algorithm in non-
attenuated media.

1. Data g, initial set: fo = X0 =0, to =1;

2. xxk = T [fx R B[R[fk] g]] with T being dened by (2.71) and > 0

being the step size;
te 1
tk+

P
. 1+ 1+4 t2
(Xk Xk 1) with  tgeg = ——5—*.

3. fker = Xk +

Two limited-angle experiments are presented in Figure 13.3.

Test 1.

Test 2: T 18 :j

Fig. 13.3. Case of limited angle after 50 iterations, with parameters equal to =
0:01, N =128, Ngr =128, and N =64. Left: po; Center: R BR[po]; Right: fs.

13.3.3 Compensation of the E ect of Acoustic Attenuation

Our aim in this section is to compensate for the e ect of acoustic attenuation.
In an attenuating medium, the pressurep, is solution of the following wave
equation:

1 @pa

2GR P ale) LOZMO= 5 g om0

S| -
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where L is de ned by
1 z 2 12 i
L(t)= p= K2(1) = e ™dl: (13.12)
2 R c5
Many causal models exist forkK (! ). Here we use the power-law model, which
satis es the Kramers-Kronig relations (2.48). Then K (! ) is the complex wave

number, de ned by |

K()= m +iajlj ; (13.13)
where! is the frequency,c(! ) is the frequency dependent phase velocity and
1 2 is the power of the attenuation coe cient. The phase velocity and

the attenuation coe cient are related to each other by causality; see B30]. A
common model, known as the thermoviscous model, is given by

K(!)= QO%!CO (13.14)

and corresponds approximately to =2 with ¢(! ) = co.
Our strategy is now to:

Estimate the solution p(y;t) of the non-attenuated wave equation

Clgg;?(x;t) p (x;t)= cl(z)(;jt o(t)po(X) ;

from pa(y;t) forall (y;t) 2 @ R* with @ being the surface where the
pressure is measured.
Apply the inverse formula (13.8) for the spherical mean Radon transform
to reconstruct pp from the non-attenuated data.

Relationship Between p and p,

Recall that p = F¢[p] and B, == F[pa] satisfy
! il
+( g)z px;!) = 92—7(:(2)[300()

and i
+K(1)? pa(x!) = pe=sgpo(x);
2c§
which implies that

B(x; oK (1)) = C"K!(! ) pa;1 ):

The issue is to estimatep from p, using the relationship p, = L[p], where L
is de ned by
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1 z | Z,
- = i i's icoK (1)t |-
L[ 1(s) 2 oK )e . (t)e dtd!:
The main diculty is that L is not well conditioned. We will compare two
approaches. The rst one uses a regularized inverse @f via a singular value
decomposition, which has been recently introduced in [305]. The send one is
based on the asymptotic behavior ofL as the attenuation coe cient a tends
to zero.
Figure 13.4 gives some numerical illustrations of the inversion withouta
correction of the attenuation e ect, where a thermoviscous attenuation model
is used withcg =1 and W de ned by (13.9).

20
a0
60
80
100
120
140
160
180

20 40 60 80 100 120 140 160 180 200

20 40 60 80 100 120 140 160 180 200

Fig. 13.4. Numerical inversion of attenuated wave equation with K (! ) given by
(13.14) for co = 1 and a = 0:001. HereN = 256, Ng = 200 and N = 200. Top
left: po; Top right: pa(y;t) with (y;t) 2 @ ]0;2[; Bottom left: W [pa](y;t) with
(y;t) 2 @ ]0; 2[; Bottom right: R B[W [pa]] (x);x 2

An SVD Approach

A regularized inverse of the operatorL obtained by an SVD approach can be
used [305]: X
L[ ]= IGHDNE
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where (§) and ( |) are two orthonormal bases ofL?((0;T)) and | are posi-
tives eigenvalues such that

8 P
LI = )&
LLL] = | &% )&;
. P 2
LL[] = , fCui; )
From (2.66), an approximate inverse ofL is then given by
X
1 — | . .
Ly [ 1= n (1 )8

where > 0 is the regularization parameter.

In Figure 13.5 we present some numerical inversions of the thermowisus
wave equation with a = 0:0005 anda = 0:0025. We rst obtain the ideal
measurements from the attenuated ones and then apply the inverse foraha for
the spherical Radon transform to reconstructpy from the ideal data. We take

respectively equal to 001, 0001 and Q0001. The operatorL is discretized
to obtain an Ng N matrix to which we apply an SVD. A regularization of
the SVD allows us to constructLl;l.

As expected, this algorithm corrects a part of the attenuation e ect but is

unstable when tends to zero.

ojojo]

Fig. 13.5. Compensation of acoustic attenuation with SVD regularizatio n: N = 256,
Nr = 200 and N = 200. First line: a = 0:0005; second line:a = 0:0025. Left to
right: using Ll;l respectively with  =0:01, =0:001and =0:0001.

Asymptotics of L

In physical situations, the coe cient of attenuation a is very small. We will
take into account this phenomenon and introduce an approximation ofL and
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L ! asa goes to zero:
Lill=L[]+o@") and Ly ]1=L ']+ o@");
where| represents an order of approximation.
Thermoviscous Model (13.14):

Let us consider the thermoviscous attenuation model (13.14) foK (!).
The operator L can be approximated as follows

Z, Z
LLIS) " = ) 1 1290 e Feoa ftgl (t 9) gigt:
2 5 R 2
Since 1 Z 1 2
1 2, L(s V)
i e = Cpal tell (t s)d! - e 2 coa ;
P o Peas
and . Z 1 )
i 1 2. 1(s t)
p=— le z0d g (t 9)gl = p—=—e 2 o |
2 R 2 @ Coat 0
it follows that
0
ac L Z., L 1(s t)2 g
L] 1+ 22 — typ——e 2 Codl dtx :
[] 2@ @p— o ey

We then investigate the asymptotic behavior of 1€ de ned by

Z i1 1 v

1 1
€ 1= p=— typ——e 2 Coal dt: 13.15
[] \97 . ( )Pﬁ ( )

Since the phase in (13.15) is quadratic ana is small, by the stationary phase
theorem we can prove that

(coa)'

o D1l 1)+ o(@); (13.16)

X
€L X(s) =
1=0

where the di erential operators D, satisfy D[ ](s) = (t' (t))©"(s). We can
also deduce the following approximation of orderj of € 1

X
1= a j; (13.17)
1=0

where j; are de ned recursively by
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X n _
o= and il = . ﬁDn[ ji ol foralln j:
Finally, we de ne
L= 1+ %@ & and L,'=1&! 1+ %@ Y. (1318)
We can compute
&M 1= &)= 2™
and therefore,
L[]= + %(t 9%+ o(a) and L,1[ ]= %(t 90 (13.19)

We plot in Figure 13.5 some numerical reconstructions ofyy using a ther-
moviscous wave equation witha = 0:0005 anda = 0:0025. We take the value
of j respectively equal toj =0, j =1 and j = 8. These reconstructions are as
good as those obtained by the SVD regularization approach. Moreover, this
new algorithm has better stability properties.

Fig. 13.6. Compensation of acoustic attenuation with formula (13.18): N = 256,
Nr =200 and N = 200. First line: a = 0:0005; second line:a = 0:0025. Left: |_ej 1

with j = 0; Center: 1§ * with j = 1; Right: & * with j =8.
General Case: K(!)="! +iaj!j with 1 < 2

We now consider the attenuation modelK (! ) = c!—0+ iaj! j with1 < 2.
We rst note that this model is not causal but can be changed to a causal one.
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However, since our main purpose here is to give insights for the compsation
of the e ect of attenuation on image reconstruction, we work with this quite
general model because of its simplicity. As before, the problem can kreduced
to the approximation of the operator 1€ de ned by

Z, z
[ 1(s) = (t)y € el oAdit:
0 R
It is also interesting to see that its adjoint I€ satis es
zZ, z
€[ X(s)= (t) € © Vel oxdlt:
0 R

Suppose for the moment that = 1, and working with the adjoint operator
L , we see that

1 21 Coas
E[1s)=~ a7 +(s 12 (t)dt:
Invoking the dominated convergence theorem, we have
Z,4 1 Z 4 1
E!i!mo@ [ 1(s) = lim_= LTy (s+ coays)dy = = L Tay (s)dy= (s):

ac g

More precisely, introducing the fractional Laplacian =2 as follows

Z
2 (9= Lpv: | DOy
122 (s)= =puv: ) Wdt’
we get
1 21 )
a €[ 1(s) (s) = a 1 COaSl . 2( 9] (s)) dt
+ S
1
) 1 7(Coas)2c4(-)s(,3 t)z( (t) (s)) dt
Z
_ 1 oS
) II!mOZRn[s s+ ]7(coas)2+(s t)z( (t) (s)) dt
. 1 ¢S
| I||m0 Rn[s ;s+ ]7W( (t) (S)) dt
=cos 7 (9);

as a tends to zero. We therefore deduce that
E[1s)= (s)+coas ™2 (s)+o(@ and B[ ](s)= (s)+Ga (s (s)+0(a):

Applying exactly the same argument for 1< < 2, we obtain that
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LLI(s)= (s)+ Cooa ~2(s (s))+ o();
where C is a constant, depending only on and =2, de ned by

e (9

. T 9 dt:

=2 (9)= 1p:v:

Iterative Shrinkage-Thresholding Algorithm with Correction of At-
tenuation

The previous correction of attenuation is not so e cient for a large atten-
uation coe cient a. In this case, to improve the reconstruction, we may use
again a total variation regularization. In view of (13.10), de ne the attenuated
spherical mean Radon transform by

Ralpo] := W(pa]
with W being given by (13.9). LetRa;li be an approximate inverse ofR :
R = R BWL, W *:

We consider the following algorithm, which generalizes Algorithm 13.3.2 ¢
attenuating media.

Algorithm 13.2  Iterative shrinkage-thresholding algorithm in an attenuated
medium.
1. Data g, igitial set: fo = x0 =0, to =1;
2.x; = T fj Ra;kl [Ralfj] 9] with T being dened by (2.71) and > O
being the step size;

q__
3 fi = x4 UL . ith o 1+4 t7
. J+1 - XJ t]T(X] X] 1) W|t t] +1 - -2

Figure 13.7 shows the e ciency of Algorithm 13.3.3.

Sources in attenuating media can be also reconstructed using a tirme
reversal technique. As a rst-order correction of the attenuation e ect, the
adjoint of the attenuated wave operator can be used. Consider the thermas-
cous wave model to incorporate viscosity e ect in acoustic wave propag&n
and introduce the free space fundamental solution of the Helmholtz ecation

2
— G (GY)+(L+ iace!) x Gy (YY) = y(X) in R?:

&
The regularized time-reversal imaging function is de ned by
zZ Z-
@
ROE 2 (y;siTIPa(y; T 9)d (y)ds;

@ o @t
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Fig. 13.7. Numerical results using iterative shrinkage-thresholding algo rithm with

= 0:001 and a = 0:0025. Left up: fso with k = 0; Top right: fso with k = 1;
Bottom left: fso with k = 6; Bottom right: error j 'k f;  pok 2 , for dierent
values of k.

where 1 Z
& (yisin= —  Ga(oye " Vd
it
and is a regularization parameter. Hence,
z:2 Z
() - i 6ioe . . it (T S) J1da -
ltr(¥) = it Sy (GY)paly; T s)d (y)e dids:
2 0 j1j @
As a! 0, we can prove that
zZ Z. @
FROE QYT TS pa(yi )1d () ds+ o(@);
@ o
where 1 Z
STIM= po= e " R ]()dl:

iti

Finally, observe that the function >(< )(z) de ned by
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1
Vo= = = (x2)d!;
it
is an approximation of the Dirac delta function ,(x)as ! +1 . Thisimplies
that

100 O@2m@) ! p(x)as | +1 :

13.4 Photoacoustic Imaging of Small Absorbers with
Imposed Boundary Conditions on the Pressure

In this section, we consider the case where a boundary condition is iposed
on the pressure eld. We rst formulate the photoacoustic imaging problem
in a bounded domain before reviewing di erent approaches for reconstrcting
small absorbing regions and absorbing energy density inside a boundedd
main from boundary data. We also consider a problem of selective detean
which is to locate a targeted optical absorber among several absorbers from
boundary measurements of the induced acoustic signal.

13.4.1 Reconstruction Methods

Let be a bounded smooth domain. We consider the wave equation (13.1)
in the domain  with the Dirichlet (resp. the Neumann) imposed boundary
conditionson @  (0; T). Our objective in this section is to reconstruct po(X)

from the measurements of@Qx; t) (resp. p(x;t)) on the boundary @ (0;T).
In this section, we consider a problem of identifying small absorbig regions

inside the nonabsorbing background . We write
Di=2z+ B,;

where z is the \center" of D|, B, contains the origin and plays a role of a
reference domain, and is the common order of magnitude of the diameters
of the D,. Throughout this section, we assume that is small and z's are
well-separated,i.e.,

jzi zjj>Co 8i6]j (13.20)

for some positive constantC.

Spherical waves centered at some points, which we call probe wavasay
serve as solutions to adjoint problems to the wave equation for the photoaaus-
tic phenomena. By integrating the boundary measurements against a sphie
cal wave, we can estimate the duration of the wave on the absorber. Thenyb
choosing a few waves centered at di erent points and taking intersction of
durations of these waves we can estimate the location and size of the abser
pretty accurately.
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To x ideas, we only consider the Dirichlet condition for the pressure p
on @ . The Neumann boundary condition at tissue/water interface can be
treated similarly. Since p is signi cantly a ected by the acoustic boundary
conditions at the tissue/air interface, where the pressure must varsh, we
cannot base photoacoustic imaging on pressure measurements made over a
free surface. Instead, we propose the following algorithm.

Let v satisfy
1 @v o
—-——= Vv =0 inR 0;T); 13.21
2 &t (©:T) (13.21)
with the nal conditions
. _@v .
Vji=T = @it 0 in : (13.22)

We refer to v as a probe function or a probe wave.

Multiply both sides of (13.1) by v and integrate them over 0;T).
After some integrations by parts, this leads by using (13.2) to the followng
identity:

Z.2 @ Z

@Qx;t)v(x;t) d (x)dt= 1 A (X)@v(x; 0)dx: (13.23)
@ @ C%|=1 D

Suppose rstthat d=3. For y2 R®n | let

0

vy (X t; )= iix yjr:o in (0;T): (13.24)
; ; distiy.@ ) ;
where is the Dirac mass at 0 and > S is a parameter. It is easy to

check that vy satis es (13.21). Itis a spheric?al wave emitted by a point source
at y at time . Moreover, since

x yj diam( )+dist(y; @)

forall x 2 , vy satis es (13.22) provided that the condition (13.4) is ful lled.
Suppose that

o 0 .
Ai(x) = =8 (x z) (13.25)
jii=0
which is reasonable aD; is small. Here,j = (j1;:::;ja), X1 = x}*:::x)¢, and
j!=1jil:::jq!. Equation (13.25) corresponds to a multipolar expansion up to

order N of the optical e ect of D;.
Choosingvy as a probe function in (13.23), we obtain the new identity

ARNY z _ Z:Z
! .la-(') (x 7)) @vy(x; 0; )dx = @Qx;t)vy(x;t; )d (x)dt:
* D| 0 @ @

(13.26)
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Determination of location . Suppose for simplicity that there is only one
absorbing object (L = 1) which we denote by D(= z+ B). Identity (13.26)
shows that Z .7
T @
7! PRx:tyvy (x;t; )d (%) dt (13.27)
o e @

is nonzero only on the interval [ 5; ], where ; =dist(y; D)= is the rst
for which the sphere of centery and radius hits D and ¢ is the last for
which such sphere hitsD. This gives a simple way to detect the location (by
ging the source pointy and taking intersection of spheres). The quantity
OT @ %p(x;t)vy(x;t; )d (x) dt can be used to probe the medium as a func-
tion of andy. For xed vy, it is a one-dimensional function. It is related to
time-reversal in the sense that it is a convolution with a reversedwave.

R .
Let us now compute (x z)) @vy(x;0; )dx for 2 [ a; e]. Note that,
in a distributional sense,

do ix_vi

@vy(x0; )= — = Tix ;j : (13.28)
Thus we have
Z Z )
- (x 2)) do X yj
x z) x;0; )dx = -
D( Y @w( ) p 4 jx yjdt Co

dx:

Letting s= jx yjand = j§ ){j, we get by a change of variables

z 1 21 2 d s
(X 2 @w(60; Jdx= = s (D)(s +y)s +y 2)) 2( —)dsd;
D 4 o s dt Co
(13.29)
where S is the unit sphere.
De ne for multi-indices |
Z

b (D;t; )= . (D)c( 1) +y)eo( t) +y 2)d:

Note that the function b (D;t; ) is dependent on the shape oD (Iy is kind
of moment of orderj of the domain D). If we take D to be a sphere of radiug
(its center is z), then one can computel (D;t; ) explicitly using the spherical
coordinates.
Since
Ze1 2 d s d
D + + 2o - = — t D;t;

o s D)s ey)s +y DR dsd = g (0RO )

it follows from (13.29) that
z

t=0

2 @000 )ik DHO:0)  bYDI0 );
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where qo is the derivative with respect to t. We then obtain the following
theorem from (13.26).

Theorem 13.1 For 2 [ a; el

Z:Z
1 X g T
—  2(B(D;0; ) bY(D;0; )= %an)vy(x;t; )d (x)dt:
jii=o 1 °© @
(13.30)
If the Dirichlet boundary condition on p is replaced by the Neumann
boundary condition:

%pz 0 on@ (0:T): (13.31)
then (13.30) should be replaced by
X Z:2
L i‘(h (D;0; ) bP(D;0; ))= @(x;t; )p(x;t)d (x)dt:
4 j! o @ @

jjj=0
(13.32)

Estimation of absorbing energy . Now, we show how to use formula (13.30)
for estimating all) and some geometric features oD when the location z of

D has been determined by the variations of the function in (13.27). Suppose

that N =0, i.e., A is constant onD. Then (13.30) reads
Z:Z
1 T e
Sa(y(D;0; ) bY(D; 0; )) = PR tv 6t )d (9 dt:
4 @ @

Note that 7! bp(D;0; ) b3(D; 0; ) is supported in [ 4; ¢]. We have

4
uﬂ bo(D; 0; ) bJ(D;0; ) d
zZ . 72+2Z
= @R tyvy (i t; )d () dt d : (13.33)
@ @

a 0

If we further assume thatD = z+ B for small and a sphereB of radius
1, then we can computely(D;t; ) explicitly. In fact, one can show that

g 2 (iz i ci  tj)?
. = . if <jz vy cj tj<;
bo(Dit; )= Qjz yii 1
-0 otherwise
(13.34)
and hence we deducey 4 = jz Yj ,Cbe=jz Yyj+ ,and
2 (jz yj ¢ )

D; 0; b%(D; 0; )= : .
bo( ) ol ) Z v
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for > 0. Therefore, easy computations show that
Z Z:Z

iz Vi %Qx;t)vy(x;t; yd (Odt d;  (13.35)
0 @

which gives an approximation ofjagj 2. Higher-order approximations can be
obtained from (13.30) as well.

jaoj 2

a

Suppose nowd = 2. Due to the two-dimensional nature of the Green
function, we shall rather consider a new probe wave given by

X

v (x;t; )= t+ —_— 13.36
( )= o o ( )
wherej j=1and is a parameter satisfying
X
> max —
x2 Co
We can still use the function
Z:Z
7! @Ri-tyv (x:t: )d (x)dt
o @ @

to probe the medium as a function of . This quantity is non-zero on the
interval [ 4; ], where 5, and ¢ are de ned such that planesx = ¢y for
= 4 and ¢ hit D. Changing the direction and intersecting stripes gives
us an e cient way to reconstruct the inclusions.
By exactly the same arguments as in three dimensions, one can show that

Z+Z
lx\l 3 T @
— —p(D;0; )= —(x;t)v (x;t; )d (x)dt; 13.37
o I L @Vt )d (13.37)
where
Z

b (D;t; ):= (D)(e( 1) +u?)e( t) +u? 2z) du; (13.38)
R
where ?
=2.
AssumingN =0and D = z+ B, we can computely explicitly. We have

2p 2 (coj tj z )% if <z Cj tj< ;
0 otherwise:

is the unit vector obtained from by counterclockwise rotation by

h(D;t; )=
(13.39)

Sincecy ;= Z ,Co=2z andcgp=2z + ,weget

Z Z+:Z

O

4 . o

jaoj = @Rtyv (x:t: )d (x)dt d : (13.40)
@ @
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The above formula can be used to estimatgay]j .
In the case when there arem inclusions, we rst compute for eachl the
quantity
Lbest = a@rgmax minj(z  z) |j (13.41)
2[0; ] 18!
and then, since along the direction |.pest, the inclusion D, is well separated
from all the other inclusions, we can use formula (13.40) to estimate it$aoj -

13.4.2 Back-Propagation of the Acoustic Signals

In this section, we show the focusing properties of the back-propagatl acous-
tic signals.

If we separate out the time dependence of the pressurg by expanding
p(x;t) into a set of harmonic modes, then, for a given frequency , the har-
monic mode Xx;! ) satis es the following Helmholtz equation:

X
(124 Hpx;!) =it ( (DNAI(X)) in (13.42)

1=1

with the boundary condition

p=0 or =0 on @ :

Slfe)

Suppose that ! 2=¢ is not an eigenvalue of in  with the Dirichlet or
the Neumann boundary congjtion. The inverse problem we consider in tts

section is to reconstructA = ,L:l (D))A, from the measurements of@P=@
orpon @ .
Let us put k = C'—O for simplicity of notation and let (X;y) == k(X Vy)

be the outgoing fundamental solution of K>+ ) in RY given by (3.52). Then,
fory2 R9n , we have

8 Z

- 20! ) g () (0 f 220 on@;
'% iDijAI(z1) «(zi3y) 5 4 @

I=1 —(x;!1) k(xy)d (x) ifp=0 on @ :

o @ (13.43)
For R large enough, set .
8 Z @ @
g & _px)Geand (0 if =0 on@ ;

H(y):= 2 5 @ @ (13.44)

o @(x;!) k(xy)d (x) ifp=0 on @ ;

and | = jD|jA|(z). Note that, for any y2 RYn , the function H (y) can be
computed from the boundary measurements of the acoustic signals.
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Back-propagating the data corresponds to computing

Z .
W(28) = %(z%y)ﬁ(y) %(y) (@Sy) d ) 282

(13.45)
whereH is de ned in (13.44). Since from (13.43)

X
H(y) i L k(zisy)

1=1

for y in a neighborhood of @ &, the Helmholtz-Kirchho identity (3.80) yields

x £ _ 5
W(z) T Sy @y Saay Sy d )
11 @ @
X S
= 2 7= «(z7z):
I=1
(13.46)
Since | is real and positive by (13.5), it is now easy to nd the locations z,
| =1;:::;L, as the points where the functionalW has its maxima. Equation

(13.46) shows that the reversed signal focuses on the locations of the abbers
with a resolution determined by the behavior of the imaginary part of the
Green function.

13.4.3 Selective Detection

We now turn our attention to the selective detection. The purpose ofselective
detection is to focus high-intensity ultrasound towards a targetedoptical ab-
sorber in biological tissue. The main di culty in focusing towards a targeted
optical absorber is that photoacoustic waves are generated by other optical
absorbers in the medium as well. In this section we propose two mettus of
di erent nature to overcome this di culty and localize selectiv ely the tar-
geted absorber. The rst method is based on a MUSIC type algorithm. This
method works when the absorbing coe cient of the targeted absorber isin
contrast with those of other absorbers. An alternative method of selectie
detection is based on the fact that the absorbing coe cient may vary depend-
ing on the frequencies. Some absorbers are transparent at certain fregncy
while they are quite absorbing at other frequencies. This phenomesn makes
a multi-frequency approach work to detect a targeted absorber. We propse
a detailed process of this multi-frequency approach.

Multiple Signal Classi cation Algorithm

Suppose that for somdg, D, is a targeted optical absorber and its coe cient

I, IS known. However, its location z,, is not known. Suppose also that
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Pl G o C; 8181 (13.47)

for some positive constantC. This means that |, is signi cantly di erent
from the coe cients associated with all the other absorbers in the medium.
The locations and the |'s of all the other absorbing inclusions D, for | 6 |p)
are not known.

To localize the absorbing objectD,, without knowing any of the others,
we compute the following quantity for zS 2

1
Sy .— R — '
) T M d 0

where H is de ned by (13.44).
From (3.81), it follows that in dimension three we have for largeR

(13.48)

z e
B d o) e
and hence
z — X sinkjzS  zj
4 ) - |ﬁ;
This yields
Wio(2%) ——p jsinkas 27
o U RS 7

Therefore, thanks to the assumption (13.20), we have

1
W, (z°) R 1 forz® nearz,: (13.49)
161 1 7KjzS zj

We also have from the assumption (13.47)

1
S D
Wi, (27) g sinkjzS 7

lo I 17KzS 7z

= O(1) for z° away from z,, :

(13.50)

It then follows that z, can be detected as the point where the functionalV,,
has a peak. This is a MUSIC-type algorithm for locating the anomalies.

In the two-dimensional case, we compute from (3.52) and (3.81) for large
R Z

S\ (- 1 i5S .
k(Y;27) «(y;z)d (y) @Jo(klz zj);
@t
where Jg is the Bessel function of the rst kind of order zero. It then follows
that
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4

bS
4K K;iZ2)HW d () 0 Tekiz®  zj):
@& =1

In two dimensions, de ne W, by

Wi, (2°%) = ——R : = :
14k g, «(y;Z%)H(Y)d (y)

As in the three-dimensional case, the behavior of the functionly yields
1

lo

W, (25 P . . 1 for z° nearz,
(27) 161, 190(Kjzs  zj) !
and
1
Wi, (2° P = 0(1) for z® f ;
1,(2) = ST O(1) for z°> away from z,

Therefore, exactly as in three dimensionsgz, can be detected as the point
where the functional W, has a peak. Note that one does not need the exact
value of |,. One can get an approximgfion of |, by looking numerically for
the maximum of the function F (z°) = % ZSYH (y)d (y).

Multi-Frequency Approach

An alternative method for isolating the photoacoustic signal generated by
the targeted optical absorber from those generated by the others is to make
use of two light pulses with slightly di erent excitation wavelen gths, ; and

2, tuned to the absorption spectrum of the targeted optical absorber. If the
optical wavelengths are such that ; corresponds to a low value (that can be
neglected) of the absorption coe cient of the optical target and , to a high
value of the absorption coe cient of the optical target, then the only di erence
in photoacoustic waves generated in the medium by the two di erent pulses
corresponds to the photoacoustic waves generated by the light pulselsetively
absorbed by the optical target. Back-propagating this signal will focus on he
location of the optical target.

Suppose that there are two absorbers, safp; and D, and assume that

iDaj 1L (13.51)

dist(D1;D,) C > O; (13.52)

which means that D, is small and D, and D, are apart from each other.

Let ;1 and », be the light uences corresponding respectively to illumi-
nating the medium with excitation wavelengths ; and . If we take » close
to 1, then due to the assumptions (13.51) and (13.52) we have

1 1) 1(x) 1 2) 2(x) inDy: (13.53)
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The pressures generated by the photoacoustic e ect are given by

g@pl(xt) Gpaxt)=0; x2; t 2(0;T);

Epl—O or %J—O on@ (0;T);
© pii=o = 1(X; 1) (D1) 1 and %ﬁitzo:o in

nd

@p

g@
% p2(xt) GpaaAxt)y=0; x2 ; t 2(0;T);
§p2—0 or @:0 on@ (0;T);

? paico =( 106 2) (OD+ 206 2) (02) 2 and 2 =0 in
@t t=0
For the sake of simplicity we work in the frequency domain. In view of
(13.42), the di erence of the generated pressureg,” p; at an acoustic fre-

quency! can be approximated forx 2  as follows:
8 .
3 Gk(x;z) in the case of the
Dirichlet boundary condition ;

2 Nk(x;z) in the case of the
' Neumann boundary condition;

P2 P01 ) IC!gJDzj A2 2) 2(2)

where k = I=cg, Gk and Ny are respectively the Dirichlet and Neumann
Green functions de ned by (3.70) and (3.74) with ko replaced by k. Here we
assume that k? is not an eigenvalue of in  with Dirichlet or Neumann
boundary condition.
De ne, as in (13.44),H by
8 Z

% o (P2 pl)(x)%(x;y)d (x) in the case of the Neumann
¢ boundary condition;
"=V 2 @
% #(x) k(X;y)d (x) in the case of the Dirichlet
@ @

boundary condition :
Back-propagating p,  p1 yields

Z .
204} 2z 2) 22)=m (x2) @(y,z)H(y) %(y) (Wiz) d )
@B

for x 2 . Here R large enough. This equation shows that the reversed
frequency-di erence signal focus on the locatiore of the targeted optical ab-
sorber. Using the equation we can reconstruct the locatiorz with a resolution
given by the behavior of the imaginary part of the Green function and a
signal-to-noise ratio function of the quantity jD2j 2(z; 2) 2(2).
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13.5 Imaging with Limited-View Data

In this section, we consider photoacoustic imaging from limited-viewdata.
Our purpose is to design e cient algorithms for reconstructing the location
z from boundary measurements 01‘%p on (0; T), where @ . Using
as weights particular background solutions constructed by the geometrial
control method, we extend the imaging algorithms developed in the preious
section by appropriately averaging limited-view data. It can be shownthat
if one can construct accurately the geometric control, then one can perfon
imaging with the same resolution using limited-view as when usingull-view
data.

13.5.1 Geometrical Control of the Wave Equation

Suppose that T and  are such that they geometrically control , which
roughly means that every geometrical optic ray, starting at any pointx 2
at time t = 0, hits before time T at a nondi ractive point; see [95]. Let
2 C} () be acuto function such that (x) 1 in a sub-domain ©° of
, Which contains the source pointz. For any function w 2 W%2( ), we can
construct by the Hilbert Uniqueness Method (HUM) of Lions [258] a unique
ow(x;t) 2 Wol;z(O;T;LZ( )) in such a way that the unique weak solution
v2CO0;T;L?( )\CLO;T;W %2( ) of the wave equation

8 @v ; . .

3 o v =0 in 0;T);

v=0 on@ n 0;T);

Sv=g, on  (OT); (13.54)
C V(% 0)= ¢ ()wW(x); @v(x;0)=0 in ;
satis es the nal conditions
. _ @v _ ) )
Vji=T = @it 0 in : (13.55)

Here W 12( ) is the dual of W}'2( ). The role of the cuto function s
to have the initial condition vj;—g belong to W01;2( ). Note that since the
absorbers we are looking for are supposed to be away from the boundary,
does not play any role in the imaging procedures below. Moreover, ¢an HUM
is constructive and allows to compute the controlgy, .

13.5.2 Reconstruction Procedure

Assume that measurements are only made on a part of the boundary @ .
Then under the geometric controllability conditions on  and T, existence of
the probe v solution to (13.54)-(13.55) is guaranteed and we have

Z:Z z
%‘Zx; Hvect)d (x)dt = po(x)%\lfx; 0)dx: (13.56)

0
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Varying our choice of@\gx; 0), we can adapt the imaging algorithms developed

in the previous section to the case of limited view data. This approachs robust
with respect to perturbations of the boundary. This is quite important in real
experiments since one does not necessarily know the non-accessipart of
the boundary with good accuracy.

Note also that in the full-view case ( = @ ), no more boundary condi-
tions are imposed onv and consequently, there are many families of explicit
functions v satisfying (13.54)-(13.55). For example, those used in the previous
section as probe functions correspond to one of the following choices far in

ix_yi
Co . . .
w(x) == ————— in three dimensions (13.57)
4 jx i
or 1
w(x) = o % X in two dimensions; (13.58)

where is a unit vector and a scalar parameter. The functions de ned in
(13.57) and (13.58) are respectively families of spherical and plane waves.

13.5.3 Implementation of the HUM

A systematic and constructive method for computing the control g,, such that

the solution v to (13.54) satis es the nal conditions (13.55) is given by the

HUM. Note that the HUM produces an ill-posed problem. If the initial datum

w is highly oscillating, then the HUM can not produce a stable solutiong,.
The implementation of the HUM presented in Algorithm 13.5.3 allows

us to handle general geometries and meshes. It applies a conjugate gradien

algorithm as follows.

13.6 Quantitative Photoacoustic Imaging

Recall that it is the absorption coe cient, not the absorbed energy, that is a
fundamental physiological parameter. The absorbed energy density is ifiact
the product of the optical absorption coe cient and the light uence w hich
depends on the distribution of scattering and absorption within the domain,
as well as the light sources.

In this section, methods for reconstructing the normalized opticalabsorp-
tion coe cient of small absorbers from the absorbed density are proposed
Multi-wavelength acoustic measurements are combined with di ushg light
measurements to separate the product of absorption coe cient and optcal
uence.

Suppose that contains a small absorbing objectD. We write

D=z+ B;
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Algorithm 13.3  The HUM.

1. Let ep;en 2 Wo'2( ) L2( );
2. Solve forwards on (G T) the wave equation

§ o & (=0 in ()
(x,t)— on @ (0;T); (13.59)

(x; 0) = eo(x); %t(x; 0) = ei(x);

3. Compute %(X't) on (0; T) and solve backwards the wave equation
% @Y, ¢ (k=0 in  (O:T);
O on@ n 0;T);
= 13.60
§ b= %(x;t) on  (0;T); (1360
- (xT)=0 Q(X'T)ZO
@t
4. Set
(eo0;€1) = %t(x; 0); (x0) ; (13.61)

5. The solution v of (13.54)-(13.55) can be identi ed with  when
(e0;€1)= 0; &5 (X)W(x)
and gw (Xx;t) = (x;t) on ©0;T) .

wherez is the \center" of D, B is a reference domain which contains the origin,
and is a small parameter. The main purpose is to develop, in the context of
small-volume absorbers, e cient methods to recover , of the absorberD from
the normalized energy density 2A. We distinguish two cases. The rst case
is the one where the reduced scattering coe cient s inside the background
medium is known a priori. In this case we develop an asymptotic approach
to recover the normalized absorption coe cient, 2 ,, from the normalized
energy density using multiple measurements. We make use of innexpansions
of the uence distribution in terms of the size of the absorber. We also
provide an approximate formula to separately recover from ,. However,
this requires boundary measurements of .

The second case is when the reduced scattering coe cients is unknown.
We use multiple optical wavelength data. We assume that the optical wae-
length dependence of the scattering and absorption coe cients are kown. In
tissues, the wavelength-dependence of the scattering often apptimates to
a power law. We propose a formula to extract the absorption coe cient 4
from multiple optical wavelength data. In fact, we combine multiple optical
wavelength measurements to separate the product of absorption coe @nt
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and optical uence. Note that the approximate model we use in this casedr
the light transport, which is based on the di usion approximation, allo ws us
to estimate jDj independently from A and therefore, the multi-wavelength
approach yields the absolute absorption coe cient.

13.6.1 Asymptotic Approach

In this section, we let d = 3 and consider a slightly more general equation
than (13.6) and provide an asymptotic expansion of its solution as the size of
the absorbing objectD goes to zero. We assume that ¢ is constant.
Recall that the uence de ned by (13.6) is the integral over time of the

uence rate  which satis es

1 1 1

“@+ o — 1)=0 i R; 13.62

c@ a(x) 3r 0+ Sr (x;t)=0 in ; (13.62)
where c is the speed of light. Taking the Fourier transform of (13.62) yields
that the Fourier transform , of in t is the solution to

i! 1 1

'?+ a() 31 0 4 1 (X)=0 in ; (13.63)

with the boundary condition

@,
@

For simplicity, we assume thatl| Cp s for some constantC, dist(z; @ )
Co for some constantCy, s is a constant and known a priori and drop in the
notation the dependence with respect to! .

In what follows, we derive an asymptotic expansion of | (z) as goes to
zero, wherez is the location of the absorbing objectD.

Dene © py

+l, =g on@ : (13.64)

0) =0 i .
7C 75 (X) = n ;

subject to the boundary condition

0
7@@ +1 @=g on@ ;

where g is a bounded function on@ .
Let N be the Neumann function, that is, the solution to
8
il 1 .
3 = 3. * N(y)= v in;
> @N s (13.65)
T —+IN=0 on @ :
@
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Note that N is symmetric:

N(y)= N(y;x); xy2; x 6y: (13.66)
Note also that

4
O()= 3o _GNGYd W x2 (367

S
Thus, multiplying (13.63) by N, using the symmetry property (13.66) and
integrating by parts, we readily get the following representation formula of
(x) for x 2

z
( Nx) = a . (Y)N(x;y) dy
z (13.68)
1 1 1
+ 5( —) r (y) ryN(y)dy:
3 a + S S D
We now derive an asymptotic expansion of ( ©)(z), where z is the

location of D, as the size of D goes to zero. The asymptotic expansion also
takes the smallness of ;= 5 into account.
Let Nz be the Newtonian potential of B, which is given by
z

Ng (x) := (x y)dy; x2RS (13.69)
B
and let Sg be the single layer potential associated tdB. We have

( O)z) 32,6 O@)Ng(0) -2Ss[10) r ©O(2): (13.70)

Note that the rst term in (13.70) is a point source type approximation
while the second term is a dipole approximation. Formula (13.70) also shes
thatif  ©(z) is of the same order as (¥ 2(2))r @ (z) then we have two
contributions in the leading-order term of the perturbations in  that are
due to D. The rst contribution is coming from the source term ,(x;!)
and the second one from the jump conditions. If © (z) is much larger than
(1= 2(2))r ©(z) then we can neglect the second contribution. It is worth
emphasizing that formula (13.70) holds for any xed! 0 as goes to zero.

We now turn to the reconstruction of the absorption coe cient. Give n
the light source g, it has been shown in this chapter that the locationz and
2 4 (2) can be reconstructed from photoacoustic measurements. Here
1=0 -

Suppose thatB is the unit sphere. SinceSg[ ](0) = 0, formula (13.70)
reads

( O)z) 3245 Q@Ng0) 3 Ng(0): (13.71)

Thus one can easily see that
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2
a

3 N+ O (13.72)

Let us see how one may separate from ,. Because of (13.67), it follows
from (13.68) that

R

37 @ 9 ©)d a (2 9 (2)iDj
1 1 1

+Z — r r ©O(y)dy:

3 v . . oW (y)dy

Thus we get from (13.70) that

Z
i a( (0))d
3 S @ Z
a (2) ©(2)jDj :ﬁr O@) 3% 46 O@ rNe(y)dy+
7 S B
+3 1 Zisgllydyr Oz
B S
3 Z
Bi 9@ Z2or O@) 3 . 9@ rNg(y)dy+
Z 3 S B
+ I 2rse[1(dyr O(2) :
B S

(13.73)
One may use this approximation to separately recover from 5 even in the
general case, wher® is not necessary a unit sphere by combining (13.73) to-
gether with (13.70). However, this approach requires boundary measurenmés
of on@ .

13.6.2 Multi-Wavelength Approach

We now deal with the problem of estimating both the absorption coe cient
a and the reduced scattering coe cient s from A = , where satises
(13.63) and the boundary condition (13.64). It is known that this problem
at xed optical wavelength is a severely ill-posed problem. However, if the
optical wavelength dependence of both the scattering and the absorptn are
known, then the ill-posedness of the inversion can be dramaticallyeduced.

Let s(x; j)and a(x; ;) be thereduced scattering and absorption coe -
cients at the optical wavelength ; forj =1;2, respectively. Note that A(; )
is supported in the absorbing regionD which is of the formD = z+ B for

of small magnitude. We assume that s(x; ) and ,(Xx; ) depend on the
wavelength in the following way:

s(x )= fs(x)as( ); (13.74)

and
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a(x; )= fa(x)ga( ); (13.75)
for some functionsf ,;fs; ga; gs. Denote

Cs = M = constant in the x variable in ;
S(X; 2)
and _
Cy = M = constant in the x variable in D:
a(x; 2)
Assumptions (13.74) and (13.75) are physically acceptable [142].
Let A be the optical absorption density at j;j = 1;2. Let 1%;19 be two
positive constants. Let ; be the solution of
1 1
X, -r ——r i(x)=0; 13.76
06 3 eyt ™ (13.76)
with the boundary condition
1 @ 0 0
———(X)+ I i X)=g'(x) on @ : 13.77
S(X;j)@() P ()= gi(x) ( )

Note that the boundary condition (13.77) is slightly dierent from (13.64)
because s is assumed variable possibly up to the boundary. Moreover, in order
to simplify the derivations below we have neglected , in the denominator of
the second term of (13.76).

Multiplying (13.76) for j =1 by , and integrating by parts over , we
obtain that

Z
1 1
0= a(X; 1) 3 e 1(x) 2(x)dx
Z Sg(l 1)
1

= a(X; 1) 1 20X 3 (@@ 2 19 1 2)d
1Z 1 ¢

+ = _r X) r x)dx:
3 et 0T 2

We then replace s(x; 1) by Cs s(X; 2) and integrate by parts further to
obtain

lZ 1 lZ 19
3, 2 o WA 00T E 1] a0 200d ()
= (2B DL ) 100 200 dx:

SinceD = z+ B, the following approximation holds:
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z
. 1 A1(2)Ax(z) 1 0 1,
Dj(1+ o(1 I A G A G d
iDj( (1)) c.C. - 2) 32@ O 2 ng 1
1 19
+ = | d:
3 . s 1 1 2

(13.78)
Expansion (13.78) yields approximations of ,(z; 2) and 4(z; 1) =
Ca a(z; 2) from A; and A, provided that jDj is known. To estimate jDj
one can use the following identity
z z

a(X; ) j(x)dx= j d: (13.79)

Wl

@

13.7 Coherent Interferometry Algorithms

In this chapter, we have been interested in reconstructing irtial conditions
for the wave equation with constant sound speed in a bounded domain. We
have developed a variety of inversion approaches which can be exterdi¢o
the case of variable but known sound speed and can correct for the e ect of
attenuation on image reconstructions. However, the situation of interes for
medical applications is the case where the sound speed is perturbdyy an
unknown clutter noise. This means that the speed of sound of the medim is
randomly uctuating around a known value. In this situation, waves un dergo
partial coherence loss and the designed algorithms assuming a constant sal
speed may fail.

Coherent interferometry (CINT) has been considered in Chapter 9. Wlile
classical imaging methods (time-reversal, backpropagation, Kirchho )back-
propagate the recorded signals directly, CINT is an array imaging method
that rst computes cross-correlations of the recorded signals over apppri-
ately chosen space-frequency windows and then back-propagates thecé
cross-correlations. It deals well with partial loss of coherence in chtered en-
vironments.

Combining the CINT method for imaging in clutter together with a recon -
struction approach by spherical mean Radon inversions, we propose CINT-
Radon algorithms for photoacoustic imaging in the presence of random uc-
tuations of the sound speed. These algorithms provide statistically table pho-
toacoustic images. A detailed analysis of their stability and resolution fom a
simple clutter noise model is provided in [37].

Consider the wave equation

S @p

2 . 2 Y=0-

) @%(x,t) c(x)p (gt) 0; (13.80)
© p(x; 0) = po(x); @?x; 0) =0;

and assume that the pressure eldp is measured at the surface of a domain
that contains the support of pg. We restrict ourselves to the two-dimensional
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case and assume that is the unit disk with center at the origin and radius
XO =1.

We consider that the sound speedc is not perfectly known and that it
uctuates randomly around a known distribution. For simplicity, we consider
the model with random uctuations around a constant that we normalize to

one: 1 X
— =1+ : 13.81
c(x)? ¢ ’ (13.81)

Xc
where is a zero-mean stationary random processx is the correlation length
of the uctuations of ¢(x) and . is their standard deviation.
Here and below the Fourier transform, denoted with a hat, is with respect
to the time variable.
Let
q= BWIp[; (13.82)

where B and W are respectively de ned by (2.62) and (13.9).

When the sound speed varies as in (13.81), the phases of the measured
waves X!;y ) are shifted with respect to the deterministic, unperturbed
phase because of the unknown clutter. When the data are numericallypack-
propagated in the homogeneous medium with speed of propagation equal to
one, the phase terms do not compensate each other, which results instabil-
ity and loss of resolution. To correct this e ect, the idea is to backpropagate
the space and frequency correlations between the data:

zz zz
Lei(x) = d (yo)d (y2) d.d!,
@ @;jy2 yij X4 R Rijl2 '1j 4
B(ys;! 1)e " X Vilp(y,; 1 p)e! X val:
(13.83)
The cut-o parameters 4 and X4 play a crucial role. When one writes the

CINT function in the time domain:
27

lci(x)= d (yi)d (y2)
@ Z@?jyz yij X4

—4 dtsnc( at)plyssiyr  Xi+ OP(Y2iiy2  Xi t);
R

it is clear that it forms the image by computing the local correlation of the
recorded data in a time interval scaled by = 4 and by superposing the back-
propagated local correlations over pairs of receivers that are not furtheapart
than Xg4. The idea that motivates the form (13.83) of the CINT function
is that, at nearby frequencies! ;;! ; and nearby locationsy;;y, the random
phase shifts of the dataplys;! 1); P(y2;! 2) are similar (say, correlated) so they
cancel each other in the productply:;! 1)p(y2;! »). We then say that the data
P(y1;! 1) and p(y2;! ) are coherent. In such a case, the back-propagation of
this product in the homogeneous medium should be stable. The purposef
the CINT imaging function is to keep in (13.83) the pairs (y1;! 1) and (y2;! 2)
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for which the data p(y1;! 1) and p(yz;! ) are coherent and to remove the
pairs that do not bring information. It then appears intuitive that the cut-o
parametersX g, resp. 4, should be of the order of the spatial (resp. frequency)
correlation radius of the recorded data, and we will con rm this intuiti on in
the following.

The imaging function | ¢, is quite e cient in localizing point sources in
cluttered media but not in nding the true value of py. Moreover, when the
support of the initial pressure po is extended, | ¢, may fail in recovering a
good photoacoustic image. We propose two things. First, in order to avoid
numerical oscillatory e ects, we replace the sharp cut-o s in the integral by
Gaussian convolutions. We know that the CINT function is stable when the
cut-o function has a positive Fourier transform. Then instead of takin g the
correlations between the back-propagated raw data, we pre-process thelike
we do for the Radon inversion. We thus get the following CINT-Radon imagirg
function:

Z7 Z7 Cp ' 1?2 iva Yzziz

lcir (x) = d (y)d (y2) didle 2§ e
@ @ R R

B(ys;ta)e " YRyt p)e! Ve

(13.84)
where q is given by (13.82).

The purpose of the CINT-Radon imaging function | ¢jgr is to keep in
(13.84) the pairs (y1;!1) and (y2;!2) for which the pre-processed data
G(y1;! 1) and §(y2;! ») are coherent and to remove the pairs that do not bring
information.

Using the exact inversion formula (2.53) for the spherical mean Radon
transform, the CINT-Radon algorithm can be generalized to the three-
dimensional case provided that the measurements are taken on a sphe@ .

13.8 Concluding Remarks

In this chapter, we have described imaging models that relate the reasured
photoacoustic wave elds to the sought-after absorption distribution. We have
also provided methods that can compensate for boundary conditions, an ob-
ject's frequency-dependent acoustic attenuation, and heterogenesuspeed of
sound distribution. Image reconstructions by use of algorithms that ignoe
this can contain artifacts and distortions.
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Quantitative Thermoacoustic Imaging

14.1 Introduction

The aim of this chapter is to investigate quantitative thermoacoustic imaging.
Given several data sets, we establish an analytical formula for reconsicting
the absorption coe cient from thermal energy measurements. Since he for-
mula involves derivatives of the given data up to the third order, it is unstable
in the sense that small measurement noises may cause large errors. Hoee
in the presence of measurement noise, the obtained formula, togetherith a
regularization technique, provides a good initial guess for the trueabsorption
coe cient. An optimal control problem can be used to solve the quantitat ive
thermoacoustic imaging problem.

To describe the quantitative thermoacoustic approach, we employ searal
notations. Let be a smooth bounded domain inRY; d = 2 or 3. Let @
denote the boundary of and let be the outward normal at @ .

Let u* be the solution of

u X+ (k®+ikquk=0 in ;

K=g on@ : (14.1)

The thermoacoustic imaging problem can be formulated as the inverse
problem of reconstructing the absorption coe cient g from thermoacoustic
measurementsgju¥j? in  for k 2 (k;k). The quantity gju*j? in is the heat
energy due to the absorption distribution g. It generates an acoustic wave
propagating inside the medium. Finding the initial data in the acoustic wave
from boundary measurements yields the heat energy distribution. Ou aim
in this chapter is to separate g from uX. We provide an explicit formula for
reconstructing ¢ from the heat energyqju*j? in . The formula can be used
as an initial guess to achieve a resolved image of the absorption distribign
in a robust way. Our results in this chapter are from [51].
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14.2 Measurements

We rst describe a polarization procedure to obtain more data.

Proposition 14.1  Let gi;¢, 2 L%(@ ): For j = 1;2; and k 2 (k;k); let u¥
be the solution of

u K+ (k2+ikquf =0 in ;

14.2
u}‘ =g on@ : (14.2)

The function EX(x) = g(x)u§(x)uk(x);x 2  can be evaluated from the know!-
edge of the data

qjuf + usj? and gjiu} + u5j;
which correspond to the use of respectivelg = g1 + g and g = ig; + g2 in
(14.2).

Proof. It is easy to see that the dataEX is given by

1 . P -
= S(a@ui+ug® gugj? q1u212)+ S(diu+uz® quij® quzi®); (14.3)
which yields the desired result. u

Let
()] = (1;x1:::15%a) (14.4)

and uk be the solution of (14.1) with g replaced withg;,j =1;:::;d+1. Due
to Proposmon 14.1, we are able to measure the following (polarlzed) data

=(E) = (quuh)s  forall k2 (k;k): (14.5)
We will also need some property of the measured data above.

Proposition 14.2  Assume thatqis compactly supported in and denote by

Ojts support. There existN > 1 pairwise disjoint opens subsetsBl, Bo;:::;Bn
of ,and N frequenciesky;:::;kn 2 (k;Kk) such that 0 [ J L1 Bj and,
for any n=1;:::;N,

® ju1”j > 0in By;
(i) The matrix [uf";r u]y j g1 is invertible for all x 2 B:

Proof. Fix an arbitrary point z2 ; assume thatu¥(z) =0 for all k 2 (k;k).
Sincek 7! u¥(z) is analytic, uk(z) =0 for all k 2 R and in particular ul(z) =
0: However, it is easy to solve (14.1) withk =0 and g = 1 to get ul(z) =
We can conclude that for allz 2 ; there isk, 2 (k;k) such that ul (2) does
not vanish. By the continuity of ul , Jul j > 0in B, a small neighborhood
ofzin .Since is compact, we can extractBi;:::;By fromfB,:z22 ¢
so that B1;:::;By cover ; and hence (i) holds. Item (ii) can be proved
similarly using the di erentiability of the determinant.  u
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De nition 14.3  The set (g )J-d:i L2(@ ) is a proper set of measurements
for (14.1) on an interval (k;k) if and only if the corresponding (uf), j =

14.3 Exact Formula

The aim of this section is to reconstructq when a proper set of measurements
(9 Jd:% as the one in (14.4) is used, and the dat&®, de ned in (14.5), are
given.

Let

E
f=— 2 j d+1; 1 1 N (14.6)

E;

in B,: Then it is not hard to see that
ujkl - jkl UEI :

for2 j d+land1 | N.We have the following lemma.
Lemma 14.4 Let % = =(@¥r u¥'). Then

r K= KEX inB,: (14.7)

Proof. Let ' 2 C! (Bn;R) be an arbitrary function. Then using 'u ; 2
W;?(Bn) as a test function in

u § = (K + ikiguf

yields
z z z

Ve ubj2dx+ N ok rdx = (K2 + ik g)jubtjZdx:

Taking the imaginary part of the equation above gives
z z z

rooEur uydx = kquljdx = KES'dx;

and (14.7) follows. u

The following lemma plays an important role in the derivation of an exact
inversion formula for q.

Lemma 145 Forall2 j d+1landl | N,
!
k q 2gM
rogor logET" E‘l" = i (14.8)

in By.
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equation under consideration,

(k? + ikjg) [ uf

k), K

j Uz
ki ki ki
J J ]

= (kP +ikq) Ty df 0 2rdfor

ki
2rug' r

ui U

Therefore,

E‘l‘| jk':un‘fr u‘i' roK

J

=2q <ufruk+i=ubrd r k
=q 0 dfPe2i=ui oy r
We have proved that
Y F=agdiPeaitorof
or equivalently,
aj uf'i? o = EY N 2ig Mor K (14.9)

On the other hand, di erentiating the equation E‘l‘I = qju'fj2 gives

r EX = o uf'j2+ EXr logq:
This, together with (14.9), implies

(r Ef Ef'rlogg) r = EX' © 2gM r [

and (14.8), therefore, holds. w

We claim that the set
fr jk' Q| d+1

is linearly independent for allx 2 ; where }" was de ned in (14.6). We only
prove this whend = 2. The proof when d is larger than 2 can be done in the
same manner. In fact, the linear independence ofr  &';r g comes from
the following calculation:
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K ki ki Ki K
det 2 = 1 det Uil Uz Up'T U
ro X Kiya ubir uk ke o
3 (u1) 17 Uz 3l up
ki ook
-1 det up ru;
Kiya ukir uke ke b
(u") 1 3 3 1
ki
K ru;
uy' det ki gk ki gk
uprus usru
1 ru ru
= — urdet 2 +ugdet &
(u1") rus u;
ki
u,' det -
3
1 ukt Ul
= Wdet4u'§' rusS60:
u ki ok
1 usz' rusg

Here, part (ii) in Proposition 14.2 has been used. Since thel d matrix

A =r g (14.10)
is invertible in By, we can solve system (14.8) to get
2ig *
r Iogik qu = ak ; (14.11)
E; E;'

wheread is the vector (AK Ak T[Ak (r Ak,
We are now ready to evaluateq. We rst split the real and the imaginary
parts of (14.11) to get

r Iogik =19, logEX = <(a) (14.12)
E; q
and . )
EX=(ak)
ki — 1 -
2 (14.13)
Then, di erentiating (14.13), we have
o ko Ef=@) rgor (EY=(@)
207 2q
This, together with (14.7) and (14.12), implies
EY(<@)+r logEy) =(a) r (Ey'=(a"))
f 2k EX
EY<(@) =@)+rEy =@, Ear = @)+rEY =(a)
2 EX 2K EY
<@1) =@9) r = @),

2k
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The results above are summarized in the following theorem.

Theorem 14.6 Let A¥ be de ned as

Kk — kK d .
At =[r fali-1s

where ;
ko B
J E]If
and the data(E; )Jd:% is given by the proper set of measurementsl; x1;:::;XqQ
We have < (@) =(@)+r = (&)
a(x) = K ; (14.14)
where
a = ((A%) A%) T[(A) 1 AN (14.15)

Remark 14.7 In practice, the vector a¥ in (14.15) can be found as the least
square solution of
z 2
min AKX Akak Ak Ak dx

and g is given by

1 “R < @) =@y rr = @)

K Kk« 2k

q= (14.16)
Remark 14.8 Formula (14.16) is unstable in the sense that if there are some
noises occurring when we measure the datg¥; 1 j d+1, then g, given
by (14.16), might be far away from the actualq since the right-hand side of
(14.16) depends on the derivatives of the noise (up to the third ordgr

14.4 Optimal Control Approach

Due to Remark 14.8, we need to correct the errors caused from noises in
measurements to obtain the actualg. To do so, we minimize
1 Z¢Z
=5 guki2  EX % dxdk (14.17)
K

with the initial guess g given by (14.16). Here,uX is the solution of (14.1)
wheng=1.
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14.4.1 The Di erentiability of the Data Map and Its Inverse

Let0<qg < Let
Ly ()= p2L'( ):g<p<qgin

Then, L1 ( )is an open setinL® ().
Fix k 2 (k;k): We de ne the solution and the data map as

uk Ly () WEE()

47 W[ (14.18)
e FRILE( )1 L2( )
a7 RN = gk (14.19)
where uX[q] is the solution of
K+ (k2+ikquk=0 in ;
u ( ikq)u in (14.20)

k=1 on @ :

The map FK is well-de ned because of regularity results guaranteeingi 2
Ct( ):

The main purpose of this subsection is to study the derivative operabr of
Fk.

Lemma 14.9 For any k > 0O; the map uX, de ned in (14.18), is Fechet
di erentiable in L1 ( ). Its derivative at the function q is given by

duf[al( )= v¥( ); 8 2 By; (14.21)

where B L ( ) is an open neighborhood of0 (that depends ong) in
LY ( ) and v¥( ) is the solution of
(
v K+ (K% + ikgq)vk = iku K[ in

14.22
vK=0 on@ : ( )

In addition,

(i) FX is also Fechet di erentiable and
dF¥[l( )= ju*[ali® +2a<(u¥[dv"( )); 8a2Li ( ); 2Bg: (14.23)

(i) The dual of dF¥, dFk | is given by
Z
(;dF * [q(h) = < gju*[a]i*h + iku*[qp“(h) dx ; (14.24)



244 14 Quantitative Thermoacoustic Imaging
where p¥(h) is the solution of

p K+ (Kk?+ ikq)pk =2quk[ghin ;

14.25
pk=0 on@ : ( )
(iiiy There exists ¢ > 0 such that for all 2 L?( )

Zy
KAFK[A)( Dkz( ydk ok kpz( y: (14.26)

K

Proof. It is su cient to show that

li h =0; 14.27
K kLllr(n)! 0 ) ( )

where . . .
h():kU[q+ I u[d ve( kez( y .
K Kkt '

In fact, since ukK[g+ ] u*[q VK( ) solves the problem

( ( +k*+ikg)(uk[g+ ] u¥[q VK( )= ik (uK[g+ ] u¥[q)in
uk[g+ ] uk[d vk()=0 on @ ;

we can obtain

k ki (k(uf[g+ T uX[aDkez y |
inf q '

kuk[g+ 1 u*[al  vA( Dkee( )
(14.28)
On the other hand, sinceuk[q+ ] uX[q] satis es

(U[a+ 1 uk[al)+ (K> +ik(g+ )(u*[a+ ] u¥[a)= ikuX[qin ;
u“[g+ ] u*[g=0 on @ ;

we have
k k|_1 ( )kuk[q]kLZ( ) .
inf(q+ ) '
Combining (14.28) and (14.29) yields (14.27). Using the chain rule in di eren-

tiation, we readily get (14.23). Formula (14.24) can be obtained by integration

by parts.
We next prove the last part of the lemma. SincedFX[q] takes the form
juk[ai?(I + compact), it is su cient to prove that

(14.29)

kuk[q+ ] uk[q]kLZ( )

\ 2 o KerdF¥[a] = f0g
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and then apply the Fredholm alternative. Assume there exists 2 L?( )nfOg
such that

dF“[al( ) =0

for all k 2 (k;k): By analyticity, it follows that dF°[g]( ) = 0. This is not a
true fact becausev®( )=0and uW’[g =1. w

Using regularity theory, we see thatu®[g] belongs toL® ( ). Hence,dF[q]
can be extended so that its domain id_?( ). By abuse of notation, we denote
the extended operator still by dF¥[q].

14.4.2 Landweber's lteration

Lemma 14.10 The mapJ de ned in (14.17) is Fechet di erentiable in q.
Moreover, for all q2 L1 ( );

Z:2
dJ[o]( )= ju[ali?(qjukj?  EX)+ <ikp*u*[q] dxdk;  (14.30)
k

where p¥ is the solution of (14.25) with h = (qjukj? EX):

Now we can apply the gradient descent method to minimize] and arrive
at the iteration
g = T dI [ToM]; (14.31)

where > 0 is the step size,
Tf =maxfqg, minfq;fgg: (14.32)

Here, dJ[T "] is computed using (14.30). Moreover, the presence ofF in
(14.31) improves the rate of convergence becauseq") is closer to the true
coecient g than o™ and is necessary becaus&[q")] might not be well-
de ned. Using (14.24) we can show that this optimal control problem is noth-
ing else than the Landweber scheme:
Z
g = 1o dF [Tq™] F*(Tq™) E* dk:
]

Using (14.26) it follows that there exists > 0 su ciently small such that
the Landweber scheme or equivalently the optimal control approach conveyes
toq.






15

Ultrasonically-Induced Lorentz Force Electrical
Impedance Tomography

15.1 Introduction

In ultrasonically-induced Lorentz force method (experimental appaitus pre-
sented in Figure 15.1) an ultrasound pulse propagates through the medium
to be imaged in the presence of a static magnetic eld. The ultrasonic \ave
induces Lorentz' force on ions in the medium, causing the negatively athpos-
itively charged ions to separate. This separation of charges acts as a souroé
electrical current and potential. Measurements of the induced curent give in-
formation on the conductivity in the medium. A 1 Tesla magnetic eld and a 1
MPa ultrasonic pulse induce current at the nanoampere scale. Stronger mag-
netic elds and ultrasonic beams can be used to enhance the signal-toeise
ratio.

This chapter provides a rigorous mathematical and numerical framework
for ultrasonically-induced Lorentz force electrical impedance tomograpy. Ul-
trasonic vibration of a tissue in the presence of a static magnetic eldinduces
an electrical current by the Lorentz force. This current can be deteted by
electrodes placed around the tissue; it is proportional to the veloity of the ul-
trasonic pulse, but depends nonlinearly on the conductivity distiibution. The
imaging problem is to reconstruct the conductivity distribution f rom mea-
surements of the induced current. To solve this nonlinear invers problem,
we rst make use of a virtual potential to relate explicitly the curr ent mea-
surements to the conductivity distribution and the velocity of t he ultrasonic
pulse. Then, by applying a Wiener lter to the measured data, we reduce the
problem to imaging the conductivity from an internal electric curre nt density.
We rst introduce an optimal control method for solving such a problem. A
direct reconstruction scheme involving a partial di erential equation is then
proposed based on viscosity-type regularization to a transport equation atis-
ed by the current density eld. We prove that solving such an equation yields
the true conductivity distribution as the regularization parameter ap proaches
zero. We also test both schemes numerically in the presence of measment
noise, quantify their stability and resolution, and compare their performance.
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The chapter is organized as follows. We start by describing a model fahe
electrical conductivity in electrolytic media. From this model we derive the
current density induced by an ultrasonic pulse in the presence ad static mag-
netic eld. We then nd an expression of the measured current. The inverse
problem is to image the conductivity distribution from such measurements
corresponding to di erent pulse sources and directions. A virtual potential
used with simple integrations by parts can relate the measured curnet to the
conductivity distribution and the velocity of the ultrasonic puls e. A Wiener
deconvolution Iter can then reduce the problem to imaging the condudivity
from the internal electric current density. The internal electric current density
corresponds to that which would be induced by a constant voltage di erece
between one electrode and another with zero potential. We introdue two re-
construction schemes for solving the imaging problem from the interal data.
The rst is an optimal control method; we also propose an alternative to this
scheme via the use of a transport equation satis ed by the internal curent
density. The second algorithm is direct and can be viewed as a PDE-bade
reconstruction scheme. We prove that solving such a PDE yields tdhe true
conductivity distribution as the regularization parameter tends to zero. In
doing so, we prove the existence of the characteristic lines for theransport
equation under some conditions on the conductivity distribution. We nally
test numerically the two proposed schemes in the presence of measment
noise, and also quantify their stability and resolution. Our results in this chap-
ter are from [60].

transducer (500 kHz)
4—

sample with electrodes

magnet(300 mT)

~ oil tank

<«—— degassed water

absorber

Fig. 15.1. Example of the imaging device. The transducer is emitting ult rasound
in a sample placed in a constant magnetic eld. An induced electrical current is
collected by two electrodes.
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15.2 Electric Measurements From Acousto-Magnetic
Coupling

Let a physical object to be imaged occupy a three-dimensional domain
with a smooth boundary @ . Assume that this body is placed in a constant
magnetic eld B in the direction e; where fe;; e;; e3g denotes the standard
orthonormal basis of R®. We are interested in recovering the electrical con-
ductivity of this body 2 L* () with the known lower and upper bounds:

0< _ < 1:

An acoustic transducer sends a short acoustic pulse frory 2 R® in the di-
rection 2 S, with S being the unit sphere, such that e; = 0: This pulse
generates the velocity eld v(x;t) with v(x;t) taking the following form:

vix;t)=w z ct A zjrj ; (15.1)
where
z=(x Yy) and r=x y z 2 =f 2R®: =0g: (15.2)

Here,w 2 C! R, supported in ( ; 0), is the ultrasonic pulse prole; A 2
Ct R R* ,supportedin R* [O;R], is the cylindrical pro le distribution
of the wave corresponding to the focus of the acoustic transducer; anR is
the maximal radius of the acoustic beam.

15.2.1 Electrical Conductivity in Electrolytes

We describe here the electrical behavior of the medium as an elediytic tissue
composed of ions capable of motion in an aqueous tissue. We considetypes

volumetric density n; is assumed to be constant. Neutrality in the medium is
described as
X
S anmi =0: (15.3)
I
Kohlrausch's law [86] de nes the conductivity of such a medium as a hear
combination of the ionic concentrations

X
=€ iGgni; (15.4)
i
where €' is the elementary charge, and the coe cients ; denote the ionic
mobility of each ion i.
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15.2.2 lon Deviation by Lorentz Force

We embed the medium in a constant magnetic eld with direction ez, Bes, and
perturb it mechanically using the short, focused, ultrasonic pukesv de ned
in (15.1). The motion of the charged particlei inside the medium is deviated
by the Lorentz force

Fi=qvB e3: (15.5)
This force accelerates the ion in the orthogonal direction
()= e (15.6)

Then, almost immediately, the ion reaches a constant speed given by

Vi = iBv
at the rst order. Finally, the ion i has a total velocity
vVi=Vv + Bv:

The current density generated by the displacement of charges can beedcribed

as follows:
| I
. X X ' X '
Js = nigvi = nig v + ni ig Bv:
i i i

Using the neutrality condition (15.3) and the de nition of  in (15.4), we get
the following simple formula for js:

js = ei+B (A (15.7)
This electrolytic description of the tissue characterizes the iteraction be-
tween the ultrasonic pulse and the magnetic eld through a small deviaton of
the charged particles embedded in the tissue. This deviation genates a cur-
rent density j s orthogonal to and to B, locally supported inside the domain.
At a xed time t, js is supported in the support of x 7! v(x;t). This current
is proportional to , and is the source of the current that we measure on the
electrodes placed at@ . In the next section, a formal link is substantiated
betweenjs and the measured currentl .

15.2.3 Internal Electrical Potential

Because the characteristic time of the acoustic propagation is very longam-
pared with the electromagnetic wave propagation characteristic time, ve can
adopt the electrostatic frame. Consequently, the total currentj in  ata xed
time t can be formulated as

JOGt) = jsxt)+  (X)r xu(x;t); (15.8)
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where u is the electrical potential. It satis es
r« (sOt)+ O)r yux;t)=r j(xt)=0: (15.9)

Figure 15.2 shows the con guration under consideration. Let ; and 5 be
portions of the boundary @ where two planar electrodes are placed. Denote
0=@ n( 1[ 2).

Electrode 1

2 Ultrasonic pulse

Fig. 15.2. Imaging system con guration. An ultrasonic wave propagates in a
medium of electrical conductivity =~ comprised between electrodes 1 and ».

As we measure the current between the two electrodes; and », the
electrical potential is the same on both electrodes, and can be xed t@ero
without loss of generality. Further, it is assumed that no current can leave
from (. The potential u( ;t) can then be de ned as the unique solution in
WL2( ) of the elliptic system

g F e (0T uGGD) = 1 js(xt) in
S u(x;t)=0 on 1[ 2; (15.10)
: %sz;t):o on o:

Note that the source term js depends on the timet > 0, the longitudinal
axis 2 S and the pro le of the acoustic pulse. The electrical potential u also
depends on these variables.
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The measurable intensity | is the current ow through the electrodes.
Integrating (15.10) by parts gives
z z
@u,~ a@u
, @ , @

which is the expression of current ow conservation. We de ne the ntensity
| by

0;

z
() = (x)%‘ix; t) ds(x) : (15.11)

2

15.2.4 Virtual Potential

In order to link | to , we introduce a virtual potential U 2 W%2( ) de ned
as the unique solution of

8 :
ér (ru)y=o in ;

u=>0 on 1;
E U=1 on ;; (15.12)
@u
. — =0 on :
@ 0

Then we multiply (15.10) by U and integrate by parts. Assuming that the
support of v does not intersect the electrodes ; and ,, we obtain
Z Z U Z
ruru+ — = js rU:
. @ Is
From the property of U in (15.12) and the de nition of | in (15.11), the above
identity becomes Z

| = js rU:

The above identity links the measured intensity | to an internal information
of using the expression of s in (15.7):
z

B
| = = v(x;t) (x)r U(x)dx
According to (15.1), v depends ony, , andt, so doesl. We de ne the mea-
surement function as
z

M (y; ;z) = v(x;z=¢) (X)r U(x)dx () (15.13)

foranyy 2 R®, 2 Sandz > 0. We assume the knowledge of this function in
a certain subset ofR® S R* denoted byY S (0;Zmax ). We will discuss

later the assumptions we have to impose on this subset in order to makte

reconstruction accurate and stable.



15.3 Construction of the Virtual Current 253

15.3 Construction of the Virtual Current

For simplicity, let us restrict ourselves to the two dimensional case where both
the conductivity  and the virtual potential U do not change ines-direction.

For convenience, the same notations will be used as in the three dimsional
case.

In order to obtain the information of  contained in M, we need to sep-
arate the contribution of the displacement term v from this measurement
function. Using the cylindrical symmetry of this integration we wri te for any
z 2 (05 Zmax )

Zz
w(z 29 r U)y+ 2° + r)A(Z%jrj)drdz® ()
v z
wiz 29 (ru)y+z° + nAE%jr))drdz® ()
R

(W? y.)(2) ();
(15.14)

where is de ned by (15.2), () by (15.6), W(z) = w( 2z), ? denotes the
convolution product, and
VA

y (2= (y+z +r)A(Zjrj)r U(y+z +r)dr:

M(y; ;2)

As will be shown in section 15.6, through a one dimensional deconvolution
problem that can be stably solved using, for instance, a Wiener-type ltering
method, we get access to the function . ( ). Now the question is about
the reconstruction of from , (). We can notice that . is a weighted
Radon transform applied to the virtual current eld r U. The weight A(z;jrj)
is critical for the choice of the method that we can use. Closer this wight is
to a Dirac mass function, better is the stability of the reconstruction. In this
case, if the eld r U does not have too large variations, we can recover a
rst-order approximation, as discussed in the rest of this section.

In order to make the reconstruction accurate and stable, we make two
assumptions on the set of parametersY S (0;zmax ). FOorany x 2, we
de ne
Xy

= 2 : =
S« S ix

forsome y2'Y
The rst assumption is

(H1) 8x2 ; 9 1;22Sx st j1 260;

and the second one reads

(H2) 8x2 ; 8 2Sy; 9unique y2Y st =

x oy
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From the assumption (H2), we can de ne a distance mapjx yj as a
function of x and . We will denote dy (x; ) = jx Yj. By a change of variables,
we rename our data function as

06 )=y () ()

= ( r U)X+ DA dy(x; );jrjdr () (15.15)

Now if we denote by
Z

)= Adv(x; )jrjdr (); (15.16)

then we expect that

) (rux) &)

provided the supp(A) is small enough and r U does not vary too much. The
following lemma makes this statement precise.

Lemma 15.1 Consider a xed direction 2 S and consider the domain
covered by the pulses of direction de ned by = fx 2 : 2 Sxo0.
Suppose that the virtual current r U has bounded variations, then

k(;) rU (ke y SR rUp, s

where R is the maximum radius of the cylindrical support of the envelopé&
and ¢ > 0 depends on the shape &. Here, denotes the total variation

. T™V()
semi-norm.

Proof. For a.e.x 2 , we have

L) (rux) )i
z
ICrO)(x+r)  (rU)X)A dy(x );jrj dr;

and so
KL ru Gk
jCrU)(x+r) (r WA dy(x; );jrj dxdr

Z
ru V() Jrjoquluaax A(z;jrj)dr
2R rUTV( ) sup  A(z; )d;

R+ 0<z<Z max

which completes the proof. u



15.4 Recovering the Conductivity by Optimal Control 255

Note that in the most interesting cases, r U has bounded variations. For

example, if has a piecewiseW ! smoothness on smooth inclusions, then

r U has bounded variations. This also holds true for in some subclasses of
functions of bounded variations. In the following, we make the assumptn,
as in Lemma 15.1, that r U has bounded variations.

In conclusion, our data approximates the quantity ( r U)(x) (x; ) for
anyx 2 , 2 Sy where the vector (x; ) is supposed to be known. To get
the current ( r U)(x), we simply consider data from two linearly independent
directions. Using assumption (H1), for a xed x 2 , there exist 1; 2 2 Sy
such that det( 1; ) 6 0. We construct the 2 2 invertible matrix

N O K
(Xl 1, 2) - (X, 2)7 ’
and the data column vector
. (% 1)
X; 1 2) =
( 1 2) (X; 2)

We approximate the current r U(x) by the vector eld

VX 15 2)= (X% 152 1 (% 1 2):

Indeed, for any open set€ .\, the following estimate holds:

kV(, 1, 2) r UkLl(e)

)(2 1=2
Sup (Xv 1y 2) ! L (R2) k (1 i) ru () i)kLl( i)
x2 © i=1
cR ru TV( )"

It is worth mentioning that if more directions are available, then we can
use them to enhance the stability of the reconstruction. The linearsystem
becomes over-determined and we can get the optimal approximation by uisg
a least-squares method.

15.4 Recovering the Conductivity by Optimal Control

In this section we assume that, according to the previous one, we are ithe
situation where we know a good approximation of the virtual current D :=
r U in the sense ofL!( ). The objective here is to provide e cient methods
for separating from D.
For a<b, let us denote byLZ,( ):= ff 2L ( ) : a<f<bgand
de ne the operator F :L*.—( ) ! W%Y2( )by
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U=1 on 5,; (15.17)

The following lemma holds.

Lemma 15.2 Let dF be the Fechet derivative of F. For any 2 L' —( )
andh2 L' ( )suchthat +h2L'—( )we have a

gr (rvy=r (rF [ in
dF[ ()= v: v=0 on 1l 27 (1518g)
> @V:O on o:
@ o

Proof. Let us denote byw= F[ +h] F [ ] v. This function is in W%2( )
and satis es the equation

ro(rwy=r (hr(F[ +h] F [])
with the same boundary conditions asv. We have the elliptic global control:

kr wkiz( Ekhk kr (F[ +h] F [ Dk

L1 () L2( ) -

Since
r(r(F[ +hl F [D)=r (hrF [ +h]);
we can also controlF[ + h] F [ ] with

1
ke (F[ +h] F [ Dk ) p=khks (kP [+ hlkeo

Then, there is a positive constantC depending only on  such that
r_

kF [ +hlk: , C —:

Finally, we obtain p_
kr wk o, C—5khkls ()

and the proof is complete. u

We look for the minimizer of the functional
Z
1 ) 2
J[ ]= > jrFE[] Dj: (15.19)

In order to do so, we compute its gradient. The following lemma holds.
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Lemma 153 Forany 2 L'-( )andh 2 L' ( ) suchthat + h 2
L (), -

z
dJ[ 1(h) = h (rF[] Dr p rF[]
wherep is de ned as the solution to the adjoint problem:
gr(rp:r(sz[] D) in
p=0 on 1[ 2; (15.20)
3 @p
' — =0 on o:
@ 0

Proof. AsF is Fechet di erentiable, sois J.For 2 L' —( )andh2L! ()
suchthat +h2 L' (), we have B
Z
dJ[ I(h)y= (rF [ D) (hrF [ ]+ rdF[ ](h)):

Now, multiplying (15.20) by dF[ ](h), we get
z z
rprdf[]J(hy= (2F [] D) rdF[]h):

On the other hand, multiplying (15.18) by p we arrive at
Z Z
rprdrF[ ](h)= hrtE [ ] r p;

and therefore,
Z

dJ[ J(hy= h(CrF [ ] D r p) rF [];

which completes the proof. 1

Lemma 15.3 allows us to implement a numerical gradient descent mettb
in order to nd . A regularization term can also be added toJ[ ] in order
to avoid instability. As we are seeking discontinuous with smooth variations
out of the discontinuity set, a good choice would be the minimization ofthe
regularized functional:

Z

Jo[ ]:% jrF [] D+ (15.21)

TV ( );

where" > 0 is the regularization parameter.
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15.5 The Orthogonal Field Method

In this section, we present an alternative direct method to optimal control for
reconstructing the conductivity from the internal data r U. It is based on
solving a transport equation. The following approach may be extendeda the
three dimensional case. However, several proofs would need to be igted.

Given avector eld D = r U which is parallel tor U everywhere, we may
construct the vectorial eld F = ( r U)? =(D,; D) which is everywhere
orthogonal to D. The ow of F may de ne the level sets ofU. Assuming that
the variations of the conductivity  are far enough from o, we can assume
that U(x) = X, on this boundary part. Then U is a solution of the following
transport equation:

(
Fru=0 in ;

15.22
U= xo on@ : ( )

In the case where (15.22) is well posed and can be solved, we can reconstruc
the virtual potential U. The conductivity is deduced fromU and D by the
following identity

1 D ruU.

b

Despite to its very simple form, this rst-order equation is really tricky. Ex-
istence and uniqueness are both di cult challenges in the general cas Our
main di culty here is due to the fact that F is discontinuous. As the function
U that we are looking for is a natural solution of this equation, we are only
concerned here with the uniqueness of a solution to (15.22).

(15.23)

15.5.1 Uniqueness Result for the Transport Equation

The uniqueness of a solution to (15.22) is directly linked to the exitence of
outgoing characteristic lines de ned by the dynamic system [114]:

( 0
XA = FX@®)it o

X(O)= . x 2 : (15.24)

which usually needs the continuity of F. As is in general not continuous,
F is not continuous, which makes the classical existence results uses. Nev-
ertheless, under some assumptions on, we can insure the existence of the
characteristic lines.

De nition 15.4 Forany k2 N, 2 (0;1), for any simple closed curveC of
classCY such that nCis a union of connected domains ;i =1;2;:::;n,
we de ne Cé; ~ to be the class of functiond : ! R satisfying

fj,2Cs 7 8i=1;:::;n:
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De nition 15.5 A conductivity is said to be admissible if there exists a
constant 2 (0;1) and a curveCof classCt suchthat 2 CZ \LE()

and )
inf rF [] e > 0:
nC

If is admissible and belongs toCY ~ , then the solution U of (15.12)
belongs toCS ~ andthe eld F =( r U)? satises
F2c2 = and infF e > 0:
n

Moreover, asF is orthogonal to r U, we can describe the jump ofF at
the curve C. De ning the normal and tangential unit vectors and and also
the local sides (+) and (-) with respect to , we can write F on both sides as

F+ -+ @Lj + * @U :
@ @
F = @U + @U )
@ @
with the transmission conditions, *@U =@ = @U=@ and @U =@ =

@U =@. Finally, we characterize the discontinuity of F by
@u
Fl=[ =
[F1=1 1 @

where [] denotes the jump acros<.
With all of these properties for the eld F, we can prove the existence of
the characteristic lines for (15.24).

Theorem 15.6 (Local existence of characteristics) Assume thaf 2 C2
with C of classCY for 2 (0;1). Assume that the discontinuity of F on C
satis es

Ff=f + "g;
F =f + g,
with f;g; *; 2 C% (C) where *; are positive andg is locally signed.

Then, for any xo 2 , there existsT > 0 and X 2 C! [O;T[; such that
t 7! F(X (1)) is measurable and
z t
X (t) = Xo + F(X(s))ds; 8t2[0;TI:
0

Proof. If xo 2 C, then F is continuous in a neighborhood ofx, and the
Cauchy-Peano theorem can be applied.

If Xxg 2 C, then we choose a diskB centered atXxg. The oriented line
C separatesB in two simply connected open domains calledB* and B . For
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ease of explanation, we may assume thaC \ B is straight line (since we can
atten the curve using a proper C° -di eomorphism).

Assume that g(xo) > 0. Up to rescaling B, we can assume thatg(x) > 0
for all x 2 C\ B. We extend Fjg- to a continuous eld F 2 C°(B) by even
re ection. The Cauchy-Peano theorem insures the existence of > 0 and
X 2CH [0;T[; such that X (0) = xo and X (t) = F(X (t)) forall t 2 [0;T[.
As g(xo) > 0, we haveX q0) (x¢) > 0 and X (t) 2 B* in a neighborhood of
0. Thus, for a small enought, X (t) = F(X (1)). If g(Xxo) < 0, then we apply
the same argument by interchangingB and B*.

Suppose now thatg(xg) = 0. The eld F is now tangent to the disconti-
nuity line. If f (xo) = 0, then X (t) = Xo is a solution. We assume here that
f (xo) > 0. As g is assumed to be locally signed, we can suppose thgt 0 in
a small sub-curve ofC satisfying (x Xo) (Xo) > 0. Again, we extendF jg -
to a continuous eld F 2 C°(B) by even re ection and use the Cauchy-Peano
theorem to show that there existsT > 0 and X 2 C! [O;T[; such that
X (0) = xg and X Yt) = F(X (1)) for all t 2 [0;T[. In order to complete the
proof, we should show that X (t) belongs to B* for t small enough. If not,
there exists a sequencé, & 0 such that X (t,) 2 B . By the mean value the-
orem, there existsty, 2 (0;t,) such that F(X (t;)) (Xxo) = XYtn) (Xo) < O.
Thus, X (t) belongs toB* and X 4t) = F (X (t)) for t small enough.

Note that the local monotony of g is satis ed in many cases. For instance
if Cis analytic and is piecewise constant, thenr U is analytic on C and
hence,g is locally signed. w

It is worth mentioning that existence of a solution for the Cauchy problem
(15.24) has been proved in [114] provided thaF > 0 on C. Here, we have
made a weaker assumption. In fact, we only need thaF is locally signed.

Corollary 15.7  (Existence of outgoing characteristics) Consider 2 Cg: ()
satisfying the same conditions as in Theorem 15.6 and the coiittbn
inf F e c;
nC
wherec is a positive constant. Then for anyxg 2  there existsO< T < T ax
1. o
where Tpax = Edlam( yand X 2CO [0;T[;  satisfying
z t
X(t)= Xo+ F(X(s))ds; 8t2[0;TI;
0

limXx@®2@ :

This result means that from any pointxg 2 , the characteristic line reaches
@ in a nite time.

Proof. Letxo2 andX 2C° [0;T[; a maximal solution of (15.24). Using
F e cwehavethat Xqt) e candsoX(t) e Xxo € + ct and as
X(t)2 forallt2[0;T],itis necessarythatT <Ta.AsF 2 Cg' ( ), Fis
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bounded, X is Lipschitz, and the limit of X (t) whent goes toT existsin and
is called X (T). Let us show that X (T) 2 @ . Suppose thatX (T) 2 , then
applying Theorem 15.6 atX (T), we can continuously extendX on [T;T + [
for some positive" which contradicts the fact that X is a maximal solution.
u

Corollary 15.8 [Uniqueness for the transport problem] ConsideF 2 Cg;i( )
satisfying the same conditions as in Corollary 15.7 and corider u 2 C° \

G . If uis a solution of the system
(
Fru=0 in (15.25)
u=0 on@ ; '
thenu =0 in

Proof. Considerxo2 and a characteristicX 2 C° [0;T[; satisfying

Z t
X (t) = Xo + F(X(s))ds; 8t2[0;T[;
0
tI!|mT Xt)2 @ :
We dene f 2 C° [0;T];R by f(t) = u(X(t)). We show that f is constant.
Let us dene | = X 1(C) then f is dierentiable in [0;T]nl and fYt) =

ru(X()) F(X() =0.Letustake t 2 |. If t is not isolated in I, using
the fact that @u* and @u are locally signed,F (X (t)) is parallel to C and
foran" > 0, X(s) 2 B* (or B ) for s 2 [t;t + "[. Then, f(s) = u(x(s))
is di erentiable on [t;t + "[ with f9s) = r u™ (X (s)) F(X(s)). This proves
that f is right di erentiable at t and (f 9* (t) = 0. By the same argument,
f is left dierentiable at t and (f% (t) = 0 and so f is dierentiable at t
with f Y(t) = 0. Finally, except for a zero measure set of isolated pointsf is
di erentiable on [0;T] and f = 0 almost everywhere. This is not enough to
conclude because there exists continuous increasing functions wée derivative
is zero almost everywhere. Since for ali;s 2 [0; T],

jt@®)  f(s)i supjr ujX(t) X(s)i supjr uj supjFjjit sj;
X2 X2 X2

f is Lipschitz and thus absolutely continuous which implies, sincef ® = 0
a.e., that f is constant on [QT]. We nally have u(xg) = f(0) = f(T) =
uxX(T))=0. w

Hence we conclude that if is admissible, thenU is the unique solution
to (15.22) and we can recover by (15.23).

Remark 15.9 The characteristic method can be used to solve the transport
problem. However, it su ers from poor numerical stability which is expmen-
tially growing with the distance to the boundary. To avoid thisdelicate numer-
ical issue, we propose a regularized approach for solving (15.2Dur approach
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consists in forming from (15.22) a second-order PDE and addingo this PDE
a small elliptic term of order two.

15.5.2 The Viscosity-Type Regularization

In this subsection we introduce a viscosity approximation to (15.22).Let >
0. We regularize the transport equation (15.22) by considering the well-psed
elliptic problem

( . |
r Il +FF" rU =0 in

' (15.26)
U = x> on@ ;

wherel is the identity matrix. The main question is to understand the behav-
iorof U when ! 0. Or more precisely, whetherU converges to the solution
U of the transport equation (15.22) for a certain topology. The following result
holds.

Theorem 15.10 The sequence(U U) > o converges strongly to zero in
Wo2( ).

Proof. We rst prove that the sequence (U U) > ¢ converges weakly to zero
in Wy'?( ) when goesto zero. Forany > 0,0 := U U isin Wy%( )
and satis es
h i
r | +FFT r0 = 4U in : (15.27)

Multiplying this equation by U and integrating by parts over , we obtain
z z Z
jroj?+ JjF roj= ruruo; (15.28)

and so,
Z
jr Ur U] k Ukwl;Z( ) o

2

w2 ) wiz( )

Then O wiz( ) k Ukwl;z( - The sequence U ). ¢ is bounded in
0

Wol;z( ) and so by Banach-Alaoglu's theorem, we can extract a subsequence
which converges weakly toU in Wol'z( ). Multiplying (15.27) by U and
integrating by parts, we get

z z z
Fro (Fru)= ruru rg ru:

Taking the limit when  goes to zero,
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kF rUKk. ,=0:

SoU is a solution of the transport equation (15.25), and by Corollary 15.8,
U =0in . Since the limit U is independent of the subsequence, the
convergence holds folJ .
Now, we are ready to prove the strong convergence. From (15.28) we get
that
Z Z

jir gj? rurog;

andasU * 0Oin Wol;z( ), the term in the right-hand side goes to zero when

goes to zero. Hence, U . 1 0. u
Wy ()

Finally, using Theorem 15.10 we de ne the approximate resistivity by

1 _Dru
- PR

. 1 . . -
which strongly converges to= in L?( ), where s the true conductivity.

15.6 Numerical lllustrations

In this section we rst discuss the deconvolution step. Then we test both the
optimal control and the orthogonal eld reconstruction schemes.

15.6.1 Deconvolution

In this subsection, we consider the problem of recovering y. from the mea-
surementsM (y; ; ) in the presence of noise. From (15.14), it is easy to see
that this can be done by deconvolution. However, deconvolution is a nung
cally very unstable process. In order to render stability we use aViener-type
Iter. We assume that the signal M (y; ; ) is perturbed by a random white

noise:
My ;2)= M(y; ;2)+ (2); (15.29)

where is a white Gaussian noise with variance 2 such that
E[ (2 (9= %oz 29

and
EF( )KF( )K= 2ok K9;
where Z
F[ 1(k) = 912: (z)e ** dz:
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Equation (15.29) can be written as
fy, @=(W? y )@+ @

R
where . (z2) = ; (z) (). Denote by S( y; ) = LjF ( y; )(k)j?dk the
spectral density of . , where F is the Fourier transform. We introduce a
Wiener deconvolution lter in the frequency domain:

by = - K
JF (W)j2(k) +

TR
SCy )

The quotient 2=S( y. ) is the signal-to-noise ratio. So, in order to use the
Iter, we need to have an a priori estimate of the signal-to-noise ratio. We
then recover . up to a small error by

& =F ' F(f)b

With Wiener ltering

. |
5]
g 100} .
g :
< ]
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Fig. 15.3. L2 norm of the relative error % with respect to the signal-to-
noise ratio.
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15.6.2 Conductivity Reconstructions

In the numerical simulations, we choose =(0;2) (0;1). Figure 15.4 shows
the true conductivity map in the medium. The simulations are done usng
a PDE solver. The data is simulated numerically on a ne mesh. For the
orthogonal eld method, in order to solve (15.26), we use a coarse mesh.
Then we reconstruct an initial image of the conductivity. Based on the nitial
image, an adaptive mesh re nement for solving (15.26) yields a conductity
image of a better quality.

0 0:2 04 0:6 0:8 1 12 1.4 1:6 1:8 2

Fig. 15.4. Conductivity map to be reconstructed.

Optimal Control Algorithm

The minimization procedure gives a decent qualitative reconstrution. The
main interfaces are easy to see, yet this method, due to its regulaing e ect,
fails to show details in weaker contrasts zones. Figures 15.5, 15.6, and 15.7
show the reconstruction obtained with di erent measurement noiselevels.

Orthogonal Field Method

To nd the solution of problem (15.26), we x =10 2, and solve the equation
on a uniform mesh on . We reconstruct an approximation of , and adapt
the mesh to this rst reconstruction. We do this procedure a cougde of times in
order to get re ned mesh near the conductivity jumps. We can see thatbesides
being computationally lighter than the minimization method, the orth ogonal
eld method allows a quantitative reconstruction of and shows details even
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Optimal control method

0:2 04 0:6 0:8 12 1.4 1.6 1:8

Fig. 15.5. Reconstructed image without measurement noise.

Optimal control method

0:8

2:2

0:6

0:4

0:2

| 1
% 0:2 0:4 0.6 0:8 1 12 14 1:6 18 2
Fig. 15.6. Reconstructed image with 2% measurement noise (each measuren is
perturbed by an additive Gaussian random variable with mean zero a nd standard
deviation equal to 2% of the maximal absolute value of the unp erturbed measure-
ments).
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Optimal control method

0:8

0:6

0:4

0:2

0:2 04 0:6 0:8 1 12 1.4 1.6 1:8

Fig. 15.7. Reconstructed image with 20% measurement noise.

in the low contrast zones. It is relatively stable with respect to measurement
noise. Figures 15.8, 15.9, and 15.10 show the reconstruction with di erent
measurement noise levels.

Orthogonal eld method

~

o

[&)]

IS

w

N

0 0:2 04 0:6 0:8 1 12 14 1:6 1:8 2

Fig. 15.8. Reconstructed image without measurement noise.
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Orthogonal eld method

0:8

0:6

0:4

0:2

0 0:2 04 0:6 0:8 : 14 1.6 1:8

Fig. 15.9. Reconstructed image with 2% measurement noise.

Orthogonal eld method

0 0:2 0:4 0:6 0:8 1 12 14 1.6 18 2

Fig. 15.10. Reconstructed image with 20% measurement noise.

15.7 Concluding Remarks

In this chapter we have provided the mathematical basis of ultrasonielly-
induced Lorentz force electrical impedance tomography. We have desigad
two e cient algorithms and tested them numerically. The resolution of the
reconstructed images is xed by the ultrasound wavelength and the with of
the ultrasonic beam. The orthogonal eld method performs much better than
the optimization scheme in terms of both computational time and accuracy.
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Magnetoacoustic Tomography With Magnetic
Induction

16.1 Introduction

Electrical conductivity varies widely among soft tissue types and athological
states and its measurement can provide information about the physiologial
and pathological conditions of tissue.

Acousto-magnetic tomographic techniques have the potential to detect
small conductivity inhomogeneities, enabling them to diagnose pathologis
such as cancer by detecting tumorous tissues when other conducttyiimaging
techniques fail to do so.

In magnetoacoustic imaging with magnetic induction, magnetic elds are
used to induce currents in the tissue. Ultrasound is generated by lacing the
tissue in a dynamic and static magnetic eld. The dynamic eld induces eddy
currents and the static eld leads to generation of acoustic vibration from
Lorentz force on the induced currents. The divergence of the Lorentzdrce
acts as acoustic source of propagating ultrasound waves that can be sensed
by ultrasonic transducers placed around the tissue. The imaging proldm is
to obtain the conductivity distribution of the tissue from the acoust ic source
map.

In this chapter we provide a mathematical analysis and a numerical frane-
work for magnetoacoustic tomography with magnetic induction. The imaging
problem is to reconstruct the conductivity distribution of biologic al tissue from
measurements of the Lorentz force induced tissue vibration. We begimvith
reconstructing from the acoustic measurements the divergence of éhLorentz
force, which is acting as the source term in the acoustic wave equatiorrhen
we recover the electric current density from the divergence oftie Lorentz force.
To solve the nonlinear inverse conductivity problem, we introdue an optimal
control method for reconstructing the conductivity from the electric current
density. We prove its convergence and stability. We also present @oint xed
approach and prove its convergence to the true solution. A direct recostruc-
tion scheme involving a partial di erential equation is then proposed based on
viscosity-type regularization to a transport equation satis ed by the electric
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current density eld. We show that solving such an equation yieldsthe true
conductivity distribution as the regularization parameter approaches zro.

The chapter is organized as follows. We start by describing the forward
problem. Then we reconstruct from the acoustic measurements the dergence
of the Lorentz force, which is acting as the source term in the acoustic ave
equation. We recover the electric current density from the divegence of the
Lorentz force, which reduces the problem to imaging the conductiviy from the
internal electric current density. We introduce three recondruction schemes
for solving the conductivity imaging problem from the internal electric cur-
rent density. The rst is an optimal control method. One of the contri butions
of this chapter is the proof of convergence and stability of the optimal con
trol approach provided that two magnetic excitations leading to nonparallel
current densities are employed. Then we present a point xed apmach and
prove that it converges to the true conductivity image. Finally, we propose
an alternative to these iterative schemes via the use of a transport guation
satis ed by the internal electric current density. Our third al gorithm is direct
and can be viewed as a PDE-based reconstruction scheme. We test nurire
cally the three proposed schemes in the presence of measurement s&iand
also quantify their stability and resolution.

The feasibility of imaging of Lorentz-force-induced motion in conductive
samples was shown in [96]. The magnetoacoustic tomography with magnetic
induction investigated here was experimentally tested in [263, 264], andvas
reported to produce conductivity images of quality comparable to that of
ultrasound images taken under similar conditions. Our results in ths chapter
are from [35].

16.2 Forward Problem Description

16.2.1 Time Scales Involved

The forward problem in magnetoacoustic tomography with magnetic induc-
tion (MAT-MI) is multiscale in nature. The di erent phenomena in volved in
the experiment evolve on very di erent time scales. Preciselythere are three
typical times that appear in the mathematical model for MAT-MI.

The rst one is the time needed for an electromagnetic wave to propagate
in the medium and is denoted by ¢n. Typically, if the medium has a
diameter of Icm, we have on 10 1ls.

The second characteristic time, denoted by ,use is the time width of the
magnetic pulse sent into the medium. Since the time-varying magniéc eld

is generated by discharging a capacitor, puse is in fact the time needed
to discharge the capacitor such that puse 1S [346].

The third characteristic time, soung, iS the time consumed by the acoustic
wave to propagate through the medium. The speed of sound is about
15 10°m:s 1 S0 soung 65 for a medium of Icm diameter.
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16.2.2 Electromagnetic Model

Let (&)i=1:2:3 be an orthonormal basis ofR3. Let  be a three-dimensional
boundedC! convex domain. The medium is assumed to be non magnetic, and
its conductivity is given by  (the question of the regularity of  will arise
later). Assume that the medium is placed in a uniform, static magnetic
eld Bg = Bges.

Magnetoquasistatic Regime

At time t =0 a second time varying magnetic eld is applied in the medium.
The time varying magnetic eld has the form Bi(x;t) = Bi(X)w(t)es. By is
assumed to be a known smooth function andv is the shape of the stimulating
pulse. The typical width of the pulse is about 1s so we are in presence of
a slowly varying magnetic- eld. This regime can be described by tle mag-
netoquasistatic equations, where the propagation of the electrical cuents
is considered as instantaneous, but, the induction e ects are not neglcted.
These governing equations in R, are

r B=0; (16.1)
_ @B
r E-= @t (16.2)
and
r J=0; (16.3)

where B is the total magnetic eld in the medium and E is the total electric
eld in the medium. Ohm's law is valid and is expressed as

J=E in  R.; (16.4)

where s the electrical conductivity of the medium. From now on, we assume
that 2 L'—( ), where

LP()=ff2LY( 9:_<f< ~in & f oin n %

with o; ; and — being three given positive constants, x _ < —,and °b
We use the Coulomb gauger A =0) to express the potential represen-
tation of the elds B and E. The magnetic eld B is written as

and the electric eld E is then of the form

@A
@t

where ¥ is the electric potential. Writing A as follows:

E=1r ¢ in R+ ; (16.6)
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A(Xt) = Ao(x) + Ar(x)w(t);

where Ag and A; are assumed to be smooth. In view of (16.3) and (16.6), we
look for @ (x;t) of the form ¥ (x;t) = V(x)wYt) with V satisfying

r rvs=r A1 in R; :

The boundary condition on V can be set as a Neumann boundary condition.
Since the medium is usually embedded in a non-conductive medium (air),
no currents leave the medium,i.e., J =0on @ , where is the outward
normal at @ . To make sure that the boundary-value problem satis ed by V
is well posed, we add the condition V = 0. We have the following boundary
value problem forV:

% r rv=rr A1 in ;
@V
—_ = A :
. @ 1 on @ (16.7)
: V =0

16.2.3 Acoustic Problem
Elasticity Formulation

The eddy currents induced in the medium, combined with the magné&c eld,
create a Lorentz force based stress in the medium. The Lorentz forcE is
determined as
F=J B in R+ : (16.8)

Since the duration and the amplitude of the stimulation are both small, we
assume that we can use the linear elasticity model. The displacemé&ninside
the medium can be described by the initial boundary-value problem ér the
Lane system of equations

8
g@zur r ur rSu=J B in R+ ;
@u_ _
: @n 0 @ R (16.9)
. u(x; 0) = %ltzx; 0)=0 in ;
where and are the Lane coe cients, is the density of the medium at

rest, andr S is the symmetric gradient de ned by (3.124). Here, @ =@denotes
the co-normal derivative de ned by

@u
— = (r u) +2 r®u on :
o W @
where is the outward normal at @ . The functions , , and are assumed

to be positive, smooth functions on .
The Neumann boundary condition, @u=@#r 0 on @ , comes from the
fact that the sample is embedded in air and can move freely at the boundat
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Acoustic Wave Equation

Under some physical assumptions, the Lane system of equations (16.9) can
be reduced to an acoustic wave equation. For doing so, we neglect the shre
e ects in the medium by taking = 0. The acoustic approximation says that
the dominant wave type is a compressional wave. Equation (16.9) becomes

8
E@Zur r u=J B in R« ;
@u _
: @n 0 "M@ R (16.10)
u(x; 0) = %?x; 0)=0 in
Introduce the pressure
p= r u in R+ :

Taking the divergence of (16.10) yields the acoustic wave equation

8
1@p 1 .-, 1 i :
—@r -rp=r —-(J B) in Rs ;
p:O on@ R+; (16.11)
-E p(x; 0) = @‘[ZX-O):O in
; at’

We assume that the duration pyse Of the electrical pulse sent into the
medium is short enough so thatp is the solution to

8
12?(x;t) r }r p(x;t)y = f(X) o In R+ ;
p=0 on @ R:; (16.12)
p(x; 0) = @?x ) = in
where e
to= o Gty Bet)adt: (16.13)
0

Recall that acoustic wave re ection in soft tissue by an interface with air
can be modeled well by a homogeneous Dirichlet boundary condition.
Let

g(x;t) = %Qx;t); 8(x;t)2 @ R::

In the next section, we aim at reconstructing the source termf from the
data g.
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16.3 Reconstruction of the Acoustic Source

In this subsection, we assume that = ¢+ and = o+ , where the
functions and are such thatjj jj: () oandij jj» (@ 0-
We assume that ; o;; and ( are known and denote bycy, = -2 the

background acoustic speed. Based on the Born approximation, we image the
source termf . Let ko = !=Ccq. Let , be the outgoing fundamental solution
, l.e.,

to + k& and let Gy, be the Dirichlet Green function for  + k3 in

for eachy 2 |, Gy, (X;y) is the solution to (3.70).

Let p denote the Fourier transform of the pressurep and ¢ the Fourier
transform of g. The function f is the solution to the Helmholtz equation:

8
2 2
)

1

PO )+ r )

rpix;!t)="~f(x),; x2

P(x;!')=0; x2@ :

Note that f is a real-valued function.

The Lippmann-Schwinger representation formula (3.78) shows that

Po(y:! )Gy, (x;y) dy

Z
p(x;! ) = (T;) r ply;!) r Gy, (x;y)dy ,

12 (=2 Opyi)G,(xy)dy+ o f(y)Gi,(xy)dy:

(y) 0

Using the Born approximation (3.79), we obtain

1 ? 124 ()
p(x;!) — (r Po(y;!) 1 Gy (xy)dy+ % —

OZ 0

+ 0 f(y)Gk(Xy)dy

forx 2 , where
Z

Po(X;! )= o F(Y)Ck(X;y)dy; x2

Therefore, from identity (3.73), it follows that

z
1 ko . 1 _ @k, (X Y)
+k§ (oy) Bo(y: ! )@é"g')y) dy+ o

forx2 @ .
Introduce

4

f(y)

@k, (X;Y)
@ (x)

dy
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Z

@)= DGR 0 DG+ (K<) ot d (0

forz 2

Recall that f is real-valued and write f fO + f . In view of the
Helmholtz-Kirchho identity (3.80), given [(z;!) we solve the deconvolution
problem Z

2i g = kO MWdy=1(z;!); z2 ; (16.14)

in order to reconstruct f © with a resolution limit determined by the di rac-
tion limit. Once f © is determined, we solve the second deconvolution problem
(16.15) b

2i g = zyfydy=1(z;0); z2 ; (16.15)

to nd the correction f . Here,
Z

1 (z;!) = o k(X2) 6(¢!) ke (iz) 6%!) d (X)

with
Z

o)== ) g0y r Sebiy)

@(x)

@ K, (X3 Y)

ax)

Z
dy+ K2 %p@ i)

and Z
POx1)= o fOWGK(xy)dy; x2

Since by Fourier transform, ¢is known forall! 2 R, ,1(z;!) can be computed
forall I 2 R, . Then recall identity (7.14)
5 z
= k= k(xz)dk =" ,(x);
R+
where , is the Dirac mass atz, it follows that
z Z

fO(z)= |1ocg A Il (z;')d! and f (z) = o2 -

Fo(z;V)d!:

16.4 Reconstruction of the Conductivity

We assume that we have reconstructed the pressure souréegiven by (16.13).
We also assume that the sample is thin and hence can be assimilated to
a two dimensional domain. Further, we suppose that vect (er; e). Here,
vect (e1; &) denotes the vector space spanned bg; and e,. Recall that the
magnetic elds Bg and B, are parallel to es. We write J(x;t) = J(x)wqt). In
order to recover the conductivity distribution, we start by recon structing the
vector eld J(x) in
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16.4.1 Reconstruction of the Electric Current Density
Helmholtz Decomposition

We need the following two classical results.

Lemma 16.1 If 2 Li;f( ) then the solution V of (16.7) belongs to
WL2( ) and hence, the electric current densityJ belongs toL?( ).

The following Helmholtz decomposition in two dimensions holds [327].

Lemma 16.2 If f is a vector eld in L?( ), then there exist two scalar func-
tions v; 2 WY2( ) such that

f=rv+curl” (16.16)

The di erential operator curl of a scalar function is dened by curl’ =
( @;@:'). Furthermore, if r f 2 L?( ), then the potential v is a solution
to 8

<v =r f in ;

@v (16.17)
—=f on @ :
@

Let the curl of a vector function f be de ned by curlf = @f; + @f,: We

apply the Helmholtz decomposition (16.16) to the vector eld J 2 L?( ) and
get the following proposition.

Proposition 16.3 There exists a function' 2 Wol;z( ) such that

J =curl’ (16.18)
and ' is the unique solution of
(
" =curld in ; (16.19)
"=0 on@ : '

Recall (16.3) together with the fact that no current leaves the medium
J =0 on @ :

Sincev is a solution to (16.7), v has to be constant. So, in order to reconstruct
J one only needs to reconstruct .

Recovery of J

Under the assumptionjB1j j Bgjin R+ andj | oin ,the pressure
source termf de ned by (16.13) can be approximated as follows:

f(x) ior () Bo)(W( puse) W(O))
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where we have used that] (x;t) = J(x)wt).
Since By is constant we get

r (J(x) Bo)=(r J) Bg=jBgjcurld:

Now, sinceBg is known, we can compute’ as the unique solution of

8
f :

" iBoi(W( puse)  W(0)) (16.20)
'=0 on @ ;

and then, by Proposition 16.3, computed by J =curl ' .
Note that since the problem is reduced to the two dimensional case] is
then contained in the plane B with ? denoting the orthogonal.

16.4.2 Recovery of the Conductivity from Internal Electric
Current Density

In this subsection we denote by the true conductivity of the medium, and
we assume that 2 Ll;f( ) with 0 < _ < 7, i.e., it is bounded from below
and above by positive known constants and is equal to some given positive
constant o in a neighborhood of @ .

Optimal Control Algorithm

Recall that Ay isdened by r A; =0;Bi(X)es = r  Ay(x). De ne the
following operator F:
LL-( ) wh2()

7'F [ ]:=U
with
%r ru=r A4 in ;
@u_ _
: Je - At one ; (16.21)
U =0

The following lemma holds.

Lemma 16.4 The operator F is Fechet di erentiable. For any 2 Lif( )
and h such that + h2 L' ( ), we have

8 r
3
:

-

g=r hA; r hrF [] in ;
0 on@ ;

@
7@
gq=0:

dF[ 1(h):= g s.t.

(16.22)
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Proof. Denote by r the function F[ + h] F [ ] @. The function r belongs
to W12( ) and satis es the following equation in

r rr=r hr (F[] F [ +h]);
together with the boundary condition

%r=0 on @ ;

R
and the zero mean condition r = 0. We have the following estimate:
1
kr rk|_2( ) akhkLl( )kl’ (F[] F [ + h])kLz( ):
SinceF[ ] F [ + h] satises
r (r(FITF L +h))=1r (k[ +h)+r (hAy)
with the boundary condition
@
— (F[ +h] F =0;
@( [ 1F 1D

R
and the zero mean conditon (F[ + h] F [ ]) =0. We can also estimate
the L2-norm of r (F[ + h] F [ ]) as follows:

kr (F[ + h] F []) k|_2( ) gkhkLl( ) krF [ + h]kLZ( )+ kAlkLZ( )

Therefore, we can bound thew2-norm of F[ + h] independently of and
h for jjhjj.: small enough. There exists a constantC, depending only on
a, b, and A, such that

krF [ + h]kLZ( ) C:

Hence, we get
kr (F[ +h] F [])kLZ( ) E}lkhkLl( ) C+ kA]_kLZ( )

and therefore,
ke rkez )y GkhkZy ()
which shows the Fechet di erentiability of F.

Now, we introduce the mis t functional:

i (FF [1+ A1) Jj%: (1629
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Lemma 16.5 The mist functional J is Fechet-di erentiable. For any 2
L*—( ), we have

dA[]1=(rF[]+ A1 J) (hF[]+A)+rs (Ar+rF [];

where s is de ned as the solution to the adjoint problem:

@s_

%r rs=r 2(F [ 1+ %A1 J in
: ,@ =0 on@ ; (16.24)

s=0:

Proof. SinceF is Fechet-di erentiable, so is J . For any 2 Ll;f( ) and h
such that +h2 L' (), we have a
z
dd[ )= (rF [ ]+ As J) (hr (F[ ]+ A)+ r (dF[ ](h)) :

Multiplying (16.24) by dF[ ](h) we get
Z Z
(rF ]+ A1 J) rdrF[ I(h)= rsrdrF[ ](h):

On the other hand, multiplying (16.22) by s we obtain
z Z
rsrdrF[ ](h)= hrs (Ar+rF [ ]D:

So we have
Z

dd[ =" h (F[]+ AL J)F []+A)+rs (A+rF []) ]

and the proof is complete. u

Lemma 16.5 allows us to apply the gradient descent method in order to
minimize the discrepancy functionalJ . Let © be an initial guessinL* —( ).
We compute the iterates

M) = T M) dI[T[ ™M]: 8n2N; (16.25)

where > 0 is the step size andT [f ] = min f maxff; _g; 0.
In what follows, we prove the convergence of (16.25) with two excitations

Let J® and J@ correspond to two di erent excitations A" and A? . As-
sume that J®  J®@ g0in .LetGD: 71 r FO[1+AD g

where F() is de ned by (16.22) with A; = A for i = 1;2. The optimal
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control algorithm (16.25) with two excitations is equivalent to the follow ing
Landweber scheme given by

D =7 ™) dG[ET[ ™ 8n2N; (16.26)

whereG 1= (GY[ ;G2 7.
We now prove the convergence and stability of (16.26) provided that two
magnetic excitations leading to nonparallel current densities are emloyed.

Proposition 16.6 Let J® and J@ correspond to two di erent excitations.
Assume thatJ®  J@ 6 0 in . Then there exists > 0 such that if
ji© fiwazy o thenjj ™ liwazy! Oasnl +1.

Proof. It su ces to prove that there exists a positive constant C such that
jdG I(h)jjwrz ) Clihjjyrz (16.27)
for all h 2 Wg'?( ) suchthat +h2L:—( ). We have
dGO[ J(h)y= haD + ¢ dF O (h):

Therefore,
r de[ J(h)=0; dG&"[ }(h) =0;

and L .
r(SdE )= b (F3)+ rh 90

Sincer (2JM) e=0and J® J@ g0, it follows that

X2 .
ihigeey C HAGOL Wiz )
1

i=
which completes the proof. 1

Let F[ 1=(F®[ I;F@[ DT. Note that analogously to (16.27) there exists
a positive constant C such that

AR L J(Miiwzz y Ciibliwe

for all h 2 Wg?( ) suchthat +h2L'_( ), provided that J® J® 60
in . B

Fixed Point Algorithm

In this subsection, we denote by the true conductivity inside the domain
. We also make the following assumptions:
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9c¢>0; suchthatjB;j>c in ;
2C% (7); 2 (0;1);
= ¢ in an open neighborhood of@ .

From the unique continuation principle, the following lemma holds.
Lemma 16.7 The setfx 2 ;J (x) =0g is nowhere dense.

Theinteriordatais J = [rF [ ]+ A;]. One can only hope to recover
at the points whereJ 6 0. Even then, we can expect any type of reconstruction
to be numerically unstable in sets whereJ is very small. Assume thatJ is
continuous and let" > 0 and xo be such that jJ(xg)j > 2". We de ne
to be a neighborhood ofxg such that for any x 2+, jJ(x)j > ": One can
assume that - is aC! domain without loosing generality. Now, introduce the
operator F- as follows:

LI )1 Wh2( )

7F [ ]:= VW
where V. satis es the following equation:
%r rve=1r1r (A in -
@V _ .
,e - At on@ - (16.28)
.E Ve =0 ;
where denotes the outward normal to @ -. Note that 5 J = 0 since
r J=0in
We also de ne the nonlinear operatorG by
LA )t L ()
TRE: 16.29
76 [ 1= (rV[JQAl)J: (16.29)
IN)
Lemma 16.8 The restriction of on - is a xed point for the operator
G.
Proof. For the existence itsu cestoprovethat F-[ j .]=F[ ] _.Denote

by V = F[ ]. We can see thatV satis es
r rv=r (A in
Taking the normal derivative along the boundary of -, we get

@v_

A +J on "l
@ 1 @
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From the well posedness of (16.28), it follows that
vV  =F] ]+c c2R:

So, we arrive at h i

We need the following lemma. We refer to [327] for its proof.

Lemma 16.9 Let R? be a bounded domain with Lipschitz boundary. For
eachg2 W 12( ) there exists at least onev 2 L?( ) withr v = gin the
sense of the distributions and

kaLZ( ) Ckgkw 12( )
with the constant C depending only on

The following result holds.

Lemma 16.10 If kA;k 2 .y is small enough, then the operatolG is a con-
traction.

Proof. Take ;and ,inL*—( ). We have

. |
IG[ 11(x) G [ 2](x)j = T2
100r Ve[ 410)  300r Ve[ 200+ F(x)  5(¥) A(x)  I(x) ;

which gives, using the Cauchy{Schwarz inequality:

G () G-[ X))
2000 Ve[ 1000 2000 Ve[ 00+ 200 200 Ac(x)

The right-hand side can be rewritten using the fact thatj ;(x)j bfori =1;2,
and hence,

Gl X) G-[ ] °

O 109r Ve[ 1](x) 2001 Ve[ 2](x)j + §( 1(%) 2(X)) A1 (x)j] :
(16.30)

Now, consider the functionv = 1r Vo[ {] of Ve[ 2]. We get
rrv=r [(1 2A] Iin@-;

along with the boundary conditon v. =0 on @ -. Using Lemma 16.9, there
exists a constantC depending only on - such that
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kvkz .y Ckr [( 1 2) Aalkwrz( g
which shows that
kvki 2 .y CKk( 1 2)Azkpze .y:
Using the Cauchy{Schwarz inequality:
kvkiz¢ .y Ck 1 2Kiz( . KA kpz oy (16.31)

Putting together (16.30) with (16.31), we arrive at
b
KG[ 1] G-[ 2k z( .y (C+1)TKAzkiz( k1 2Kiz( .y

The proof is then complete. U

The following proposition shows the convergence of the xed point reon-
struction algorithm.

Proposition 16.11 Let (™M 2 L2( .) " be the sequence de ned by

(0):]_;

16.32
(") =max min G[ M];— ; : 8n2N: ( )

If kAik_z( .y is small enough, then the sequence is well de ned and™
converges to in L?( ).

Proof. Let (X;d) = Li;f( »);K Kpz¢ .y . Then, (X;d) is a complete, non
empty metric space. LetT- be the map de ned by

LE-( )t ()
7! T[ ]:==max(min( G| ];b);a) :

Using Lemma 16.10, we get thafT- is a contraction, provided that KA1k 2( .
is small enough. We already have the existence of a xed point given by lmma
16.8, and therefore, Banach's xed point theorem gives the convergence ohé
sequence for theL? norm over -, and the uniqueness of the xed point. w

Orthogonal Field Method

In this section we present a non-iterative method to reconstructthe elec-
trical conductivity from the electric current density. We assume that 2
() 2 (0;1]: The elds J =(J1;J,) and A; are assumed to be known
in . Our goal is to reconstruct V the solution of (16.7) in W12( ). Then,

computing % for jJj nonzero will give us 1. Recall that J = curlw
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wherew is de ned by equation (16.20). We say that the dataf on the right
hand side of (16.20) is admissible if > 0 orf < 0in and if the critical
points of w are isolated.

Introduce F = ( J»;J1)T the rotation of J by . Itis worth noticing that
the true electrical potential V is a solution of

8 .
§FrV=FA1 in ;

:

Equation (16.33) has a unique solution inW%2( ), and this solution is the
true potential V .

As in Chapter 15, by using the method of characteristics, we can prove
that the following uniqueness result holds.

Proposition 16.12 If U 2 W12( ) is a solution of

@V _ _
@ A one ; (16.33)
V =0:

gF ru=0 in
@u
— =0 on @ ;
E ;@ (16.34)
Uu=0;

thenU =0 in

In order to solve numerically (16.33), we use the method of viscosity mgu-
larization introduced in Subsection 15.5.2. The eld A; is known and we can
solve uniquely the following problem:

%r | +FFT rU =r FFTA; in

@u _ .
: J@ - A1 one@ ; (16.35)
: U =0;

for some small > 0. Here,| denotes the 2 2 identity matrix.

Proposition 16.13 Let  be the true conductivity. LetV be the solution to
(16.21) with = . The solution U of (16.35) converges strongly toV in
WL2( ) when goes to zero.

Proof. We can easily see that§ = U V is the solution to

8 h i
%r |l +FFT r8 = Vv in

@

@ _, : 16.36
g ,@ on @ ( )

© =0:
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Multiplying (16.36) by 8 and integrating by parts over , we nd that

Z Z Z Z
jr@j2+ jF r@j2= re rv+ A ; (16.37)
@
since% =0 and %/ = A; . Therefore, we have

k8 k\le;z( ) k 8 kW1:2( )kV kW1;2( y T Ck8 kW1;2( )

where C depends only on and A;. This shows that the sequence® ). o
is bounded in W¥2( ). Using Banach-Alaoglu's theorem we can extract a
subsequence which converges weakly to some in W%2( ). We multiply
(16.36) by u and integrate by parts over to obtain
Z Z Z Z
Fr® Fru = rv ru re ru+ u Aq
@

Taking the limit when  goes to zero yields
KF rukez y=0:
Using Proposition 16.12, we have
u =0in ;

sinceu is a solution to (16.34).

Actually, we can see that there is no need for an extraction, since 0 is
the only accumulation point for 8 with respect to the weak topology. If we
consider a subsequenc8( () it is still bounded in W¥2( ) and therefore,
using the same argument as above, zero is an accumulation point of this
subsequence. For the strong convergence, we use (16.37) to get

z z z
jir 8j2 re rv+ B A (16.38)
@

Since® * 0, the right-hand side of (16.38) goes to zero when goes to zero.
Hence,
k8 kW 12( ) ! 0 as ! O;

and the proof is complete. u

Now, we take U to be the solution of (16.35) and de ne the approximated
resistivity (inverse of the conductivity) by
1 jrU + A4
- == . 16.39
i3] ( )

Since
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1 _jrV + A,
9]
. 1. L 1. 2
Proposition 16.13 shows that— is a good approximation for — in the L=-
sense.

Proposition 16.14  Let be the true conductivity and let be de ned by
(16.39). We have

—_— — I 0 as ! O:
L2( )

16.5 Numerical lllustrations

2
We set = (xy)2R? g +y2< 1 . We take a conductivity 2

C% () as represented on Figure 16.1. The potential; is chosen as

Yy X
Ai(x)=10 2 Z+1;, Z+1 ;
1(x) =10 >tL 5 :

so that B, is constant in space.

16.5.1 Optimal Control

We use the algorithm presented in section 16.4.2. We set a step size edu
to 8 10 “and ©@ = 3 as an initial guess. After 50 iterations, we get the
reconstruction shown in Figure 16.2. The general shape of the conductityi
as well as the conductivity contrast are quite well recovered. Howesr, the
convergence is quite slow. It is worth mentioning that using two norparallel
electric current densities does not improve signi cantly the quality of the
reconstruction.

0 02 04 06 08 1 12 14 6 18 2

Fig. 16.1. Conductivity to be reconstructed.
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Fig. 16.2.  Conductivity reconstructed by the optimal control method after 50
iterations.

16.5.2 Fixed Point Method

We use the algorithm described in section 16.4.2, but slightly modi ed The
operator G de ned by

(rVv[]+ Ay J
j3j?

g ]:=

is replaced by
g 1= (VLI*AY 3.
r VI T+ Aqj

which is anal¥tically the same but numerically is more stable. Sincghe term
jr V[ 1+ A1j° can be small, we smooth out the reconstructed conductivity

(M) at each step by convolving it with a Gaussian kernel. This makes the
algorithm less unstable. The result after 9 iterations is shown in Fgure 16.3.
The convergence is faster than the gradient descent, but the algorithnstill
fails at recovering the exact values of the true conductivity.

16.5.3 Orthogonal Field Method

We set =5 10 4 and perform the computation described in section 16.4.2.
The result we get is shown in Figure 16.4. It is a scaled version of the tre
conductivity , which means that the contrast is recovered. So assuming we
know the conductivity in a small region of  (or near the boundary @ ) we
can re-scale the result, as shown in Figure 16.5. When goes to zero, the
solution of (16.35) converges to the true potentialV up to a scaling factor
which goes to in nity. When s large, the scaling factor goes to one but
the solution U becomes a "smoothed out" version ol . This method allows
an accurate reconstruction of the conductivity by solving only one partal
di erential equation. It covers the contrast accurately, provided we have a
little bit of a prior information on

Finally, we study the numerical stability with respect to measurement
noise of the orthogonal eld method. We compute the relative error de ned

by
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-2 -15 -1 =05 O 0.5 1 1.5 2

Fig. 16.3. Conductivity reconstructed by the xed point method.

o= k ki 2 ;
k kg2
averaged over 150 di erent realizations of measurement noise od. The re-
sults are shown in Figure 16.6. We show the results of a reconstructiowith
noise level of 2% (resp. 10%) in Figure 16.7 (resp. Figure 16.8). Clearly, ¢h
orthogonal method is quite robust with respect to measurement noise.

16.6 Concluding Remarks

In this chapter we have presented a mathematical and numerical frameork
for conductivity imaging using magnetoacoustic tomography with magnetic
induction. We have developed three di erent algorithms for conductivity imag-

ing from boundary measurements of the Lorentz force induced tissue bra-
tion. We have proved convergence and stability properties of the thee algo-
rithms and compared their performance. The orthogonal eld method per-
forms much better than the optimization scheme and the xed-point method
in terms of both computational time and accuracy. Indeed, it is robust with

respect to measurement noise.
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Fig. 16.4. Conductivity recovered by the orthogonal eld method before scal ing.

Fig. 16.5. Conductivity recovered by the orthogonal eld method after scal ing.
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Fig. 16.6. Relative error with respect to measurement noise.

t

Fig. 16.7. Reconstruction with the orthogonal eld method with measureme nt
noise level of 2%.



Fig. 16.8. Reconstruction with the orthogonal eld method with measureme nt
noise level of 10%.
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Impediography

17.1 Introduction

In this chapter we introduce a mathematical and numerical framework br im-
pediography. Impediography is an emerging hybrid approach for conductivy
imaging. It keeps the most important merits of electrical impedance tonogra-
phy (real time imaging, low cost, portability). Its core idea is to couple electric
measurements to localized elastic perturbations. A body is elecically probed:
one or several currents are imposed on the surface and the induced potéis
are measured on the boundary. At the same time, a circular region of a few
millimeters in the interior of the body is mechanically excited by ultrasonic
waves. The measurements are made as the focus of the ultrasounds scéns
entire domain. Several sets of measurements can be obtained by varyimgnpli-
tudes of the ultrasound waves and the applied currents. The focugkacoustic
waves are used to generate localized electrical conductivity pemtbations that
allow a drastic improvement in the conditioning of the inverse condictivity
problem. This is based the acousto-electric e ect in order to achieg super-
resolution conductivity imaging. The intrinsic resolution of impediography
depends on the size of the focal spot of the acoustic perturbation, and trs it
may provide high resolution images. The acousto-electric e ect desibes the
phenomenon of conductivity modulation by ultrasound. For an electric ard
acoustic media, using the acousto-electric e ect, the temporal change (x;t)
in electrical conductivity (x) due to an ultrasound pressure wavep(x;t) can
be written as

(x;t) = K (x)p(x;t); (17.1)

where K is an interaction constant. The ultrasound pressure as a spatial and
temporal function can be expressed as

p(x;t) = pob(x)a(t) ; (17.2)

where po is the amplitude of ultrasound pressure,b is the beam pattern,
and a(t) describes the ultrasound waveform. In the focal zone, the ultrasoic
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strength varies slowly along the beam axis. The acousto-electric e dcis a
volume integration. If the waveform a(t) is an oscillatory bipolar pulse, the
integration and therefore the acousto-electric e ect will be very snall. In order
to enhance the acousto-electric e ect, it is therefore desirabled use unipolar
ultrasonic pulse. Ultrasonic waves can be focused in very small regisndeep
inside the tissues. The support of the focal spot is better repreented by an
ellipsoid, but locus the most intense area can, in a rst approximaion, be
represented by a sphere. The experiment is successful if foaeh focal point,
a di erence in the boundary voltage potential can be measured betweenhe
potential corresponding to the unperturbed medium and the potental corre-
sponding to the perturbed one.

In this chapter, we rst introduce a mathematical formulation for imp e-
diography. Then we describe a substitution algorithm based on a non-liear
PDE, denominated the O{Laplacian and an optimal control approach for solv-
ing the inverse problem in impediography. This uses internal eletical energy
densities that are quantities estimated from boundary voltage measuremnts.
Finally, we discuss stability and resolution properties of the recostructed
conductivity distributions from impediographic measurements and @mpare
between the proposed approaches in terms of accuracy of the reconstrect
electrical conductivity and their ability to deal with limited pe rturbation data.
Our results in this chapter are from [28, 49].

17.2 Mathematical Model

Similar to the formulation of the electrical impedance tomography in Chapter
6, the forward problem for impediography is based on the solution of Maxwels
equations. A low-frequency current is used to probe the domain. Foa two-
dimensional domain with a boundary @ , the voltage potential induced by
acurrent g2 L3(@ ), in the absence of ultrasonic perturbations is given by

8
<r ((Xruw=0 in ;
@u (17.3)
= "= on @ :
R @ i
with the convention that u = 0. One supposes that the conductivity of
the region close to the boundary of the domain is known, so that ultrasonic
probing is limited to interior points. One denotes the region (open t) by °
To model the e ect of the pressure wave, we assume that within eacldisk
of (small) area, the conductivity is constant per area unit. When an acousic
wave is focused atx 2 , the perturbed electrical conductivity +  within
the disk-shaped zoneD deformed by the ultrasound wave satis es

8x2; (+ )= () (X);

where (x) is a known function and
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1

: . (x) :
8x 2 ; (x)>1,W ;

( (17.4)
(
for some positive constantC.

In order to solve the impediographic imaging problem we need to introdce
the notion of proper set of measurements for (17.3).

Letg 2 L3(@ ), j =1;2 and letu®) be the voltage potential induced by
gi , in the absence of ultrasonic perturbations, that is,

8 . .
<r (x)rud) =0 in ;

3 17.5
@@?=gj one@ ; (7o)

R )
with the convention that uld) = 0. Let

Ei[12:= @ru@ru®(@); jl=1;2;

and
E[ 1:=(Bi[ Djp=12:
De nition 17.1  The pair of currents (gs; g2) is a proper set of measurements
if
(@) jr u®j>0in 4
(ilThe matrix E[ ] is invertible (or equivalently, jdetE[ ]j > 0) for all x 2
1.

We now give an evidence of the possibility of constructing proper set of
measurements [222].

Lemma 17.2 Letf be a smooth function on@ such that there existP and Q
on @ such thatfj , andfj , are one-to-one, where ; and , are two parts
of @ , connecting P and Q. We have, for all positive and smooth function ,
rvé0 in wherev is the solution of

r rv=0in ;

v=fon@ : (17.6)

Proof. Fix xg2 .LetX 2 ;andY 2 5 be such that
f(X)=f(Y)= v(xo):

Note that such a pair is unique due to the one-to-one property of on ; and

»: Sincev is continuous andv does not attain local extreme value in , the
level setfx : v(x) = Xog is a curve connectingX and Y. This curve divides
into two subdomains . On *,v>v(xg)andon ,v<v(Xg): We now
can employ Hopf's lemma to see thatr v(x) 6 0: w1
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Employing Lemma 17.2, we simply take anyg; = @y=@ ;j = 1;2, with
f1 and f, satisfying: for all 2 R, there existP and Q in @ such that the
function f; f 5 is one-to-one on each of two curves alon@ connectingP
and Q. For example, if @ does not contain any line segment, then we can
choosef; = x;+ M andf, = x, + M for a su ciently large number M.

Let the pair of currents (g;; @) be a proper set of measurements and let
ul), j =1;2, be the induced voltage potentials in the absence of ultrasonic
perturbations. Let u®) pe the voltage potential induced by the current g ;
in the presence of ultrasonic perturbations localized in a disk-shped domain
D := z+ B of volumejDj = O( ?). The voltage potential u is a solution to

8 .

2 ruPx) =0 in ;

S @“) a7.7)
' @ -9 ona@;

with the notation
(x)= (x) 1+ (D)X)( (x) 1)

As the zone deformed by the ultrasound wave is small, one can view it
as a small volume perturbation of the background conductivity , and seek
an asymptotic expansion of the boundary values ou?  u@);j = 1;2. The
method of small-volume expansions shows that comparing"’ and u@) on @

provides information about the conductivity. Indeed, analogously to (116),
one can prove that, forj;| =1;2,

z z
@ wygd = 028 Do 0 g+ ofpj)
@ D x)+1 7
= @r u(@ ru(z) %dw o(jDj) :

Note that because of assumption (17.4), it follows that

Z
((x) 1) ——
. W dx CjDj:
Therefore, one has
1Z _ ‘
ARG de . W uli)gd + o(l):(17.8)
Note that

2((0) 1) ARCEETNY
o+l K @tk
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which is nothing else than the polarization tensor (11.5) associated wittthe
disk D of conductivity (z)+ (2) inside a background of constant conduc-
tivity  (2).

By scanning the interior of the body with ultrasound waves, given appied
currents g;, one then obtains data from which one can (approximately) com-
pute (§i [ 1)j1 =1:2 in an interior subregion of . The new inverse problem is
now to reconstruct knowing the data matrix E[ ].

17.3 Substitution Algorithm

Let (g1;02) be a proper set of measurements. The use of the electrical energy
densitiesg; , j =1;2, leads one to transform (17.5), having two unknowns
and ull) with highly nonlinear dependency on , into the following nonlinear
PDE (the O{Laplacian)

8 !

% I 7E”_ Srul) =0 in

r ul)
3 6 el
' rui) 2 @ :

(17.9)
on@ :

It is worth emphasizing that E; is a known function, constructed from the
measured data (17.8). Consequently, all the parameters entering in e@tion
(17.9) are known. Thus, the ill-posed inverse problem in electricaimpedance
tomography is converted into a less complicated direct problem (17.9).

The substitution algorithm is based on an approximation of a linearized
version of problem (17.9).

Suppose that is a small perturbation of conductivity prole o: =

o+ . Letul) andu® = ul) + u () denote the potentials corresponding

to o and with the same Neumann boundary datag; . It is easily seen that

ul) satises r ru® =7 ( rul)in  with the homogeneous
Dirichlet boundary condition. Moreover, from

B =( ot Jir (ug'+ uO)?  oir uP+ jr uf’i?+2 or ug’ 1wl

(i)
0

after neglecting theterms  r ug’ r u) and jr u®)j?, it follows that

E; ru(J)rug)_
—n? 0 20— —

r ug ruf)

The substitution algorithm is as follows.
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Algorithm 17.1  Substitution algorithm.

1. Start from an initial guess for the conductivity
2. Solve the corresponding Dirichlet conductivity problem

r (rupg)=0 in ;
Up = on@ :

The data is the Dirichlet data measured as a response to the currentg = g; in
absence of elastic deformation;
3. De ne the discrepancy between the data and the guessed soluton by

Enx

0= —— (17.10)
Jr Uoj
4. Introduce the corrector, u, computed as the solution to

r (ru)=r ("or ug) in
u=0 on@ ;

5. Update the conductivity

Ein 271 u rup .
jr ugj? '

6. Iteratively update the conductivity, alternating directio ns of currents (i.e., with
g= g2 and Ei; replaced with Ex in (17.10)).

17.4 Optimal Control Algorithm

Let (01;0) be a proper set of measurements. Let and ~ be two Cl-
conductivities with  (Xg) = ~(Xo) for some xg 2 . Then, the following
stability estimate holds [92]:

klog logekw: () CKE[ ] E [~]kwz1 ¢ - (17.11)

We will prove later that 7! E[ ] is Fechet di erentiable. A direct conse-
quence of (17.11) is

Ker(dE[ Diyz+ ( = fOy; (17.12)

provided that >c ¢ > O for some constantco. In fact, for all h 2 W't (),
we have

KE[ +th] E [ Jkyu
) o jtj
1 - klog( + th) log kwol;l( )

)

|
§.

KAE[ J(h)kyy 2 ¢
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Let A be the following admissible set of conductivities:

A=f 2W%¥2( ):ig< <C ojjr j<Cag; (17.13)

which is an open subset oWt ().

Lemma 17.3 For j;I =1;2 the map 7! E;[ ] is Fechet dierentiable.
Moreover, for h 2 Wy'?( ) such that + h2 A, we have

dgi [ Th=hr u®) ru®+ ru® rvO+pu® v (17.14)
wherev() is the solution of
8 . .
% roorv@®) =t hru®in
@\’
=0 on @ ;
;2 @ (17.15)
- vi) =0
@

Introduce the minimization problem

z

- - (m) 2 g .
nng[ ]:= éj;l . B[] E i dx; (17.16)

where Ei(lm) are obtained from measurements. The Fechet derivative of the

discrepancy functional J[ ] is given by
x (m)
dJf ]= dgi [ 1 (B[] E;™™)
" :)1@ o (17.17)
- % E 1] E ™y ud ru®+  pu@) popih;
j =1

il=1

where p(i') is the solution of the adjoint problem

8 )
3 1o pi = r (1 E{™) ru®in
jil )
. e’ =0 on @ ; (17.18)
.§ p(j;l ) = 0 :

@

The following results hold.
Lemma 17.4 Let 2 A. The following assertions hold:
1. The maph 7!r v) from W, ?( ) into L?( ) is compact.
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2. The map dE; takes the form| + compact, up to a multiplication by a
continuous function.

Proof. Let h 2 Wg?( ). The function vi) satis es

\V; (j):r rv(j)+r hr u(])’

D) .
roorvl) h————+rh rud;

which is in L2( ). As a result, vi) 2 W22( ) and its W%2-norm is bounded
by khkwol;z( )- The rst part of this lemma is proved by using the compact
embeddings

W22 )1 Wh2( )1 L3 ): (17.19)

From (17.14), it follows that E[ ] *dE[ ]= | + compactoperator; and conse-
quently, the second item holds. w

Applying (17.12) and Lemma 17.4, we can deduce from the Fredholm
alternative that
kdE[ ]k,_(Wol;z( yrzy Co (17.20)

Proposition 2.5 yields the following convergence result of the Landwedr
iteration scheme.

Theorem 17.5 Assume that © is a good initial guess for . Asn! +1 ;
the sequence

(n+1) — 1 () dE [T (n)](E[ (”)] E (m)) (17.21)

converges to , where T is the Hilbert projection of W2( ) onto A, is
the true conductivity distribution, is the step size, andE(™) = ( El-(lm))j;| =1 2.

17.5 Concluding Remarks

In this chapter, we have presented a mathematical and numerical frarawork
for impediography. This approach relies on the acousto-electric e ectlt gen-
erates high sensitivity and high resolution maps of the internal eledtical con-
ductivity distribution. Evidence of resolution enhancement and a stability
analysis have been given in [49]. In the case of incomplete data, that isf, the
matrix E is only known on a subset of the domain, one can follow the optimal
control approach, which allows better exibility than the substitu tion scheme.
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Microwave Imaging by Elastic Deformation

18.1 Introduction

Let a 2 CY( ) and q 2 C° ) be two scalar real-valued functions in two
dimensions. We also assume that and q are such that 0< cg <a;q < Cy.
For smooth (real-valued) function ' , let u[k;' 12 W%2( ) be such that

r (ar ulk;' )+ k?qulk;"

1=0 in ;
ufk;" ] ="

on@ :
Here k is the angular frequency anda and q are the electromagnetic param-
eters. In the transverse magnetic case, Maxwell's equations can bedeced
to (18.1) with u being the electric eld, g the electric permittivity and a the
inverse of the magnetic permeability. The well-posedness of prohbe (18.1)
requires that k? must not be an eigenvalue of the problem

(18.1)

r (ar u)= kqu in ;

u=0 on @ : (18.2)

It is well known that this problem admits a countable number of eigenalues
with no accumulation point and that each eigenvalue has a nite multipli city.
We will assume that k does not correspond to any eigenvalue of (18.2).

The aim of this chapter is to generalize impediography to the electromag-
netic case. A frequencyk and a source eld pattern' being xed, we measure
the eld ul[k;"' ], solution of (18.1), on @ .

Assume now that ultrasonic waves are focalized around a poing 2
creating a local change in the physical parameters of the medium. Sumse
that this deformation a ects a and g linearly with respect to the amplitude of
the ultrasonic signal. Such an assumption is reasonable if the amplitude not
too large. Thus, when the electric potential is measured while theultrasonic
perturbation is enforced, the equation for the electric eld is

r (aru)+k>qu =0 in ;
u="' on@ ;
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with

a =—a+(a a) (D);

qa=9g+(aw 09 (D);
where is the amplitude of the ultrasonic perturbation, a; and ¢ are unknown
functions, and D is a small zone where the perturbation is focalized.

As in the previous chapter, the signature of the perturbations on bounday

measurements can be measured by the change of energy on the boundary,
namely

z
@ o RN
. g k'] ulk']d
_ aa(lz()Z);D (a1(2) a@)rulk' 1(2) r ulk' 1)

+K%Dj(a1(2) a@)(ulk;’ 1(2))*+ 0 |Dj ; (18.3)

wherez is the center ofD and M is the polarization tensor associated withD
and the contrast a ;(z)=a(z). It is given by (11.5). Assuming the perturbed
region D to be a disk, the polarization tensor is given by

a(z). . 2a(z)
a(z) ' IDJW '

Therefore, for a localized perturbation focused at a pointz, we read the fol-
lowing data (rescaled by the volumejDj)

ai(z)

o )= 2air ulk 1 e eqaul 1@ 58 .

(18.4)
The parameters (@;=a)(z) and (¢x=0)(z) are unknown, but the amplitude
is known. By linear algebra, one can prove from (18.4) that ifir u[k;"' 1(2)j
jDjandjulk;" 1(2)j j Dj and the data D, is known for 4 distinct values of
, chosen independently ofa and g, then, one can recover the electromagnetic
energies
E k" 1(2) = a@)jr ulk;' 1(2)i*;

and
elk:' 1(2) = qz)(ulk;' 1(2))*:

At this point, one can respectively substitute a and g by E [k;' ]5r u[k;' ]j?
and e[k;' ]5ulk;" ]j? to arrive at the nonlinear partial di erential equation

8
< Elk'] o elk;" ] 1l L
Tu="' on@ :

Based on the nonlinear direct formulation (18.5), an iterative scheme sirfar
to the one introduced in Section 17.3 can be derived. However, an optiai
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control approach is more e cient for reconstructing the parameters than the
nonlinear based direct formulation (18.5), specially when the data is aailable
only on a subset of the background medium . Our results in this chapter are
from [42].

18.2 Exact Reconstruction Formulas

In this section, we rst construct a proper set of measurements for he
Helmholtz equation

r aru+k?qu=0; (18.6)
where k belongs to a xed and known interval (k;k). For all g2 WZ,(@ );
let ulk;g] be the solution of (18.6) with ulk;glje = g: Note that ulk;g] is
uniquely determined whenk is such that k? is not an eigenvalue of

r ar u= k?quin ;
u=0 on @ :

Denote by K the domain of the map u[ ; g]: It is obvious that for all a and q,
K is an open set ofC containing 0. We have the de nition.

De nition 18.1 A set of 3 smooth functions (g )1-3:l is called a proper set

of measurements for (18.6) if there exists N 1 ke;:ky 2 (k;k) and
Bi;:::;Bn such that
L[f4Bj=

det(r ulk ;g|](z))|3:2 > 0;

where det denotes the determinant;
4. forall z2 By, j =1;:::;N;

det(ulkj; g](2);r ulkj;al(z)i, > O:

The following lemma is useful in the construction of a simple prope set
of measurements for (18.6).

Lemma 18.2 Let g2 CY@ ). The map
K3 k7! uk;gl2CH( )

is analytic.
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Proof. Fix k 2 K. Let k®2 C be close tok. We have that ulk®g] is well-
de ned. The dierence ulk%g] u[k;g] is the solution of

roar U+(k9%qu=[k?* (k9?Jquk;g]in ;
U=0 on (18.7)

As a result,
ku[k® g] ulk; glke: (— OG(kH?  (K)3) O(K® kj): (18.8)

Here, we have used the fact thata is a smooth and strictly positive function
for the C! estimate above. On the other hand, lettingv* be the solution of

roar vK+ k%2 = 2kqufin ;

ulk®g ulkigl=0 on @ ; (18.9)
we can see that
ue o u O(K° ki)
K - j j):
Ct()

The proof is complete. u

We are now at the position to nd a proper set of measurements for (18.6)
[9].

Proposition 18.3 A proper set of measurements for (17.5) is also a proper
set of measurements for(18.6).

Proof. Fix an arbitrary point z 2 and j 2 f1;:::;3g. Assume that
ulk; gj1(z) = 0 for all k 2 (k;k). It follows from Lemma 18.2 that k 7! u[k; g;]
is analytic with respect to k. Hence, ulk;g;](z) = 0 for all k 2 U and in
particular u[0; g ](z) = 0: However, u[0; g, ](x) 6 0. We can conclude that for
all z2 ; thereisk, 2 (k;k) such that u[k;;g1](z) does not vanish. By the
continuity of ulk;gil, julkz; g i > 0in B;, a small neighborhood ofz in

Since  is compact, we can extractBq;:::;By from fB, : z 2 g so that

tion 18.1. The proof for other parts of De nition 18.1 can be done similarly
using Lemma 18.2 and the di erentiability of the determinant. wu

We now assume that ( ,—)le is a proper set of measurements for
r ar u+ k?qu=0
on an interval (k; k) and the matrix-valued functions € and E¥, given by
EX(2)= a@)r ulk;'i] rulk';]; (18.10)

and
& @)= q@ulk' ] ulk']; (18.11)

are known for all k 2 (k;k): Our aimisto nd aandqin D.
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Theorem 18.4 Note that using (18.3) and (18.4) the 'polarized' data Ej
and e; for i 6 j is available without additional measurements, thanks to the
bilinear structure of the asymptotic formula (18.3). In fact, we have

Z
) Dtk ] ulk ) d
o0 (a:@  a@)r vk 1@ ok 1G)
+KDi(a1(2) a@)ulk’ 1@ulk; 12)+ o jDj :
Let
PK = trai@k) = UU; k2 (KKk); (18.12)
where
U = g uk;" 1] ; i=1;2,3:

|d . .
S L julk;' m]i2

We claim that P¥(z) is well-de ned except at a nite number of k for each
z 2 . In fact, if there exists an in nite sequence fk,g (k;k) such that
trace(é¢ )(z) = O for all n. Then, by Lemma 18.2, trace€®)(z) = 0 ; which con-
tradicts to our choice of boundary conditions. By the smoothness ofik;" ;];
assume thatP* and hencer P¥ is well-de ned except at a nite number of k
in a small neighborhood ofz. We also assume that

r PX(z) 60 (18.13)

because it implies the determinant in item 4 of De nition 18.1 vanishes.
Fix k such that P¥ and r P* is well-de ned. Di erentiating formula
(18.12), we obtain
2
1 o, X o
5T pk 2: jr Uj5jujs + Ur U =jr Ujs; (18.14)
i=1

P
since [\, U2 =1. We compute that

o !

X X X
ulk;' o jr Uj = ulki' o Jr ulke' pli?
n=1 n=1 p=1
X
rulk;' o] rulk;" plulk;’ nJulkp:" pl;
p=1 n=1

which, together with (18.14), gives

a k2 _

1
b = — —__ trace(EX) trace(P*EX
2 trace(eX) ED ( )
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We now have the knowledge ofg thanks to (18.13). In practice, we can eval-

uate 2 by the following proposition.

Proposition 18.5 Let PX as in (18.12). Forall z2

Zg
a_ 2 trace(EX PXEK)
g k k  Ir PKjtrace() dk: (18.15)

Moreover, the following Proposition gives an explicit formula to determine
g up to a multiplicative constant.

Proposition 18.6  Suppose thattrace(e€) 2 Wt () for all k 2 (k; k). We
have

@q_ 1 “F @trace()

k . —_ . .
9 Kk k x trace(e) 2 dk 1=172; (18.16)

where ¥ and ¥ satisfy

K2, k2 _ qtrace(P¥EX) | 18.17
1 2 7 a trace(e) (18.17)

and are determined by the linear system

K
Mg =B (18.18)
with

|

, !
MK = @UtT @Ut @Ut ggko 9 EEUE @lut
@,u¢ @,uk @,uU* atrace(et) EU* @,U
(18.19)

Remark 18.7 As in the proof of Proposition 18.5, the integral in (18.16)
is well-de ned becausetrace(e€X) does not vanish except at a nite number of
frequenciesk. Since M © is invertible, so is Mk by a similar argument.

Remark 18.8 Finally, we shall note that the exact reconstruction formulas
given in Propositions 18.5 and 18.6 are not valid wherm and/or qare complex.

Proof of Proposition 18.6. Without loss of generality, assume that trace¢®) 6
Oforallz2 by Remark 18.7. Di erentiating the formula for trace( &), we

obtain @ & @
 frace _ @q K. —1.5.
trace(e)  q S ERE
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where,
1 X n
K — o AP | | k.
=p u[k; @ ulk; = —U* 8§f;
| iN:1 U[ki;' i]2 - [ n] | [ n] No

with the notations

X
nk := t (@ulk;' n)% forl=1;2

n=1
(8)); = @'urgt' '], for1=1;2:
|
Di erentiating UX, we nd
k
@Uu<= "L | pk gk: (18.20)
No
Write the matrix EX in the form
(n)”*

Ek =trace(Ek) V7 . . 2rgk>
iz (N7 +(n)” ™

where Plglk is the orthogonal projection onto the vector 8F: We compute that

X2 (nk)z X2
EXUX = trace(E¥) ﬁ(@ﬂ( U8k =a nkn§ K@k:
1z1 (N1)” +(n3) I=1
(18.21)
Testing (18.21) againstUX, we obtain

EkUk Uk = ¥ knk kgk = * kyZ2r ky2.
a ning (8" u=a (ng) () ;
=1 =1

which is (18.17). Alternatively, testing (18.21) against @IOUk gives, using
(18.20),
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X2
EKUX @,U"=a nfnf 8 1 Pk 8f
1=1
=a nfnp 1 P8 1 Pk g
1=1
2
=a (g (@U" @,U"

1=1

a X2
atrace(ek) k@ uk @,Uk;
1=1

which is the desired 2 2 system given by (18.18). Note that sincgUXj3 = 1,

we have @ U¥ UK = 0. Therefore, if UX has only two components, @, U

and @,U* are necessarily colinear, and system (18.18) is degenerate.
However, it is never a zero matrix. Indeed,

R
jr Ukj3 = Sir P¥j560;

thanks to (18.15).

18.3 The Forward Problem and the Di erentiabillity of
the Data at a Fixed Frequency

The forward problem is formulated as follows. Givena and g, at a xed k, we

are able to solve .
r aru+k?qu=0 in ;

Uu=', on@ : (18.22)
to get ui(a; q) for i = 1;2;3: The data maps are given by
Ei = ajr ui(a9j%e = qui(aj* i=1;23: (18.23)

The main purpose of this section is to study the di erentiability of the
mapsE; and g in (18.23). Assume thata and g belong to

A=f 2W%Y2( ):ig< <C gjr j<Cag (18.24)
and
Q=f 2L%():c< <C q0; (18.25)

where ¢p; Cp and C; are given positive numbers. Note thatA stands for an
admissible set for the truea and Q does for the true gq. They are open in
WLl ( )yand Lt ( ), respectively. The following lemma holds.
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Lemma 18.9 Letf 2 W Y2( ), g2 WZ,(@ ), a be in A and q belong to

Q. Assume thatf and g are real-valued andk? is not a Dirichlet eigenvalue
of % and u is the unigue solution of

r aru+k?qu="fin ;

U= gon@ : (18.26)
Then there existsC, only depending onk; a; g, such that
kUkW1;2( ) C(Kf ky L2yt kgkwfzz(@ ))Z (18.27)
Proof. Assume for a moment thatg = 0. We claim that
kUkLZ( ) Ckf kW L2( - (1828)

If this is not true, for all n 1, there existsf, 2 W 12( ) such that
kUn k|_2( ) nkfnkw L2( ) ) (1829)

where u, solves
rar up,+ k?qu, = fnin ;

Uy =0 on @ (18.30)
pene Vo= — . (18.31)
" Kkunkie( '
We have that v,, solves
roar vnp + k2qw, = 7“”&:2( : in (18.32)
U, =0 on @ :
Therefore,
Z Z Z
; 20y — 2 2 fnVn .
ajr vpjcdx = k“q(vp)“dx de, (18.33)
n

which gives the boundedness ofy,): From (18.32) and the assumption that
k? is not a Dirichlet eigenvalue of % it is not hard to verify that ( vp)

has a subsequence weakly converging W 2( ) to 0. This contradicts to
(18.31), which implieskvpk 2 y =1 for all n. Taking u as the test function
for (18.26) and using (18.28), we obtain (18.27).

In the case wheng 6 O; let v be the solution of

r arv+kqv=0in ;

V= gon® - (18.34)

and then apply the result wheng=0for w=u v: u
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Remark 18.10 In the particular case whenf = 0 and g is smooth enough.
Thenu 2 W22( )\C?!( ) and there existsC, only depending onk; a; g, such
that

Kukwzz( )+ kukg—,  Ckok: (18.35)

Proof. The Helmholtz equation in (18.26) can be rewritten as

2
_raru+ k qu; (18.36)
a
whose right hand side is inL?( ). By regularity, uisin W22( )\C1( ). Its
C! and W22 norms are bounded by its norm inW%2( ) and hence bykgk
becausea2 A andq2 Q. u

We next study the di erentiability of the forward problem.

Proposition 18.11 For i =1;2;3, the mapu; that sends(a;q) 2 A Q to
the solution of (18.22)is Fechet di erentiable. Its derivative du;(a; g)(ha; hg)
is given by the solution of

roarvi+ kv = r  har ui(a;q k2hqui(a;g) in

v ;O on@ : (18.37)

for all (ha;hg) 2 Wyt () L ( ).Asaresult, E; and e are also Fechet
di erentiable and

dE;j (a;0)(ha; hg) = hajr ui(a;0)j% +2ar ui(a;9) r v (18.38)
and
de (a;g)(ha; hg) = hg(ui(a; Q)2 +2qu(a;qVv;: (18.39)
These maps can be continuously extended inM/ol;Z( ) L?( ) by the same
formulas (18.38) and (18.39).

Proof. The proof is similar to that of Lemma 18.2. w1

Lemma 18.12 Let a2 A and g2 Q. The followings are true.

1. The maps du;(a;0)(ha;hg) 7! r vi and dui(a;g)(ha;hg) 7! vi, i =
1;2;3, de ned in (18.37), can be continuously extended to compact maps
Wo2( )2 L2( ) ! L2( ) and Wp?( )2 L2( ) ! L2( ) respec-
tively.

2. The mapsdE(a; g and de(a; q) takes the forml + compact multiplied by
a continuous function.

Proof. Assume that (ha;hg) is in Wg( ) L2( ). For i 2 f1;2;3g, the
function v; 2 Wy'°( ) is the solution of
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avi=rarv+Kku+r har ui(a g+ k?hqui(a; g
rarvi+k*qu + hau i(a;Q) + r har ui(a; ) + k’hqui(a; 0) ;
rar u+ k?qu

rarv +k’qy h, + 1 har ui(a;g) + k?hqui(a;q) ;
which is in L2( ). As a result, vi 2 W22( ) and its W22-norm is bounded
by k(hg; hq)kwol;z( ) L2( ) The rst part of this lemma is proved by (17.19).
Consequently, the second one is true.u

18.4 Optimal Control Algorithm

In this section, we discuss how the scalar coe cienta andqg can be recovered
in practice from multiple-frequency measurements

Ef =ajruf(a;q)? &

=g (u(a:q)?; (18.40)
i = 1;2;3. Here, we add the superscript‘ to indicate that the data are
measured at the frequencyk.
It is natural to think of a minimization approach, namely,

1% Zx? 2
minimize J[a; q = > (Ef(a;q) EF )2+ (e(a;q) €& )2 “dxdk;
i=1 Kk
(18.41)
where the data maps are de ned in (18.23) with

(" 13" 20" 3) = (1 X15%x2)

being a proper set of measurements. Here, the admissible sets farand q are
respectively A in (18.24) and Q in (18.25).

Our resolution method contains therefore two parts. First, we compue
a, and g following Propositions 18.5 and 18.6. Note thata, =q is given by
(18.15) andr logq is the solution of

8 _
2 1 4F @, trace(e") . @,trace(e") " .
vV = —/— = 7 = —" 2% dkin ;
S K k « trace(ek) trace(ek)
" v=log g on@ ;
(18.42)

because of (18.16) wherep = q j@ is known. We perform a gradient descent
on J to improve this initial guess. Note that J is Fechet di erentiable and
its derivative can be evaluated as follows: for allh,;hq 2 Wg'2( ) L2( )
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& ZxZ
Wdthahg =5 ha K ufj? + hg F(uf)? dxdk
i=1 LS
e ZiZ
+2 a fr ukr vk + g Kukvk dxdk
=1 k
o Z¢Z
= ha Kjr ukj? + hq F(uf)? dxdk
i=1 K
e ZiZ
+2 ) har ufr ¢ k2hquipl dxdk(18.43)
=1k
where
K=ajr ukj? EF; and K= quk)? € (18.44)

and pk is the solution of

Cr Gy K = 0 (far ez Fad in

18.45
pk=0 on@ : ( )

It follows from (18.43) and the Riesz representation theorem that

(AEF (& )( £ 1)ide@a)( {5 1) = fr ufj?+r ufr pf Kuf)? K2ufp):
(18.46)

Note that the di erentiability of J on A Q holds for any positive constants
Co; Co; and C; such that ¢y < Cy.

Theorem 18.13 Assume thata and q are in A and Q respectively and
assume that we have the initial guesa, ;g with a = a® andq = g© on
@ in hand. If jjag ajjwuz and jjgg g jj.2 are small enough, then the
sequence

(a(n+l) ;q(n+l) )= T(a(“);q(“))
@ Lk
(AEF(T@™; ™)) (K K);de(T@™;q™) (¥ 9))
K

i=1

converges to(a ;q ) in L?(D)?2: Here, T is the Hilbert projection of W2( )
L2( Yonto A Q.

Proof. We rst prove that

(dE*(a; 0); de“(a; )jLz( y Lz y = FOQ: (18.47)
k2 (k;k)

In fact, let (ha;hg) 2 L?( ) L?( ) such that
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(dEX(a; g)(ha; hq); e (a; @) (ha; hg)) = 0
for all k 2 (k;k): Applying Lemma 18.2, we have
dE®(a; g)(ha;hg) =0; and de’(a; g)(ha;hg) =0 : (18.48)

Applying (17.12), we see thath, =0in . Thus v = 0 and hq = 0. It follows
from Lemma 18.12 and Fredholm alternative with the note that de (a; g) and
dEX(a; ) takes the form (u*)?(I + compact) and jr u*j?(I + compact) that

k(dE* (a; 6); de (&, ) K w2 ) t2¢ yuz( ) 12y C (18.49)

for some positive constantC. The theorem follows from Proposition 2.5. u
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Ultrasound-Modulated Optical Tomography

19.1 Introduction

The aim of this chapter is to develop an e cient reconstruction algorith m
for ultrasound-modulated di use optical tomography. In di use optical i mag-
ing, the resolution is in general low. By mechanically perturbing the medium,
we show that it is possible to achieve a signi cant resolution enhancaent.
When a spherical acoustic wave is propagating inside the medium, theptical
parameter of the medium is perturbed. Using cross-correlations of théound-
ary measurements of the intensity of the light propagating in the perturbed
medium and in the unperturbed one, we provide two iterative algorithms
for reconstructing the optical absorption coe cient. Using a spherical Radon
transform inversion, we rst establish an equation that the optical absorption
satis es. This equation together with the di usion model constitut es a non-
linear system. Then, solving iteratively such a nonlinear coupledsystem, we
obtain the true absorption parameter. We prove the convergence of the m-
posed algorithms and present numerical results to illustrate theirresolution
and stability performances.

Let be a smooth bounded domain ofRY, for d = 2;3; satisfying the
interior ball condition. Let  denote the unit normal outward vector on @ and
let @=@denote the normal derivative at @ . When a laser beam is applied at
a point Xg on @ , the energy density' is governed by the di usion equation

+q' =0in ;

4 —gone ; (19.1)

where g is the (spatially-varying) optical absorption coecientand g Ois
a smooth approximation of the Dirac function at xo: Note that in the Robin
type boundary condition in (19.1), | is the extrapolation length. Throughout
this chapter we will assume for simplicity that | = 1.

Using boundary measurements of the normal derivative of the solution
to the diusion equation (19.1) corresponding to many g, it is possible to



316 19 Ultrasound-Modulated Optical Tomography

determine the optical coe cient q . Direct reconstruction methods can be
designed in the linearized case under the Born assumption and for pacular
experimental geometries. Nevertheless, the resolution of the recetruction is

usually low due to the inherent severely ill-posed character of duse optical

imaging.

Based on the use of mechanical perturbations of the medium, the optical
coe cient can be reconstructed with high resolution. The idea behind the
method is to perturb the medium by a propagating acoustic wave whiletaking
the boundary measurements of the normal derivative of the energy dents
corresponding tog. Lety 2 nD. Consider a displacement eldu, generated
at the source pointy such that its support is a thin spherical shell growing at
a constant speedc. Denoteq (X + uy(x;t)) by au(x;y;t); x 2 ,t> 0; and the
corresponding energy density by (x;y;t). The presence of the propagating
acoustic wave generated at the source poiny changes the medium and yields
the perturbed di usion equation

ut Qlu=00n (19.2)
@ uy+'uv=gon@ :
Then, in order to reconstruct q , we cross-correlate the boundary values of the
intensity of the light propagating in the medium changed by the propagation
of the acoustic wave and those corresponding to the unperturbed one. &/
compute the quantity Z
& S
e @ @
Assume thaty moves along a circle or a sphere. Then the use of a Helmholtz
decomposition yields (19.18) forg where the source term is obtained from the
data given by (19.3) by using a circular or a spherical Radon transform inve
sion. Hence the functionsq and' satisfy the coupled system of equations
(19.1) and (19.18). This nonlinear coupling suggests two iterative approactse
for reconstructing g . The rst approach is a xed point scheme and the second
one is an optimal control algorithm. We prove the convergence of the iteratie
xed point scheme to the true image of g using the contraction xed point
theorem and illustrate it numerically. Using Proposition 2.5, the convergence
of the optimal control algorithm is also shown. Moreover, the high resoluion
and the good stability properties of the reconstructed images are showunder
di erent conditions.

The chapter is organized as follows. In Section 19.2, we introduce some
preliminary results. In Section 19.3, we present our reconstructioralgorithms
and provide proofs of their convergence. In Section 19.4 we illustratehe
performance of the proposed algorithm in terms of resolution and stability
Throughout the chapter, C is an universal constant depending only on known
guantities and functions. Our results in this chapter are from [29, 30, 56,74].

)d : (19.3)
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19.2 Preliminaries

19.2.1 Acoustic Wave

In this section we rst see how the displacement eld u can be created by a
short spherical acoustic wave and what its typical form is.

The acoustic wave equations are obtained by linearizing the uid dynanics
equations for small disturbances around a uid at rest. The state of a uid is
characterized by macroscopic quantities such as the density, the id velocity,
the pressure, and the temperature.

We consider the three-dimensional case. We denote by, and ( the un-
perturbed pressure and density, with the unperturbed velody equal to 0, and
we consider small perturbations of the pressure and velocity, dened by p and
v. Doing so, we obtain the acoustic wave equations

8
1 @p

2 - = =
Ko @t+ r v=0;

> @v _
O@t+ rp 0

We assume initial conditions of the form
o
VGt=0)=0;  piat=0)= po()= ~fo XL (19.9)

wheref( is a smooth function compactly supported in [Q 1] and is the radius
of the support of the initial condition (that will be taken small at the en d of
the analysis). The solution of the acoustic wave equations has the form
h, Z i
@'t
p(x;t)= = -——  Po(Xo + cts)d (s) ;
@t4 @8, .
i
v(x;t)= —r —  po(Xo+ cts)d (s) ;
o 4 @8
whereB is the Ball centered at 0 and with radius 1 andc is the speed of sound
dened by c= K= o. We have

z Z,

po(xo + cts)d (5) = =
@B 0

fo (ix] dr:

ct)?  2ctjxj
2 + 2 r
As soon asct > , this can be rewritten as follows:

Z ixi o2
Po(Xo + cts)d (s) = Fo WX
@B

ctixj ° 2

where Z,
Fo(r) = fo(r9adrO:

r
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Note that Fg is a smooth function compactly supported in [Q 1]. Therefore,
we nd that the velocity eld is given by

[P L 5 - 2 i
1 x ''2jxj ct, (jxj ct) (jxj ct)
)= — — = f + —Fg ————
VDT T o 0 2 T e
When ct , this becomes

1 xjxj ct jxj ct)?
v(x;t) fj J. —fo (ix] )
2 oCiXj Jxj 2
up to a term of relative order 2=(ct)?.
Remember that v(x;t) is the uid velocity at position x. If a particle is at
X at time 0, then its position P(x;t) at time t satis es

@Fg;tt) = v P(xt);t; P(x;0) = x:

Using the assumption that the amplitude of the displacement is small ve can
linearize around the original position and obtain that the position satis es

. z t
@Rx) _ v(x;t) or P(xt)=x+  v(x;t9dt%
@t 0
and it is therefore given by
o X o (X ct?
P(x,t)—x+40C2ij 5

The displacement eld x ! x + u(x;t) is the inverse function of the position
x ! P(x;t). Using again the small displacement assumption which allows us
to linearize around the initial position, we nd

X (jxj ct)?

u(x;t) = 1.8 ° >

In the previous analysis the initial condition pg was chosen to be centered
at 0. If pg is nonnegative-valued,y 2 is the center, then the displacement
eld is given by

jx yj et x 'y
X yij X yij

uy(x;t) =

and de ned for x 2 nfygandt =c. The support of the displacement eld
can be seen as a thin spherical shell growing at the constant speedThis can
be approximated up to a term of order =(ct) by

uy(x;t) = —w x ot _X y_: (19.5)

ct Xyl
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In this formulation, w is the shape function and is such thatw 2 C! (R;R*)
and supp(w) [ 1;1]. Here, is a positive parameter representing the thick-
ness of the wavefront. Note that, in order to have a wavefront with nonzro
thickness, initial conditions of the form (19.4) are required.

Although the derivations in this section are in three-dimensions, wewill
use for the sake of simplicity the same form of the displacement eldn the
numerical experiments carried out in two dimensions.

19.2.2 Regularity Results

In this section, we recall two consequences of well-known reguldyi results
[242, 254]. These results will be used for proving the convergence of thead
point scheme and the optimal control approach.

Proposition 19.1  Suppose that is smooth. If p2 L ( ), then any weak
and bounded solution' of the equation

"o+ p =0; withk ko) M; (19.6)
isin Ct( ) and
K ko= C1(M; kpkpa (y;dist( 5@ )
forall °b

The following proposition is from [182, 253].

Proposition 19.2 Let D be a bounded smooth domain and < ;M  be
positive constants. If' 2 L! (D) is such that

0< ' in D
and if f 2 L (D) is such thatkf k; 1 o) M, then the solution q of

r (%rq=finD;

4=0on @D (19.7)

is in C'(D) with
kakeimy G5 iM ) (19.8)

Remark 19.3 Assume that the constantc, in (19.8) is optimal; i.e., ¢, is
the in mum of all of its possible values. Then,

(M ) ca(; M) (19.9)

for all 0< < 1. This can be seen by multiplying both sides of (19.7) by.
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We next recall the weak comparison principle and the strong maximum
principle for Laplace equations with the Robin boundary condition [286].

Proposition 19.4 (weak comparison principle) Let p be a nonnegative
measurable function and assume that 2 W1?( ) satis es

+p 0Oin ;

@ +' Oon@ : (19.10)
We have' 0Oa.e.in
Proof. Using' = maxfO; 'g 0 as a real-valued test function in the
variational formulation of (19.10) gives
z Z , z
0 r' r' dx @'d+ p" dx
z z@8 @ z
r' r' dx+ "ood o+ p"  dx
@B
z z z
= jr jPdx i jAd Pt j2dx
@B
It follows that ' = 0. Note that ' is admissible to be a test function

because it belongs towW2( ) (see [184]). u

We need the following lemma to prove this strong maximum princige
[300].

Lemma 19.5 (Hopf lemma) Let' 2C!  \C?( ) satisfy
" +c¢ 0

on where c is a honnegative constant. If there existsxg 2 @ such that
"(Xo) Oand' (x)>"' (Xo) forall x2 , then

@' (xo0) < O

Proposition 19.6 (strong maximum principle) Let g 6 O be a nonneg-
ative smooth function dened on @ : Let D b be smooth. For allc > 0O,
the solution' . of

't Ccc=0in ;

@ c+'c=gon@
is bounded and positive inD.

(19.11)

Proof. Since g is nonnegative, so is' . because of Proposition 19.4. On the
other hand, applying Proposition 19.4 again forkgk.: (@ y ', we can see
that 'k gk.: (@ ). The boundedness of ¢ in , and henceD, has been
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veri ed. In order to use the Hopf lemma, we show that' . 2 C?( ): In fact,
forall xo 2 ,let D; and D, satisfying

DibDyb

be two open neighbourhoods oko. The boundedness of . in the previous
paragraph and Proposition 19.1 imply that ' . belongs to Ct(D,). On the
other hand, [184, Theorem 8.8] helps us to see that, 2 W2?(D,). Hence,

@' ¢ i=1;:::,disin W12(D,). It also satis es the equation
@x,'c+Cc@'c=0:

Hence, @' . belongs to C'(D;) by Proposition 19.1. In other words, ' ¢ 2

C?(D1).

We claim that ' . > O notonlyin D butalsoin .Assume that' (xg) =0
for somexg 2 . Sinceg is not identically zero, neither is' ¢. Thus, we can
nd a point x; 2 such that ' ¢(x1) > 0. Without loss of generality, we
can suppose thatB(Xxq;r) with r = jx3  Xgj and ' <(x) > 0 for all
X 2 B(x1;r). Since' ¢ 2 C?( ), "' ¢ belongs toC*(B(x1;r)) \C 2(B(x1;r)). We
can apply the Hopf lemma for' ¢ in B(xy;r) to get

r'c(Xo) (X1 Xo)<O:

This is a contradiction because' . attains its minimum value at xg and
r'c¢(Xo)=0: wu

19.3 Reconstruction Algorithms

In order to achieve a resolution enhancement ultrasound-modulated dgcal
tomography can be used. Its basic principles are as follows. We generate a
spherical acoustic wave inside the medium. The propagation of the acouist
wave changes the absorption parameter of the medium. During the propaga-
tion of the wave we measure the light intensity on @ . The aim is now to
reconstruct the optical absorption coe cient from such set of measuranents
with a better resolution and stability than using pure optical tomography.

In the previous section, we have shown that the displacement furtoon u at
x caused by a short diverging spherical acoustic wave generated §t2 RYnD
is of the form

u(x) = uy(x;t)y=  —w Xyl et x Yy

- -, X2 (19.12)
ct x oyl

where the constantc is the acoustic wave speedw 2 C* (R;R*) (called the
shape function) is with support contained in[ 1;1], is a positive parameter
representing the thickness of the wavefront,.e., the thickness of the support
of the displacement eld u, and t is understood as the time parameter.
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Now, from (19.1) and (19.2), it follows that
k' u ' kwl;Z( ) quJ q kLZ( )

for some positive constantc.
Multiplying (19.2) by ' | integrating by parts, and using (19.1), we obtain
the cross-correlation formula

z
@ @
-— —)d: 19.13
o a( @ @ ) ( )
The main idea for recoveringq is to notice that
z Z
@ @ 2
— —)d ter udx; 19.14
o a( @ @ ) q ( )

which follows from a Taylor expansion ofq and a Born approximation for

u-
Since@' =@ and @',=@ can be measured or@ , it is possible to eval-

uate the quantity Z
@ @\

o @ @
for all y;t. This quantity is nothing other than the cross-correlations between
the boundary measurements in the perturbed and unperturbed medi.

Next, from (19.14) we establish an equation forq . Using Helmholtz de-
composition, we write

)d

"Zrq=r  +r : (19.15)

Here, in order to insure the uniqueness of and we assume that is simply
connected, is such thatr =0, and we supply the boundary conditions

@ = ' qu

@ @
and =0on @ .

Sinceu takes the radial form (19.12), integration by parts yields
z
r udx=0;

and so (19.14) can be rewritten as
z z
@ @\
-— —)d r udx:
o o @ o )
Hence, can be constructed and considered as the given data by employing
the spherical mean Radon transform.
Let
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@' @'y
X) —(X) —
. 9(x) @ (x) @
where uy is given by (19.12).
For f 2 C°(RY) and E RY, recall that the spherical mean Radon trans-

form of f over E, RJ[f], is de ned by (2.52).
The following lemma holds.

z

Nu(y;r) = (x;y;r=c) d (x); (19.16)

Lemma 19.7 Fix y 2 nD and letro > 0. Suppose thatq (x) = ¢ for
X 2 B(y;ro), where B is the ball of centery and radius ry. Suppose also that

g 2CY (") and is small enough. Then, for allr >r ¢ and r, we have
Z
1 " Nu(y; )
R T —— d; 19.17
L) Ziwjiagsi o, 92 (19-47)

where|Sj is the surface of the unit sphereS.

Having in hand  from the cross-correlations between boundary measure-
ments using the ltered backprojection formula (13.8), we take the dvergence
of (19.15) to arrive at

r (%q)= : (19.18)
Assume that q is bounded from below and above by two known positive con-
stants g and q, respectively. Since' solves problem (19.6) withg replacing
p and , which will be de ned later in Lemma 14.9, replacing M , its C*(D)

norm is bounded. The analysis allows us to recoveq in D by solving the
system of equations for the two unknowns and q;

" +qg =0in ;

@ +' =gon@ : (19.19)
and (

r ("%rqg-= inD;
(19.20)
q=¢q on@D:

19.3.1 Fixed Point Algorithm
The system of equations (19.19){(19.20) suggests Algorithm 19.1.
Remark 19.8 Consider the Born assumption

q =0+ s); (19.24)

where is a small constant ands is a smooth function supported inD b
with known bound on itsC?(D) norm. We have

= qgor ("%rs); (19.25)

and therefore,
kK kei(y=0() as 1:
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Algorithm 19.1  Fixed point algorithm

1. De ne the initial guess @ = op:
2. Forn 1, solve

( M 4 T D (M =0 in

19.21
@M+ ™M=-gon@ : ( )
where
Tp = min f maxf p; qg; 9g: (19.22)
3. Find ™ by solving
(
r v (1)2p My = in D;
@ ") g™ (19.23)

g™ =g on@D:

and dening " = g in nD:
4. For k k.1 () small enough, the convergent function of fg™ g is the true
optical absorption coe cient q .

Remark 19.9 The convergence of (™ g, mentioned in Step 4, will be shown
below by the Banach xed point theorem. This also implies the wellgsedness
of the system constituted by (19.19) and (19.20).

Remark 19.10 Problem (19.21) is uniquely solvable because we are able to
avoid the case that(' (M)? approaches0 or 1 somewhere insideD.

Remark 19.11 We modify " Y by T(" Y in (19.21) because of the obvi-
ous inequality

jiTp aj jp aj
which makes the proof of the algorithm easier and may increase the tea of
convergence.

In order to prove the convergence off g"'g, we de ne the open set of
LY ()
Q=fp2L'( ):g<p< qg; (19.26)
and the map

Fi:Q! wWbh2( )
q7!' F1[d] = ; where' is the solution of (19.19): (19.27)
We have the following result.

Lemma 19.12 For all g 2 Q; F4[q] is in L* ( ): There exists a positive
constant (g;0) such that

Fifdl(x) ; 8x2: (19.28)
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Moreover, forany D b, there exists a positive constant (D; q;q) such that

Fildl(x); 8x2D: (19.29)

Proof. Let' 4 and' 4 be the solutions of (19.11) withc replaced by g and g,
respectively. It follows by Proposition 19.4 that

q q In
On the other hand, we can apply Proposition 19.6 to see that
"g>0 inD:
The lemma is proved by letting =infp'gand =sup '4 w

Lemma 19.13 The map F; is Fechet di erentiable. Its derivative at q is
given by
dFi[al(h) = ; (19.30)

for h2 L' ( ), where solves

+q = hin ;

@ + =0 on@ (19.31)
with ' = F;[g]. Moreover, dF;[g] can be continuously extended to the whole
L2( ) by the same formula in (19.31) with

del[q]kL(LZ( YW Li2( ) C; (1932)

where is de ned in Lemma 19.12.

Proof. Let ' © be the solution of (19.19) with q+ h replacing g, assuming
khk.: () 1sothatg+ h2Q ae.in .Notethat'® ' solves

( (% )+(a+n(C® )= hin

@'® ")+(° ")=0 on@:

Using' © ' as a test function in the variational formulation of the problem
above gives

k' o kwl;Z( ) CkhkLl ( )k' k|_2( ): (1933)
On the other hand, since' °© solves
(o )+ g% )= h(° ")in ;
@t°® * H)y+(°* )=o on @ ;

we can apply the argument above to obtain
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k' o kwl;Z( ) CkhkLl ( )k' o k|_2( ): (1934)
Combining (19.33) and (19.34) shows that
k® ' kwuzy CkhkZi K kiz(y;
which implies
. k' 0 ' kwl:Z( )
lim =0:
khk it ( 4! 0 khk_ 1 ()

The rst part of the lemma follows.

Because of Lemma 19.12 and Proposition 19.4, which shows that 2
L ( ); problem (19.31) is uniquely solvable for allh 2 L?( ), and therefore
the extension dFi[q] : L2( ) ! WZ2( ) is well-de ned. Its continuity and
(19.32) can be deduced, using as a test function in the variational formula-
tion of (19.31) and applying Lemma 19.12:

k k\Nl;Z( ) CkhkLZ( )k' k|_1( ).
The proof is then complete. u

Note that the di erentiability of F; on Q holds for any positive constants
gand gsuch that g< q.
We next introduce another open set ofL! ( ):

P= 2L ):§< < 2 inD : (19.35)

Let
Fa:P 1 WH2()

" 7! Fo[' 1= g; whereqis the solution of (19.20) inD andq= g in nD:
The following lemma can be proved in the same manner as Lemma 19.13.

Lemma 19.14 The map F;, is Fechet di erentiable. Its derivative at ' is
given by
dr,[' 1(h) = Q; (19.36)

for h2 L' (), where Q solves

r (rQ=r (2hraqinD;
Q=0 on @D

with g = F,[' ] being the solution of (19.20) andQ =0 in nD. Moreover,
dF,[' ] can be extended continuously td.?( ) and

(19.37)

. 2
kdFo[' TkiLz¢ ywaze )y —5C(5 M ) (19.38)

whereM is an upper bound ofkr (' r gk.: (p).
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Proof. Since evaluating the derivative of F, at ' is similar to doing so in

Lemma 19.13, we only verify the well-de nedness of the extension adF;[' ]

and (19.38). Since' 2 P; we can apply Proposition 19.2 to see that the
solution g of (19.20) is inC}(D) and

kq Cbkcl(ﬁ) CZ( ;M ) :
As a consequence, sincg= ¢ on nD, we deduce that
kr QKLl () Cg(; i M ): (1939)

Thus, (19.37) is uniquely solvable ifh 2 L?( ). This shows how to extend
dFo[' 1to L2( ).
In order to prove (19.38), we useQ as a test function in the variational
formulation of (19.37) and employ (19.39) to get
A Z

2 jrQifdx 3 QjPdx
D D Z
2 kr gkp1 (py  Jhjjr Qjdx
D
2¢ 2(; M )Kkhkp2(pykr QKp2(p):

Therefore,
2
kaWOl;Z(D) TCZ( ; ;M ) ;
and the proof is complete. u
Our main result in this section is the following.

Theorem 19.15 Assume thatg; g, and M are given. If k.~ k_. ( ) is su-
ciently small, then the iteration sequence in the algorithm converges ih?( )
to g, the unique solution of (19.19) and (19.20).

Proof. Introduce the map

Flal = F2 Fafdl

de ned on Q given by (19.26). Thanks to (19.28) and (19.29), the range oF;
is contained in the domain of F,. This shows how the de nition above makes
sense. Consideringc as the mapP ! L?( ), using the standard chain rule
in di erentiation and the fact that W2( ) L?( ), we have

dF[g]: LY ( )! L2( )

given by
dF[al(h) = dF;[F1[a]](dF1[a]l(h)) (19.40)

is the Fechet derivative of F. Moreover, by Lemmas 19.13 and 19.14dF[q]
can be extended continuously toL?( ) with
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KdF ol (Lo¢ yioq y K dFalalkeoq yw ez y KAFalalKe (L2 yw e )
Ck k|_1 ()~

Recall from the algorithm that g© = q is the initial guess for the true
coecient q and forn 1;dene

o =F[Td" Y] n 1

where T p = min f maxf p; qg; qg. Note that for all m;n  1;
z 1
KF[TA™] FITd™ Ik 2 )= dF[(X  )Td™ + Tg™)q™ ¢™)dt
0 L2( )
Ck kLl( )kq(m) q(n)kLZ( ) -

Thus, if k  k 1 ( y is small enough, then
F T:L2( )! L?%()

is a contraction map. Let g denote the xed point of F T and hence the
convergent point of ™. Sinceq , the true absorption coe cient, is a xed
point of F and is in the interval [g;T], it is the xed point of F T. Therefore,
g = g and the proof is complete. u

19.3.2 Optimal Control Algorithm
Let
K:=fq ®2Wy* ):q q gandkrdke(y (19.41)

where will be determined later in (19.44). It is obvious that K is closed and
convex in Wy'%( ).
Now, letthe map F : K ! W %2( ). Forall q2 K; let
z
Fla(v)=  Fi[qPrq rv forall v2 W3?( ): (19.42)

We call F the internal data map.

Theorem 19.16 The map F is Fechet di erentiable in K and
A

dF[qg](h;v) = (2F1[q)dF1[q](h)r g+ Fl[q]zr h) r vdx (19.43)
forall g2 K; h 2 Wg™( )\ Lt ( ) andv2 Wg?( ): Assume further

C 2
>

0< < (19.44)
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whereC is the norm of the embedding map oV 12( ) into L#( ); multiplied
with the constant in (19.32). Then, dF[q] is well-de ned on Wol;z( ) and there
exists a positive constantC such that for all h 2 W %( ),

KdF [al(h)kw 12( CkthOl;z( (19.45)

)Z
Here, dF[c](h) 1 v 2 WEF2( ) 7! dF[g)(h; v):

Proof. The Fechet di erentiability of F and the expression (19.43) oflF can
be deduced from Lemma 19.13 and the standard rules in di erentiation. We
only prove (19.45). In fact, for all h 2 Wol;z( ),

dF[cl(h; h) = ZF1[0|]ZJ'r hjz+2F1[Q]d51[Q](h)f ar h dx
Filcl®ir hj* dx j2F1[aldF4[al(h)r gr hjdx

2 khkwol;z( ) 7de1[Q](h)k|_4( )kl’ Q|(|_4( )kl’ hkLZ( )

It follows from the continuous embedding of W%2( ) into L4( ) and (19.32)
that
C 2
dF[d(hih) 2 1 ——— khkyz )
Therefore, the bilinear form dF [q] : (h;v) 2 Wy'2( ) Wg2( ) 7! dF[q](h; V)
is coercive, which shows that inequality (19.45) holds true withC = 2(1

S P Y

We now make use of Theorem 19.16 in order to prove a local Landweber
condition which guarantees the convergence of the reconstruction algohim.
Let gand °be in K. We can nd t 2 [0; 1] such that

kFlal FIOkw w2 y = kdF[tg+(1 t)a%(a dkw w2 ) Ckq qq(wolzz( )

(19.46)
by (19.45). Hence, ifkq qq<W01;2( ) is small enough, thenF satis es the local
Landweber condition:

kFlo] Flof] dFldd(a ddkw sz ) kP[] Fldlkw w2 ) (19.47)

for some < 1:
Consider  as an element oW 12( ) and rewrite

r Faild’r q=
in the sense of distributions, as

Fla= : (19.48)
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Recalling that K is closed and convex inwol;z( ), we can employ the
classical Hilbert projection theorem to de ne the projection T from Wol;z( )
onto K.

The optimal control algorithm is to minimize the discrepancy betweenF [q]
and :

P — 1 2 .

It reads as follows.

Algorithm 19.2  Optimal control algorithm

1. De ne the initial guess q© = g:
2.Forn 1,

g"t = 17" dF [Tq™] (F[Tq™] ); (19.50)

where is the step size andT is de ned by (19.22).
3. Forji g jjwol;z( ) small enough, the convergent function of f g") g is the true

optical absorption coe cient (q .

The following convergence result for Algorithm 19.2 follows from Proposi-
tion 2.5.

Theorem 19.17 Suppose that the true optical distributionq belongs toK
and is suciently small. Let o™ be de ned by (19.50) with© being the
initial. Then the sequenceq™ converges inW,%( )toq asn!1

19.4 Numerical lllustrations

As a test case, we consider =( 1;1)%? and ¢y = 1. We set

gx)=1+(qg 1) ( i)x);

with ;b andg > 1 a constant. We take the dimensionless shape function
w in (19.12) as follows:

w()=e=(* D, 2[ 11]

We generate the cross-correlation between boundary measuremernity, given
by (19.16), with u = uy for sampling points y (such that q (y) = ) on
the unit circle and sampling radii r 2 (0;2). Then, using Lemma 19.7 and
adopting the same numerical approach as in Chapter 13, we generate the
data by inverting the spherical mean Radon transform. In the case where
the number of sampling pointsy is small, the total variation regularization
method developed in Chapter 13 can be used. Problems (19.21) and (19.23)
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are solved iteratively using a nite element code. We use a strutired mesh
with 10* vertices andP 1 nite elements.

In order to measure the quality of the reconstruction, we introduce two
indicators of the errors made in the image. Letm = min( gnes) and M =
maxX(gnes). We compute the support of gnes Qo by

M m
iimes = Omes 1> 2
and de ne a position error by
j i4 i; mesj
pos 2] iJ

with ;| being the correct support ofq . Here,j i4 i mesj denotes the
symmetric di erence between ; and i mes. The second quantity we have to
recover isg, the correct value ofq in the inclusion. For doing so, let us de ne
an estimation of g by

Z

1
G: mes = =

] i: mes] i; mes

qnes

and introduce the relative error for this estimation as follows:

_ % mes GJ.
TR T

Finally, we introduce the relative L2-error,
k' (m ' k|_2( )=k' k|_2( )

where n is the number of iterations and' is the true energy density.

As illustrated in Figure 19.1,if jg 1jj ij j ], then one iteration could
be enough to obtain a quite resolved imageife., with high resolution) since
the relative L2-error k' @ ' ki 2 y=k' kiz(  is very small (of order 10 1°
in the example in Figure 19.1).

In Figure 19.2 we consider the same example as in Figure 19.1. We plot the
behaviors of Eya and Ees as functions of . It can be seen that the smaller
is, the better the reconstruction. However, there is a saturation esct for

very small due to the nite element discretization.

Next, we show in Figure 19.3 that a few iterations are necessary to re-
construct a resolved image ifig  1jj ij5 j is not too small. In Figure 19.3,
the reconstructed images after one, two, and three iterations are givenln
Figure 19.4 it can be seen that while the support of the inclusion is que well
reconstructed at the rst iteration (it is in fact the support of the d ata ), a
few iterations are needed in order to nd a good approximation of the valie
of the optical absorption parameter.
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Fig. 19.1. Reconstruction after one iteration with =0:02,g =1:01, ; =
( 0:25,0:25)%, and the measurementsN, are for 50 sources on the unit circle and
for r 2 (0;2).
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Fig. 19.2. Reconstruction errors Eyy and Epos as functions of .

Finally, we illustrate the stability of the proposed algorithm. For doin g so,
we add to the measurements a discrete Gaussian white noise with stdard
deviation ranging from 0 to 10% of the L' -norm of N, and compute the
root mean square errors of the optical absorption parameterE(EZ2,)**?, and
the position, E(EZ,s)'™, as functions of the noise level. HereE stands for
the expectation. In Figure 19.5, we compute 100 realizations of the measure-
ment noise and apply the xed point algorithm for estimating both the shape
and the optical absorption of the inclusion. Figure 19.5 gives, for = 0:02,
E(EZ, )™ and E(EJ,)'™?, as functions of the noise level. It shows the ro-
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omono

Fig. 19.3. Reconstruction after (from left to right) one, two, and three iterati ons
with  =0:02,g =3and ; =( 0:25 0:25)2, and the measurementsN, are for 50
sources on the unit circle and for r 2 (0; 2).

— '
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Fig. 19.4. Left: Reconstruction errors Eya and Epoes as functions of the number of
iterations. Right: Relative L2-error on ' ("), where n is the number of iterations.

bustness of the proposed approach. It also shows that nding the value of
the optical absorption parameter is more stable than locating the inclugon.
This seems to be due to the di usion character of the problem satis &l by the
optical absorption distribution.

19.4.1 Concluding Remarks

In this chapter we have presented e cient algorithms for ultrasound-modulated
optical di use tomography. The modulation of light is due to the propagation
of spherical acoustic waves. It leads to a coupled system of equationSolving
iteratively such a system yields a resolved image for the optical absption
coe cient under the assumption that k  k_: is small enough. The proposed
xed point algorithm has good stability properties. Its performance depends
on the boundary data. In order to obtain optimal images in the sense of res-
olution and stability, the boundary data has to be chosen in such a way tkat
the interior of the domain is illuminated. In the case whenk k. : is not
small, an optimal control approach has been designed and its convergence
proved provided that the initial guess is close enough to the true saition.



Foot mean squared of E

Noise level (%)

Fig. 19.5. Root mean square errors of the position and the value of gneas for a
noise level from 0% to 10%.
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Mechanical Vibration-Assisted Conductivity
Imaging

20.1 Introduction

This chapter aims at mathematically modeling a multi-physics condctivity
imaging system incorporating mechanical vibrations simultaneously apped to
an imaging object together with current injections. We perturb the internal
conductivity distribution by applying time-harmonic mechanical v ibrations
on the boundary. This enhances the e ects of any conductivity disconinuity
on the induced internal current density distribution. Unlike oth er conductiv-
ity contrast enhancing frameworks, it does not require a prior knowedge of
a reference data. In this chapter, we provide a mathematical framewdk for
this emerging imaging modality. As an application of the vibration-assisied
impedance imaging framework, we investigate a conductivity anomaly dedc-
tion problem and provide an e cient location search algorithm. We show both
theoretically and numerically that the applied mechanical vibration increases
the data sensitivity to the conductivity contrast and enhances the quality of
anomaly detection results.

In this chapter, we rst describe the mathematical framework of the
vibration-di erence method in EIT. Emphasizing the sensitivi ty improvement
by the conductivity modulation through a mechanical vibration, we adopt this
approach to anomaly detection. We carry out the derivations of the vibration-
di erence method for anomaly detection and show its performance andda-
sibility through numerical experiments. Our results in this chapter are from
[72].

20.2 Mathematical Modeling

In this section, we provide a mathematical model for a mechanical vibation
assisted conductivity imaging and its theoretical ground. We set to be a
bounded domain with a boundary @ of classC? in R®. We assume that the
electrical conductivity —of is of classC?(" ). Moreover, there exist _ and
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—suchthat0< _< < 7< 1 :Furthermore, we suppose that is constant
on a neighborhood of the boundary@ .

As seen in Chapter 6, when we injegs a currentq 2 Ct (@) for some
0 < < 1 with its mean-value of zero, g = 0, the resulting electrical
potential v is governed by the following conductivity equation:

8
3T (rv)y=0in ;
z g'=qon@ ; (20.1)
_g v=0;
@
where @v=@= ( r ) with being the outward unit normal vector at @ .
To perturb the conductivity distribution , we attach a mechanical vi-

brator on the boundary @ and apply a time-harmonic vibration. We assume
that is composed of a linearly elastic, isotropic, and incompressible matid
of density equal to 1. We let be the shear modulus of . We assume that

belongs toC% () and there exist and ~—suchthat0< < < < 1:
If | is the operating angular frequency, the resulting time-harmonic edstic
displacement is denoted asi(x;t) = <f € u(x)gforx 2 andt2 R*, where
u satis es the Stokes system

8 .
<!2u+r ((ru+ru")+rp=0in ;

rru=0in ; (20.2)
u=gon@ :
Here, g 2 CY (@ ) is such that the compatibility condition e 9 =0

holds.

In what follows, we assume that ! 2 is not a Dirichlet eigenvalue of the
Stokes system on . We also recall that the analytical continuation principle
holds true for the Stokes system. In fact, it can be proved that ifu is zero
in a ball inside , then u is identically zero everywhere in  provided that

2 C%1(" ). Moreover, from [183],u 2 C% () and there exists a positive
constant C depending only on ;!; and such that

Ui (—  Clidiics (@)

The displacementu causes the perturbation of the conductivity distribution,
, Which can be described as, for a tim¢ 2 R*,

(x+ux;t);t)= (x); 8x2 : (20.3)

Itinducesu r , which can be captured by various electrical impedance imag-
ing techniques. To show this, we let = fx+ u(x;t)j x2 ; foratimet2
R* g. We can rewrite the relation (20.3) as

= (+w ' = (+uw; x2 %t2R; (20.4)

wherel + u is a map such that, for a timet 2 R*,
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I+ u(;t): x 7! (x+ u(x;t);t)

and %b ( \ ) is any smooth simply connected domain.
Assuming that 2C% ("), kuk.: (y land 2C?( ), the perturbed
conductivity can be approximated as

Gty (UGN = (x) ult) T () + O(ui?)
(x) u(x;t) r (x); x2 %t2R"; (20.5)
since is assumed to be constant on a neighborhood of the boundar@ . Let

v denote the electrical potential of (20.1) with the conductivity distr ibution
in place of . The potential v varies with the time-change of

ro(( X)) uxt)y r (X)rv(xt) 0 forx2 ;t 2R*: (20.6)
Denoting vi(x;t) ;= v (x;t)  v(x), we have
roCervagt))=r uict) ro(x)rvix)+r ouxt) ro(x)rvi(xt)
ro o u;t) ro(x)r v(x)): (20.7)
In the last approximation, we droppedr u(x;t) r (x)r vi(x;t) since both
u and v; are small.

From (20.1), by virtue of the approximation (20.7), it follows that vi(X;t)
satis es

ro(rvi(xt)) = <f etr (ux) r (x)r v(x)gfor (x;t) 2 R* ;
@y

G - 0 on@ R*:
(20.8)
Therefore, we can expresy; as
vi(x;t) = <fée" vi(x)g;
where v, is the solution to the following conductivity equation:
r (rvy)=r ((ur )v)in ;
@y _ ) (20.9)
@‘i =0 on @ :
Finally, we arrive at
v (xt)  v(x)+ <fe'" vi(x)gg x2 ;t 2R"; (20.10)

wherev; is the solution to (20.9). Note that the measured data over time yields
the knowledge ofvy, which is (approximately) the di erence betweenv and v
measured without and with the mechanical vibration, respectively. Equation
(20.9) clearly shows thatv; carries information ofu r . The major advantage
of the proposed method is then to extract the additional information ofu r
from the boundary current-voltage relation.

In the following sections, we will deal with the anomaly imaging problam.
Based on the approximation (20.10), we will provide a reconstruction meod.
We will extend the approximation (20.10) to piecewise constant conduawity
distributions.



338 20 Mechanical Vibration-Assisted Conductivity Imaging
20.3 Vibration-Assisted Anomaly Identi cation

As seen in Chapter 6, the static EIT imaging has a fundamental drawback de
to the technical di culties in handling forward modeling errors i ncluding the
boundary geometry, electrode positions, and other systematic artifact. Hence,
in the anomaly identi cation problem using EIT, a reference current-voltage
data (Neumann-to-Dirichlet data) is required to cancel out these comnon
errors by a data subtraction method. Since we can repeat the measuresznts
without and with the mechanical vibration, we can extract the e ects of the
vibration by taking the di erence between two sets of the measureddata. In
this section, we consider a piecewise constant conductivity distbution and
present an anomaly location search and parameter estimation algorithm based
on the vibration-di erence approach.

Let D = z + B be an anomaly compactly embedded in , wherez is
a gravitational center of D, B is a C>-bounded domain containing the origin
and is a small positive parameter representing the order of magnitude of
the anomaly size. We suppose that is locally homogeneous and changes
abruptly across the boundary of the anomalyD.

We also suppose that the shear modulus is piecewise constant such as

_ in nD;
+inD:
Then the displacement eld u satis es
8 _
'2u+ u +rp=0in nD;
% '2u+ ,u +rp=0in D;
r u=0in ;

ug ujs =0on @D; (20.11)
% S+ p +@'+p _=0on@D;
' u=gon@ ;

where denotes the limit from outside and inside ofD, respectively.

Let 1; 2 be the tangent vectors at@Dsuch thatf i; »; gis an orthonor-
mal basis ofR®. Our rst goal is to provide a representation of v, in the case
of piecewise constant conductivity distributions. This can be acheved using
layer potential techniques. Integration by parts yield, for x 2 nD,

z

@v @N ¥ @veN
vi(x) = u 1 = = == + 1 — == ds;
* @D @ + @ + + j:l @J @J
(20.12)
where N is the Neumann function given by
<r (rN)= y in;
@N — 1
Re - j@j N@;
N=0
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with j@ j being the measure of@ .
Now, let w2 W2( )satisfyr ( r w)=0 and let h be de ned by
. L, - @V ew, X @vew
" @, @, + o in @; @;
Note that since the restrictions to D of the solutions to the conductivity
equationr ( rw)=0in areinCH (D), then h 2 L?(@D. In order to
emphasize the dependence af; on u, we denote it by v§ = v;.
The next proposition follows from (20.12) by integration by parts. It gives
the relation between measurable boundary data and interior information of
anomaly D.

on @D:(20.13)

Proposition 20.1 F%r w2 WE2( ) saztisfying r ( rw)=0, we have
vy des = u hds; (20.14)
@ @ @D
whereh 2 L2(@0D is de ned by (20.13).
In what follows, we set

(u) := vy des: (20.15)
@ @
The imaging problem is then to locate the anomalyD and to reconstruct its

size, its conductivity, and its shear modulus from (u).

20.3.1 Location Search Method and Asymptotic Expansion

In order to have further analysis regarding (u) in (20.15), we write the inner
expansion of the solutionu of (20.11) as follows

ux) = U+ v % +0o(2): (20.16)

whereuy is the background displacement eld (in the absence of any anomaly)

<12up+ 4dug+rp=0in ;

r u=0in ; (20.17)
Up=gon@ ;
gndv is the solution of
4v +rg=0 in RnD;
+4v +rq=0 in D;
r v =0 in RS
V] Vj: =0 on @D;
% @ +q +&+q L= +)(rug+rul) on@Db;
vx)! 0 asjxj! +1;

gqix)! 0 asjxj! +1:
(20.18)
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For explicit representations of up and v , let us introduce the fundamental

tensor solution = ( ik)j?;’k -, and F = (Fy;F2; F3) corresponding to the
equation
12 ;
+— k(0+ @F(X)= k (x) inR®
andr =0in R3, where
Gyl — G oiyilP —
B i g! ixj= gl! ixj= 1
- = — 20.1
K= e @8 (20.19)
- 1 X
00 4

Here, j isthe Kronecker delta. DeneBr = fy :jyj R; R suciently large g
such that  Bg. If g(x) = (x y)q with direction of the wave q for a
point sourcey 2 @k, then we havepo(x) = F(x y) gand

up(x)= + (x y)a;

1
+ 4 0 Qu X z .
o T Ks @ (@) :

v X z = Sg
whereSJ is a single layer potential for the Stokes systemK§ is the Neumann-
Poincae operator associated with the fundamental tensor solution and
(K9) is the L2-adjoint operator of K$ with superscript O standing for the
static case! =0.

Noting that u is depending onqg and the point sourcey, we can denoteu
by Ugyy -
DenedJ: ! Rby

x3
J(Z%) := kT (z° y)g (ugy) ds(y) (20.20)
j=1 @R

for three orthonormal vectors g (j = 1;2;3), z° 2 and a constant unit
vector k. Here, z° is considered as a searching point in .

The following lemma follows from the Helmholtz-Kirchho identity for the
fundamental tensor solution

Lemma 20.2 The functional J(z°) can be estimated by
z

IE=K=( (2° z)) = h ds +0(3(2+1+R 1): (20.21)
@D

Proof. Using (20.16) and the above representations, the functional (u) can
be written as
z z

(12 +1)
(w) = u(x) h(x) ds(x)= Up(x) h(x)ds(x)+ O ————
@D @D

RZ
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Then we can write J(z°) as

e Z
J(z%) = kT (28 Y)G  (Ug ) ds(y)
j=1 @R
e Z Z
= k" (z° y)qg Ugy hdsds(y)
j=1 _@R @D
1 Z Z
== K (z° y) (z ydsly) h(x)ds(x)+ O(3(!?+1)):
@b @B
From the Sommerfeld radiation condition satis ed by , we have
z° y) (z y)ds(y)
@ S Y S @————0 1
— (z z z — (z ds(y)+ O —
@EQ@( y) z y) | y)@( y) ds(y) R
SincejzSj; jz j < R, the property of fundamental solution and Green's identity
imply
‘@ @
@ @ @@ v y)@ (z y) ds(y)=2i= (z° z):
@B
Hence we have
z
J(zs):ikT: (z°5 z) hds+0 °R ! +0(3(2+1);
@D

which completes the proof. u

Since= (z8 z ) has a sinc function as a component) has its maximum
at z5 = z . In J, the fundamental tensor of the Stokes problem, , can be
replaced by a simple exponential function. Using that the followingproposition
proposes an approximation ofJ (zS) which is more practical for nding the
maximum and hence locating the anomaly.

Proposition 20.3 De ne F by
Z

£(z5) = g 12 = T T Y ds(y) (20.22)
@B

Then the pointzS 2 satisfying zS = argmax,, ¥(z) is the center position
of D.

Proof. From the de nition of  in (20.19), we have
gl ixi=" — g ixi=?— 4 o ixi=P —

- = . 4 - i3y,
4 Kk(x)= ixi + !2@@ i 5 + O(jxj 3):
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If jz5 yj!1 ,then the following approximation holds

1 g iz° iz —
S

S EEIY

with | the identity matrix. Here, the phase terms of J and F are the same for

the identity matrix | . In fact, the phase term of ¥ is

Z Z
gl iz iz gz Y ds(y)ds(x)
@D @&,
R Lo 2S _ . T4 JE—
I T 7O ds(y)ds(x)
@b_@
Z Z e Sy p Z Z
il el = " s p—
= e ds(y)ds(x) = e (2 29" T ds(9)ds(x)
@D @& @b @B
Z p_gin Yp_2%
@p ! iz Z5j ds(x);
in which the rst approximation holds because jyj;jy z%j;jy zj 1imply

that the angles between them are close to 0. Therefore, it has its maximu
atjz z%j=0. u

Proposition 20.3 shows that the conductivity anomaly can be detected
with a resolution of the order of half the elastic wavelength.

20.3.2 Size Estimation and Reconstruction of the Material
Parameters

In the previous subsection, a formula to nd the center positionz of D has
been derived. Here, we present a method to estimate the size the conduc-
tivity ., and the shear modulus , of the anomaly D. For computational
simplicity, we assume thatD is a sphere and that the background conductiv-
ity, , and shear modulus, , are known.

Using a broadband frequency range for elastic vibrations, we can acquire
time-domain data corresponding tog(x;t) = (x vy;t)qfory 2 @ . Here,

is the inverse Fourier transform taken in! variable of the fundamental
solution  to the Stokes system. Takew = v in (20.15) and rewrite as a
function of time t. It follows that

Z

(1) = u(x;t)  (x) h(x) ds(x); (20.23)
@D

2 p 2
+1 =) &« :Dene t§ and

+

whereh= , 1 = %’

t? by
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t7 :=the rst t suchthat (t)60
= the rst bsuch that a sphere of centery and growing radius hits @D;say z,
= jza Y=
t9 := the last t such that (t) 60
= the last t such that a sphere of centery and growing radius hits @D; say z,
=z Y=
Then the radius, , of D can be estimated by
2 P~ e (20.24)

If we know the size ofD, then we can extract . information. If not, we can
minimize over . and * the following discrepancy functional:
Z,, z 2
y
1) x z;tq hds
tya @D

To compute v we use relation (20.24) and the fact thatD = z + B with B
being the unit sphere centered at the origin.

20.4 Numerical lllustrations

First, we will present numerical simulation results showing votage di erences
when the mechanical vibration is applied. Then, we will show a numgcal
evidence of the position nding formula proposed in Subsection 20.3.1.

20.4.1 Simulations of the Voltage Di erence Map

We present two results of numerical simulations to show the voltage derence
map of v; before and after the applied mechanical vibration. We consider a
cubic container as shown in Figure 20.1. The sensing (measuring) eleodes
are placed at the bottom of the container and the sinusoidal mechanical vi-
bration is applied through the top surface, which is also the current diving
electrode. In the second numerical test, the mechanical vibrations applied
through the lateral surface. Two anomalies, a small spherical anomaly and a
large cylindrical anomaly, are placed in the container with di erent mat erial
properties shown in Table 20.1.

Background|Anomalies
Shear modulus,  0.266 2.99

Table 20.1. Shear modulus values used in numerical simulations.

Figures 20.2 presents the measured voltage di erence; at the bottom
surface. It clearly shows the perturbation of the conductivity distribution
inside  caused by the mechanical vibration.



344 20 Mechanical Vibration-Assisted Conductivity Imaging

Top
O
Bottom: —
© i °
sensing
3 Cm] > electrodes O : Side view
15em
15 cm : Top view

Fig. 20.1. Model for numerical simulations.

Vibration : Top —> Bottom Vibration : Right —> Left

Fig. 20.2. Maps of the voltage di erence v; on the bottom surface subject to two
di erent mechanical vibrations.

20.4.2 Anomaly Location

In Subsection 20.3.1, formula (20.21) and Proposition 20.3 suggest seeking the
maximizer of J or Fto locate the center position of anomaly. To verify Proposi-
tion 20.3, we consider a cylindrical domain centered at (0,0,1.5) with radius
7.5 cm and height 3 cm. Let the anomalyD be a sphere with radius 0.25 cm,
centered atz = (3:75;0;1:5). As shown in Subsection 20.3.1, the displace-
ment u depends ong and the point sourcey. Here, qis set to (1; 0; 0); (0; 1;0)

uniformly distributed on Bg, a sphere centered at (0,0,1.5) with radius 37.5
cmsothat  Bg. Figure 20.3 shows the computed discrete version df(z®)
for eachzS = (x;y; 1:5) as follows:

Z 3040

Sy i izS yizP ———~ il izS P
Hz>) = ezl (Uqyy) ds(y) e lr (Ugy, ) ;
@B k=1

where =1l1land! =200

Figure 20.3 shows that the formula proposed in Proposition 20.3 nds the
center position of anomalyD under an ideal circumstance such that no noise
is added and all mathematical assumptions are satis ed. An analysis of the
statistical stability with respect to measurement and medium noiss of the
localization algorithm can be performed.
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Fig. 20.3. ¥(z%) when z° = (x;y; 1:5): The maximum point is the center position
of D which is (3:75;0; 1:5): (a) <J(z°), (b) =J(z°), and (c) jJ(z%)].

20.5 Concluding Remarks

In this chapter, we have investigated a multi-physics electri@al impedance
imaging approach using mechanical vibrations simultaneously applied tan
imaging object together with current injections. We have provided the math-
ematical framework for the proposed approach and presented a few numest
simulation results to illustrate its resolution and stability.

It is worth mentioning that the proposed approach can also be used to
measure the elasticity of an internal object with known electrical @nductiv-
ity values. Using the electrical conductivity image, one can reconstuct the
displacement eld at the scale of the changes of the conductivity and tken,
recover the shear modulus using our approach in the next chapter. Tis ap-
proach will be applied for optical coherence tomography in Chapter 22.






21

Viscoelastic Modulus Reconstruction

21.1 Introduction

Elastography aims at providing a quantitative visualization of the mechanical
properties of human tissues by using the relation between the waveropa-
gation velocity and the mechanical properties of the tissues. Duringhe last
three decades, elastography led to signi cant improvements in the gantita-
tive evaluation of tissue sti ness. The two major elastographic techriques are
based on ultrasound and on magnetic resonance imaging. GE Healthcare has
recently commercialized magnetic resonance elastography (MRE). Its &in
use is to assess mechanical changes in liver tissue. The mechanicedperties
of tissue include the shear modulus, shear viscosity, and compreésa modu-
lus. Quanti cation of the tissue shear modulusin vivo can provide evidence
of the manifestation of tissue diseases.

This chapter focuses on the image reconstruction methods for tissueis-
coelasticity imaging. It presents an iterative reconstruction approat to pro-
vide high-resolution images of shear modulus and viscosity using theternal
measurements of displacement eld. To simplify the underlyinginverse prob-
lem, the reconstruction of both the shear modulus and shear viscositare
considered under the assumption of isotropic elastic moduli.

We consider the inverse problem of recovering the distribution ofthe
shear modulus () and shear viscosity () from the internal measurement
of the time-harmonic mechanical displacement eldu produced by the ap-
plication of an external time harmonic excitation at frequency !=2 in the
range 50 200Hz through the surface of the subject. Modeling soft tissue as
being linearly viscoelastic and nearly incompressible, the didpacement is of
the form <(u(x)€" ) where the complex-valued eld u satis es the elasticity
equation

ro (+i )ru+ru") +r( +i' ) u+ !2u=0; (21.1)

where denotes the density of the mediumy u' is the transpose of the matrix
r u, isthe compression modulus and is the compression viscosity.
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The most widely used reconstruction method is the algebraic inveisn
method [262]: For any non-zero constant vectoia,

. I 2(a u)
+il = T @ (21.2)
which requires the strong assumptions of ( +i! ) 0 (local homogeneity)
and ( +i! )r u 0 (negligible pressure).
The algebraic formula (21.2) ignores re ection e ects of the propagating
wave due to abrupt changes of + i! , so that the method cannot measure
any change of +i! in the direction of a.

To deal with these fundamental drawbacks in the algebraic inversion
method, we consider the full elasticity model and introduce a méhod based
on the minimization of a mis t functional involving the discrepancy b etween
the measured and tted data. The minimization approach does not require
any derivative of u. The Fechet derivatives of the functional with respect to

and are then computed by introducing an adjoint problem. This Fechet
derivatives based-iterative scheme requires a well-matched ital guess, be-
cause the minimization problem is highly nonlinear and may have multple
local minima. We nd a well-matched initial guess that captures the edges of
the image of the shear viscoelasticity. The numerical results prested herein
demonstrate the viability and e ciency of the proposed minimization m ethod.
Our results in this chapter are from [47, 38, 77].

21.2 Reconstruction Methods

21.2.1 Viscoelasticity Model

Let an elastic body occupy the smooth domain RY:d = 2; 3 with bound-
ary @ . To evaluate the viscoelastic tissue properties, we create an inteal
time-harmonic displacement in the tissue by applying a time-harnonic excita-
tion through the surface of the object. Under the assumptions of mechana
isotropy and incompressibility in the tissue, the induced time-harmonic dis-
placement at angular frequency! , denoted by u, is then governed by the full
elasticity equation

2 (( +i )rSwy+r(( +it ) uw+!2u=0 in ; (21.3)

wherer Su= 3(r u+r u') is the strain tensor with r u™ denoting the trans-
pose of the matrixr u; is the density of the medium; the complex quantity
+i! is the shear modulus, with indicating the storage modulus and in-
dicating the loss modulus re ecting the attenuation of a viscoelasic medium;
and are the compression modulus and compression viscosity, respectiye
We assume that these heterogeneous parameters satisfy:

> 0 > 0 >0, d +2 > 0:
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Fora xed > 0,denote %:= fx2 jdist(x;@ )> gandE:= n O
Throughout this paper, we assume that and are contained in the following
set

S=1(0 0)+( 1; 2)j( 1; 2)2Sg

where positive constants o and g are respectively known shear modulus and
shear viscosity inE. And S is given by

Si= (15 22WZ( ) WF( ): < 1+ o<cpc< 2+ o<Cy
k jkwzz( ) Cs supp j Oforj =1;2 ;

with ¢;;c;; c3 being positive constants. Hence,S can be viewed asS =
(05 0)*S.

5.

- - -

e “”;f”’“‘;f'\
=N
™ ke R{uet}

I'p

Fig. 21.1. lllustration of the domain and boundary portions.

To impose boundary conditions, letus take p and § suchthat p [ N =
@ and p\ n = ;. Typically, we use an acoustic speaker system to gen-
erate harmonic vibration. If the acoustic speaker is placed on the portion p
of the boundary @ , then the boundary conditions for u can be expressed
approximately by

u=g on p;
2( +i! Yrsu +( +il )r u) =0 on y;

where is the outward unit normal vector to the boundary.

It is known that soft tissues are nearly incompressible and the compssion
modulus fullls 1 . Therefore, the displacement eldu satisesr u 0.
It is shown in Theorem 3.53 that the term ( +i! )r uin (21.3) is not
negligible becauser u and could balance each other out. Let us impose
the incompressibility condition r u = 0. This introduce the internal pressure
p= r u which can be understood as a limitof r uas goes to in nity
and r u goes to zero. Then, the time harmonic displacemenu satis es
(approximately) the following quasi-incompressible viscoelastity model:
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8

32 (( +1 Y su)+rp+!2u=0 in ;
r u=0 in

2uU=g on p,
2( +i! )rsu +p =0 on y:

(21.4)

Note thatdf p = @ ( ~ = ;), then g should satisfy the compatibility
condition e 9 ds = 0. It is worth noticing that p can be regarded as a
Lagrange multiplier to enforce the incompressibility condition.

Let u(™ denote the displacement data that is measured in . Then, the
inverse problem is to reconstruct the distribution of and from the measured
data u(™),

21.2.2 Optimal Control Algorithm

De ne the mist (or discrepancy) functional J[; ]interms of and by
the L2-norm in of the di erence between the numerical solutionu[; ]
of the forward problem (21.4) and the measured displacement datai(™) =
u™mp s 7

J[; 1= 2 jul; 1 uMj?dx: (21.5)

where and  are true distributions of shear elasticity and viscosity, re-
spectively. The reconstruction of the unknowns and can be obtained by
minimizing the mis t functional J[; ] with respectto and

In order to construct a minimizing sequence oflJ[; ], we need to compute
the Fechet derivatives of J[; ]with respectto and .Assumethat and

. . . +il
are small perturbations of and , respectively, by regarding—; 0.
For notational simplicity, we denote ug := u[; 1], po := the pressure corre-
sponding to ug and po + p; := the pressure corresponding tou[ + ; + ].

Denoting the perturbation of displacement eld by
u=ul + ; + ] u; (21.6)
it follows from (21.4) that

2r (( +@ )rSu)+rpi+ ! Zu= 2r (( +i )rSup)
2r (( +i' JYrsu) in = (2L7)

Let u; be the solution of the following problem

2r (( +i' )rSup) in ;

8
§2r (( +il Yrsu)+rp+ ! 2u=
gf up=0 in ; (21.8)

“2( +1i! J)rcup +pp =0 on n:
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Now we are ready to state two main theorems in this section which give
Hne Fechet derivatives of J[; ] with respectto and . Denote A:B =
ij Aij Bjj for two matrices A = (Aj) and B = (Bjj ).

Theorem 21.1 For (  + ; + )2 S, if uy is de ned by (21.8), then we

have
Z

< ug(up uM)dx=< 2( +il )rSug:r Svdx: (21.9)

Furthermore, the Fechet derivatives of J[; ] with respect to and are
given by

—@J[; ]= <[2r Sug:r 3V]; —@J[; ]=<[2(i' r Sup) : r Sv]; (21.10)
@ @
wherev is the W12 solution of the following adjoint problem:
2r (@ )rsv)+rag+ ! 2v=(ug u™) in
r v=0 in
Sv=0 on 5. (2111)
2( i )rsv +q =0 on y:

The next theorem shows the di erentiability of J[; ].

Theorem 21.2 The mist functional J[; ] is Fechet dierentiable for

(; ) 2 S§. More precisely, if u; 2 W2( ) is the weak solution to (21.8),
as the perturbations ; ! 0, we have the following formula:
Z

J+ ; + 1 J[; 1< ui(uo  ulm)dx

=0 (j liwze(y*ii liwez ))?

To prove the Fechet di erentiability Theorem 21.2 and the main Th eorem
21.1, we need the following preliminary results.

Firstly, we state an interior estimate for the solution of (21.4) whose praof
basically follows from [183] by observing 2 r Sw = w for w satisfying
r w=0.

Lemma21.3 For F 2 L?( )and(; )2 S, let w2 WY2( ) be a weak
solution of the following problem:

<2r (4@ ySw+rp+!2w=F in ;
r w=0 in
" w=0 on@ :

Then, w2 W22( ) and
jiwjjwzz( )y CliFjjLz( y; (21.12)

where C is positive constant independent of~.
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The following estimate for u holds.

Proposition 21.1. The perturbation of displacement eld u 2 W2( ) sat-
is es the following estimate:

uliwzecy  CUI diwzze )+ 0wz ))iiboliwzz( ) ;
where C is positive constant independent of and
Proof. From (21.7), u satis es
2r ((+ +i0( + Nrou)+rp+!2u
= 2r (( +i' )rduy in (21.13)

Applying the interior estimate (21.12) to (21.13) and using Helder's inequality
and Sobolev embedding theorem, we arrive at

iujiwezy  Ciir (C +i' )r Suo)jjiz )
Cii +i' Jicr ¢ Hlivojiwzz +jir ¢+ 100 ijLs ylir Uojivsc
C i diwzzcy+ i Jiwzzc ) JiUojiwaz( ):
This completes the proof. u
Now we are ready to prove Theorem 21.2.
Proof. [Proof of Theorem 21.2] From the de nition of J[; ]in (21.5), we

have Z

JI + ; + 1=J[; 1+< u(up umM)dx+
where is

Z 1Z

=< (u up) (U umM)dx+ > jujldx: (21.14)

Using the adjoint problem (21.11), (21.14) can be expressed as
Z Z
-1 jujdx+<  (u uy) (2 (@ )rsv+r g+ ! 2v)dx:

2

Usingr u =r (up+ u) r ug=0andhomogeneous boundary conditions
for u; and u, we have
Z Y4

= % jujldx < @ ( +i' )rsu) vdx: (21.15)
Applying Helder's inequality, is estimated by
5l Uiite y+ i e )+ 00 dier ¢ DIr ulice e Vileze )

Ciir ujjLz¢ ) Sl Uiz y 0 Jier oy Y dier I Vijeee
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Now we apply Proposition 21.1 to get
I 1 Coi dlwazze y*+ 0l Jiwzezc )y JiUojiwzz y + JjViiwaiz( )
The proof is then completed.

Now, it remains to identify the Fechet derivatives of J[; ]. According
to Theorem 21.2, the Fschet derivatives 2J[; ]and £J[; ]can be com-

puted by expressing<  ui(up u(M)dx in terms of and . These are
explained in the proof of Theorem 21.1.

Proof. [Proof of Theorem 21.1]
We use the adjoint solutionv in (21.11) to get
z z
up (Uup uM)dx= uy (2r (( i Hrsv)+r g+ ! 2v)dx:
(21.16)
Using the vector identity r  (qu) = r g u; and divergence free conditions (
O=r u=r ug=r V), the identty (21.16) can be rewritten as
z z z
up (Uup uM)dx = 2( +i' )rSug:r Svdx+ I 2up; vdx:

Sinceu; satis es the equation (21.8), we have

Z Z
ur (up uMdx= [2r (( +i! )rSu)+ ! 2uq] vdx;
Z
= [2r (( +i' )riug)+r p] vdx;
Z

= 2( +i' )rSup:r Svdx:

This proves the formula (21.9). The formula (21.10) can be obtained diredy
from Theorem 21.2 and the formula (21.9). This completes the proof. u

Based on Theorem 21.1, the shear modulus and viscosity can be recon-
structed by the following gradient descent iterative scheme.

21.2.3 Initial Guess

Numerous simulations show that the reconstruction from an adjoint-basecp-
timization method may converge to some local minimum that is very di erent
from the true solution when the initial guess is far from the true solution. We
observed that di erent initial guesses produce di erent reconstructions, and
thus a good initial guess is necessary for accurate reconstruction umj the
iterative method (21.17).
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Algorithm 21.1  Gradient descent scheme.

1. Let n = 0. Start with an initial guess of shear modulus @ and shear viscosity
0

2. For n = 0;1;:::, compute ué”) by solving the forward problem (21.4) with

and replaced by M and (M, respectively. Compute v(™ by solving the adjoint

problem (21.11) with ; ;u o replaced by ™; ™. u " respectively.

3. For n = 0;1;:::, compute the Fechet derivatives %[ (M. (M] and
@i (n). (M)
@ ) .
4. Update and as follows:
( (n+1) — (n) @[ (n); (n)];
(n+l) - () &[ (n). (n)]. (2117)
@ ' ;

where is the step size.
5. Repeat Steps 23, and 4 until jj ("*Y (M and j (™Y (M for
agiven > 0.

We examine the optimization method using the initial guess obtained ly
the direct inversion method (21.2). Numerical simulations with this initial
guess showed that serious reconstruction errors occur near the infaces of
di erent materials in the same domain; the direct inversion method cannot
probe those interfaces. We found empirically that it is important to nd an
initial guess capturing the interfaces of di erent materials for the e ective use
of the optimization method.

To develop a method of nding such a good initial guess, we adopt the
hybrid one-step method [248] which considers the following simpkd model
ignoring the pressure term:

2r (+il yySu+1!12u =0 in ; (21.18)

whereu is regarded as a good approximation ofi[ ; ]. To probe the discon-
tinuity of (  + i )r Su , we apply the Helmholtz decompaosition

( +i" )yru=rf+r Wwithr W=0; (21.19)

where f and W are vector and matrix, respectively. The curl of matrix is
de ned in column-wise senser W =71  (Wy; W2, W3) =(r  W;y;r
Wo;r  Ws), where W, is the j -th column of matrix W for j = 1;2; 3. Taking
dot product of (21.19) with r Su gives the following formula

rf:rsu r W:rsu

M e T (21.20)

By taking the divergence to the equation (21.19), we have

f = 2120 in: (21.21)
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By taking the curl operation to the equation (21.19), we have
W =r (( +i )r®u) in : (21.22)

Our proposed method for determining the initial guess is based on a -
cation of the hybrid one-step method. Using (21.21), an approximation of the
vector potential f corresponding to the measuremenu(™) can be computed

by (
=11 2um in

r & =( ot il o)r sy(m) on@ : (21.23)

On the other hand, W can not be computed directly from u(™) since (21.22)

contains unknown terms and . Regarding +i! in (21.22) as%
(see (21.20)), we can compute a rough approximation o#V by solving
(
_ r fr su(m : .
W=t (Fgmpr fu™) in g (21.24)
W;=0 on @ :
Similarly, approximating + i! by direct inversion formula (21.2), we can
compute W by solving
(
_ 1 Z(a u(m)) . )
Wo=r1 (g u™) in (21.25)
W, =0 on @ ;

where a is any nonzero vector.
Now, we use the formula (21.20) to get the initial guess of shear modulus
by substituting f = 5 W = (W; + W,)=2 andu = u(™:

r €:r sym LT (W1 + Wy) : r Sulm

© 4y © =
: jr su(mj2 2jr su(m)j2

(21.26)

In formula (21.26), the rst term provides information in the wave prop agation
direction while the second term gives the information in the tangent drection
of the wave propagation as shown in [248]. Note that if this initial guess is
not satisfactory for the adjoint-based optimization problem, one can update
the initial guess formula to obtain more accurate one by replacing ( + il )
in (21.22) by (21.26).

Numerical experiments demonstrate the possibility of probing the dscon-
tinuity of the shear modulus e ectively. We emphasize that the initial guess
plays an important role in Newton's iterative reconstruction algorithm b ased
on the adjoint approach. By observing the adjoint problem (21.11), the load
term up u(™ is related to the measured data and the initial guess in the rst
iteration step. If the initial guess ensure that jjug  u(™jj is small in certain
norm, the iteration scheme will converge and give good results. Othevise, the
initial guess makesjju,  u(™jj far from 0 in certain norm, and the iteration
scheme may not converge. This will be discussed in section 21.3.
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21.2.4 Local Reconstruction

In MRE, the time-harmonic displacement, u(™), in the tissue is measured via
phase-contrast-based MR imaging. Hence, the signal-to-noise ratio (SNR) of
the data is related to that of the MR phase images, which varies from one re
gion to another. For example, the SNR of datau(™) is very low in MR-defected
regions, including the lungs, outer layers of bones, and some gas- lledrgans.
When the domain, , contains such defected regions, the reconstructed image
qualities may be seriously degraded by locally low SNR data in the defcted
regions. As a result, it would be desirable to exclude defected regms from

to prevent errors spreading in the image reconstruction.

I'n

inclusion

Fig. 21.2. lllustration of the localization of the small anomaly in certa in subdomain.

The proposed method is capable of a local reconstruction by restrictig
to a local domain of the interest. To be precise, let ,, be a subdomain of

in which u(M) has high SNR. Then, we consider the localized minimization
problem 7

1 . .
Joe [ ]=§ U [; 1 ul™j2dx (21.27)

with u.. [; ] being the solution of

loc

8

<2t (( 40 )rsu)y+rp+!2u=0 in
r u=0 in o (21.28)
u-= u(m) on @ loc :

As before, we need to compute the corresponding adjoint problem to get
Fechet derivative:
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8

<2r (i ysv+rg+ ! v=u, u™  in
r v=0 in (21.29)
V= 0 on @ loc .

There is no di erence between the local reconstruction in . and the global
reconstruction with , except the boundary conditions. As in (21.17), the local
reconstruction can be done by solving (21.28) and (21.29) with the initial gues
(21.26). Local reconstruction requires that neither the boundary condiions
need to be used on the whole domain, , nor that the exact shape of
needs to be known. Numerical simulations verify the e ectivenes of this local
reconstruction, and further discussion will be shown in section 2B.

21.3 Numerical lllustrations

In this section, we perform several numerical experiments in diransion two to
illustrate the e ectiveness of the shear viscoelasticity reconguction algorithm
proposed in the previous section.

To implement the reconstruction algorithm (21.17) proposed in section
21.2, we use the algorithm (21.20) in section 21.2.3 to initialize the iteration
scheme. For numerical experiments, we set the two dimensional daamn as

=[0;0:1] [0;0:1] m? with a boundary denotedby@ = [ n;sSee Figure
21.3 (a). We use a nite element method and discretize the rectanguar domain

into 300 300 triangular elements with linear interpolation functions to
solve the forward problem (21.4) as well as the adjoint problem (21.11) at each
iteration step in the algorithm (21.17). Fixed iteration step size =5 10°
is used in the iterative reconstruction algorithm (21.17).

We set three di erent types of shear viscoelasticity distribution which are
shown in the rst column of Figures 21.4, 21.5, and 21.6 along with the true
distribution of shear modulus and shear viscosity. For each model, ta rst
row shows elasticity while the second row shows viscosity. Ourumerical ex-
periments are based on these three models. We generate two dimensal
displacementsu(™ = (uy;u,)T by solving the problem (21.4) with frequency
2-=70Hz and area density =1kg m 2. We apply the vibrationto p, and

2
the other three sides boundaries are set to be traction free:

u = (0:003 0:003) on p;
2( +i' )rsu +p =0 on y: (21.30)
For example, Model 1 has the displacement elds shown in Figure 21.3 here
(b) and (c) are real parts of u; and u,, and (d) and (e) are imaginary parts
of u; and uy, respectively.

The next step is to implement our algorithm making use of these dispce-
ment elds with certain initial guesses of the distribution of viscoelasticity.
We generate the initial guess by the direct inversion method (21.2) sbwn
in the third column of Figures 21.4, 21.5 and 21.6 and the hybrid one-step
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(d) {e)

[a)

Fig. 21.3. Model 1 and the displacement elds. (a) Model 1; (b) and (c) are real
parts of u; and u;; (d) and (e) are imaginary parts of them, respectively.

method (21.20) shown in the fth column of Figures 21.4, 21.5 and 21.6. From
the generated initial guess, we can see that the reconstruction by théybrid
one-step method is much better than that of the direct inversion mehod in
catching the inhomogeneous property of the medium. We have already ex-
plained the underlying mathematical reason for this phenomenon. We usthe
initial guesses from these two methods to initialize our proposed rthod, and
the corresponding numerical results for each model are shown in théourth
column and last column of Figures 21.4, 21.5 and 21.6, respectively. For com-
parison, we also show the reconstruction with a homogeneous initial gussn
each second column of Figures 21.4, 21.5 and 21.6.

The reconstruction results (see Figures 21.4, 21.5 and 21.6) show that
the proposed method can reconstruct the viscoelasticity distrilution with
high accuracy (see (f) column) using a well-matched initial guess € (e)
column). Otherwise, poor initial guesses (for example, the homogenesuni-
tial guess and (c)), leads to unsatisfactory reconstructed images (se) and
(d) columns).

We also numerically evaluate the local reconstruction method propos#
in section 21.2.4. We consider the rectangular domain, , which is equally
divided into four parts: top-left, top-right, bottom-left and bottom- right. It is
assumed that the top-right part is contaminated by noise or defected dataFor
numerical simplicity, we add 3% white noise to the measured data in e top-
right part. The reconstruction results in both the whole domain and the local
domains are shown in Figure 21.7 where () is the true distribution of skar
viscoelasticity, (b) the initial guess with hybrid method, (c) the reconstruction
in whole domain using proposed method, (d) the local reconstruction.

21.4 Concluding Remarks

In this chapter, we have proposed a reconstruction algorithm for shear las-
ticity and shear viscosity in a viscoelastic tissue. The optimizaton-based ap-
proach involves introducing an adjoint problem to avoid taking any derivative
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@ b (©) @ @ 0

Fig. 21.4. Case 1: Simulation results for (rst row) and (second row) image
reconstruction. (a) True images; (c) direct inversion method; (e ) hybrid one-step
method; (b), (d) and (f) are reconstructed images by the adjoint- based optimization
method (21.17) with initial guess of the constant o+i!  , (c) and (e), respectively.

Fig. 21.5. Case 2: Simulation results for  (rst row) and (second row) image
reconstruction. (a) True images; (c) direct inversion method; (e ) hybrid one-step
method; (b), (d) and (f) are reconstructed images by the adjoint- based optimization
method (21.17) with initial guess of the constant o+i! ,, (c) and (e), respectively.

of the measured time-harmonic internal data. The proposed initial guesgor-
mula is particularly suitable for imaging viscoelastic anomalies. Thestability
estimates in [78] yield convergence of the proposed optimal control algorith.
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Fig. 21.6. Case 3: Simulation results for (rst row) and (second row) image
reconstruction. (a) True images; (c) direct inversion method; (e ) hybrid one-step
method; (b), (d) and (f) are reconstructed images by the adjoint- based optimization
method (21.17) with initial guess of the constant o+i! , (c) and (e), respectively.

(a) b

Fig. 21.7. Simulation results for local reconstruction. First row: images of . Second
row: images of . (a) true image; (b) initial guess; (c) adjoint-based optimiz ation
method; (d) local reconstruction.

() ()
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Full-Field Optical Coherence Elastography

22.1 Introduction

In this chapter, we provide a mathematical analysis of and a numericalfame-
work for full- eld optical coherence elastography, which has unique fatures
including micron-scale resolution, real-time processing, and noimvasive imag-
ing. We develop an algorithm for transforming volumetric optical images be-
fore and after the mechanical solicitation of a sample with sub-cellularesolu-
tion into quantitative shear modulus distributions. This has the p otential to
improve sensitivities and speci cities in the biological and clinical applications
of optical coherence tomography.

As seen in Chapter 10, optical coherence tomography (OCT) is a non-
invasive and a non-ionizing imaging technique that produces high-reolution
images of biological tissues. It performs optical slicing in the sampleto allow
three-dimensional reconstructions of internal structures. Convaetional optical
coherence time-domain and frequency-domain tomographies require tran
verse scanning of the illumination spot in one or two directions to obtan
cross-sectional or en face images, respectively.

Full- eld OCT allows OCT to be performed without transverse scanning;
the tomographic images are obtained by combining interferometric images
acquired in parallel using an image sensor. Both the transverse and the &
resolutions are of the order of 1 m; see [154, 155].

In [279], elastographic contrast has been combined with full- eld OCT
with the aim of creating a virtual palpation map at the micrometer scale.
The idea is to register a volumetric optical image before and after medn-
ical solicitation of the sample. Based on the assumption that the densityof
the optical scatterers is advected by the deformation, the displacemnt map
can be rst estimated. Then, using a quasi-incompressible modefor the tis-
sue elasticity, the shear modulus distribution can be reconstruied from the
estimated displacement map.

The OCT elastography is able to perform displacement measurements
with sub-cellular resolution. It enables a more precise characteriation of tis-
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sues than that achieved using ultrasound or magnetic resonance elastogragh
therefore, it provides a more accurate assessment of microscale vatians of

elastic properties. A map of mechanical properties added as a suppleme

tary contrast mechanism to morphological images could aid diagnosis. The
technique costs less than other elastography technigues.

The mapping of mechanical properties was rst introduced to OCT imag-
ing by Schmitt [316], who measured displacements as small as a few mien-
eters in heterogeneous gelatin phantoms containing scattering partiels in ad-
dition to living skin. Various subsequent applications have emplged OCT
methods in elastography; these include dynamic and full- eld optial coher-
ence elastography (see [252, 303, 306]).

In all of the aforementioned techniques, transforming the OCT images
before and after the application of a load into quantitative maps of the shear
modulus is a challenging problem.

In this chapter we present a mathematical and numerical framework for
the OCT-elastography experiment described in [279]. Using the set ofiages
before and after mechanical solicitation we design a method to reconsict
the shear modulus distribution inside the sample.

To mathematically formulate the problem, let o RY:d=2;3; and let
"o be the known piecewise smooth optical image of the medium, and be its
shear modulus. In this chapter we consider heterogeneous (unknoyrshear
modulus distributions. The medium is solicited mechanically. $nce compres-
sion modulus of biological media is four order of magnitude larger than the
shear modulus, it can be shown that the displacement map obeys the lin-
earized equations of incompressible uids or the Stokes system. As ae in
Chapter 21, the model problem is then the following Stokes system i het-
eregeneous medium which reads:

8 .

>r (ru+ru’) +rp=0 in o;

S r u=0 in g; (22.1)
) u=f on @ o;

where superposed’ denotes thg transpose and the real-valued vectdr satis-
es the compatibility condition @ f =0with being the outward normal
at @ 0-

Throughout this chapter, we assume that 2 C%*(" ) and f 2 C*(@ o)°.
From [132, 183, 249], (22.1) has a unique solutiom 2 C*(" )¢ . Moreover,
there exists a positive constantC depending only on and ¢ such that

fiulici—ye  Ciiflicz@ o)e -

Using a second OCT scan, one has access to the optical image of the
deformed medium",(g); 8 ®2 , where | is de ned by

u = X+ u(x); x2 o0:
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The new optical image is linked to the original one by
"X)= "y (X+u(x)); 8x2 o (22.2)

The goal is to reconstruct the shear modulus map on ¢ from the functions

" and ",. We rst prove that, in two dimensions, if the direction of is

not constant in a neighborhood ofx, then the displacement eld u at x can
be approximately reconstructed. In three dimensions, one shall assne that

the vectors ﬂ are not coplanar fory a neighborhood ofx. Hence, the

r (i
reconstructed value ofu(x) serves as an initial guess for the minimization

of the discrepancy between computed and measured changes in the oglic
image. Then, we compute an element of the subgradient [139] of the discrep
ancy functional. Finally, we implement a minimization scheme to rdrieve the
shear modulus map from the reconstructed displacements. Note that i@n-
structing the displacement eld from " ", is a registration problem and its
linearization is an optical ow problem; see [194]. It is also worth mentioring
that the approach developed in this chapter applies to other specklemaging
modalities.

The chapter is organized as follows. Section 22.2 is devoted to some mathe-
matical preliminaries. In Section 22.3 we consider piecewise smoothfunctions
and rst derive a leading-order Taylor expansion of ", asjjujjc: goes to zero.
Then we provide an initial guess by linearization. Finally, we provethe Fechet
di erentiability of the discrepancy functional between the measured and the
computed advected images. The displacement eld inside the samplean be
obtained as the minimizer of such functional. Section 22.4 is devoted tdhe
reconstruction of the shear modulus from the displacement measureemts. In
Section 22.5 we present some numerical results to highlight the viality and
the performance of the proposed algorithm. The chapter ends with a short
discussion. Our results in this chapter are from [40].

22.2 Preliminaries

Let be a bounded smooth domain inRY;d = 2;3. We start by de ning a
class of piecewise smooth functions.

De nition 22.1  For any k 2 N, 2 (0;1), for any curve S of class C"
for some 0 < < 1 such that nS is a union of connected domains
i;1=1;2;:::;n, we de ne C‘:ff " to be the class of functiond : ! R

satisfying

2C§; i 8i=1;::::n: (22.3)
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De nition 22.2  We de ne BV( ) as the subspace df *( ) of all the func-
tions f whose weak derivativeDf is a nite Radon measure. In other terms,
f satis es

Z

fr F CsupjFj; 8F 2C} )¢
X2

for some positive constantC with G3( ) being the set of compactly supported
C! functions.
The derivative of a function f 2 BV( ) can be decomposed as

Df =r fHY+[f] sHS 1+ Df;

where HY is the Lebesgue measure on, HY ! is the surface Hausdor mea-
sure on a recti able surface S, s is a normal vector de ned a.e. onS,
rf 2 LY( ) is the smooth derivative of f, [f] 2 LY(S;HZ ) is the jump
of f acrossS and D.f is a vector measure supported on a set of Hausdor
dimension less than | 1), which means that its (d 1)-Hausdor -measure
is zero; see [15, 22].

De nition 22.3  We de ne SBV( ) as the subspace oBV( ) of all the
functions f satisfying D.f =0.

Denition 224 Foranyl p +1,we dene
SBVP( )= f 2SBV( )\ LP( );rf 2LP( ) : (22.4)

Let WHP( )= ff 2 LP( ); rf 2 LP( )dgfor p 1. Roughly speak-
ing, a function u 2 SBVP( ) is a function of classW P admitting surface
discontinuities. Note also that d; - SBVP( ); see [22].

From now on, we assume that the optical image in the mediunt belongs to

', which is a simple but good model for a discontinuous medium. Some
of the following propositions are true for more general maps 2 SBV( ). In
these propositions we only assume that is in SBV( ).

22.3 Displacement Field Measurements

In this section we consider the problem of reconstructing the disfacementu
from the optical images before and after applying a load on the sample. As-
suming that " is piecewise smooth, we derive a leading-order Taylor expansion
of ", asjjujjc: goes to zero. Then we provide an initial guess by linearization.
Finally, we prove the Fechet di erentiability of the discrep ancy functional |
between the measured and the computed advected images provided thatis
smooth. If " has jumps, then| has a nonempty subgradient. Therefore, in
both cases, the displacement eldu inside the sample can be obtained as the
minimizer of such functional.
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22.3.1 First-Order Approximation

Let b ( o\ ) beasmooth simply connected domain. On , as in 20.4,

we have L
n u n (I + u)

= (W)

wherel isthed d identity matrix.

Proposition 22.5 Let" 2 BV( ) andletu 2 C*(" )Y be such thaikukcl(f)d <
1. Then, for any 2 C}( ), we have
Z Y4

¢ U D" CkuKeo—ysKukei(myok Kei( ) "y )i

(22.5)
) denotes the total varia-
+u D"

where the constantC is independent of and ™

tion semi-norm. Estimate (22.5) yields that — weakly converges

to 0in G5( ) whenkuke —4 goes toO.

Proof. For eacht 2 [0;1], dene by 1(x) = x+ tu(x). Let > Obea

small parameter, and"( ) be a smooth function such thatk" " k. y! 0,
and "() ) P v ) 8 I 0. Analogously, we de ne"{’ to be the
smooth approximation of ", given by

"V ="0 (%)
From
D) "Oy= "0 x) "O 5 (x); 8x2

we have
Zl
"Ox) "O)= rO((x)) @ ((x)dt; 8x 2
0

Therefore, for 2 C} ( ) with G ( ) being the set of compactly supported
C' functions,

") O+ O ux) (x)dx =
z z, z
O x) @ (()dt  (x)dx+ 1 "O(x) u(x) (x)dx; 8x 2
i (22.6)

By a change of variables in the rst integral and using the fact that
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@ (x)= @ ()@ ; 'Wiy= )

we get,8x 2
zZ, 2
rOC(x) @ «(x) (x)dx dt=
7%z
. rOy) @ o @ ) idet@ (t(y)i (y) dydt:

Here, det denotes the determinant of a matrix. Since
8(y;t)2 [0l @, *(y)= u(y);

@ '(y)= 1+ tru(y);
and
@ «( tl(Y))@ tl(Y): I
we can write
Z1Z n i
r"Ox) @ ((x) (x)dx dt=
z°, 2 h i
reOy) (0 +truy) fuly) jdetl +tru(y)j . M(y) dydt;

and hence
Z n i
00 O+ ) u) (dx =
Z,7
rOx) ux) () ¢ () dxdt
Z,7 °h i
+ reO) (1 +trux) Tjdetl +trux)j | u(x) ¢ H(x) dxdt:

0
(22.7)

The rst term in the right-hand side of (22.7) can be estimated as follows:
zZ,Z

rOx) ux)  (x) 1(x) dxdt  k uk?

L "Okpa yakr Keog

0

Let trace denote the trace of a matrix. Using the fact that

X _
G+tru) = (1D @ru;
i=0

which follows from jjujjc¢ ya < 1, and

)d:
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8
<1 tracetr u+dettru _ ifd=2;
det(l + tr u)= 1h ) 2I _
1+tracetr u > (tracetr u)® trace(tr u)® +dettru ifd=3;
we get
2,2 h i

rO ) u(x) (I +trux) jdetl + tr ux)j |  1(x) dxdt
0

k Ukco(*)d kukcl(*)d kr n( )kLl( )dk ch( ),

which is the desired estimate for the second term in the right-handside of

(22.7).
Now, we can deduce the nal result by density when ! 0. Sinceu 2
Cl( ) and 2C}( ), we can write
z z
u r"0)= ro(u):
Sincek"() "k i y! 0, we have
Z Z
ro(u)O ro(u)":
As "() ™ ) rPe v ) We arrive at (22.5) and the proof of the proposition

is complete. u

22.3.2 Local Recovery Via Linearization

Assuming that " 2 SBV?( ), where SBV?( ) is de ned by (22.4) for p= 2,
we can write
D" =r "H'+["]s sH¢ %

where s is the outward normal at the oriented surfaceS of discontinuity of

The data consists of" and ", on . In order to reconstruct u, we can use

the rst order approximation of " us
" "y u DY
given by Proposition 22.5. These data can be decomposed into two parts:
uD"()=ur"H'+["]su sHI ' = degH?+ dsingHE
Let w be a molli er supported on [ 1;1]. Forany > 0, we de ne
1
d

w = w -
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and introduce Z
ux)= uly)w (jx vyjdy:

Sinceu is smooth, foranyx 2 , u (x) is a good approximation ofu on the
ball with center x and radius .

We want to nd an approximate value for u from the optical measure-
ments and use it as an initial guess in an optimization procedure. For doig

so, we introduce the functionalJ, : RY ! R given by
z
U7l J(u)= jr"(y) U deg(M)iPw (X yjdy
z

+ i"lsu s dsing (Y)jZW (ix yjdy

and look for minimizers of J, in RY. The gradient of J, can be explicitly
computed as follows:
Z

rdxu)=2  (r"(y) u deg(y)r"(y)w (ix yjdy
4

+2  (["lsu () dsing () ["Is(y) (Y)w (ix yj)dy:

In the case wher€' has no jumps,Jy is a quadratic functional and we have

r Jy(u) =0 (22.8)
if and only if
Z Z
w (ix yir "(y)r "T(y)dy u= dreg (Y)W (i yj)r "(y)dy;
e (22.9)

where B is the bzll with center 0 and radius 1.

If the matrix w (jx yjr "(y)r "T(y) is invertible, then the minimizer
is given by
Z 1Z

w (ix yr ") T (y)dy dregW (jx  yj)r "(y)dy:

X+ B
(22.10)
The follgwing proposition gives a su cient condition for the inverti bilty of the

matrix —~ w (jx yj)r "(y)r "T(y).

u

Proposition 22.6  Suppose that' is smooth enough andd = 2. Assumex +
B . Then, if all vectorsr " in fy : w (jy xj) 6 0g are not collinear,
the matrix Z

w (jx ypr "(y)r "T(y)dy

is invertible.
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Proof. Writing
8y2x+ B; r"(y)= u(y)er+ v(y)es;
wherefe;; e;g is the canonical basis ofR?, it follows that
rr "T(y) = ui(y)ese] + VA(y)eze; + U(Y)V(Y) e} + exe] ; 8y2x+ B:

Computing the convolution with respect to w , we get
z z
w @y yir "(y)r "T(y)dy = u(y)w (jy  xj)dy ewe
z z
+ VYW Gy xpdy e+ uy)v()WT(y  xj)dy e + esef

This matrix is not invertible if and only if
Z Z y4 2
u(y)w Gy xj)dy Vw Gy xp)dy = uly)v(y)w Gy xj)dy

which is exactly the equality case in weighted Cauchy{Schwarz ineqality. So,
if there exist two points y1;y, 2fy: w (jy Xj) 6 0g such that

r'(yr) r "(y2)860;

then u is not proportional to v, and the matrix is invertible. 1

Remark 22.7 Assuming thatr "(y) 6 0 fory 2 x+ B , Proposition
22.6 gives that the direction ofj:—"j in not constant in x + B if and
only if Z

r"(y)r "T(y)dy is invertible.
x+ B
Hence, under the above condition orl' in the neighborhoodx + B , the dis-
placement eld u at x can be approximately reconstructed.

Remark 22.8 By exactly the same arguments as those in two dimensions,
one can prove that in the three-dimensional case, if all vectors " in fy : w (jy
xj) 6 0g are not coplanar, then the matrix

z

w (jx ypr "(y)r "T(y)dy

is invertible.

On the other hand, in the case wheré is piecewise smooth, one can rst
detect the surface of jumps of using, for example, an edge detection algorithm
[121, 278] and then apply the proposed local algorithm in ordewothave a good
approximation of u in the domains where" is smooth.
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22.3.3 Minimization of the Discrepancy Functional

Let " 2 Cg; ~, where S is the surface of discontinuity. For the sake of
simplicity we assume that nS is the union of two connected domains [ ».
Therefore," can be written as

=" ,+"2 (22.11)

with "; 2 CY(" ;) fori=1;2.
Denoteu the applied (true) displacement on (as de ned in (22.1)) and
*the measured deformed optical image given by

=" (I+u)

Recall that a non-di erentiable functional u 7! | (u) has a nonempty subgra-
dient if there exists such that

I(u+h) 1w (;h); (22.12)

holds for jjhjj small enough, which means that 2 @Iwith @I being the
subgradient of I . In order to minimize 1, it is su cient to nd one 2 @! see
[139].

The following result holds.

Proposition 22.9  Let " verify (22.11), u 2 C*( )Y be the solution of (22.1),

and~=" (I +u) L Suppose that , b . Then, the functional | de ned
by
I:C( )1 R; .
. o (22.13)
u7! I(u)= je (I +u) "j“dx
has a nonempty subgradient. Let in the dual of C'( )Y be given by
z
h7t2 [Mx+u) "(xX)h(x) D* (I + u)(x)dx: (22.14)

For jjhjjci( ya small enough, (22.12) holds with(; ) being the duality product
betweenCt( )¢ and its dual.

Remark 22.10 It is worth emphasizing that if * has no jump, thenl is
Fechet di erentiable and is its Fechet derivative.

Remark 22.11 Under the assumptions of Proposition 22.9, ifu is small

enough (in Ct-norm), then *= (I +u) ! can be written as

e i N (22.15)

2

with 5 2 C( ) and * 2 C}( ). In what follows, we shall dene € =
(+u)( )and® =", (I +u) ™. Todo so, we extend® into a function
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*; de ned on the whole domain such that4 2 C( ) and 4y e, = f4. Then,
we set™» = & 4 on €,. Finally, we extend*, into a compactly supported
Ct-function on the whole domain

We rst prove the following lemma.
Lemma 22.12 Let u;h 2 CY( )9 and let*be as in (22.15). Then, forku
U Kei¢ ye and khkei o small enough, we have
z Z
[Hx+u+h) “x+ u)]2 dx = “Z(x+u)jh j @ez(x+ u) dx+ o(khket( ya);
(22.16)
where @®, is the Dirac distribution on @°F, and* is de ned in Remark 22.11.

Proof. We start by decomposing”~as follows:
Z
X+ u+h) “x+u)ldx=
z 2
S(x+uth) & (x+u) + (x+uth) ¢ (Xtu+h) "»(x+u) e, (x+u) dx:

Now, by developing the square, the rst term can be estimated by
Y4
" u 2 "
X+ u+h) m(x+u) Tdxo k kg khkE e

Next, we write

2(CHUHN) 6, (CFUER) 0ckU) o () =[50k U+ ) (xr )] e Gckuth)
|

+ e, (X+u+h) e,(X+U) (x+u):

Since (q4(x+ u+ h) " (x+ u))*(x + u) 2 C3( ), Proposition 22.5 yields
Z h i
(x+u+h) M(x+u) e (x+uth) e (x+u) *p(x+ u)dx
Z 1=2 Z 1=2
C [h r = (x+ u)]? dx [h o+ u)? ge, (x+ u)dx + o(khkei( ye)

CkhK&:( o
We now need to handle the last term
Z i ,
e, (Xt uth) o (x+u) %p(x+u) “d

= e, (Xt Uu+h) o (x+u) p(x+u)dx:
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Using Proposition 22.5, we obtain that
z z

e,(x+u+h) e, (X + U) (x+u) ?dx = “2(x+u)jh j @e, (X+u) dx+o(khkey( ya);

which completes the proof of the lemma. u

We are now ready to prove Proposition 22.9.
Proof of Proposition 22.9.  If u2 C}( )?andh 2 C'( )2, then we have
Z

F(uth) T(u)= [Hx+u+h+=(x+u) 2'(X)][~x+u+h) *(x+u)dx;

and hence,
Z
[(u+h) I(u)= [{x+u+h) "(x+ u)]2 dx
Z
+2 [HMx+u) "(OIHx+u+h) H{x+u) dx:

Forany > 0, let g‘) be a smooth, compactly supported function such that

kg ) [~ (I+u) "Tkee( )< and gt vy aEw T <
see [22].
Now, we write
Z
[Hx+u) "()I[Hx+u+h) *x+u)dx
Z

= g (Hx+u+h) Hx+u)dx
Y4

+ [Mx+u) "(x) g (¥IHx+u+h) Hx+u)dx:

Let 1, be the translation operator. Then, , satis es, for any h 2 C*( )¢,
knlf] fkoo C(f)khke( ya; 8f 2 SBVP( ): (22.17)
Usgng the Cauchy{Schwarz inequality, we get
[Hx+u) "(x) g XIHx+u+h) Hx+u]dx C khkei( jo;
(22.18)
where C is a constant depending on'~u; and

We know that for a certain function such that (s)! 0 whens! O,
Y4 Z

g ()[Hx+u+h) *x+u)dx g ()h(x) D (* (I +u)) dx

K hkei( yo (khKer( ya):
(22.19)
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Now, we have the following estimate:

z Z
g (X)h(x) D (* (I + u)) dx [Yx+u) "(X)hx)D( (I +u)dx C° Khkei( ya:
(22.20)
Indeed, since"~2 C'S‘j o SBV( ),* (I +u) 2 SBV( ) and we can

write the following decomposition of D (* (I + u)) into a continuous part
and a jump part on a recti able surface S,

D= (1+u)=r (= (I +u)H'+[= (1 +u)] sHg b
we have that

4
g () [Mx+u "()hx) r (= (I+uw)(x)dx Cy khkei( ya:

For the jump part, since S is a recti able surface and the function f =
g [~ (I +u) "]is piecewise continuous, it is possible to de ne a trace
f js on the surfaceS satisfying

Kf jskiis) Cokf ki )

for some positive constantC, depending only onS and . Then we get
z

f h(x) [~ (I+u)] sHE ' Cs khke( )
S

for some positive constgytCs independent of and h.
Now, the last term [x+u+h) *“x+ u)]2 can be handled using
Lemma 22.12. Doing so, we obtain

Z Z
[{x+u+h) Hx+wl= St u)h  ge, (x+ u)+ ofkhke yo):
(22.21)
Combining (22.18), (22.19), (22.20), and (22.21), we get that for every > 0,
Z VA

Lu+h) 1(u) 2 [Hx+u) "()lh(x) D> (1+u)(x)dx  *5(x+u)ih | ge,(x+u)dx
Cakhker( yo  (Khkgr( ya) +

for some positive constantC, independent ofh and
Finally, it follows that
Z

Iu+h) T(u)=(;h)+ 5(x+ujh | ge,(x+ u)dx+ ofkhkei( a);

z
where is de ned by (22.14). Hence, either “5(x + u)jh j @e, (X + u)dx

is of order ofkhkci( o and we get
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I(u+h) I (;h)
z
for khkei( ya small enough or "~§(x+ wijh j @ez(x+ u) dx = o(khkei( ya)

and in this case,| is Fechet di erentiable and s its Fechet derivative. The
proof of Proposition 22.9 is then complete.

Remark 22.13 The minimization of the functional | gives a reconstruction
of u on a subdomain 0. In practical conditions, since u is small,

is almost the whole domain . The values ofu on the boundary are known
and, sinceu is of classC, it is possible to deduce the values af on on
by interpolation.

22.4 Reconstruction of the Shear Modulus
The problem is now to recover the function the reconstructed internal data

u. For doing so, we use the method described in Chapter 21. We introdec
the operator F

8 .

>r (ru+ru’) +rp=0 in o;
u:F[]:> rru=0 in o;

) u=f on @ g;

and minimize the function K given by
A y! R .
7IK [ 1= JF[] udx:

According to Theorem 21.1,K is Fechet di erentiable and its gradient can
be explicitly computed. Let v be the solution of

8
> (rv+rv') +rq=(F[] u) in o
r v=0 in g;

>
) v=0 on @ g:

Then, 7
rK ( )[h] = h(rv+rvh):(ru+ru’)dx:

0
The gradient descent method described in Algorithm 21.2.2 can be appliin
order to reconstruct from u.
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22.5 Numerical lllustrations

We take = [0;1]? and discretize it on a 300 300 grid, and use Algorithm
4.2 to generate a random Gaussian process to model the optical imageof
the medium as shown in Figure 22.1. Given a shear modulus map on
(see Figure 22.5 (left)), we solve (22.1) on via a nite element method
and compute the displacement eldu. We then compute the displaced optical
image ", by using a spline interpolation approach and proceed to recover the
shear modulus from the data" and ", on the grid by the method described
in this chapter.

Using (22.10), we rst compute the initial guessu for the displacement
eld as the least-square solution to minimization of Jx. Figure 22.2 shows the
kernelw used to computeu . As one can see, needs to be large enough so the
matrix w ? r "r "T s invertible at each point x, which is basically saying
that must be bigger than the correlation length of ". Figure 22.3 shows
the conditioning of the matrix w ? r "r "T . Figure 22.4 shows the true
displacementu , the result of the rst order approximation ( i.e., the initial
guess)u and then the result of the optimization process using a gradient
descent method to minimize the discrepancy functionall .

Once the displacement inside the domain is reconstructed, we carecover
the shear modulus , as shown in Figure 22.5. We reconstruct by minimizing
the functional K and using a gradient descent-type method. Note that gradient
of K is computed with the adjoint state method, described previously.As it
can be seen in Figure 22.5, the reconstruction is very accurate but not so
perfect on the boundaries of , which is due to the poor estimation ofu on

@ .
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Fig. 22.1. Optical image " of the medium.
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09
08
07
06
05
04
03
02

o1

0O 01 02 03 04 05 06 07 08 09 1

Fig. 22.2. Averaging kernel w .
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Fig. 22.3. Conditioning of the matrix w 2r "r "T.

22.6 Concluding Remarks

In this chapter, we developed an e cient algorithm which gives accessot only
to sti ness quantitative information of biological tissues but also opens the
way to other contrasts such as mechanical anisotropy. In the heart, the mscle
bers have anisotropic mechanical properties. It would be very intgesting to
detect a change in ber orientation using OCT elastographic tomography.
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Fig. 22.4. Displacement eld and its reconstruction.
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Fig. 22.5. Shear modulus reconstruction.
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23

E ective Electrical Tissue Properties

23.1 Introduction

This chapter aims at analytically exhibiting the fundamental mechanisms un-
derlying the fact that e ective biological tissue electrical properties and their
frequency dependence re ect the tissue composition and physiologyor do-
ing so, a homogenization theory is derived to describe the e ective auahittiv-
ity of cell suspensions. A formula is reported for dilute cases that gies the
frequency-dependent e ective admittivity with respect to t he membrane po-
larization. Di erent microstructures are shown to be distinguishable via spec-
troscopic measurements of the overall admittivity using the spectal properties
of the membrane polarization. The Debye relaxation times associated wit the
membrane polarization tensor are shown to be able to give the microscopic
structure of the medium. A natural measure of the admittivity anisotr opy is
introduced and its dependence on the frequency of applied curreéris derived.
A Maxwell-Wagner-Fricke formula is given for concentric circular cdls.

The electric behavior of biological tissue under the in uence of an actric
eld at frequency ! can be characterized by its frequency-dependent e ective
admittivity Kker := o (1 )+ 0" ¢ (1), where ¢ and "¢ are respectively its
e ective conductivity and permittivity. Electrical impedance spectroscopy as-
sesses the frequency dependence of the e ective admittivity yomeasuring it
across a range of frequencies from a few Hz to hundreds of MHz. E ective
admittivity of biological tissues and its frequency dependence varywith tis-
sue composition, membrane characteristics, intra-and extra-cell@r uids and
other factors. Hence, the admittance spectroscopy provides informatin about
the microscopic structure of the medium and physiological and pathological
conditions of the tissue.

In this chapter, we consider a periodic suspension of identical ds of arbi-
trary shape. We apply at the boundary of the medium an electric eld of fre-
quency! . The medium outside the cells has an admittivity of kg := o+ i!" .
Each cell is composed of an isotropic homogeneous core of admittivityy and
a thin membrane of constant thickness and admittivity ky = o +i!" .
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The thickness is considered to be very small relative to the typical cell size
and the membrane is considered very resistivei.e., n, o. In this con-

text, the potential in the medium passes an e ective discontinuity over the

cell boundary; the jump is proportional to its normal derivative with a coef-
cient of the e ective thickness, given by kg =ky,. The normal derivative of

the potential is continuous across the cell boundaries.

We use homogenization techniques with asymptotic expansions to derg/
a homogenized problem and to de ne an e ective admittivity of the medium.
We prove a rigorous convergence of the original problem to the homogenized
problem via two-scale convergence. For dilute cell suspensions, wese layer
potential techniques to expand the e ective admittivity in term s of cell volume
fraction. Through the e ective thickness, ko=kqn, the rst-order term in this
expansion can be expressed in terms of a membrane polarization tensav, ,
that depends on the operating frequency . We retrieve the Maxwell-Wagner-
Fricke formula for concentric circular-shaped cells. This expkit formula has
been generalized in many directions: in three dimension for concerit spher-
ical cells; to include higher power terms of the volume fraction for oncentric
circular and spherical cells; and to include various shapes such as amentric,
confocal ellipses and ellipsoids; see [83, 84, 172, 173, 174, 265, 317, 318, 320].

The imaginary part of M is positive for small enough. Its two eigenvalues
are maximal for frequencies % ;i = 1;2; of order of a few MHz with phys-
ically plausible parameters values. This dispersion phenomenon weknown
by the biologists is referred to as the -dispersion. The associated charac-
teristic times ; correspond to Debye relaxation times. Given this, we show
that di erent microscopic organizations of the medium can be distinguished
via ;i = 1;2; alone. The relaxation times ; are computed numerically for
di erent con gurations: one circular or elliptic cell, two or three c ells in close
proximity. The obtained results illustrate the viability of imagin g cell suspen-
sions using the spectral properties of the membrane polarization. Th®ebye
relaxation times are shown to be able to give the microscopic structu of the
medium.

The chapter is organized as follows. Section 23.2 introduces the probte
settings and state our main results. Section 23.3 is devoted to the analis of
the problem. We prove existence and uniqueness results and estah useful
a priori estimates. In section 23.4 we consider a periodic cell suspensiand
derive spectral properties of the overall conductivity. In secton 23.5 we con-
sider the problem of determining the e ective property of a susp@sion of cells
when the volume fraction goes to zero. In section 23.6 we provide numieal
examples that support our ndings. A few concluding remarks are given i
the last section. For simplicity, we only treat the two-dimensional case. Our
results in this chapter are from [48].
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23.2 Problem Settings and Main Results

The aim of this section is to introduce the problem settings and statethe
main results of this chapter.

23.2.1 Periodic Domain

We consider the probe domain to be a bounded open set oR? of classC.
The domain contains a periodic array of cells whose size is controlledyb .
Let C be aC¥ domain being contained in the unit squareY = [0; 1], see
Figure 23.1. Here, < < 1 and C represents a reference cell. We divide the
domain  periodically in each direction in identical squares {( ., )n of size ,
where
Yn=n+ Y:

Heren2 N = n222:Y,\ 6;

We consider that a cellC., lives in each small squareY ., . As shown in
Figure 23.4, all cells are identical, up to a translation and scaling of size, to

the reference cellC:
8n2N,; C,=n+ C:

So are their boundaries ( :n )n2n  to the boundary  of C:
8n2 N ; n = n+

Let us also assume that all the cells are strictly contained in , that is
for every n 2 N , the boundary ., of the cell C., does not intersect the
boundary @ : [

@\ ( n)= 5!

n2N

23.2.2 Electrical Model of the Cell

In this section we consider the reference cell immersed in a domainD. We
apply a sinusoidal electrical currentg 2 L3(@D with angular frequency ! at
the boundary of D.

The medium outside the cell,D nC, is a homogeneous isotropic medium

with admittivity ko := o+ i'" ¢. The cell C is composed of an isotropic
homogeneous core of admittivitykg and a thin membrane of constant thickness
with admittivity kp == m +i!" . We make the following assumptions :

0>0 m>0">0"yn O

If we apply a sinusoidal current <(g(x)€" ) on the boundary @Din the
low frequency range 10 MHz, the resulting potential has the formx (u(x)e'"t )
where the complex-valued time-harmonic eld u satis es
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gf (ko+(km ko) (" ))ru)=0in D;

@
z kog = 9 on @D;
with =fx2C : dist(x; )< gand ( )is the characteristic function
of the set
The membrane thickness is considered to be very small compared to the
typical size ofthecell,i.e., = 1. According to the transmission condition,

the normal component of the current density ko@ can be approximately
regarded as continuous across the thin membrane.

We set = PEg Since the membrane is very resistivej.e., m= o 1,
the potential u in B undergoes a jump across the cell membrane, which can
be approximated at rst order by k @

More precisely, we approximateu by u de ned as the solution of the fol-
lowing equations [296, 297]:

8 _

r koru=0 in DnC;

r keru=0 in C;

ko@u :kOQU on ;

@ -+ @ (23.1)

. . u

U+ Uj kozgzo on ;Z

@u

kKo— =q; x)ds(x) =0; u(x)dx =0:

0@ ap= &, 00U __u

Equation (23.1) is the starting point of our analysis.

For any open setB in R2, we denotefv 1:2(B) the Sobolev spacav 12(B)=C,
which can be represented as
Z

Wi2B)= u2w¥?@B): u(x)dx=0
B

Let D* = DnC andD = C. The following result holds.

Lemma 23.1 There exists a unique solutionu := (u*;u ) in W12(D*)
WL2(D ) to (23.1).

Proof. To prove the well-posedness of (23.1) we introduce the following Hilert
space:V := Wi2(D*) w2(D ) equipped with the following natural norm
for our problem:
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(ikm)

Y
(ko)
Y+
(ko)
Fig. 23.1. Schematic illustration of a unit period Y.
kuky = kr u*kpzgp+y+ kr u kizpp y+ ku® u kpzgy; 8u2V:
We write the variational formulation of (23.1) as follows:
Find u 2 V such that for allv:=(v*;v )2 V:
8 Z z
3 Kor u™(x) rv (x)dx+ Kor u™(x) r v (x)dx
D* D
2 1 z —_— 1 z
: +—  (u" u (vt v)d x)= = gvd (x):
ko kO @D
. _ 1 _ mot I'm"0
Since<(kg) = o> 0 and <(k—) T ik > 0, we can apply Lax-
0 0

Milgram theory to obtain existence and uniqueness of a solution to prol#m
(23.1). w

We conclude this subsection with a few numerical simulations to lustrate
the typical pro le of the potential u. We consider an elliptic domain D in
which lives an elliptic cell. We choose to virtually apply at the boundary of
D an electrical current g = &3°",

We use for the di erent parameters the following realistic values:
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the typical size of eukaryotes cells: ' 10 100 m;

the ratio between the membrane thickness and the size of the cell= =
0:7 10 3;

the conductivity of the medium and the cell: ¢ =0:5S.m L

the membrane conductivity: , =10 8 S.m %;

the permittivity of the medium and the cell: "o =90 885 10 2 F.m 1;
the membrane permittivity: ", =3:5 885 10 2 F.m %;

the frequency:! =10° Hz.

Note that the assumptions of our model and o are veri ed.
The real and imaginary parts of u outside and inside the cell are repre-
sented in Figure 23.2.

- 03
H 102

- 02
H 101

- 01
10 - -0

Fig. 23.2. Real and imaginary parts of the potential u outside and inside the cell.

We can observe that the potential jumps across the cell membrane. We
plot the outside and inside gradient vector elds; see Figure 23.3.

23.2.3 Governing Equation

We denote by * the medium outside the cells and the medium inside

the cells: [ [
* = \ ( Y;n nC,n), = C;n :
n2N n2N
Set = .n . By de nition, the boundaries @ * and @ of respec-

n2N
tively * and satisfy:

@e"=e[ ; @ =

We apply a sinusoidal currentg(x)sin(!t ) at x 2 @ , whereg2 L3(@ ).
The induced time-harmonic potential u in  satis es:



23.2 Problem Settings and Main Results 387

Fig. 23.3. Gradient vector elds of the real and imaginary parts of u.

8r kor u* =0 in *;
ir kor u = in ;
ko@@u:ko% on ;
® (23.2)
i
ut u k =0 on ;
% o 2
@u +
k =g; x)ds(x) =0; u"(x)dx=0;
G o -9  900dsk0 Ut
8 + +
<u* in ;
whereu = .
: in

Note that the previously introduced constant |, i.e., the ratio between the
thickness of the membrane ofC and its admittivity, becomes . Because the
cells (C., )n2n are in squares of size, the thickness of their membranes is

given by  and consequently, a factor appears.

23.2.4 Main Results

We setY* ;= YnCandY := C andassume thatdist(Y ;@Y= O(1). We
introduce some function spaces, which will be very useful in thdollowing:
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- (skm)
(ko)
L1 " (ko)

Fig. 23.4. Schematic illustration of the periodic medium

C]1 (D) is the space of functions, which areY - periodic and in C! (D);
L{(D) is the completion of C{ (D) in the L?-norm;

W]l;Z(D) is the Completian of C" (D) in the W*?-norm,

w]1;2 = u2 W]l;Z(D) : pu=0;

L2(;W ]l;z(D)) is the space of square integrable functions on with
values in the space\N]l;z(D);

D ( ) is the space of in nitely smooth functions with compact support in

D(;C ]1 (D)) is the space of in nitely smooth functions with compact
support in  and with values in the spaceC]l ,

whereD isY;Y*;Y or
We write the solution u as

8x2 U (X)= Up()+ Ui(x; 2+ of ) (23.3)

with
(

o up (y)in Y
y 7! ui(x;y) Y-periodic and ui(x;y) =

u; (x;y)in Y
Recall the de nition of two-scale convergence and a few results of this
theory [17, 284].

De nition 23.2 A sequence of functionsu in L?( ) is said to two-scale
convergeto a limit up belonging to L?( Y) if, for any function in
L2(;C j(Y)), we have
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4 Z Z

m U0 0GD)dx= us(ky) (cy)dxdy:
: Y

This notion of two-scale convergence makes sense because of the next com-
pactness theorem.

Theorem 23.3 From each bounded sequence in L?( ), we can extract a
subsequence, and there exists a limity 2 L2(Y) such that this subsequence
two-scale converges talg.

The following result holds.

Theorem 23.4 (i) The solution u- to (23.2) two-scale converges talp and
r u (x) two-scale converges to Ug(X)+ (Y*)(Y)r yui (x;y)+ (Y )(Y)r yu; (Xy),
where (Y ) are the characteristic functions of Y .

(i) The function ug in (23.3) is the solution in W2( ) to the following
homogenized problem:

( r K rux)=0 in ;
(23.4)
Kru=g on@ ;
whereK , the e ective admittivity of the medium, is given by
Z
8(i:j) 2 f 1;2¢%; Ki=ko 5+ (Y')rw+ (Y)rw)eg ;
Y
(23.5)
and the function (w;);=1 .2 are the solutions of the following cell problems:
o kor (W (y)+ vi)=0 inY*:
%r kor (w; (y)+ vi)=0 inY ;
@ @
|<O@(W;r )+ vyi)= kO@(Wi (Y)+vy) on ; (23.6)
N @, . _ .
wow ko@(wi (Y)+vyi)=0 on ;

y 7! wi(y) Y -periodic:

(ii) Moreover, u; can be written as

¥ ay

8(x;y) 2 Y; w(xy)= @x

(x)wi(y) : (23.7)

i=1

We de ne the integral operator L :C> ( )!C ¥ ( ),with0 < < 1
by z o
17 @logjx i,

2 emey) (y)ds(y); x2 : (23.8)

L [1(x)=
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L is the normal derivative of the double layer potential on = @Y .

SincelL is positive, one can prove that the operatorl + L :C% ( )!
Ct ( )is a bounded operator and has a bounded inverse provided that >
0 [141, 283].

As the fraction f of the volume occupied by the cells goes to zero, we
derive an expansion of the e ective admittivity for arbitrary shaped cells in
terms of the volume fraction. We refer to the suspension, as periodidilute.
The following theorem holds.

Theorem 23.5 The e ective admittivity of a periodic dilute suspension ad-

mits the following asymptotic expansion: |
!

K =ko | +fM 1 %M + o(f ?); (23.9)

M= Mj = ko i i (y)ds(y) ; (23.10)
! (i )2f 1;2g2
and ; is de ned by
= 1+ kol 1+ [l (23.11)

Note that ! is the rescaled membrane and thereforeM is independent of

23.3 Analysis of the Problem

For a xed , recall that W2( ) denotes the Sobolev spacdvi2( ),
which can be represented as

z
Wh2( Fy= u2wh?( Hy: u(x)dx =0 : (23.12)
The natural functional space for (23.2) is
n 0
Wei= u=ut ()+u (o put 2WEC ) u 2w
(23.13)
where (! ) are the characteristic functions of the sets . . We can verify
that
1
kukw. = krutkZ, .o+ kru kZ, o+ kutou kB T (23.14)

de nes a norm onW-. In fact, as it will be seen in Proposition 23.7, this norm
is equivalent to the standard norm on W- which is

[N

- + 12 2 2
Kukgy 1o oy wae( .y = Kru ki, oy kru ki, o+ ku ki,

(23.15)
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23.3.1 Existence and Uniqueness of a Solution

Problem (23.2) should be understood through its weak formulation as follows:

Fora xed > 0, nd u- 2 W- such that
Z Z

_kor ur (x) r vt (x)dx+ Kor u. (x) r v (x)ds(x)
' z
+ L@ )0V e0ds0 (23.16)
, .
= g(x)Vv* (x)ds(x) ;
@

for any function v 2 W-.
De ne the sesquilinear forma (; ) onW W by
A VA

a (u;v) := kor u™ r vrdx+ kor u r v dx
12 : (23.17)
+—  (u" u )vt v )ds:

Associate the following antilinear form on W to the boundary data g:
Z

“(u) := gu* ds: (23.18)
@

The forms a and ° are bounded. Moreover,a is coercive in the following

sense
Z Z 1 Z
< ko 'a (u;u) = jr u”j%dx + jru jfdx +— jut u jids

CKkukg,. ;

(23.19)
where %= (o m+!2""m)=( 3 +!2"2). Consequently, due to the Lax{
Milgram theorem we have existence and unigueness for (23.2) for each ®e

. Note that C can be chosen independent of.

Proposition 23.6 Let g 2 Wzlzz(@ ). There exists a uniqueu 2 W- so
that
a(u;')="() 8 2W: (23.20)

To end this subsection we remark that the two norms onW are equivalent.

Proposition 23.7 The norm k ky. is equivalent with the standard norm on
w12 #) wi2( . ). Moreover, we can nd two positive constantsC; < C »,
independent of , so that

ClkUkW” k UkW1;2 W 12 CkukW” ) (2321)

forany u2 w2 r) wi2( .).



392 23 E ective Electrical Tissue Properties

Similar equivalence relation was established by Monsuro [276], whose
method can be adapted easily to the current case. For the sake of compket
ness, we present the details in Section 23.7.3.

23.3.2 Energy Estimate

For any sequence of ! 0, by solving (23.2) we obtain the sequencel- =
ut ( *)+u. (). We obtain somea priori estimates foru-.

We rst recall that the extension theorem (Theorem 23.26) yields a
Poincae{Wirtinger inequality in W22( *) with a constant independent of
. Indeed, Corollary 23.28 shows that for allv* 2 W2( *), there exists a
constant C, independent of , such that

kviKi 2o +y  CKrviKiao «y:

Similarly, we can nd a constant, independent of , by applying the trace
theorem in W12( *). Using Corollary 23.29, the following result holds.

Proposition 23.8 lLetg2 W2,(@ ).Let = [ [ ..Then there ex-
2

ist constants C's, independent of , such that the solutionu- to (23.2) satis es
the following estimates:

kr UKz sy * kruokz .y Cikol kgkwz (@) (23.22)
P —

kuf  u.kez(.) Cikoj * %okw2, (@) : (23.23)

Proof. By taking ' = u- in (23.20), and taking the real part of resultant

equality, we get

kr u¥ kfz( fy+ KU kfz( )+ ) 'kut ko .y = <kg(giur):
7 (23.24)
Here (g;u’) = gu’ dsis the pairingon W2, _,(@ ) WZ,(@ ), for which

@
we have the estimate
j(grun)i k gkwe (@ )kukwz (@) Cikgkwz (@ KU Kyiz( +y:

thanks to the Cauchy{Schwarz inequality and Corollary 23.29.C; is here a
constant which does not depend on.
Applying Proposition 23.7 yields

i(@:u)i Cokgkwz, (@ HKukw ;

with a constant C, independent of .
Using this in (23.24) along with the coercivity of a we get
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ku-kw  Csjkoj *kgkwz (@)

where C3 is still independent of .
It follows also that

j(g;u)j  CaCajkoj ‘kgkwz (@ ):
Substituting this estimate into the right-hand side of (23.24), we get the
desired estimates. u

Next, we apply the extension theorem (Theorem 23.26) to obtain a
bounded sequence inW%2( ) for which we can extract a converging sub-
sequence.

Proposition 23.9  Suppose that the same conditions of the previous proposi-
tion hold. Let P : W%2( )1 WZX2( ) be the extension operator of Theo-
rem 23.26. Then we have

kP urkwuz( ) Cikoj ‘kgkwe (@ ); (23.25)
and
o P —
kP U.T U- k|_2( ) C Jko] 1(1+ %kgszlzz(@ ) . (2326)

Proof. The rst inequality is a direct result of (23.52), (23.54) and (23.22).
For the second inequality, we have

kP ul  ukizg )= kP ul U ko
PP U ukia( g C k(P U Uk )

Here, we have used estimate (23.59). NowkP uf  u. kpz¢ .y = ku’

U. K 2( .y is bounded in (23.23). The second term is bounded from above
by

CkrPu'k, .y+Ckruk. ., C(kruk s +Kkru Ko . );

where we have used again (23.52). This gives the desired estimatedu

Remark 23.10 As a consequence of the previous proposition, we get a se-
quence inW2( ), namely P uf, which is a good estimate ofu- in L?( )
and from which we can extract a subsequence weakly convergingW2( )
and strongly in L2( ).

23.4 Homogenization

We follow [20, 21] to derive a homogenized problem for the model with two-
scale asymptotic expansions and to prove a rigorous two-scale convergence
In [276], the homogenization of an analogue problem is developed and proved
with another method.



394 23 E ective Electrical Tissue Properties
23.4.1 Two-Scale Asymptotic Expansions

We assume that the solutionu admits the following two-scale asymptotic
expansion

8x2 u (x)= up(x)+ U1(X:§)+ of);

with
(

o ui (x;y) in Y*r,
y 7! ui(x;y)Y-periodic and ui(x;y) = .
up (x;y)in Y

We choose a test function' of the same form asu :

82 1 ()= o0+ (k)
with ' g smooth in " 1(x;:) Y-periodic,
, ( "1ay)inYE
wxy)= .
L (xy)in Y ;
and' ; smooth in Y

In order to prove items (ii) and (iii) in Theorem 23.4, we perform an
asymptotic expansion of the variational formulation (23.20). We thus inject
these Ansatze in the variational formulation and only consider the order Oof
the di erent integrals.

At order 0,

FU(X)= 1 Uo(x)+ 1 yus(x )+ of ):

Thanks to Lemma 23.11, we then have for the two rst integrals:

z
Ko T UG(X)+ T yUl (6 2) 1 () +Fy 1 (x2) dx
z z B
= ko I Ug(X)+ ryuy (Xy) 1 o(x)+ry' 7(xy) dxdy+ of)
Y+
and
Z

Ko FUo()+TyUy (6G2)  roa()+ry L 062) dx

Z Z

= Ko F Uo(X)+ I yu; (GY) 1 () + 1, 5 (xy) dxdy+ o ):
Y
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We write the third integral in (23.17) as the sum, over all squaresY ., , of
integrals on the boundaries ., . We have

Z
Lorw® t ) T Tk dsw
x Z - .
o ut (x; 5) u (x; 5) e 5) (X 5) ds(x) :
n2N n

Let xo.n be the center ofY., for eachn 2 N . We perform Taylor expan-
sions with respect to the variable x around Xo;, for all functions (u;)if 1,24
and (' )izt 129 ON Y5 . After the change of variables (y Yon) = X Xon,

we obtain that

u (X) = Uo(Xon)+ U(X;y)+ (Y Yon) I Uo(Xon)+ 0O();
(X)="olXon)+ " 1(X;y)*+ (Y VYon) T o(Xon)+ 0 ):
Consequently, the third integral in the variational formulation (23.20) be -
comes
2 x £ _ _
— ui Xonsy) U (Xonsy) "1 (XonsyY) 1 (Xonsy) ds(y):
n2N n

Finally, Lemma 23.11 gives us that
) Ut u 't T ds
122 o o
= - up (Gy) up(Gy) 1 (Gy) ' i(xy) dxds(y)+ o ):

Moreover, we can easily see that
z z
g "ds= g ods+ of ):
@ @
The order 0 of the variational formula is thus given by
Z Z
Ko T uo()+ 1 yui(xy) 1 500+ 1y 1(xy) dxdy
Y+
Z Z

+ Ko F Ug(X)+ T yu; (GY) 000+ 1, 5 (xy) dxdy
Y
7'z

+ uiOGy) U (Gy) Ti(6y) i (xy) dxds(y)

4
9(x)"o(x)ds(x) = 0 :
@
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By taking ' ¢ =0, it follows that

zZz
ko T uo()+ Tyl (GY) Ty (6y)dxdy
z 7
+ . ko r up(X)+r yus (X;y) r yT(x;y)dxdy
12 ‘ + = —
+ - up(xy) up(xy) Ti(xy) " i(xy) dxds(y)=0;

which is exactly the variational formulation of the cell problem (23.6) and
de nition (23.7) of uj.

By taking ' 1 = 0, we recover the variational formulation of the homoge-
nized problem (23.4):

Z Z
ko I Ug(X)+ ryui(xy) r “o(x)dxdy
Y+
Z Z
+ Ko r ug(X)+ r yu; (X;y) r To(x)dxdy
Y
Z

9(x)o(x)ds(x) =0 :
@
The following lemma was used in the preceding proof. It follows fom [20,
Lemma 3.1].

Lemma 23.11 Let f be a smooth function. We have
Z Z Z

X
(i) 2 f (Xoin s y)ds(y) = f (x;y)dxds(y) + of );
2" z 7
i) fx Xydx = £ (x;y) dxdy + of )
z "7z
and f o6 ) dx = fxy)dxdy + of ):
Y

We prove that the following lemmas hold.
Lemma 23.12 The homogenized problem admits a unique solution le;z( ).

Proof. The e ective admittivity can be rewritten as
z z

Kj = ko (rw +e) (rﬁ+ g)dx + ko (rw, +e) (rW+ g )dx
Y

+ E (W+

Pw )(W W)dS; ij=1;2
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Therefore, it follows that, for = ( 1; 2) 2 R?,

Z Z Z
K = ko jrw'+ j2dx+ ko jrw + j2dx+ = jw'  w j2ds;
Y+ Y
wherew =, ;w;. Since< 0,
Z Z
K ko jrw'+ jPdx+ke jrw + jldx:
Y+ Y

Consequently, it follows from [18] that there exist two positive congants C;
and C, such that
Cij j* <K Caj j*:

Standard elliptic theory yields existence and uniqueness of a sdlion to the
homogenized problem ianl?z( ). u

Lemma 23.13 The cell problem (23.6) admits a unique solution iffv,“*(Y *)
WY ).

Proof. Let us introduce the Hilbert space
W= vi=ve (Y9 + v (Y )i(viv )2 Wh2eyr)y  whzgy )0 ;
equipped with the norm
kvkfy, = kr Vi kG oy + kr v Koy )+ kvE v Koy

We consider the following problem:

z
kor w; (y) r'F(y)dy+ y kor w, (y) " (y)dy

(23.27)

% Find w; 2 W such that for all' 2 W,
§ wﬁ woo(y) TFT (y)ds(y) =

kor yi 1" *(y)dy kor yi r ' (y)dy:
Y+ Y

Lax{Milgram theorem gives us existence and unigueness of a solution.
Moreover, one can show that this ensures the existence of a uniquelation
in W2(Y*)  W"3(Y ) for the cell problem (23.6).

We present in the following numerical examples (Figures 23.5{23.8) the
real and imaginary parts of the solutionsw; and w, of the cell problems.
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Fig. 23.5. Real and imaginary parts of the cell problem solution ws.

01

Fig. 23.6. Real and imaginary parts of the cell problem solution ws-.

Fig. 23.7. Gradient vector eld of the real and imaginary parts of wj.
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Fig. 23.8. Gradient vector eld of the real and imaginary parts of ws.

23.4.2 Convergence

We present in this section a rigorous proof of the convergence of the origal
problem to the homogenized one. We use for this purpose the two-scale con
vergence technique and hence need rst of all some bounds an to ensure
the convergence.

A Priori Estimates

Theorem 23.14 The function u* is uniformly bounded with respect to in
WL2( *), i.e., there exists a constantC, independent of , such that

ku"kyiz +y C:

Proof. Combining (23.22) and Poincae - Wirtinger inequality, we obtain im-
mediately the wanted result. u

The proof of the following result follows the one of Lemma 2.8 in [276].

Lemma 23.15 There exists a constantC, which does not depend on, such
that for all v2 W-:
kv kLz( ) Ckvkw. :

Proof. We write the norm kv k ., as a sum over all the cells.
X X 4
kv k2 = kv k2 = jv (x)j2dx:
Yon

Lz ) L2(Yon )
n2N n2N

We perform the change of variabley = X and get
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Z
X
vk = v )Py (23.28)
n2N n

wherev (y):=v (y)forally2yY andy¥Y, =n+Y withn2N.
Let W denote the following Hilbert space:

n 0
W= vi=vt (YO)+v (Y ) v )2Wwheyty wh2y )

equipped with the norm;
ka\ZN = kr V+ kEZ(Y+) + kr v kEZ(Y )+ kV+ \Y kEZ( ):

We rst prove that there exists a constant Ci, independent of , such that
for everyv 2 W:
kv kpzy y  Cikvkw: (23.29)

We proceed by contradiction. Suppose that for anyn 2 N , there exists
Vnh 2 W such that

kvpkizy y=1 and  kvpkw %:

. 1 .

Sincekv, k 2y y =1 and kr vk oy y K vakw o Vv, is bounded
in WL2(Y ). Therefore it converges weakly inW2(Y ). By weak compact-
ness, we can extract a subsequence, still denoteq , such that v,, converges
strongly in L2(Y ). We denote by | its limit.

Besides,r v, converges strongly to 0 inL?(Y ). We thus haver | = 0
and | constant in Y

By applying in Y* the trace theorem and Poincae{Wirtinger inequality
to v, one also gets that

co
kv kiz( ) K Vi Vo ke ytkvikeey kovp Vo ket Ckvpkwazeys) =

Consequently,v, converges strongly to 0 inL2( ) and | =0 on
We have thenl = 0 in Y , which leads to a contradiction. This proves
(23.29).
We can now nd an upper bound to (23.28):
x Z z z
kv kB, ) *Ci i viitdyr v (ifdy+ jvE(y) v (y)ifds(y):

n2Nn Yo Yn n

After the change of variablex = y, one gets

2 + 1,2 2 + 2
kv K,y Co krVikG, .yt kv kG oo+ kv VoK
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Since < 1, there exists a constantC,, which does not depend on such
that for every v 2 W.,

kv kLz( ) Cokvky. ;
which completes the proof. 1

Theorem 23.16 u is uniformly bounded in in W¥2( ), i.e., there exists
a constant C independent of , such that

ku kyiz y C:

Proof. By de nition of the norm on W- , kr u kﬁz( ) k ukj,. .
We thus have with the result of Lemma 23.15:
ku k\sz( ) C.ku k\%\,,, (23.30)

with a constant C; which does not depend on .
Furthermore, using the result of Theorem 23.14, there exists a constdn
C, independent of such that

ja(u;u)j Cy:
We use the coercivity ofa and get a uniform bound in of u in W.. This

bound and (23.30) complete the proof. u

Two-Scale Convergence

We rst extend two-scale convergence to sequences de ned on ped sur-
faces.

Proposition 23.17  For any sequenceu in L?( ) such that
z

juj’dx C: (23.31)

there exists a subsequence, still denoted, and a limit function ug 2 L?( ;L 2( ))
such thatu two-scale converges taig in the sense
z zZ Z

lim u(x) (x; 5)dS(><)= uo(x;y) (x;y)dxds(y);

for any function 2 L2(;C (Y)).

Remark 23.18 If u andr u are bounded inL?( ), one can prove by using
for example [19, Lemma 2.4.9] thatu veri es the uniform bound (23.31). The

two-scale limit on the surface is then the trace on of the two-scale limit of

u in
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In order to prove item (i) in Theorem 23.4, we need the following resiis.

Lemma 23.19 Let the functions (u ) be the sequence of solutions of (23.2).
There exist functions u(x) 2 W¥2( ), v (x;y) 2 L?(;W ]1;2(Y+)) and
v (xy) 2 L2(;W ¥3(Y ) such that, up to a subsequence,

0 1

u u(x)

0
C O U+§ two-scale converge to% (v )y) rux)+ryvh(xy)
( )ru (v ) T UG+ TV (Gy)

Proof. We denote by~the extension by zero of functions on * and in
the respective domains and *.

From the previous estimates,e and f u are bounded sequences in
L2( ). Up to a subsequence, they two-scale converge to (x;y)and  (X;y).

Sincee andf u vanish in ,sodo and .
Consider' 2D(;C ]1 (Y))2 such that' =0 for y2 Y . By integrating
by parts, it follows that
Z Z
T ut (x) T(x; §)dx = ) ut(x) ry (x §)+ ry (X i) dx:

We take the limit of this equality as ! O:
Z Z
0= . TGy y T(xy)dxdy:
Therefore, * does not depend ony in Y*, i.e., there exists a function
u* 2 L%( )suchthat *(x;y)= (Y*)(y)u*(x)forall (x;y) 2 Y.
Take now' 2D(;C | (Y))*suchthat' =0fory2Y andr, ' =0.
Similarly, we have
z z
+ X + X
L ru (X) (x; =)dx = o u C)r x T =)dx;

and thus
Z Z Z Z

TGy) T(xy)dxdy = ut (X)r x T(xy)dxdy: (23.32)
Y* Y*
For ' independent ofy, this implies that u* 2 W2( ). Furthermore, if
we integrate by parts the right-hand side of (23.32), we get
Z Z Z Z

T(x;y) T(x;y)dxdy = rut(x) (x;y)dxdy;
Y+ Y+
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forall” 2D(;C { (Y*))?suchthatr, ' =0and ' (x;y) (y)=0fory
on .

Since the orthogonal of the divergence-free functions are exactly the gr
dients, there exists a functionv* 2 L?( ;W ]1’2(Y+ )) such that

TGY) = (YI)Y) rut () + T pvi(xy)

for all (x;y) 2 Y.
Likewise, there exist functionsu 2 WY2( )andv 2 L2(;W [“(Y ))
such that

xy)= (Y )Y)u (x); and  (xy)= (Y )y) ru (X)+ryv (Xy) ;

for all (x;y) 2 Y.

Furthermore, thanks to Remark 23.18, we have also

z Z Z
UG U 6y (s y)dxdy;

forall' 2 L%(;C { ().

Recall that u is a solution to the following variational form:
z z

Kor u*(x) r ' *(x)dx + kor u (x) r' (x)dx

4 4
1

+ = ut u o ds ko g *ds=0;

@
forall (" *;" )2 (WY2( *);wiz( ).

We multiply this equality by 2 and take the limit when goes to 0. The
rst two terms disappear and we obtain, forall (* *;' )2D(;C ]1 (Y*))
D(;C ! (Y )

1 zZ Z
= (U (x) u ) Fxy) " (xy))dxdy=0:

Thus u*(x) = u (x) for all x 2 , and u two-scale converges tau =
u* = u 2 W%Y2( ). This completes the proof. w

Now, we are ready to prove Theorem 23.4. For this, we need to show that
u= up, that vt uj is constant, and that v u, is constant, whereu, is
de ned in (23.7). The unigueness of a solution for the homogenized probie
and the cell problems will then allow us to conclude the convergenceot only
up to a subsequence.

Proof of Theorem 23.4.We rst want to retrieve the expression of u; as a test
function of the derivatives of up and the cell problem solutionsw; .
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We choose in the variational formulation (23.16) a function' of the form
' 1 . X .
()= " 106 =);

where' 1 2D (;C { (Y*)) D (;C { (Y ).

Lemma 23.19 shows the two-scale convergence of the following three tesm
Z ZZ
Kor u™(x) r ' *(x)dx 3 o Ko 1 u(x)+ryw (xy) ry' I(xy)dxdy
+ H Y+
Z Z Z o
kor u (x) r' (x)dx !I o ko rux)+ryv (xy) ry' 4 (Xy)dxdy
- \
Z

g(x)' T (x)ds(x) ! 0:
@

10

We can not take directly the limitas ! 0 in the last term:
Z

=W u )T (x)ds(x)
Z

=l @ ou) T k) dsx:

Lemma 23.32 ensures the existence of a function2 (D( ;W ]1;2(Y+ )

D(:W "2(Y ))2 such that forall 2 W'2(v*)  w(y )
z z

ro(y) F(xy)dy+ - ()  (xy)dy
Z
+ ) () Ti(xy) Ti(xy) ds(y)=0:
(23.33)

. X
We make the change of variablesy = —, sum over all (Y.n )n2n , and
choose = u to get

Y+

z
We u ) TN L6 dsx=
z z
o u* (x; i) (X 5)dx ru (x 5) (X 5)dx:
We can now take the limit as goes to O:
z
im0 U ) TTeeT) o067 dsix) =
z y

FuG)+ TV (Gy) T (ay)dxdy Fu)F Ty (Gy) (ay)dxdy:
Y

Y+
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Fin%IIy, the variational formula (23.33) gives us

im0 U () 16T (67 ds(x) =

zZz - -
Viy) v(y) T10gy) o(xy) ds(y):

For' (x)= "' 1(x; 5); with "1 2D(;C { (Y*)) D (;C{ (Y )) the
two-scale Iimi%o&the variational formula is
ko 1 UG+ 1y (xy) 1y (xy)dxdy
. ¥ B
+ ko ru(x)+ryv (xy) ry'q(xy)dxdy

Y
Z Z

+1 V) v ) TIay) L (xy) ds(y)=0:

By density, this formula holds true for * 1 2 L2(;W M2(Y*)) L2(;W ¥3(Y ).
One can recognize the formula veri ed byu, as the de nition of the cell prob-
lems. Hence, separation of variables and uniqueness of the solutions oftleell
problems in W give

X @y
vV (Xy)=uy = —(X)w; (y)
' i=1,2 @x

and, up to a constant:

Lo X @y,
Vi(xy)=ug = @7(X)Wi (y):
i=1;2 X
We now choose in the variational formula veried by u a test function
(xX)="(x);with' 2C* ().

The limit of &23.216) as goes to 0 is then given by

ko ru(x)+ ryv' (x;y) r ~(x)dxdy
z 7
+ ko ruX)+ryv (xy) r =(x)dxdy
Y Z
+ g(x) (x)ds(x)=0:
@

By density, this formula hold true for ' 2 Wl?z( ), which leads exactly to

the variational formula of the homogenized problem (23.4). Since the solutin

of this problem is unique in f/vl?z( ), u converges toug, not only up to

a subsequence. Likewiser u two-scale converges tor up + (Y*)r yuj +
(Y Jryu;. w
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23.5 E ective Admittivity for a Dilute Suspension

In general, the e ective admittivity given by formula (23.5) can not be com-
puted exactly except for a few con gurations. In this section, we congler the
problem of determining the e ective property of a suspension of cés when
the volume fraction jY | goes to zero. In other words, the cells have much
less volume than the medium surrounding them. This kind of suspesion is
called dilute. Many approximations for the e ective properties of composites
are based on the solution for dilute suspension.

23.5.1 Computation of the E ective Admittivity

We investigate the periodic double-layer potential used in calcuting e ective
permittivity of a suspension of cells. We introduce the periodt Green function

G;, for the Laplace equation inY, given by
X g2n x

8x2Y; G (x) = W :

n2Zz2nf 0g

Using the Poisson summation formula
X - X

é2m X = o(x+n);

n2z2 n2z2

where ¢ is the Dirac mass at O, it follows that G; satis es
X
G = o(x+n)+1: (23.34)
n2z2

The constant 1 is the surface ofY. An integration by parts shows that it
should be there<

The following lemma from [69, 66] plays an essential role in deriving th
e ective properties of a suspension in the dilute limit.

Lemma 23.20 The periodic Green function G; admits the following decom-
position:

8x2Y; G(x)= Zi logjxj + R2(X); (23.35)
where R, is a smooth function with the following Taylor expansion atO:
1 L
Ra(x) = Ra(0) 70+ x3)+ O(xj*): (23.36)
z
LetL3( ):= ' 2L2%( ): '(x)ds(x)=0

We de ne the periodic double-layer potential B of the density function
"t 2L3( )
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z

® [ 100 = @@yG](X y) ()ds(y)

The double-layer potential has the following properties [66].
Lemma 23.21 Let' 2L3( ). B [ ]veries:

0 B []=0 iny*
B[]=0 inY

@ @

(ii) @@ [']+=@|§ [] on;

(i) B[] = %|+}e []on ;

where & :L3( ) 7! L3( ) is the periodic Neumann-Poincae operator de-

ned b
y Z

8x 2 ; R [1(x)= @jG] (x y) (y)ds(y):

@

The following integral representation formula holds.

Theorem 23.22 Let w; be the unique solution inW of (23.6) for i = 1;2.
w; admits the following integral representation inY:

1
wi= koB |+ kg€ [il; (23.37)
e - @ _ : .
wherel€ = @ and = ( j)i=1.2 is the outward unit normal to
1
Proof. Let' := kg |+ kol® [ i]." veries:
Z Z

“(ds(y) = ko @@(@ [ 1(y) + yi)ds(y) =

The rst equality comes from the de nition of ' and the second from an inte-
gration by parts and the fact that B [' ] and | are harmonic. Consequently,
"t 2L3( ).

We now introduce V, := B [ ]: V; is solution to the following problem:

8
kor Vi =0 in Y*;
g kor Vi =0 inY ;
@V
—_— —k on
‘@
Vij+ Vi) =" on

Ty 7! Vi(y) Y-periodic:
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We use the de nitions of ' and V; and recognize that the last problem is
exactly problem (23.6). The uniqueness of the solution inW gives us the
wanted result. u

From Theorem 23.4, the e ective admittivity of the medium K is given
by z
8(i;j ) 2 1;29%; Ki=ko 4§+ rw g
After an integration by parts, we get
z z
8(;j)2fL29% Ky =ko  + @YWi (y) i (y) ds(y) w'ow i (y)ds(y)

z
Because of theY -periodicity of w;, we have: w;i(y) j ds(y) =0.

@y
Finally, the integral representation (23.37) gives us that
Z 1
8(i;j) 2 f 1;,29% Ki =ko i (ko) L+ ko€ [i];ds(y)

We consider that we are in the context of a dilute suspensioni.e., the size

of the cell is small compared to the square:Y i Yj=1. We perform the
change of variable:z= 'y with = jY jz and obtain that
Z 1
8(;j)2f1,20% Ky =ko § 2(ko) S E ko [il(2) (2)ds(2)

where is the outward unit normal to . Note that, in the same way as before,
becomes when we rescale the cell.

1
Let us introduce ' ; = I+ k of [iland i(z) = "i(z) for all

z2 1 . From (23.35), we get, for anyz2 ! , after changes of variable
in the integrals:

1@ @Z @

a° 119Gy . ey

Besides, the expansion (23.36) gives us that the estimate

@['i](2)=@@l9 [(z)= Ra(z y) (y)ds(y):

ryRo( (z ) M= 5z y) ¥+ O %);

holds uniformly in z;y2 1 .
We thus get the following expansion:

X
Eril(z)= 'L« [i@® > i, i(dsy) + O )
j=1;2
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Using ; de ned by (23.11) we geton 1

2 X z
i= g+ ko? i P (y) i(y)ds(y)+ O( *): (23.38)
j=1;2

By iterating the formula (23.38), we obtain on ! that

2 X Z
i= it koy i, i (y) i (Y)ds(y)+ O( *):
j=1;2

Therefore, one can easily see that Theorem 23.5 holds.

23.5.2 Case of Concentric Circular-Shaped Cells: the
Maxwell-Wagner-Fricke Formula

We consider in this section that the cells are disks of radiusy,. 1 becomes
a circle of radiusrg.
For all f 2 L2((0;2 )), we introduce the Fourier coe cients:
122
8m2z; f(m)= > f()e™ d;
0

and have then for all 2 (0;2 ):
R .
f()= fi(m)em

m=1

Forf 2C% ( ! )suchthat , f =0, we obtain after a few compu-
tations,

X .. 1 '
8 2(0:2); (I+kol 1) Yf]()= 1+ koW f(m)ém
2ro
m2Znf 0g
Forp=1;2, ;= (I + koL 1) [ p] then have the following expres-
sion: L
PN - Ko .
8 2(0;2); p= 1+ 21 P!

Consequently, we get for p;q) 2 1;2¢° :

Koro .

R T
1+ X0
2ro

Mpq =

and hence,



410 23 E ective Electrical Tissue Properties

rol! (" "
=Mpg = pg g (2m 02 0 m) - (23.39)
+ — )+ ! ("m+ "o—
( m 0 2[‘0) ( m 0 2r0)

Formula (23.39) is the two-dimensional version of the Maxwell-Wagner-
Fricke formula, which gives the e ective admittivity of a dilute s uspension of
spherical cells covered by a thin membrane.

An explicit formula for the case of elliptic cells can be derived by $ing the
spectrum of the integral operatorL : , which can be identi ed by standard
Fourier methods [220].

23.5.3 Debye Relaxation Times

From (23.39), it follows that the imaginary part of the membrane polarization
attains its maximum with respect to the frequency at

1 m* o ?0 .
W
m 0 2r0
This dispersion phenomenon due to the membrane polarization is wellhown
and referred to as the -dispersion. The associated characteristic time cor-
responds to a Debye relaxation time.
For arbitrary-shaped cells, we de ne the rst and second Debye relagtion
times, ;i =1;2, by
1 . .
— Fargmax | (s (23.40)
i :
where ; o are the eigenvalues of the imaginary part of the membrane
polarization tensor M (! ). Note that if the cell is of circular shape, 1= ».
As it will be shown later, the Debye relaxation times can be used for
identifying the microstructure.

23.5.4 Properties of the Membrane Polarization Tensor and the
Debye Relaxation Times

In this subsection, we derive important properties of the membranepolariza-
tion tensor and the Debye relaxation times de ned respectively by £3.10) and
(23.40). In particular, we prove that the Debye relaxation times are invariant
with respect to translation, scaling, and rotation of the cell.
First, since the kernel ofL 1 is invariant with respect to translation, it
follows that M (C; k o) is invariant with respect to translation of the cell C.
Next, from the scaling properties of the kernel ofL : we have

M (sC: ko) = M (C <)
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for any scaling parameters > 0.
Finally, we have

M (RC; k)= RM(C; ko)RT for any rotation R ;

where T denotes the transpose.
Therefore, the Debye relaxation times are translation and rotation invari-
ant. Moreover, for scaling, we have

) _ ~ Ko
i(hC; ko) = '(C'T

)i i=1;2, h>0
Since is proportional to the thickness of the cell membrane, =h is nothing
else than the real rescaled coe cient for the cell C. The Debye relaxation
times ( ;) are therefore invariant by scaling.
SinceL : is self-adjoint, it follows that M is symmetric. Finally, we
show positivity of the imaginary part of the matrix M for small enough.
We consider that the cell contour can be parametrized by polar coordi-
nates. We have, up toO( 2),
z

M + Hojir= 2 L . []ds; (23.41)

1

where again we have assumed thatg =1 and "o = 0.

Recall that .
- m | ' m

2 272 2 272 -

Hence, the positivity of L 1 yields

[
_ " m o
MorgeEy!
for small enough, wherel is the identity matrix.

Finally, by using (23.41) one can see that the eigenvalues &f M have one
maximum eachwith respect to the frequency. Letli;i =1;2,1; 1, be the
eigenvalues of |, L : [ ]ds. We have

!" m . . 22!"m m . - . .
i = (%Jr!z"%)J ] (r2n+!2"r2n)2|h i=1;2: (23.42)

Therefore, ; is the inverse of the positive root of the following polynomial in
I

wigrte T E w2+ R
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23.5.5 Anisotropy Measure

Anisotropic electrical properties can be found in biological tissues sth as
muscles and nerves. In this subsection, based on formula (23.9), wetiaduce
a natural measure of the conductivity anisotropy and derive its depen@nce on
the frequency of applied current. Assessment of electrical anisabpy of muscle
may have useful clinical application. Because neuromuscular disees produce
substantial pathological changes, the anisotropic pattern of the muscle ifkely
to be highly disturbed [135, 178]. Neuromuscular diseases could lead to a
reduction in anisotropy for a range of frequencies as the muscle bers ar
replaced by isotropic tissue.

Let 2 be the eigenvalues of the imaginary part of the membrane
polarization tensor M (! ). The function

()
2(1)

can be used as a measure of the anisotropy of the conductivity of a dilute
suspension. Assumég = 0. As frequency! increases, the factork o decreases.
Therefore, for large! , using the expansions in (23.42) we obtain that

(1) 2
S0 =t 1 ey

R
wherel; |, are the eigenvalues of , nL . [n]ds.

Formula (23.43) shows that as the frequency increases, the conductiyi
anisotropy decreases. The anisotropic information can not be captured for

17!

+0(2?); (23.43)

! ..1 (11 |2)2

m 2\1=2.
oo

23.6 Numerical Simulations

We present in this section some numerical simulations to illustrae the fact
that the Debye relaxation times are characteristics of the microstrudure of
the tissue.

We take realistic values for our parameters, which are the same as those
used in Subsection 23.2.2 and let the frequency 2 [10%; 10°] Hz.

We rst want to retrieve the invariant properties of the Debye relax ation
times. We consider (Figure 23.9) an elliptic cell (in green) that we tanslate (to
obtain the red one), rotate (to obtain the purple one) and scale (to obtain the
dark blue one). We compute the membrane polarization tensor, its imaginay
part, and the associated eigenvalues which are plotted as a function of th
frequency (Figure 23.10). The frequency is here represented on adarithmic
scale. One can see that for the two eigenvalues the maximum of the curse
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occurs at the same frequency, and hence that the Debye relaxation ties are
identical for the four elliptic cells. Note that the red and green curves are even
superposed; this comes from the fact thatM is invariant by translation.

Next, we are interested in the e ect of the shape of the cell on the Depe
relaxation times. We consider for this purpose, (Figure 23.11) a circulacell (in
green), an elliptic cell (in red) and a very elongated elliptic cell(in blue). We
compute similarly as in the preceding case, the polarization tensors asciated
to the three cells, take their imaginary part and plot the two eigenvalues of
these imaginary parts with respect to the frequency. As shown in Fgure 23.12,
the maxima occur at di erent frequencies for the rst and second egenvalues.
Hence, we can distinguish with the Debye relaxation times betweenhese three
shapes.

Finally, we study groups of one (in green), two (in blue) and three cdbk
(in red) in the unit period (Figure 23.13) and the corresponding polarization
tensors for the homogenized media. The associated relaxation times arefdi
ferent in the three con gurations (Figure 23.14) and hence can be used to
di erentiate tissues with di erent cell density or organization.

These simulations prove that the Debye relaxation times are charactéstics
of the shape and organization of the cells. For a given tissue, the idea it
obtain by spectroscopy the frequency dependence spectrum of itsegtive
admittivity. One then has access to the membrane polarization tensor ad the
spectra of the eigenvalues of its imaginary part. One compares the assatéd
Debye relaxation times to the known ones of healthy and cancerous tisgs at
di erent levels. Then one would be able to know using statistical ools with
which probability the imaged tissue is cancerous and at which level.

<

Fig. 23.9. An ellipse translated, rotated and scaled.
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Fig. 23.10. Frequency dependence of the eigenvalues oEM for the 4 ellipses in
Figure 23.9.

0

0 1

Fig. 23.11. A circle, an ellipse and a very elongated ellipse.
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circle
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ellipse
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!

Fig. 23.12. Frequency dependence of the eigenvalues of M for the 3 di erent cell
shapes in Figure 23.11.

23.7 Technical Results

23.7.1 Extension Lemmas

Consider two open setdJ;V  R? with the relation UV, and two Sobolev
spacesW 1P (U) and WP(V), p 2 [1;1 ]. What we call an extension operator
is a bounded linear mapP : W1P(U) ! WZP(V), such that Pu= u a.e. onU
for all u2 WP (U). In this section, we introduce several extension operators
of this kind that are needed in this chapter. They extend functionsthat are
denedon Y ;R? and I, respectively.

Throughout this section, the notation M 4 (f ) for a measurable setA  R?
with positive volume and a function f 2 L1(A) denotes the mean value off
in A, that is Z

Ma(f)= i f (x)dx: (23.44)
JA] A
We start with an extension operator inside the unit cube Y. Since Y
has smooth boundary, there exists an extension operatos : WLP(Y*) !
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1

o

1

Fig. 23.13. Groups of one, two and three cells.

WLP(Y) such that for all f 2 WXP(Y*)and p2 [1;1),
KSfkipryy CKikioyry; KSfkwieryy Ckfkwipysy;  (23.45)

where C only depends onp and Y . Such anS is given in [160, Section
5.4], where the second estimate above is given; the rst estimate eagifollows

from their construction as well. Cioranescu and Saint Paulin [138] constrated

another extension operator which re nes the second estimate above. Fahe

reader's convenience, we state and prove their result in the folleing. Similar

results can be found in [204] as well.

Theorem 23.23 LetY;Y* andY be as de ned in Section 23.2; in particu-
lar, @Y is smooth. Then there exists an extension operatoP : W1P(Y*) !
W LP(Y) satisfying that for any f 2 WYP(Y*) andp2 [1;1),

kr Pkap(Y) Ckr kap(Y+); kpkap(Y) Ckf k|_p(y+); (23.46)
where C only depends on the dimension and the set

Proof. Recall the mean operatorM in (23.44) and the extension operatorS
in (23.45). Given f , we de ne Pf by

Pf=My:(f)+ S(f M y.(f)): (23.47)
Then by setting =f M - (f), we have that
kr Pkap(Y) =kr S kLp(Y) Ck le;p(Y+) Ckr kLp(Y+) = Ckr kap(Y+):



23.7 Technical Results 417

T

3cells
> 2cells ||
1 cell

(e
o
8

T

3cells
—— 2cells
lcell

03

0.2 -

"G

0.151 -

01r -

4 45 5 55 6 6.5 7 75 8 8.5 9

Fig. 23.14. Frequency dependence of the eigenvalues of M in the 3 di erent cases.

In the second inequality above, we used the Poincae{Wirtinger inequality for
and the fact that  is mean-zero onY*. The L2 bound of Pf follows from
the observation

ivj °

KM v+ (f)KLe(y) v Kf Koy +)

and the LP estimate of Sf in (23.45). This completes the proof. u

Applying the extension operator on each translated cube inR;, we get
the following.

Corollary 23.24  Recall the de nition of Y,;Y, and Y, in section 23.2.
Abuse notations and de ne

(Pwijy, = P(ujy+); Nn22Z%u2 WeP(Ry): (23.48)

loc
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Then P is an extension operator fromW,5P (R} ) to WP (R?). Further, with

the same positive constaniC in (23.46) and for any n 2 Z2, we have

kr Pukiecy,)y  Ckruk oy, yi KPUKLe(y,)  Ckuk ;)¢ (23.49)

SP(R3),

loc

Corollary 23.25 Foreach > 0,dene P as follows: for anyu 2 W,
P uis dened on Y, by

Pu)= Pw(>); (23.50)

where w(x) = lu(x) and P is as in (23.49). Then P is an extension

operator from W,5P( Rj) to WP ( R?) which satis es that for any n 2 Z?2,

kr P ukie(y,) Ckruk ,y ;i kP ukiecy,) Ckuk ,y ,; (23.51)
where the constantC does not depend on.
Finally, we de ne the extension operator from W1P( F)to WP( ).

Theorem 23.26 Let . be de ned as in Section 23.2. De ne the linear op-
erator P as follows: foru 2 WLP( ), let P u be given by(23.50)in n
and letP u=uin . Then P is an extension operator fromWP( ) to
WLP( ) and it satis es

kr P ukee( y Ckr ukLp( + KP ukip( ) CkukLp( s (23.52)

)
where the constantsC's do not depend on .

Proof. SinceP satis es the estimates (23.51) uniformly in[ , Y, we have
the following:

X
P - P P
kr Pouki, = krukp, )+ kr P ukis iy,
n
p .
Ckr ukLp( %

This completes the proof of the rst estimate in (23.52). The second esmate
follows in the same manner, completing the proof. u

23.7.2 Poincae{Wirtinger Inequality

Our next goal is to derive a Poincae{Wirtinger inequality for functi ons in
WL2( ) with a constant independent of . The following fact of the uctu-
ation of a function is useful.

Lemma 23.27 Let X R? be an open bounded domain with positive volume
and f 2 L(X). Assume thatX; X is a subset with positive volume, then
we have

K M x, (F)kiexyy kT M x(F)kizx)y: (23.53)
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Proof. To simplify notations, let f; be the restriction of f on X1, m;
M x,(f1) and 1 = jX1j5X]. Similarly, let f, be the restriction of f on X»
X nXq, my=Mx,(f2). Let m= M x (f). Then we have that

fa me+@  )(my my); x2 Xy,

f m=
fo ma+ (mz my); X2 Xs:

Then basic computation plus the observation thatf; m; integrates to zero
on X; for i =1;2 yield the following:

KE mkfoxy = kfr makfon )+ kfz mokfo,,+(1 ) jXj(mz  myp)?:

Since the items on the right-hand side are all non-negative, we obtain (233).
u

Corollary 23.28 Assume the same conditions as in Theorem 23.26. Then
for any u2 Wt2( ), we have that

kukLz( N Ckr ukLz( £y (23.54)
where the constantC does not depend on.

Proof. Thanks to Theorem 23.26, we extendu to P u which is in W2( ).
Use (23.53) and the fact thatM . (u) = 0 to get

kUkLz( ) kPuM (P U)kLZ( ).
Now apply the standard Poincae{Wirtinger inequality for functionsin W2( ),
and then use (23.52). We get
kP u M (P u)kezcy Ckr P ukcy Ckr ukLz( £y

The constant C depends on and the parameters stated in Theorem 23.26
but not on . The proof is now complete. u

Another corollary of the extension lemma is that we have the following
uniform estimate when taking the trace ofu 2 W- on the xed boundary @ .

Corollary 23.29 Assume the same conditions as in Theorem 23.26. Then
there exists a constantC depending on and the parameters as stated in
Theorem 23.26 but independent of such that

kUka:Z(@ y Ckr ukLz( i (23.55)
forany u2 wWt?2( ).

Proof. Thanks to Theorem 23.26 we extendu to P u which is in W12( ).
The trace inequality on  shows

kP UkW:lZZZ(@ ) C( )kP Ukwl:Z( ): (2356)

The desired estimate then follows from (23.52) and (23.54).
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23.7.3 Equivalence of the Two Norms on W

In this section, we prove Proposition 23.7 which establishes the edwalence
between the two norms onW-. We essentially follow [276].

The rst inequality of the proposition is proved by the following le mma
together with the Poincae{Wirtinger inequality (23.54):

Lemma 23.30 There exists a constantC independent of , such that

2 1 2 2
kv kiz( .y C( kv ki, y*+ krv ki, ) (23.57)

for any v 2 WY2( F)andv 2 Wh2( .).

Proof. Let us consider the case of* 2 WL2( ). Denote by v; the restriction
of vt on ;. We have the trace inequality

kvikfz ) ClkvikE, o)+ kr vike, (o)) (23.58)

Note that this constant depends onY but is uniform in i.
Consequently, we have

N Z _ _ O Z
kv' k2o ) = jvi(x)j2ds(x) C
i=1 i

i ()idsy):

i=1
Apply (23.58) and change the variable back to get

+ 102 X0 2 ; 2 2
kvikizc.y C it + e yv(y)icdy

i=1 i

N Z
c ! ivi(x)j? + 3jr v(x)j2dx:
i=1 Y|+
This completes the proof of (23.57). u
The other inequality in (23.21) is implied by the following lemma:

Lemma 23.31 There exists a constantC > 0 independent of such that

kvk C Phvkia( o+ krviee (23.59)

L2( -
forall v2 Wh2( . ).

Proof. We have that

kvkZziy ) C kvkfo o+ krvkloy ) (23.60)
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for any v 2 WL2(Y ) where C only depends onY and the dimension.
Indeed, suppose otherwise, we could nd a sequender,g WL2(Y ) such
that kv, k|_2(y ) 1 but

KvnK 2 oy + kr vakiz¢y ! 0; asn!l

Then since kv, ky 1:2 is uniformly bounded, there exists a subsequence, still
denoted asfv, g, and a function v 2 W12(Y ) such that

Vo *v weakly in WE2(Y ); r v, * r v weakly in L2(Y ):

Consequently, kr vk, 2 liminf kr vok 2 = 0, which implies that v = C
for some constant. Moreover, since the embeddingV12(Y ) | L?( o) is
compact, the convergencev, ! v holds strongly in L2( () and kvkp 2
lim kvak 2¢ ;) = 0. Consequently v 0. On the other hand, v, ! v holds
strongly in L2(Y ) and hencekvk 2y y =lim kvyk 2y y =1. This contra-
dicts with the fact that v 0.

Proof (Proof of Proposition 23.7). To prove the rst inequality, we apply
Lemma 23.30 to get

kut u KZo Ly 2(kutkPo .+ ku Ko )

Cku' ki, +)+ ku K + Zkr utkZ,, .+ Zkrutk?

L2( L2( - ) L2( *)

Only the rst term in (23.54) does not show in kK kw12 w2, butitis con-

trolled by kr u* kLz( ) uniformly in  thanks to (23.54).

For the second inequality, we only need to controlku k,_z( ) We apply
Lemma 23.31 and the triangle inequality:

ku ki, ., C kuki: .+ kutoou ki .+ Ckru kP,

Only the rst term does not appear in k k., but using Lemma 23.30 and
(23.54) we can bound it by

ku"kfz( .y C(ku"kZ, o)+ Zkru'kZ, ;)) Ckru'k?,

) )

This completes the proof. 1

23.7.4 Existence Result

Lemma 23.32 Let '3 be a function in D(;C { (Y*)) D (;C{ (Y ).

There exists at least one function in (D(;W [“*(Y*)) D (;W ["3(Y )2
solution of the following problem:

L2(

.T)):
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8

ry “(xy)=0 inY*;
% ry (xy)=0 iny ;
T(xy) n= (xy) n on ; (23.61)

§ Txy) n="1(xy) 'i(xy)on ;
Ty 7! (xy)Y periodic:

Proof. We look for a solution under the form = r y . We hence introduce
the following variational problem:

y)  F(y)dy+ roo(y)  (ydy
Y 1 Z

== (1 "DC" ydsy);

§E|nd 2 Wl2yr) WY )such that
% ko

“forall 2 WYy WY );

fora xed x 2 . Lax-Milgram theorem gives us existence and uniqueness of
such an . Since' 1 2D(;C ]1 (¥*)) D (;C ]1 (Y )), there exists at least
one function 2 (D(;W "*(Y*)) D (;W "*(Y ))? solution of (23.61).
Note that we do not have uniqueness of such a solution.u

23.8 Concluding Remarks

In this chapter, we have explained how the dependence of the e dive elec-
trical admittivity measures the complexity of the cellular organizati on of the
tissue. We have derived formulas for the e ective admittivity of suspensions
of cells and characterized their dependence with respect to therdquency in
terms of membrane polarization tensors. We have presented numericaésults
to illustrate the use of the Debye relaxation times in classifying mcrostruc-
tures.
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Plasmonic Nanoparticle Imaging

24.1 Introduction

Plasmon resonant nanoparticles have unique capabilities of enhancinghé
brightness of light and con ning strong electromagnetic elds [313]. A thriving
interest for optical studies of plasmon resonant nanoparticles is due taheir
recently proposed use as labels in molecular biology [202]. New types of cance
diagnostic nanoparticles are constantly being developed. Nanoparticles ar
also being used in thermotherapy as nanometric heat-generators that caneb
activated remotely by external electromagnetic elds [90].

This chapter is devoted to the mathematical modeling of plasmonic
nanoparticles. Its aim is twofold: (i) to mathematically de ne the noti on of
plasmonic resonance and to analyze the shift and broadening of the plasmon
resonance with changes in size and shape of the nanopatrticles and (i) sbudy
the scattering and absorption enhancements by plasmon resonant nanoparti
cles and express them in terms of the polarization tensor of the nanopartie.
Optimal bounds on the enhancement factors are also derived. For simpity,
the Helmholtz equation is used to model electromagnetic wave propagation

According to the quasi-static approximation for small particles, the sur-
face plasmon resonance peak occurs when the particle's polarizability maxi-
mized. Plasmon resonances in nanoparticles can be treated at the quagasc
limit as an eigenvalue problem for the Neumann-Poincae integral operator,
which leads to direct calculation of resonance values of permittivityand opti-
mal design of nanopatrticles that resonate at speci ed frequencies. Attis limit,
they are size-independent. However, as the patrticle size increes, they are de-
termined from scattering and absorption blow up and become size-depelent.
This was experimentally observed, for instance, in [181, 294, 314].

In this chapter, we rst prove that, as the particle size increasesand crosses
its critical value for dipolar approximation, the plasmonic resonances kecome
size-dependent. The resonance condition is determined from absdipn and
scattering blow up and depends on the shape, size and electromagnepiaram-
eters of both the nanoparticle and the surrounding material. Then, we pe-
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cisely quantify the scattering absorption enhancements in plasmorti nanopar-
ticles. We derive new bounds on the enhancement factors given the vahe
and electromagnetic parameters of the nanoparticles. At the quasi-stati limit,
we prove that the averages over the orientation of scattering and extiation
cross-sections of a randomly oriented nanoparticle are given in terms ohe
imaginary part of the polarization tensor. Moreover, we show that the polar-
ization tensor blows up at plasmonic resonances and derive bounds for ¢h
absorption and scattering cross-sections. We also prove the blow-upf the
rst-order scattering coe cients at plasmonic resonances.

The chapter is organized as follows. In Section 24.2 we introduce a laye
potential formulation for plasmonic resonances and derive asymptotic forra-
las for the plasmonic resonances and the near- and far- elds in terms of #h
size. In Section 24.3 we consider the case of multiple plasmonic nanopart
cles. Section 24.4 is devoted to the study of the scattering and absorjgin
enhancements. We also clarify the connection between the blow up dhe
scattering frequencies and the plasmonic resonances. As shown int&ection
3.2.7, the scattering coe cients are simply the Fourier coe cient s of the scat-
tering amplitude. In Section 24.5 we investigate the behavior of the sattering
coe cients at the plasmonic resonances. Section 24.6 is devoted to thderiva-
tion of asymptotic expansions with respect to the frequency of some bawdary
integral operators associated with the Helmholtz equation and a single pait
cle. These results are generalized to the case of multiple particdein Section
24.7. In Section 24.8 we prove useful sum rules for the polarization tensor
The results of this chapter are from [45, 73, 75].

24.2 Layer Potential Formulation for Plasmonic
Resonances

24.2.1 Problem Formulation and Some Basic Results

We consider the scattering problem of a time-harmonic wave incideinon a

plasmonic nanoparticle. For simplicity, we use the Helmholtz equationinstead

of the full Maxwell equations. The homogeneous medium is characterizedy

electric permittivity ", and magnetic permeability ,, while the particle

occupying a bounded and simply connected domai b R3 of classC: for

some 0< < 1 is characterized by electric permittivity ", and magnetic

permeability ., both of which may depend on the frequency. Assume that
<"e< 0;=":>0;< . <0;= (> 0anddene

km:!p m ms kc:!p c ¢

and
D= "m (R?’I’ID)"’ "¢ (D); D="m (R3HD)+ e (D);

where denotes the characteristic function. Letu'(x) = €< 94X pe the in-
cident wave. Here,! is the frequency andd is the unit incidence direction.
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Throughout this paper, we assume that",, and , are real and strictly pos-
itive and that <k. < 0 and =k, > 0.

Using dimensionless quantities, we assume that the following set aondi-
tions holds.

Condition 24.1 We assume that the numbers,,; m:"c; < are dimension-
less and are of order one. We also assume that the particle has siaé order
one and! is dimensionless and is of ordero(1).

It is worth emphasizing that in the original dimensional variables ! refers to
the ratio between the size of the particle and the wavelength. Moreger, the
operating frequency varies in a small range and hence, the material paragters
"cand . can be assumed independent of the frequency.

The scattering problem can be modeled by the following Helmholtz ega-
tion

D
u+ u =0 on @D;
1 @u 1 @u
m@ . c@
us:=u U satis es the Sommerfeld radiation condition:

(24.1)

8 1
% r —ru+!25u=0 in R®*n@D;
% =0 on @D;

Here, @=@denotes the normal derivative and the Sommerfeld radiation con-
dition can be expressed in three dimensions as follows:

@u . g

—  iknu  CjX]

@j
asjxj! +1 for some constantC independent ofx.

The model problem (24.1) is referred to as the transverse magnetic case
Note that all the results of this paper hold true in the transverse eletric case
where"p and p are interchanged.

Let

Fi(x)= u(x)= ékmdx,
Fa(x) = im%u(x)= i—mkme‘kmdxd (x)

with  (x) being the outward normal at x 2 @D Let ((X;y) be the Green
function for the Helmholtz operator  + k? satisfying the Sommerfeld radiation
condition. By using the following single-layer potential and NeumannPoincae

integral operator
z

SKT 1(x) = . k(y) (n)d (y); x 2 R3;

@ k(x;y)

7
k -
K [100= =0

(y)d (y); x2 @D,
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we can represent the solutionu in the following form

u+Sk"[ ] x2R3nD;

u(x) = S x2D:

(24.2)
where ; 2 Wzlzz(@[) satisfy the following system of integral equations on
@DI50]:
(
S5 1S gl = F1;
1 1 k 1 1 k . (24'3)
=l H(KgY) [ 1+ 5 31 (Kp) [1=Fz;
where| denotes the identity operator. In the sequel, we seS§ = Sp.
We are interested in the scattering in the quasi-static regime,i.e., for
! 1. Note that for ! small enough,S'f,C is invertible [50]. We have =
(S,‘:‘,C) 1 S,';m [ T Fi1,whereas the following equation holds for

Ao () 1=f; (24.4)
where
11 11
Ap(1)= — S1+(Kg") + = ZI (Kg) (Sp) 'Spm:i (24.5)
m 2 Cc 2
11
f=F+ =21 (Kg) (S5) 'Fal: (24.6)
C
It is clear that
Ao(0)= Apo= —— T14Kp + L T K, = zi+2i IR
m Cc m Cc Cc m
(24.7)

where the notation K, = (K2) is used for simplicity.

We are interested in nding Ap(!) . We refer to Subsection 3.1.4 for
some basic facts about the Neumann-Poincae operatoK,, .

Let H be de ned by (3.25). From (24.7), it is easy to see that

R
Ap;ol 1= PG e T (24.8)
j=0
where 1 1 1 1
= — — —_— —_— . .
! 2 m 2 Cc Cc m J (24 9)
We now derive the asymptotic expansion of the operatorA(! ) as! ! 0.

Using the asymptotic expansions in terms ofk of the operators S§, (S§) *
and (KB) proved in Section 24.6, we can obtain the following result.
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Lemma 24.2 Let H be de ned by (3.25). As! | 0, the operator Ap(! ) :
H(@D'H (@D admits the asymptotic expansion
Ap(1)= Apo+ ! ?Ap.2+ O(1 %);

where

" " 1
Ap;2=("m "C)KD;2+M(§| K 5)Sp*Sp:2: (24.10)

Cc

Proof. Recall that
11 11
Ap(1)= — 1 +(KE) + = 21 (KEk) (Sk) iskm:  (24.12)
m 2 c 2
By a straightforward calculation, it follows that
(sk) sk =1+t ProBoasy + P sy tsn +
2 "¢ ¢Bp;2Sp + P c ¢m mBp;1Spi1+ "m mSDlsD;Z + O(! 3);

=1+t P P Sp 'Sp: 1 +

m m cc
12 ("m m "¢ c)Sp'Spia+t p"c c(p "¢ ¢ p"m m)Sp So: 1S, *Sp: 1
+0(! %)

where Bp. 1 and Bp. , are de ned by (24.58). Using the facts that

%I Kp Sp'Sp:1=0

and 1

1
E' (KK) = 5| Ko Kk?Kp2+ O(K3);

the lemma immediately follows. u

We regardAp (! ) as a perturbation to the operator Ap. o for small ! . Using
standard perturbation theory [304], we can derive the perturbed eigenglues
and their associated eigenfunctions. For simplicity, we considertte case when

j is a simple eigenvalue of the operatoK, .
We let
Ri = Ap[ L' (24.12)
where Ap. » is de ned by (24.10).

As ! goes to zero, the perturbed eigenvalue and eigenfunction have the

following form:

()= 12+ 0003, (24.13)
)= 2+ 00 %); (24.14)
where
2= Ry ; (24.15)
. X Rii -
2= T 1 | (2416)
6f m o (] 1)
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24.2.2 First-Order Correction to Plasmonic Resonances and Field
Behavior at the Plasmonic Resonances

We rst introduce di erent notions of plasmonic resonance as follows.

De nition 24.1. (i) We say that ! is a plasmonic resonance if
jij(")i 1 andis locally minimal for some j:

(ifWe say that ! is a quasi-static plasmonic resonance ifj jj 1 and is
locally minimized for somej. Here, j is de ned by (24.9).

(iiiwe say that ! is a rst-order corrected quasi-static plasmonic resonance if
jj+!252 1andis locally minimized for somej. Here, the correction
term ;o is de ned by (24.15).

Note that quasi-static resonances are size independent and is therefola
zero-order approximation of the plasmonic resonance in terms of the parntie
size while the rst-order corrected quasi-static plasmonic resonace depends
on the size of the nanoparticle (or equivalently on! in view of the non-
dimensionalization adopted herein).

We are interested in solving the equationAp (! )[ ] = f when! is close to
the resonance frequencied,e., when (! ) is very small for somej's. In this
case, the major part of the solution would be the contributions of the exéed
resonance modes ; (! ). We introduce the following de nition.

De nition 24.2.  We call J N index set of resonance if j's are close to
zero whenj 2 J and are bounded from below whep 2 J¢. More precisely, we
choose a threshold numbety > 0 independent of! such that

jji "o>0 forj2J°:

Remark 24.3 Note that for j =0, we have o = 1= ,, which is of size one
by our assumption. As a result, throughout this paper, we always ekide 0
from the index set of resonance].

From now on, we shall use] as our index set of resonances. For simplicity,
we assume throughout that the following conditions hold.

Condition 24.4 Each eigenvalue ; for j 2 J is a simple eigenvalue of the
operator K.

Condition 24.5 Let

SR (24.17)
2Am o)

We assume that 6 0 or equivalently, .6 m-
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Condition 24.5 implies that the set J is nite.
We de ne the projection P; (! ) such that

Py (1)) = OJ () jjzzJ.Jc;:
In fact, we have
X X 1 z
P;(1)= I:)j "= 57 ( Ap() 1 : (24.18)

j23 j23 j

where ; is a Jordan curve in the complex plane enclosing only the eigenvalue
i (1) among all the eigenvalues.
To obtain an explicit representation of P; (! ), we consider the adjoint oper-
ator Ap (! ) . By a similar perturbation argument, we can obtain its perturbed
eigenvalue and eigenfunction, which have the following form

g()= (), (24.19)
Fi(0)=";+"!%.,+0(?: (24.20)
Using the eigenfunctions'g; (! ), we can show that
X
P;(1)[x] = ;e (t) i) (24.21)
j23

Throughout this paper, for two Banach spacesX and Y, by L(X;Y ) we denote
the set of bounded linear operators fromX into Y.

We are now ready to solve the equationAp (! )[ ] = f. First, it is clear
that

£ 1)

X
= Ap(!) '[f]= A P (T (2422

j23
The following lemma holds.

Lemma 24.6 ThenormkAp (') Psc(! )k (1 (@p:H (@) is uniformly bounded
in!.

Proof. Consider the operator
Ap(D)jse :P3c(! )H (@D ! Pyc(!)H (@D:

For ! small enough, we can show that dist( (Ap (! )jic);0) ?0 where
(Ap (! )jse) is the discrete spectrum ofAp (! )j;c. Then, it follows that

KAp (1) *(Pye(1)f)k=k Ap(1)jp,e (Pae(1)F)k. %exp(%)kpw(! )k,
0
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where the notation A . B means thatA CB for some constantC.
On the other hand,

X X
Py()f = RE(), ()= £ j+0(), 'j+O()
'5(23 j23d

= B, )+ o):
j23

Thus,
kPye(1)k=k(I Py(')k. 1+ 0O('));

from which the desired result follows immediately. u

Second, we have the following asymptotic expansion df given by (24.6)
with respect to ! .

Lemma 24.7 Let

c

fi= Promends T oo D01 K S (x 2]
m

and let z be the center of the domainD. In the spaceH (@D, as! goes to

zero, we have
f=1f 1+0(3?;

in the sense that, for! small enough,
kf If 1ky C!2
for some constantC independent of! .

Proof. A direct calculation yields

f=F+ =1 (K§) (S5) '
= 1 LPeed ()4 00 %)+
ic %I Ko (Sp) *+1Bpy +0(1?) [ end? (@p+it Pl (x 2] +0(?)
- ékmc“ 2 Ko S (@) !eik";dz 31 Ko Boal (@D]
i P ds S ol © 5l Ko S'd (x 2]+ 0(?)
= iPrndeds Tl I+ S g1 Ko Sl (x 2)



24.2 Layer Potential Formulation for Plasmonic Resonances 431

where we have made use of the facts that
1
E' Kp Sl (@D]=0
and

Bo;1[ (@D]= cSp'[ (@D)]

for some constantc; see again Section 24.6.1
Finally, we are ready to state our main result in this section.

Theorem 24.8 Under Conditions 24.1{24.5 the scattered eldus = u U
due to a single plasmonic nanoparticle has the following represtation in the
guasi-static regime:

us=S§n[ 1
where
X fl;lei(.!()l )H 'i(!)+o(!);
i23 A
X ikm€mdzd (x);"; , "+ O(?2
= (4)()+c$(!Hz)]+ ( )+0(!)
i23 J

with  being given by (24.17).

Proof. We have

X fie(l) 'J(!)+AD(!) Y(Pye(1)f);

_J-ZJ i)

X ot o+ O 2

= S 11 ]1H J1 (+)O'2+O(!):
2020 T 20 o Tm ('2)

We now compute f4;'j , with f; given in Lemma 24.7. We only need
to show that

Ko S Ay =(d 00wt (2429)
H

Indeed, we have
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(G Ko)S'M (¢ 21 = S 2% 21 Ko Sof )]

[N
[N

= SYd (x 2);So %I Ko [l

[N
[N

= d(x 2 21 Ko []

2 b3
- d(x 2): @l ]
Z @ 33
- @@d(@é Asor 10

d (x 2ISpl ]  Soljlld (x 2)] dx

d (X);" Ly
where we have used the fact thatSp [' j] is harmonic in D. This proves the

desired identity and the rest of the theorem follows immediately.

Corollary 24.9 Assume the same conditions as in Theorem 24.8. Under the
additional condition that

i ()i 1 3.
pglJnJ,(- oo (24.24)
we have
X ikmekmdz d (x);'; '+ 0(?
= = s 1190 op):
j29 R T

More generally, under the additional condition that

min (! | m+l -
i2J i)
for some integerm > 2, we have
i ik m d o ' 2
_X kmefmazd (x);"j , "j+0O(9) +00):
. 41222 o Lymo i 1 1 e
i23 I : c m 52 : c m Lm

Rescaling back to original dimensional variables, we suppose that the mag-
netic permeability . of the nanoparticle is changing with respect to the op-
erating angular frequency! while that of the surrounding medium, o, is
independent of! . Then we can write

()= )+ V) (24.25)

Because of causality, the real and imaginary parts of ;. obey the following
Kramer{Kronig relations:
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Z
1 o1
Rry= Zpwv: T s Us)ds;
Z,, (24.26)
Qs)ds;

1
0, — “ye
(')= —p:v: s
where pv: stands for the principle value.

The magnetic permeability (! ) can be described by the Drude model;
see, for instance, [313]. We have

2
)= o Frr—rr); (24.27)

where > 0 is the nanoparticle's bulk electron relaxation rate ( * is the
damping coe cient), F is a lling factor, and ! ¢ is a localized plasmon reso-
nant frequency. When

(L F)(1* 19)* Frae? 1+ <o

the real part of (! ) is negative.

We suppose thatD = z+ B . The quasi-static plasmonic resonance is
de ned by ! such that

m* (') -
2(m () !
for somej, where ; is an eigenvalue of the Neumann-Poincae operatoK (=
Kg). It is clear that such de nition is independent of the nanoparticle's size.
In view of (24.13), the shifted plasmonic resonance is de ned by

<

1, 1 1 in“
2 m 2() () m

where ;> is given by (24.15) with D replaced byB.

argmin

2

24.3 Multiple Plasmonic Nanoparticles

24.3.1 Layer Potential Formulation in the Multi-Particle Case

We consider the scattering of an incident time harmonic waveu' by muilti-
ple weakly coupled plasmonic nanoparticles in three dimensions. Forase of
exposition, we consider the case oE particles with an identical shape. We
assume that the following condition holds.

Condition 24.10 All the identical particles have size of order which is a
small parameter and the distances between neighboring ones are of erdne.
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We write Dy = z+ B,1=1;2;:::;L, where® has size one and is centered

at the origin. Moreover, we denoteDy = [ as our reference nanoparticle.
Denote by
[t
D= Di; "p="m (R°MD)+"c (D); b= m (RMD)+ . (D):

=1

The scattering problem can be modeled by the following Helmholtz ega-
tion:

8 1
% r —ru+!2pu=0 in R®n@D;
D
u+ u =0 on @D;
1@u 1@u _g o ap. (24.28)
% m@ + C@ ’

uS:= u U satis es the Sommerfeld radiation condition:

Let
Ui(X): eikmdx;
Fii(x) = u'(x) en - ghmdx en
= @U — ; ikm d X .
Fra() = 5 () on ikm€<m9Xd (X) gp ;
and de ne the operator K',gp;D| by
<bool 0= S )a ) x2 @0:

Analogously, we de ne
z

S5,0,[ 1(x) = k(Gy) (0d (y); x2 @D:
@b

The solution u of (24.28) can be represented as follows:

u(x) = =

8
X
%u'+ SST[ ;. x2R3nD;
EX—

S x2D;

=1

where |; |2 Wzlzz(@ D) satisfy the following system of integral equations
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p6 |

2

t— Kg?,;m[ p] = Fi2;

8 X
%SET[ 1S gL+ Sopolel= Fra
gfﬂlw(K SROEEE INCONE

and 8 .
<F.1= u on@Db;
1 @u

F|;2: ?@ on @D

24.3.2 First-Order Correction to Plasmonic Resonances and Field
Behavior at Plasmonic Resonances in the Multi-Particle Case

We consider the scattering in the quasi-static regimej.e., when the incident
wavelength is much greater than one. With proper dimensionless analys, we
can assume that! 1. As a consequenceS(e is invertible. Note that

X
=(Sge) PSSl St [ el Fin
p6 |

We obtain the following equation for |'s,

Ap(W) ]=f;
where
vol(!) Az2(!) A1|_('
Ap,(!) A21(' 0 AzL(')
Ap (w) = .
Ap (1) AL 1(' ) AL 1(! ) 0
0 l 0 1
f1
-8 E -4
L
and
Ap()= 1 21 (<) (8K Sk, + Kby
f= Fot = 21 (KE) (S5) '[Fual:

. 2

The following asymptotic expansions hold.
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Lemma 24.11 (i) Regarded as operators fromH (@B) into H (@DB), we

have
Ap, (1) = Ap;0+ O( ?1?);

(i) Regarded as operators fromH (@D) into H (@D), we have

11 1
Ap(t)= = Z1 K p, Sp Spio* Spis oz + —Kpig 00+ O 21 )+ O( )
¢ m
Moreover,
1 1 - 2y.
él Kb, Sp, Spro1=0(7);
1
QI K p, SD,l Spi02 = O( %),
Kp;I;O;O = O( 2)3

Proof. The proof of (i) follows from Lemmas 24.2 and 24.37. We now prove
(ii). Recall that

2KE) = 21 Ko+ 0(2?);
(Sgc.) t= SD‘l kCSD|1SD|;1SD|l +0O( 1%,
Sgr;;[)' = Sp100+ Spioi1 + Spio2 ¥ KmSpi 1+ KG Spi2z0+ O( %)+ O(1 2 ?)
KE":,;DI = Kpioo+ O % ?):

Using the identity
1
5! Ko, Spll (D=0

we can derive that

11 1
Ap()= — é' K p, (Sgﬁ) 1552;D| + —Kpgo0+ O( ?1?)

Cc m
11 1

= — él K p, SD|lS[k>T,;D| + —Kpi 00+ O( 217
Cc m
11 1 2 4

I él K b, Sp,” Sproo+ Spiioir + Spioiz + Km Spi; 1+ K Spyi;2;0 + O( %)
Cc
1

+ 7Kp;l;0;0+ O( 2! 2)
m
11 1

= 2! Ko Sp; Spio+ Sproz + —Kproo+ O( 212)+ O(Y):
Cc m

The rest of the lemma follows from Lemmas 24.37 and 24.40.u
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Denote byH (@D=H (@BQ) ::: H (@), which is equipped with
the inner product
S
(v m = (5 DH (e
I=1

With the help of Lemma 24.11, the following result is obvious.

Lemma 24.12 Regarded as an operator frorH (@D into H (@D, we have

A()= Apo+ Ap.1+O( 2 %)+ 0(%;

where
0 1 0
Ab0 0 Ap;112 Ap113
Ap,- Ap 1- 0 Ap 1.
Ap;o = % Pe e § ; Apj1 = (% bruzt '3:':1:'23
Ap, 0 Ap;1rr it Apae 1 O
with
1 1 1 1
Apo= =—+=—1 (= —)Kp;
D;;0 2 m 2 c ( c m) D,
1 1 1
Ap;1pg = — EI K Dp SDp1 SQ:D;0;1+ Sq;p;0;2 + —Kyp:00:
o4 m
It is evident that
X X
Apol 1= G e s (24.29)
j=0 I=1
where
1 1 1 1
e 24.30
J 2 m 2 . . m i ( )
=l (24.31)

with g being the standard basis ofR".

We take A(!) as a perturbation to the operator Ap.o for small ! and
small . Using a standard perturbation argument, we can derive the perturbed
eigenvalues and eigenfunctions. For simplicity, we assume that theoflowing
conditions hold.

Condition 24.13  Each eigenvalue j, j 2 J, of the operator K, is simple.
Moreover, we have! 2

In what follows, we only use the rst order perturbation theory and derive
the leading order term, i.e., the perturbation due to the term Ap.;. For each
I, we deneanL L matrix R, by letting
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Ripg = Ap;il ipl' g H

Ap;1[ 16];" 1€ i

Ap;ipgl 111y

Lemma 24.14 The matrix R = (Rypq)pg=1::L. has the following explicit
expression:

Ripp =0; s
1, X (zp zq) * . .
Ripg (i 3 =Xy " i(x)" 1(y)d (x)d (y)
4 . 2 | j=j j=n @»_en_ 1% Zdl
Z Z
1 1 1 Xy
i = — " (x)' d (x)d
i . 4 . (i 2 oo on iz ZP 1(X)"1(y)d (x)d (y)
=0(°; p6q:

Proof. It is clear that R;,, =0. For p6 g, we have

Ripg = RIl;pq + RII:I + RII;Ir;q ;

Pq
where
RIl:pq = ic %I K Dy SD,}Sq;p:O;l[' I];'I H (@D)
RIlzlpq = ic %I K Dy SD,}Sq;p:O;Z[' I];'I H (@D)
RII;Ipl)q = im Kapool 111 4 (@n)

We rst consider R|. . By the following identity

1 . 1 . 1, .
§| Kb, So,['1]= Sp, 5' Ko, [1]=( é)h
we obtain

1
Ring = — =1 Ko Sp'Sypoal 11:So,[ ;
I;pg . 2 Dp D, q,p,O,l[ |] D|[ |] L2(@D)
1
C

(i %) Sqpioal 11Spi [ 1] | 2gp)

Using the explicit representation of Sq.p: 0,1 and the factthat ( (@D); 1)L2(en) =
0 for j 6 0, we further conclude that

Ripq =0

Similarly, we have
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1 1 . . :
RII;Ipq = *C( j E) Sq;p;O;z[ 11;Sp, [ 1] L2(@D)’
VA VA
1 1, X 3z zg) * Xy
KD e AT @ AR ap 0008 W O)
Z
1, X z, zgq)
=2 ) @B 2y i 0d )
c i =i Z@DJ en 1% Zq
1 1 X 1
+ (i 3 ———=X ¥y "i(X)" 1(y)d (x)d (y):
o 2 =1 @ en % Zq°
Finally, note that
1 1 X

Kgpool 1]= 7———=a (X)= ——3 am m(X);
4 jzp, zZ4) 4gzp  zgP°

wherean = (Y Zg)mi' | | 2(qp,: anda=(ay;a;as)".
By identity (24.23), we have

1
Rll;lpgq = 7m Kapsool 11" 1 H (@n)
1 ]
S i ozt e 2 e en)
1 1
= ———— Il Kp Spla (x z));
4jzp  Zg)® m 2 Do Dp( ( Pt H (@D)
1 1 ,
= m( i3 a (X ) e,
1 1 z z
4 ]Zp ZqJ3 m( ] 2) oD @n y |( ) |(y) ( ) (Y)

This completes the proof of the lemma.

We now have an explicit formula for the matrix R,. It is clear that R,
is symmetric, but not self-adjoint. For ease of presentation, we assum the
following condition.

Condition 24.15 R, hasL-distinct eigenvalues.

We remark that Condition 24.15 is not essential for our analysis. Without
this condition, the perturbation argument is still applicable, but t he results
may be quite complicated. We refer to [215] for a complete descriptiomf the
perturbation theory.

Let jy and Xju =(Xj. 15 X )7, 1=1;2;::1;L, be the eigenvalues
and normalized eigenvectors of the matrixR; . Here, T denotes the transpose.
We remark that each X;; may be complex valued and may not be orthogonal
to other eigenvectors.
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Under perturbation, each ; is splitted into the following L eigenvalues of
A(),

p(1)= j+ g +0(H+0(?%?: (24.32)
The associated perturbed eigenfunctions have the following form
X
a()= Xupe' j+O(H+0O(122): (24.33)
p=1

We are interested in solving the equationAp (! )[ 1= f when! is close to
the resonance frequencies,e., when ; (! ) are very small for somej's. In this
case, the major part of the solution would be based on the excited resonaac
modes' j; (! ). For this purpose, we introduce the index set of resonancé as
we did in the previous section for a single particle case.

We de ne )
. im (V) 1 23;
Ps(1) im ()= g2
In fact,
X X 1% X
Py(t)= Pi(t)= 7 ( Ap(l) d; (24.34)
j23 j23 i

where ; is a Jordan curve in the complex plane enclosing only the eigenvalues
ji (1) for 1 =1;2;:::;L among all the eigenvalues.

To obtain an explicit representation of P;(! ), we consider the adjoint
operator Ap (! ) . By a similar perturbation argument, we can obtain its per-
turbed eigenvalue and eigenfunctions. Note that the adjoint matrix RjT = R;
has eigenvaluesj; and corresponding eigenfunctions<, . Then the eigenval-
ues and eigenfunctions ofAp (! ) have the following form

g ()= j+ T +0(H+0(2%?;
& (1) =gy +O( )+ O(??);
where
X
e = Ritp €'
p=1

with X}, being a multiple of X, .
We normalize 'gj; in a way such that the following holds

("ip:'®a)H (@D = pq;
which is also equivalent to the following condition
Nl i
Xip Kiq = pa:

Then, we can show that the following result holds.
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Lemma 24.16 In the spaceH (@D, as! goes to zero, we have

f=1f g+ O(2 ?%);

wherefg = (fo.1;:::;foL)T with
for= P meknds d 0+ = 51 Ko, Splld (x 2] = 0( )

Proof. We rst show that
—_ 32+ . _ 14
kUkH (@m) = 2 mkUkH (@s) kUkH(@DJ) = 2 mkUkH(@)

for any homogeneous functionu such that u( x) = ™u(x). Indeed, we have
(wW(x) = ™Mu(x). Sincek (u)ky, (@) = % kuky (@) (see Section 24.7),
we obtain

3 34 .
kuky @n) = Tk (WK, @)= KUKy sy

which proves our rst claim. The second claim follows in a similar way. Using
this result, by a similar argument as in the proof of Lemma 24.7 we arrive at
the desired asymptotic result. u

present our main result in this section.

Theorem 24.17 Under Conditions 24.1, 24.4, 24.5, 24.10, and 24.15, the
scattered eld by L plasmonic particles in the quasi-static regime has the fol-
lowing representation

us=S§n[ 1

where

XX ey i) e

j23 1=1 i (1)
_X X (d 098 k@2 + O ) 03
23 1=1 Pt T+ O( 4+ 0( 212

Proof. The proof is similar to that of Theorem 24.8. w

As a consequence, the following result holds.

Corollary 24.18 With the same notation as in Theorem 24.17 and under
the additional condition that

ini o (!)i 194 Pp-
j2|Jnjj,|(.)J ! ;
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for some integerp and g, and

i (1) = g ot P);
we have

_X O (0" )k (@) 2% i + O 2 1)

+0( ?):
j231=1 JHH X!

24.4 Scattering and Absorption Enhancements

In this section we analyze the scattering and absorption enhancementsie
prove that, at the quasi-static limit, the averages over the orientation of scat-
tering and extinction cross-sections (see De nition 3.41) of a randomlyori-
ented nanoparticle are given by (24.37) and (24.38), wher& given by (11.5)
is the polarization tensor associated with the nanoparticleD and the magnetic
contrast (! )= n,i.e., with be de ned by (24.17). In view of (24.42), the
polarization tensor M blows up at the plasmonic resonances, which yields scat-
tering and absorption enhancements. A bound on the extinction crossestion
is derived in (24.44). As shown in (24.47) and (24.49), it can be sharpened for
nanoparticles of elliptical or ellipsoidal shapes.

24.4.1 The Quasi-Static Limit

We start by recalling the small volume expansion in the far- eld. The following
asymptotic expansion holds.

Proposition 24.19  Assume thatD = B + z. As goes to zero the scattered
eld u® can be written as follows:

uwx)= k3 = 1 jDj , (2)U(2) 1 2 Kk, (x2) M(;D)r u'(z)

4
+0

dist(;  (Kp))

(24.35)
for x away from D. Here, dist(; (Kp)) denotesmin; j jj with ; being
the eigenvalues oK, .

Assume for simplicity that " = ",. Let the scattering amplitude A;

be de ned by (3.110). We explicitly compute A; . Take u'(x) = €km9x and
assume again for simplicity that z = 0. Equation (24.35) yields, for jxj ,l
0= & ik X M(;D)d+O ‘
= - : + -
U= e K ke MEPE e wg)

):
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Since we are in the far- eld region, we can write that, up to an error of orcer
A=dist(; (Kp)),

gkmixi x 1
s — 2 - _ .
)= Kh e g MGP) +0 g (24.36)

In the next proposition we write the extinction and scattering cross-sections,
Q& and QS,, in terms of the polarization tensor.

Proposition 24.20 The leading-order term (as goes to zero) of the average
over the orientation of the extinction cross-section of a randomly dented
nanoparticle is given by

ext = 4 ';m = [traceM (;D )] ; (24.37)

where trace denotes the trace of a matrix. The leading-order term of the
average over the orientation scattering cross-section of a randomlyrinted
nanopatrticle is given by

4
QS = I;—mjtraceM (;D)j?: (24.38)

Proof. Remark from (24.36) that the scattering amplitude A; in the case of
a plane wave illumination is given by

2
A1 Ld = km X

—— M(;D)d: 24.39
i 2 ix] (;D) ( )

Using Theorem 3.42, we can see that for a given orientation
Q™' = 4kpu=[d M(;D)d]:

Therefore, if we integrate Q®¢ over all illuminations we nd that
z
Q2 = kp= d M(;D )dd (d)
S

Since=M ( ;D ) is symmetric, it can be written as =M (;D ) = P!N( )P,
whereP is unitary and N is diagonal and real. Then, by the change of variables
d = P!x and using spherical coordinates, it follows that

Z

Q' = km  x N()xd (x) ;
S

and therefore,

4K m

Qe = 4Km [traceN ( )] =

3 = [traceM (;D )] : (24.40)
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Now, we compute the averaged scattering cross-section. LetM (;D ) =
B¢ ( )P where P is unitary and ¥ is diagonal and real. We have

o 22
Qh =157 . X M(D)Ed (0d (@),
k4 2 ZZ 2
= 162 e N()& d (e)d (§+ e ()& d (R)d (&
S S S

Then a straightforward computation in spherical coordinates gives
s k% ; i2
Qm = g JtraceM (D )j" ;
which completes the proof. u
From Theorem 3.42, we obtain that the averaged absorption cross-section
is given by

a — 4km_ . k%- . 2
Q= 3 = [traceM ( ;D )] g—JtraceM(,D)J :

m

Therefore, under the condition (24.24),Q3, blows up at plasmonic resonances.

24.4.2 An Upper Bound for the Averaged Extinction
Cross-Section

The goal of this section is to derive an upper bound for the modulus of the
averaged extinction cross-sectiorQ®" of a randomly oriented nanoparticle.
Recall that the entries M|, ( ; D ) of the polarization tensor M (; D ) are given
by z

Mim(;D):= (1 K p) mlx)d (x): (24.41)

@b

Fora Ct domain D in RY, K, is compact and self-adjoint inH (de ned in
Lemma 3.14 ford = 3 and in Lemma 3.17 ford = 2). Thus, we can write

oo v
(1 Koy ry= Giin T
j=0 .
with ( ;' j) being the eigenvalues and eigenvectors ¢f, in H (see Lemma
3.14). Hence, the entries of the polarization tensoM can be decomposed as
b )
Mim(;D)=  —m—; (24.42)
i=1 !
where 1) = ( mi")n (j5x) 3,3 Note that ( m; (@D) 1.3 = 0. So,
considering the fact that o =1=2, we have (nn;' o)y =0 and so, f,?]) =0.

The following lemmas are useful for us.
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Lemma 24.21 We have

W01
Proof. For d = 3, we have
.o _ 1 11 ,
Cpix) g1 = > 5' Kp [jLx 1
_ 1 @l ] .
7 X
=2 @ iz
@x z
—Sp[';1d X 1Sp[j] xi Spl ] dx
@D@ D
_ Gt in
1= i '

where we used the fact thatSp[' ;] is harmonic in D. Sincej ;j < 1=2 for
j 1, we obtain the result. U

Lemma 24.22 Let

Mim (;D ) = in
j=1 )
be the(l; m)-entry of the polarization tensor M associated with aC"  domain

D b RY. Let |, denote the Kronecker symbol. Then, the following properties
hold:

0]
X
0 = miDj;
j=1
(i)
XX d 2.,
j=1 1=1
(iii)
XX oa x Z
2 =@ i T s of g
j=1 =1 =1 D

Proof. The proof can be found in Section 24.8. u

Let = 9%+ i % We have
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=(trace(M (;D ))) = (24.43)

0 )24 oa
(0 )
For d = 2 the spectrum (K )nfl1=2g is symmetric. For d = 3 this is no
longer true. Nevertheless, for our purposes, we can assume tha{K )nf 1=2g
is symmetric by de ning ,(;',) =0if j is notin the original spectrum.

Without loss of generality we assume for ease of notation that Conditions
24.4 and 24.5 hold. Then we de ne the bijection : N* ! N* such that

)= j and we can write
0 1
~ _ 1R i %9 x jog ey
=(trace(M (;D ))) = Q@ (0O )2+ oa ( 0+ )2+ 0@
j=1 ! j=1 !
:jﬂ)@ (®+ 024 J,2)( )+ CNy+2 Oj((J) ((J'))).
2 (0 j)2+ oa (0+ j)2+ oa !

j=1
xd
where | = 0.
From Le;rzﬁna 24.21 it follows that
(02+ oe 4 jZ)( () + ((i)))+2 Oj( () ((j)))

(0 )2+ 0@ (04 )24 oa 0:

Moreover,

(@+ 0@y 12)( MO+ CaNy+2 0].( ) Cany

(0 )2+ 0@ (04 ;)24 oa

((2.,. oa 4 ]_2)( () + ((J')))+2 Oj( i) ((i)))

a4 @4+ 0@
(0]
+O(74(2+ oa)

Hence,
~ . joq)é (C2+ oa 4 J.Z)( () + ((i)))+2 O(J. () + i) ((J))) oa .
—(trace(M(,D))) 7 OQ(4 @ 4 OQ) +O(4 @ + OQ)'

j=1
Using Lemma 24.22 we obtain the following result.

Theorem 24.23 Let M (;D ) be the polarization tensor associated with a
Cl domainD b RYwith = 9+ Psychthatj 9 1andj § < 1=2.
Then,
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di °%iDj
02 4+4 @
+ 1
(e @)
oe
+ 0(74 @ oa) "

=(trace(M (;D )))
|

z

d 4 X< . d 2). .

( 2 )JDJ+ irS ol (]j%dx +2 0%JDJ
1= D

d ®Dj+

The bound in the above theorem depends not only on the volume of the
particle but also on its geometry. Nevertheless, we remark that, sinej jj < %,

: . diDj

Hence, we can nd a geometry independent, but not optimal, bound.
Corollary 24.24 We have

dj °%iDj o

1 L 1 d 2). .
diDj @+ > +2 OQJDJ + +O(4(E+ oa)

=(trace(M (;D ))) [0 @+ a @) 4 2 aygq @
(24.44)

Bound for ellipses

If D is an ellipse whose semi-axes are on tha - and x,- axes and of lengtha
and b, respectively, then its polarization tensor takes the form (11.11),

- 1
D]
la b 0
M(;D):% zarb : (24.45)
0 D]
b
+ 35
On the other hand, in H (@D,
( 1 b ! :
a H f— . CRCEEEY
(Kp)nfl=2g = 5 a+p j=1;2
Then, from (24.42), we also have
0 . . 1
G VR
- b ] o b i
M(D): J_l % -:+b J_l % %
O VR R
] i
R N
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la b . .
Let ;= 52+ b and V( j) = fi 2 Nsuchthat Ky[' i]= ;'ig. Itis clear
now that
X . X . X . X .
th = 2> = iDj; th = 2> =0 (24.46)
i2v (1) i2v( 1) i2v () i2v( )
forj 2and X "
12=0
i2v(j)
forj 1.
In view of (24.46), we have
i) [Q(D)) 4 @ () + OG( () + (j)) oa
+ + O( ):
( 0 ].)2+ oQ ( 04+ j)2+ o 0Q(4 @ 4+ OQ) 4 @ 4+ oa
Hence,
. ] O?X 4 @ () + 09( () + (i)) oa
]:(Tr(M ( ,D )))J T 0Q(4 @ 4 QQ) + 0(4 @ + OQ)'

j=1

Note that for for any ellipse B of semi-axes of lengtta and b, = (trace(M ( ; B))) =
=(trace(M ( ;D ))). Then using Lemma 24.22 we obtain the following result.

Corollary 24.25 For any ellipse B of semi-axes of lengtha and b, we have

©j4® 2 fs o
j 99 @+4 @) 0aygq @ 4 @4 oa’”
(24.47)

Figure 24.1 shows (24.47) and the average extinction of two ellipses of semi
axis a and b, where the ratio a=b= 2 and a=b= 4, respectively.
We can see from (24.43), Lemma 24.21 and the rst sum rule in Lemma
24.22 that for an arbitrary shape B, j=(trace(M ( ;B )))j is a convex combi-
i 00
nation of (Ojjﬁ for ; 2 (Kg)nfl=2g. Since ellipses put all the weight

la b
2a+b’

j= (trace(M (; B)))]

of this convex combination in 1=
any shapeB such that jBj = jBj,

we have for any ellipsel8 and

j=(trace(M ( ;B))j j= (trace(M( ;)]
with
la b
2a+b
Thus, bound (24.47) applies for any arbitrary shapeB in dimension two.
This implies that, for a given material and a given desired resonance &guency
I, the optimal shape for the extinction resonance (in the quasi-static imit)

is an ellipse of semi-axisa and bsuch that ! )= 12 g

+ i OO:
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Fig. 24.1. Optimal bound for ellipses.

Bound for ellipsoids
Let D be an ellipsoid given by

2 2 2
Xy X, Xy, (24.48)
Pt Pz P3
The following holds [50].

Lemma 24.26 Let D be the ellipsoid de ned by(24.48). Then, for x 2 D,
So[ J(x) = sixi; 1=1;23;

where

Z
pip2ps ~ * o 1 ds -
p :
2 o (pP+9s) (PE+sS)(p5+ S)(Pp3+ )

S =
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Then we have
8 Z
i'S o[ 1]i%dx = (s] + s + s3)jDj:
I=1 D

For a rotated ellipsoid B = RD with R being a rotation matrix, from
Theorem 11.4, we haveM (; B) = RM (;D )RT and so traceM (; B)) =
trace(M ( ;D )). Therefore, for any ellipsoid B of semi-axes of lengthp;; p,
and p3 the following result holds.

Corollary 24.27 For any ellipsoid B of semi-axes of lengthp;;p, and pa,
we have

_ _ iBi 3%+ ° 2+(sg+si+s)) 3 %ipj Y
=(trace(M (; ©))) i 05( oé+4 @) + 0e 1 4 m+o(4 [ oa)
(24.49)
where forj =1;2;3,
Z
pipops 1

S = P ds:
‘ 2 o (R+9) @+ )M+ B+

24.5 Link with the Scattering Coe cients

Our aim in this section is to exhibit the mechanism underlying plasmonic res-
onances in terms of the scattering coe cients corresponding to thenanopar-
ticle. The concept of scattering coe cients was rst introduced in Subsection
3.2.7. The scattering coe cients are simply the Fourier coe cient s of the scat-
tering amplitude A: . In Theorem 24.31 we provide an asymptotic expansion
of the scattering amplitude in terms of the scattering coe cients of order 1.
Our formula shows that, under physical conditions, the scatteringcoe cients
of orders 1 are the only scattering coe cients inducing the scattering cross-
section enhancement. For simplicity we only consider here the twalimensional
case.

24.5.1 Scattering coe cients of plasmonic nanoparticles

We esr recall the notion of scattering coe cients. From Graf's addit ion for-
mula [50] and (24.2) the following asymptotic formula holds asjxj! 1
Z

i X

i i o ivile |

2 HO(Knjx)E™ * In(kmiyide " v (A (¥);
@D

u(x) = (u  u')(x)=
n2z

where X = (jxj; x) in polar coordinates, H{ is the Hankel function of the
rst kind and order n, J, is the Bessel function of ordem and is the solution
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to (24.4).
For u'(x) = €kmdX we have

. X . .
u'(x) = am (U")Im (kmjxj)e™ *;
m2Z

wherean, (u') = €™ (z ¢ By the superposition principle, we get
X .
= am(ul) m s
m2Z7Z

where , is solution to (24.4) replacingf by

11
fme= s = 51 (Kg) (85) 'R

c

with
FIMO) = I (kmixj)e™ * ;
1 @ (Kmjxj)em
FMix)= —— :
2 (X) - @
We have

: i X . X '
Ceo=(u W= g HE keixie © T Wop e (),
n2z m2z

where z

Wam = Jn(kmiyde ™7 m(y)d (y): (24.50)
@b

The coe cients W, were called the scattering coe cients.
Lemma 24.28 In the spaceH (@D, as! goes to zero, we have
1O =00%;

FOD=af { Dy 0@ ?);
fM=0o@r™; jmj>1;

where
(. P 1, 11 o
fp 7= —¢€ + —(51 K p)$ Ixie *]
2 n .2

Proof. Recall that Jo(x) =1+ O(x?). By virtue of the fact that

2 (<) (sk) T (@Dl= o( Y,

we arrive at the estimate for f © . Moreover,
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3109= 5+ 006
together with the fact that
1 (KKe)  (Ske) l:(}| K 5)8, 1+ O( 2log!)
2 D D 2 D D

gives the expansion of ( ) in terms of ! .
Finally, Jy, (x) = O(x™) immediately yields the desired estimate forf (M),
u

It is easy to see that

X Mg (), ()

m_sz i)

+Ap (1) Y(Pyc(1)f): (24.51)

Hence, from the de nition of the scattering coe cients,

X FMie ), (ki " Z |
Wim = (1 =+ Jn(kmjyj)e ™ yO(!)d (y):
i29 J(- ) @b

[N

(24.52)
Since

(- pm ex Imj
J X P —
m () 2 jmj 2imj
asm!1l , we have
cimi
jmjm”

jf ™
Using the Cauchy{Schwarz inequality and Lemma 24.28, we obtain the fol-
lowing result.
Proposition 24.29  For jnj;jmj > 0, we have

O(1 Ini+imiy  cini+imj

M b Sing 23 7 (F i

for a positive constant C independent of! .

24.5.2 The Leading-Order Term in the Expansion of the
Scattering Amplitude

In the following, we analyze the rst-order scattering coe cients .
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Lemma 24.30 Assume that Conditions1 and 2 hold. Then,

X 2

0= O((I'))+O('),
jeg IV
X !p"mzimi L e ;"j)n'j+0O(3log!)

L= m c +O(|)
j23 i)

Proof. The expression of ¢ follows from (24.51) and Lemma 24.28. Chang-
ing Sp by $ in Theorem 24.8 gives (%I K 5)S, lixj€ *I;" | LT

(¢ ;'j)n . Using now Lemma 24.28 in (24.51) yields the expression of
1. w

Recall that in two dimensions,

1 1 1 1
——+— = — ;+0(%log!);
N

i(t)=
where | is an eigenvalue ofK; and o = 1=2. Recall also that for 02 J we
need ;! Oandso ,!1 , whichis a limiting case that we can ignore. In
practice, Py (1 )[' o(! )] =0. We also have ( j; (@D) 11 = O for j 60.
It follows then from the above lemmas and the expression of the scatténg
coe cients that

X

Woo = O“_“J,"f”%(!):
j23 A
X 3

WO 1= w.q. O(|),
j23 A
X 3

W 10 = q((!l ))+O(! 2):
jey IV

Note that W ; ; has a special structure. Indeed, from Lemma 24.30 and
equation (24.52), we have

X P Lo L a(knjxp)e T et 5Ty, + O log!) ;
W 1= , 22 +0(!%);
j23 J'(-)
12'm m 1 1 v ivia d0ox T | 4 [
:X . 4 m ¢ J!JXJe %;%e v JH +O( |Og)+o(| 2),
23 ()
0 . _ , 1
2 X "aixje o Lot + O(! 2log!
_K g i 11X 11 i h ( g)+0(1)A-
. j +O(!%2log!) ’
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where is de ned by (24.17). Now, assume that migzyj ;(!)j !?log!.

Then,
0 ) 1

2 X tijxje T :
Wllzkﬂ@ :

I . )
e y J H
i23 i

1.1
2°2

+ O(1)A : (24.53)

De ne the contracted polarization tensors by
Z

N ;D)= jxje'*(1 Kp) fe' 10)d (x):
@D

It is clear that

Niv (D)= Mu1(;D) Ma(;D )+ i2M12(;D );

N.+; (D)= Mu(;D )+ M2(;D);

N .+(;D)=Mu(;D )+ Mx(;D);

N . (;D)=Mu(;D) Mzxn(;D) i2M2(;D);
whereM, (;D ) is the (I; m)-entry of the polarization tensor given by (11.5).

Finally, considering the above we can state the following result.
Theorem 24.31 Let A; be the scattering amplitude for the incoming plane
waveu' (x) = €kmdx_ Assume Conditions1 and 2 and
minj ()i ! ? log!

Then, A; admits the following asymptotic expansion

X X T
A; —:d = = Wid+ O(! ?);
L x M (r)
where

W, = Wi +Wp g 2Wpp i Wi 1 W
i W1 W g W Wy 2Wp
Here, W, are the scattering coe cients de ned by (24.50).
Proof. From (24.39), we have

X 2

A d = kXTM(:D)d:
1 m, - mj?j (1 )

SinceK is compact and self-adjoint inH , we have

X ysixie

1.1 H
N (;D)=
j=1 !
X ijxjelx L, el oy
)Xl 11 in

i23 i
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We have then from (24.53) that

k&, 2
TN+;+(;D):W11+O(! );
k&, 2
TN+; (;D)= Wpu+O(9);
2

kTmN +(;D)= Wy +0O(!?);

k2
TN (D)= Wy i+ O(Y):
In view of
1
My = Z(N+;++N . +2Ns. ),
1
Moo = Z( Nisw N .o +2Ns. ),
i
M = Z(N+;+ N . )

we get the result. u

24.6 Asymptotic Expansion of the Integral Operators:
Single Particle

In this section, we derive asymptotic expansions with respect tok of some
boundary integral operators de ned on the boundary of a bounded and simply
connected smooth domainD in dimension three whose size is of order one.
We rst consider the single layer potential
Z

S5 1(x) = o k(y) (V)d (y); x2 @D;
where o
gkix yj
4 jx i
is the Green function of Helmholtz equation inR3, subject to the Sommerfeld
radiation condition. Note that
R (ikjx v _ 1 ik X (ikjx_ i) *

k(X y) = .. - = . :
[0 114 0x i 4oy 4 ji!

k(Xy) =

We get
S =Sp+ KSpy; (24.54)
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h
e 2 Gix i)
Soi L 100= 4 SEr— ()4 0
In particular, we have
. Z
Soal 0= 2= 0)d 0); (24.55)
Z
Sool 0= 4 X0 (24.56)

Lemma 24.32 KkSp; kL (H (@p;H(@p) IS uniformly bounded with respect to
j - Moreover, the series in (24.54) is convergent inL(H (@D;H(@D).

Proof. It is clear that

kSp;j KL(Lz(@pwiz(@p) C;

where C is independent ofj . On the other hand, a similar estimate also holds
for the operator Sy . It follows that

kSp; kL(w 12(@pLz(@py C:

Thus, we can conclude thatkSp; kL(Wzm(@D);le L(@D) is uniformly bounded

by using interpolation theory. By the equivalence of norms in theWlez(@D
and lezz(@ D, the lemma follows immediately. u

Note that Sp is invertible in dimension three, so isS,‘g for small k. By
formally writing

(S5) "= Sp"+ kBp;1+ K*Bpi2+ i (24.57)
and using the identity (SK) 1Sk = I, we can derive that
BD; 1= S D lSD; 1SD 1; BD; 2= S D 1SD; 2SD Ty SD 1SD; 1SD lSD; 1SD 1 :
(24.58)

We can also derive other lower-order term$Bp; .

Lemma 24.33 The series in (24.57) converges inL(H(@D;H (@D) for
su ciently small k.

Proof. Using the identity
k 1 lX- j 1 1
(Sp) “=(1+S K'Spj) "Sps
i=1

the proof follows immediately.
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We now consider the expansion for the boundary integral operator Kf) .
We have

(KE) = Kp + kKp;1+ k?Kp;2+ ::1; (24.59)
where
4 . . Z
_ _ @ijx_yjy * S L (R O R _
Koy [ 1= 2~ o @0 ()d (y) = 471 @DJX yi' “(x y) (x) ()d (y):
In particular, we have
Z
-0 _ 1 (x y) () _
Kp;1=0; Kp;2[ ](x)= 1 @DW (y)d (y): (24.60)

Lemma 24.34 The norm kKp; K (v (@p:H (@p) IS uniformly bounded for
j 1. Moreover, the series in (24.59) is convergent inL(H (@D;H (@D).

24.7 Asymptotic Expansion of the Integral Operators:
Multiple Particles

In this section, we consider the three-dimensional case. We assuntieat the
particles have size of order which is a small number and the distance between
them is of order one. We writeD; = z;+ B,j =1;2;:::;M, whereB has size
one and is centered at the origin. Our goal is to derive estimates for variosi
boundary integral operators considered in the paper that are de ned on smal
particles in terms of their size. For this purpose, we denote byDo = B. For
each functionf de ned on @B, we de ne a corresponding function onB by

(fF)e)=f(®):
We rst state some useful results.

Lemma 24.35 The following scaling properties hold:

i) k (F)kiz(gey = ‘Kfki2(@m)
(i) k (kygsy = kfku(om)
(i) k (F)ky @)= *kiku (@m)

Proof. The proof of (i) is straightforward and we only need to prove (ii) and
(iii). To prove (iii)), we have

f 00t ()
go 2 ix it W90

e (1)(®) (F)(®)

T e 4oy W

3 2 .
K (DK (@)

2
Kk (@)
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whence (iii) follows. To prove (ii), recall that

kf kit (@) = KSp, Tk (@n) :
Let u= Sy '[f]. Then f = Sp,[u]. We can show that

(f)= Sg( (u):

As a result, we have
K (F)ky gsy = KSs( (W)Kygs) = K (Wky (goy = “Kuky (@m) = 7K ki(an);
which proves (ii)).

Lemma 24.36 Let X and Y be bounded and simply connected smooth do-
mains in R%. Assume02 X;Y and X = X,Y = ¥¢.Let R and R be two
boundary integral operators fromDY @YV to DY@X and DY@?) to DY@%),
respectively. Here, D° denotes the Schwartz space. Assume that both opera-
tors have the same Schwartz kern® with the following homogeneous scaling
property

R(xy)= "R(xy):
Then,

25 M LRk
L+ m KRk

KRKL (1 (@viH (@) L(H (@)H (@)

kRKL (1 (@1 (@x) L(H (@®)H (@) -

Proof. Lemma 24.35 together with the following identity
R = 2+m 1 I;@ .
yields the desired result. u

We rst consider the operators S,';j and (Kij ) . The following asymptotic
expansions hold.

Lemma 24.37 (i) Regarded as operators fromH (@D) into H(@D), we
have
ng = Sp, + kSp, .1 + k?Sp, .2 + O(K® 3);

where Sp;, = O(1) and Sp;;m = O( ™);
(i) Regarded as operators fromH(@D) into H (@D), we have

(SBJ) t= ngl"‘ kBp, .1+ k?Bp, ;2 + O(k® 3);
whereSDjl = O(1) and Bp,;m = O( ™M);
(iii) Regarded as operators fromH (@D) into H (@D), we have
(KS,) = Kp, + k?O( 2);
where Kp, = 0(2).
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Proof. The proof immediately follows from Lemmas 24.36, 24.32, and 24.34.
u

We now consider the operators,‘f)j p,- By de nition,
z
S8,.0,[ 10) = o KGy) (nd (y); x2 @b:

Using the expansion

»
k(Xpy) = K"Qm(X;y);

m=0
where - S
imjx
Qmixy)=
we can derive that X
SEJ‘;D| = kmSj;|;m ;
m 0
where z
Sigm [10X) = Qm(xy) (v)d (¥):
@n
We can further write X
Sjm = Sitmin
n 0
where Sjm;n  is de ned by
z 1 @i

Sigmn [ 1(X) = T@Xi@me(ZI?Zj (X z2) (y z) (y)d (y):

Bjj+j j=n

In particular, we have

1
S, 0,0l 1(x) = m(; (@B)w:?,_,(en)wz,@n) (D1);
X )
Sy 04l 1) = m x 2) (i (@Dwr_enywiem* O z): (O
j i1
Si o2l 10 = HOREE) 2y 7)) o)

joi*ioi=2
Si; [ 1(x) = 4|*(; (@D))W21=2(@D):Wf=2(@|31) (Dy);
Si 2ol 100= iz 2iC; (@D)w,_@nywz,en) (D)

The following estimate holds.
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Lemma 24.38 We haveij;|;m;n kL(H (@D);H (@D)) - O( n+1).

Proof. After a translation of coordinates, the stated estimate immediately
follows from Lemma 24.36. u

Similarly, for the operator KIB";;D. de ned in the following way

Z
K _ @«(x;y) . .
Kp, o, [ 1(x) = . NEION (y)d (y); x2 @D;
we have X X
Kb, o, = K™ Kjmn
m 0 n O
where
Z
X 1 @Kn(z;7)
Kitmin X) = X Z z) (x X d
amn LIO= T @y ® W0 A K 00 004 0)
ith
" cove  IM(m o Djx oy 3
Km(X,y) - 4m ' .
In particular, we have
h
1 .
K 0:0[ 1(X) = 72z x z) x),; (@) W2 _(@Q)WZ,(@0)
; (y ZJ) (X) W21=2(@q);W12=2(@q) .
i
Hz 7)) (05 (@B) w:_@nywi,en & (2461)
Ki zm[ 1=0 forall m: (24.62)

Lemma 24.39 We havekK,-;km;n kL(H (@Q);H (@n)) - O( n+2).

Proof. Note that

z
- 1 @Km(Z|;ZJ') .
Kitmn [ 1(X) = x z)(y z)x z) (x) (Ndy);
Jl D j=n 't @xay | J !
X 1 @Kn(z:7) | | _
@ . j-n | @XQ@y x z) @y z)y z) () dy);
X 1 Km(z;z
' @0 | jijjn !@@x((gyzj)(x z) (v z) @ z) () dy:

After a translation of coordinates, we can apply Lemma 24.36 to each one of
the three terms above to conclude thatKjimn = O( "*3)+ O( "*2). This
completes the proof of the lemma. u
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To summarize, we have proven the following results.

Lemma 24.40 (i) Regarded as an operator fromH (@D) into H(@D) we
have,

Sg] 0, = S 00+ Si o;1+ Sji; 02+ kS 1+ I(Zsj;l: 20+ O( M)+ O(k? ?):
Moreover,
Sitmn = O( n+l):
(i) Regarded as an operator fromH (@D) into H (@D), we have
KE, p, = Kji 0,0+ O(k?* 2):

Moreover,
Kii; 0:0 = O( 2)3

24.8 Sum Rules for the Polarization Tensor

Let f be a holomorphic function de ned in an open ;etu C containing the

spectrum, (Ky), of K. Then, we can writef (z) = a Z foreveryz 2 U.
j=0
De nition 24.3.  Let 2
f(Kp):= g (Kp)';
j=0

i = . .
where (K ) : |<D K s K g
j times

Lemma 24.41 We have

*
f(Ko)= (0 Dn 'y

Proof. We have

R , x
f(Kp) = a(Kp)' = aq; J!(;'j)H i
i=0 [i=0 =1
X X '
= aIJ (vlj)H 'J
j=1 i=0
= FCG DR s

j=1

which yields the desired result. u
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From Lemma 24.41, we can deduce that
Za % _
Xif (Kp)l ml0)d ()= F( ) (b (24.63)
@b j=1

Equation (24.63) yields the summation rules for the entries of the polariation
tensor.

In order to prove that f;jn)] = mjDj, we takef ( ) =1 in (24.63) to
get
j=1 @b
Next, we prove that
X d 2
i Fi 2 J
ji=1 =1

Taking f ( )= in (24.63), we obtain
D

Dj:

i W= xiKp [ 1100 d (X);
7 ji=1 =1 7 =1 @D
xKo[ 1) d ()= x %l(x>+ @(D@[ % dw:
@D . @D
_Ibl, mw (x)d (X): (24.64)

2 @D @
Integrating by parts we arrive at

@ol 1] z z
X % 1od )= () rS o[ ])dx+  x; Sp[1](x)dx;
@D D D

where (e1;:::; ) is an orthonormal basis ofRY. Since the single-layer poten-
tial is harmonic on D,
z z z

x.@g 1 d 0= am e (x99 () dx:
@D D @D

Summing onl and usingr x (X;x9 = r o (x;x9, we get

xd Z Z Z
X @g 1 xd
=1 @D > @

Do [1](x)dXx;
D

(X% r o (x;x9d (x% dx;
D

j Dj; (24.65)
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where Dp is the double-layer potential. Hence, summing equation (24.64) for

I =1;:::;d; we get the result.
Finally, we show that
XX 4 o4 x Z
PoW=—gbi+ s ol]dx:
j=1 =1 1=2 D
Taking f ()= 2 in (24.63) yields
R Zxd () x z 2
i o= X1 (Kp)“[1](x) d (x)
j=1 1= =1 @D
xd Z
= Ko n]()Kp [ 11(x) d (x)
=1 @D
Z xd Z
@p| 1].
- Kolyl5d + Ko yi] jd
I:l@DDlz I:]-@DDI@)
VA Z
_@d o2 XY @] L T L @l
= 4 D] i @DET eo o[yl @
= (z VI (z }
From (24.65) it follows that
e 1
1 2 .
Sincex, is harmonic, we havex; = Dp[y|1(X)j S o[ 11(X) on @D and thus,
xd Z
o= o+ So[1100) 2L 04 (0
=1 @D @
x 2 @ol 1]
= iDj+ Solil=g— d;
. ao Dl I @

Z
j Dj+ irS o[ 1]i%dx:
=1 D

Replacing |, and I, by their expressions gives the desired result.

24.9 Concluding Remarks

In this chapter, based on perturbation arguments, we studied the scatring
by plasmonic nanoparticles when the frequency is close to a resonantef
quency. We have derived the shift and broadening of the plasmon resamce
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with changes in size. We have also consider the case of multiple nanopiates
under the weak interaction assumption. The localization algorithms deeloped
in Chapter 12 can be extended to the problem of imaging plasmonic nanopar-
ticles. We have precisely quanti ed the scattering and absorptioncross-section
enhancements and gave optimal bounds on the enhancement factors. Wevea
also linked the plasmonic resonances to the scattering coe cient&nd showed
that the leading-order term of the scattering amplitude can be expresed in
terms of the -one order of the scattering coe cients.



25

Nonlinear Harmonic Holography

25.1 Introduction

In this chapter, the detection of a small re ector in a randomly heterogeneous
medium using second-harmonic generation is investigated. The medi is
illuminated by a time-harmonic plane wave at frequency! . It is assumed that
the re ector has a non-zero second-order nonlinear susceptibilityand thus
emits a wave at frequency 2 in addition to the fundamental frequency linear
scattering. It is shown how the fundamental frequency signal and thesecond-
harmonic signal propagate in the medium. A statistical study of the images
obtained by migration the boundary data is performed. It is proved that the
second-harmonic image is more stable with respect to medium noise thahe
one obtained with the fundamental signal. Moreover, the signal-to-noiseatio
for the second-harmonic image does not depend either on the second-orde
susceptibility tensor or on the volume of the patrticle.

Second-harmonic microscopy is a promising imaging technique based on a
phenomenon called second-harmonic generation (SHG) or frequency-dotirg.
SHG requires an intense laser beam passing through a material with nonva-
nishing second-order polarizability [187]. A second electromagnetic k& is
emitted at exactly twice the frequency of the incoming eld. Roughly speak-
ing,

Esxn E @E ; (25.1)
where @ is the second-order polarization tensor. A condition for an object
to have nonvanishing second-order polarizability tensor is to have axoncen-
trosymmetric structure. Thus SHG occurs in nanoparticles [348, 198]. Tis
makes SHG a very good contrast mechanism for microscopy, and has been
used in biomedical imaging. SHG signals have a very low intensity becae
the coe cients in @ have a typical size of picometerV. This is the reason
why a high intensity laser beam is required in order to produce a ssond-
harmonic eld that is large enough to be detected by the microscope.
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The coherent nature of the SHG signal allows us to use nonlinear hologra-
phy for measuring the complex two-dimensional (amplitude and phase) BG
signal [190, 301]. On the other hand, since only the nanoparticle produces ¢h
second-harmonic signal, SHG microscopy allows a precise localization did
nanoparticle, clear of any scattering from the surrounding medium, cotrary
to the fundamental frequency image, where the signal measured is pdoiced
by both the re ector and the medium.

In this chapter, we study the case of a nanoparticle with non vanishing
second-order polarizability tensor @ embedded in a randomly heterogeneous
medium illuminated by an incoming electromagnetic eld at a xed fre quency
I . We give asymptotic formulas for the electromagnetic eld di racted by the
nanoparticle, at the fundamental frequency and at the second-harmonicré-
quency. Then we use a backpropagation algorithm in order to recover the
position of the nanoparticle from boundary measurements of the elds. We
study the images obtained by backpropagation both in terms of resolution and
stability. In particular, we elucidate that the second-harmonic el d provides
a more stable image than that from fundamental frequency imaging, with
respect to medium noise, and that the signal-to-noise ratio for the seand-
harmonic image does not depend either on @ or on the volume of the par-
ticle.

The chapter is organized as follows. In Section 25.2 we formulate the prob-
lem of SHG. In Section 25.3, asymptotic expansions in terms of the size of
the small re ector (the nanoparticle) of the scattered eld at the fun damen-
tal frequency and the second-harmonic generated eld are derived. IiBection
25.4, we introduce backpropagation imaging functions for localizing the pait
re ector using the scattered eld at the fundamental frequency as well as the
second-harmonic eld. In Section 25.5, we perform a stability and resoltion
analysis of the backpropagation imaging functions. We show that the medium
noise a ects the stability and resolution of the imaging functions in di erent
ways. We prove that using the second-harmonic eld renders enhared stabil-
ity for the reconstructed image. This nding is delineated by a few numerical
examples in Section 25.6. The chapter ends with a short discussion. Ehmain
results of this chapter are from [55].

25.2 Problem Formulation

Consider a small electric re ector , with a nonvanishing second-order sus-
ceptibility tensor embedded in a randomly heterogeneous medium ifR?. We
assume that the randomly heterogeneous medium has random uctuations
described by a bounded random process with mean zero. Furthermore, we
assume that is compactly supported in R? and let :=supp( ). We also
assume that the refractive index of the background homogeneous medium
R?n  is 1. The medium is illuminated by a plane wave at frequency! > 0,
intensity U, > 0, and direction 2 S:
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Uo(x) = U & *: (25.2)

with S being the unit circle. We assume that the incoming plane wave is
polarized in the transverse magnetic mode. The small re ector ; is in
and has a refractive index given by

[+ 0D (25.3)

where | is the refractive index contrast of the re ector,  is compactly
supported in with volume j (j, and ( ) is the characteristic function
of . The squared refractive indexn(x) in the whole space then has the
following form:
—— =1+ + : .
nx) 1+ )+« 1] ( )(X): (25.4)
The scattered eld us generated by the plane wave satis es the Helmholtz
equation

gr (@ U D+ +1)r (us+ Ug))+ !?(us+ Ug) =0 in R?;
% i'ug)=0:
(25.5)

The point re ector also scatters a second eldv at frequency 2 . The eld
v satis es, up to O(jj ij1 ( )), the following Helmholtz equation [187]:

P —
.
j><j|!g.T’l JXJ(

8
21)2 X |
2o i] () SE Rl P G S R P@uaeu () inR%;
kl=1;2
2 m P @ o -0
JXIlllgn iXj ax 2ilv. =0;

(25.6)
where @ is the electric polarization of the re ector, and can be written as
@x)=( P)j=1:2 ( )(x)and U= us+ Up is the total eld.

Let us consider to be a domain large enough so that =supp( )b
and measure the eldsus and v on its boundary @ . The goal of the imag-
ing problem is to locate the re ector from the far- eld measurements of the
scattered eld ug at the fundamental frequency and/or the second-harmonic
generated eld v. It will be shown in this chapter that, in the presence of
medium noise, the use of the second-harmonic eld yields a bettertability
properties for imaging the small re ector than the use of the scattered eld
at the fundamental frequency.

25.3 Small-Volume Expansions

In this section, we establish small-volume expansions for the solutihs of prob-
lems (25.5) and (25.6) similar to those derived in Chapter 11 . We assume that
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the re ector is of the form | = z + B, where its characteristic size is
small, z; is its location, and B is a smooth domain. We derive asymptotic
expansions ofus and v as goes to zero.

25.3.1 Fundamental Frequency Problem

Let UC) = u(s )+ Up be the total eld that would be observed in the absence
of any re ector. The scattered eld ul ) satis es

8
r@+ )r(ul)+Up) +12ul)+ Ug)=0 in R?;
3 s s
) (25.7)

P @b
Bjxljllrln jX](@Xj ilu {)=0:

Therefore,
ro@+ rul)+12ul)=r rUp inR?:
Since b , the estimate
jul iwec ) Cii i (25.8)

holds for some positive constantC independent of . We refer to Section 25.7
for a proof of (25.8). Actually, one can prove that
z

ul )(x) = W Uo(y) r GO (x;y)dy+ O(j jiz:); x2
Moreover, writing
roo@+ )r)+uUp) = 12l + Up);

it follows by using Meyers' theorem [273] that there exists > 0 such that for
alo ° |

it u i o o dir (S + Uo)iipa oy + ir Uoliier o
Cijul ’ + Uojj 2 o )+ iir Uoli_ze o
C”u(s )ij2+ 0( )+ CO

for some positive constantsC arld C% where °b . From the continuous
embedding of W¥2( )into L?* ( ) and (25.8) we obtain

jiug iz °C ) c

for some constantC®independent of . Therefore,
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jir ulfj e o o C (25.9)

for some constantC independent of .
Now, we turn to the derivation of an asymptotic expansion ofus as goes
to zero. On one hand, by subtracting (25.5) from (25.7), we get

CoQe U () ADr s u)) 1% ul)) 0510
=r [, 11 )rUr [, 11 Hrul) inRZ%:
On the other hand, we have

e 1 Coru iy Cied® e u e,

1+

Lo ()am )i 7

Ci ™z jir u§ i i u§ i s
and hence, by (25.8) and (25.9), we arrive at

1+ 5

BLe 21 Coruljiecy  Cj = 2 i
Therefore, we can neglect in (25.10) the termr [, 1] ( )r ul ) as
i jice bO.
Let w( ) be de ned by
ro@+ +[, 1 Nrw+r2wO=r [, 1] ( J)r(x z) inR?

subject to the Sommerfeld radiation condition

ilw ( ))=0:

Using the Taylor expansion
Uo(x) = Uo(z:) +(x  z) 1 Uo(z)+ O(x  zj%);
one can derive the inner expansion
(us  u{ (X)) = wl)(x) 1 Uo(z)+ O( ?) (25.11)

for x near z,. The following estimate holds. We refer the reader to Section
25.8 for its proof.

Proposition 25.1. There exists a positive constantC independent of such
that

jius ul) WO x) 1 Uo(z )iz ) C %
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Let Gf ) be the outgoing Green function in the random medium, that is,
the solution to

r @+ )y +1?9)G620= ,  in R (25.12)
subject to the Sommerfeld radiation condition

@G’
@i

lim T jxi( iIG (h)=o0:
jxjl
An important property satis ed by G[( ) is the reciprocity property (see Sub-

section 3.2.4):
G{ ) (x;2) = G{ )(z;x); X6 z: (25.13)

Let us denote by G the outgoing background Green function, that is,
the solution to
( +!96O0¢= in R?; (25.14)

subject to the Sommerfeld radiation condition. Note that Gl(o) = 1 where
1 is de ned by (3.52) with k replaced by! .
The Lippmann-Schwinger representation formula
Z
G G6”)xz)= Wr G (y;z) r GO (x;y)dy
Z

Wr GO(y;z) r GO (x;y)dy
Z
+ Wr (Gf) GO)y;z) r G@(xy)dy

holds forx 2 @ . Since b , we have
Z
(Gf ) G (xz) Wr 62 (y;z) r GO (xy)dy

i dice dir G2 (i Hiir (G0 Gzl

Similarly to (25.8), one can prove that

jir (607 G5zt ) Cij iur (25.15)
and hence there exists a positive constanC independent of such that
Z
(Gl G (xz) Wr 60 (y;z) r GO (xy)dy  Cjj ifs

(25.16)
uniformly in x 2 @ .
Since
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ir GO (x iy C (25.17)
uniformly in x 2 @ , the estimate
Z
r(G{) GO)xz) r Wr GO y;z) r GO (xy)dy  Cjj jiE: ;
(25.18)

holds in exactly the same way as in (25.16). Therefore, the following Born
approximation holds.

Proposition 25.2.  We have
z
Gl M (xz) = GO(xz) Wr GO (y;z) r GO (x;y)dy+ O(j ji: );
Z
rG{(xiz)=r G (xz) r Wr GO (y;z) r GO (x;y)dy+ O(j jiZ:)

uniformly in X2 @ .

We now turn to an approximation formula for w( ) asjj jj.: ! 0. By
integrating by parts we get
Z

wO)=@ ) rwy) (v oz) rGixy)dy; x2R%:

r

Using (25.17) we have, forx away from .,
Y4

wO) =@ Ol rwy) (v z)dyllr Gf (xz )+ O( )]: (25.19)

r

Let w be the solution to

ro(1+[ . 1] (B)rw=0 in R?;

L (25.20)
we =®! 0 asjj! +1:

The following result holds. We refer the reader to Section 25.9 for & proof.

Proposition 25.3.  We have

wly) (v z)= w®+ O([ii ji: +(!)); (25.21)

with the scaled variable

yzy Zr:

From (25.21), it follows that
z z
rwi(y) (y z)dy= ? . w(e) de + O( °[j jjz +(!)%):
(25.22)

r
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De ne the polarization tensor associated to , and B by
z

M(iB)=( 1) rwe)de; (25.23)
B

where w is the solution to (25.20). De nition (25.23) is equivalent to (11.5)
with = ( ; +1)=2(  1)). Recall from Theorem 11.4 that the matrix
M ( r;B) is symmetric de nite (positive if > 1 and negative if , < 1).
Moreover, if B is a disk, thenM ( ,;B) takes the form:
2(¢ 1)._.
M ;B)= ————=|Bjl:
(:B) 1 1B
To obtain an asymptotic expansion of us(x) ul )(x) in terms of the
characteristic size of the scatterer, we take the far- eld expansion of (25.11).
Plugging formula (25.22) into (25.19), we obtain the following small-volume
asymptotic expansion.

Proposition 25.4. We have

us(x) = ul Y(x)  2M( r;B)r Uo(z) r Gf )(x;ze)+ O( *[1+jj jic: +( ! )?D;

(25.24)
uniformly in x 2 @ .
Finally, using (25.18) we arrive at the following result.
Theorem 25.1 We have as goes to zero
Z
(Us u§ )= M B Uo(z) TGP (Gz)+ 1 Wr G (viz) r G (xy)dy
+O( P[L+i Jicr +( 1)1+ %) i)
(25.25)

uniformly in x 2 @ .

Theorem 25.1 shows that the asymptotic expansion (25.25) is gniform with
respect to! and , provided that ! C= andjj jj.: C for two
positive constants C and C°.

25.3.2 Second-Harmonic Problem

We apply similar arguments to derive a small-volume expansion for thescond-
harmonic eld at frequency 2! .

Introduce G(Z!’; )(:;z) the outgoing solution of

L @y
[ 0 (0+1

S PR TN GRS Gy (5= . inR%:

Let G(ch) be the outgoing solution to (25.14) with ! replaced by 2 .
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Similarly to (25.25), an asymptotic expansion forG(Zl “)in terms of can
be derived. We have

(G5 ) GY)xz)= O(2)

for x 6 z and x;z away from z,. Here G(z!) is the solution to (25.12) with !
replaced by 2 . Moreover, the Born approximation
z

Gy ) GMxz)= (2)2  (GR(y; 2GR (x;y)dy + O( 2+ i jiZ1)

yields for x 6 z and x;z away from z,. From the integral representation
formula
Z

X (2) )
v(x) = @ UY)@ U(Y)GS" (xy)dy;
" kil=1;2

it follows that
0 1

X
vix)=  2%Bj@ D@ U(z)@U(z)A Gy (xz)+ O( %); (25.26)
k;l

where jBj denotes the volume ofB, and hence, keeping only the terms of
rst-order in  and in second-order in ,
0 1
@) @
v(x)=  %Bj@ @ U(z)@ U(z)A
k;l
GR(xz) 4% (MGY (xY)GY (v;z)dy+ O jif:) +O(?):
(25.27)

We denote by (S) the source term, which depends on the angle of the

incoming plane wave,
0 1

X
S5) =@ D@ uz)@Uz)A : (25.28)
Kk;l

Now, since
Z
Uup) = Ue' X+ (yr GOxy) r Uo(y)dy+ O(j jif: + ); (25.29)

which follows by using the Born approximation and the inner expansion
(25.11), we can give an expression for the partial derivatives o). We have
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Z
@QUMX) =il (Ye' * il r( (ne' N@,G? (x;y)dy+O(j jif: + ):
(25.30)
We can rewrite the source term as
0 1
X (2) 2X (2) 2 il
@ kil @kU(Zr)@|U(Zr)A: ! o Uf ke o
kil kil
« r (e N@GYziydy 1 1 ( (e N)@,GO (z;y)dy
Z Z
+ r( (y)e' @ GO (z;y)dy r( (e @,G (z;y)dy

+0(j jit» + ): (25.31)

Assume that 2C% for0< < 1=2 (see Section 25.5.1). From
Z Z

r( (e N@GA(z:ydy= (e Y (z) )@ GO (z;y)dy
Z

r @GP0 z;y( (ve' ¥ (z)e T)dy;

one can show that there exists a positive constanC independent of such
that
A VA

r( e MN@G 2z y)dy 1 ( (e N@GO(z;y)dy Cij jid.

So, if we split (S) into a deterministic part and a random part,

(S) =(S)aet +(Srana + O Iide: + )i

we get

211242! z X 2
(S)det = | UI e ' kil k1 (25-32)
k;l
and
X z .
Sana ='2 &« (W N@GO (z:y)dy
ki S (25.33)
+ r( (€' M@, G (z;y)dy :

Finally, we obtain the following result.

Theorem 25.2 Assumethat 2 C% for 0< < 1=2. The following asymp-
totics for v:
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z

V)= 2ZBj (S)ge G (xz) 42 ()G (xy)GY (yiz)dy

+(S)rana D (x:2,) +O( 3+ Fj ji%. ) (25.34)

holds uniformly in x 2 @ .

25.4 Imaging Functional
In this section, we use two imaging functionals introduced in Chaper 12 for

locating small re ectors. For the sake of simplicity, we assume thatB and
are disks centered at 0 with radius 1 andR, respectively.

25.4.1 The Fundamental Frequency Case

We assume that we are in possession of the following daté(us ul ))(x); X 2
@ g. We introduce the reverse-time imaging functional

z -
8252 ;1 (25)= i,ie 2 T 6O (x;z8)(us ul )(x)d (x)d ();
@ st
(25.35)
where T denotes the transpose. Introduce the matrix
z
Ri (z1;22) = r 60 (x;z)r G (x;2,)7d (x); 721,22 °b
@
(25.36)
Using (25.25), we have the following expansion fot (z5);z5 2 ©
Z
2 .
1(25) = 2 “(r 1)U| el 2T R (57)
r+l s
Z Z
+ 16 (6z9) r Wr GO (y;z) r GO (xy)dyd (x) d ()
@
+0O( 3+ Zjj jif.): (25.37)
Note that
Z Z
r 6% (x;z%) r Wr G (viz) r G (xy)dyd (x)
@ Z Z

- T
= () rGPxzS) m GO (y;z)r GO (x;y)d (x)dy:
@

Remark 25.3 Here, the fact that not only do we backpropagate the boundary
data, but we also average it over all the possible illumination anglea S, has
two motivations. As will be shown later in Section 25.5, the rstreason is to
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increase the resolution and make the peak at the re ector's locatin isotropic. If
we do not sum over equidistributed illumination angles ove$, we get more an
"8-shaped" spot, as shown in Figure 25.7. The second reason that an average
over multiple measurements increases the stability of the imaging fetional
with respect to measurement noise.

25.4.2 Second-Harmonic Backpropagation

If we write a similar imaging functional for the second-harmonic eld v, as-
suming that we are in possession of the boundary datdv(x); x 2 @ g, we

get
Z

8252 :J (5= vx)GQ (x;z8)e 2 d (x)d (): (25.38)
@ S

As before, using (25.34) we can expand in terms of and . Considering
rst-order terms in  and we get
Z z
IB)= 2 e T ()  GR(xz5)GY (xz)d (x)
zS z @
a2 6Rxz%) (G (v;xGY (viz)dyd (x)
ze
*(Sara G (x:28)GY (x;z)d (x) d ()+ O( 3+ Fjj ji&. ):
(25.39)

Now, if we de ne Q, as
Z

Qa (x2)= G (y;x)GY (y;2)d (y): (25.40)
@

We have

z z !

I@)= P e T (S Qu@iz®) 47 (G 1iz)Q (vi2%)dy

+(S)ana Q: (z:;2°%) d ()+ O( 3+ % jido ): (25.41)

25.5 Statistical Analysis

In this section, we perform a resolution and stability analysis of both finc-
tionals. Since the image we get is a superposition of a deterministiariage
and of a random eld created by the medium noise, we can compute the ex-
pectation and the covariance functions of those elds in order to estinate the
signal-to-noise ratio. For the reader's convenience we give our main reks in
the following proposition.
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Proposition 25.5. Letl and be respectively the correlation length and the
standard deviation of the process . Assume thatl is of order the wavelength
2=! . Let (SNR), and (SNR); be de ned by

Ell (z:)]

(SNR); = ~arll ()] 2 (25.42)
and -
(SNR), = _ D@1 . (25.43)
(Var[J(z))?
We have R
232 2y |,
SNR P 25.44
(SNR) | © T diam P+l (25.44)
and
R P
| S Kl (k2|) k1 d
(SNR);  p— g © (25.45)
C min(! ;Lmaxg G (diam )¥* +1

Here, diam denotes the diameter and is the upper bound for Holder-
regularity of the random process .

25.5.1 Assumptions on the Random Process

Let z(x), x 2 R? be a stationary random process with Gaussian statistics,
zero mean, and a covariance function given byR(jx yj) satisfying R(0) = 1,

JR(0) R(9)j ,522— and R is decreasing. Then,z is a C° ° process for
any %< ([4, Theorem 8.3.2]). Let—> 0 and F be a smooth odd bounded

function, with derivative bounded by one. For exampleF = arctan is a suitable
choice. Take

(x) = F [z(x)]:
Then is a bounded stationary process with zero mean. It is bounded by

jiFjiL: ~. Its standard deviation is
Z

=— Fz(s)plzje s?=2 gg 177

Its trajectories belong to C% ° for any %< . We want to compute the
expectation of its norm. Introduce

p(hy=  max, Ejz(x) z(y)j: (25.46)
kx yk 2h
p.d——p—
One can also writep(u) = 2 R(0) R( 2u). According to [4], for all
h;t2 , almost surely,
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p_ 2
2 ( logu)*dp(u);
0
p_ (25.47)
where B is a positive random variable with E[B"] (4 2)" ([4, Formula
3.3.23]). We have that

jz(t+ h)  z(t)j 16p é[|og(B)]l:2p(j|ﬂ)+32

. P -1+ jhj
pGhi) 2 %: (25.48)

By integration by parts we nd that

Z in h i o2

( logu)*dp(u) = ( logu)*?p(u) cl, * ( logu) *“?u *p(u)du:
0 (25.49)
For any "> 0, sinces  logs #%-€'2 on [0; 1], we have, aghj goes to O,
that

1
2 0

h |J|ﬂ 1p§1+ ]hj B
( logu)*2p(u) , e (25.50)

Similarly, when jhj < ie for every O<u < jhj,

1+ 1
( logu) s p(u) I021 €

So we get, whenjhj goes to 0, for every' > 0,
Z inj Py . P
" logu) o)  Ep2 thl ;2 %: (25.51)
0

Therefore, whenjhj goes to zero, we have for any > 0:

jz(t+ h)  z(t)] 3’3 |og(B)1:2”IL+64e%péli pl?jhj "t %jhj

(25.52)
SinceF® 1, composing byF yields, for any x;y 2 R?,
) i iz z(y)i (25.53)
We get the following estimate onk Keo, o, for any 02 (0; ), almost surely
. . 0
sup M 32p§ Iog(B)lzZ*h7+64e%p§ -1 917+ 1
xy 2 x i I I ° 2
jx yj h
(25.54)
_ e7 log(B)¥*2+1 —
K ko o 642 & 199(B) e (25.55)
which gives, sinceE[logB] E[B] 1 4p§ 1
+ e B
Elk k&%, o] 6472 oz (25.56)
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25.5.2 Standard Backpropagation
Expectation

We use (25.37) and the fact thatE( )(x) =0; 8x 2 ,to nd that

z
1 L@

EN(®)]= 2 >~—=U e" ©

[1(z)] 1Y

) TR, (z5%:z,) d : (25.57)

We now use the Helmholtz-Kirchho identity (3.80). Since
z h

S —
lim r 6O x;y)r 62 (z;y) dy= %r 2 x=

i
RI1 GO(x;z)  (25.58)
; Xj=R

and h g
= GO (x;z) = Z‘]O(! X zj); (25.59)

we can compute an approximation ofR; :

h i T

1 1 . L (X 2 2

- = (0) . = 1 | P A A—

! rzr x= G (x;z) 2 1Jo(tjx  zj) X 7 X 7]
2)1(0jx z) (x 2(x 2T
x zj x zj jx zj

N Jl(! JX .Zj)
Xz

| ; (25.60)

where | is the 2 2 identity matrix. We can see that R, decreases agz
z5j z. The imaging functional has a peak at locationz® = z . Evaluating R,
at z5 = z, we get

|
R (z;z) = §| : (25.61)
So we get the expectation ofl at point z:
(+ 1)
— 0 2y 25.62
Bl 5y U (25.62)
Covariance
Let

Cov 1(Z5):1(z5) = E 125 E[N(ES)] (1(z5° ENESD)) : (25.63)

De ne
4

R (z°:z:y) = r 60 xz8) m GO (xy)r GO (y;z) ! d (x):
@ (25.64)
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Using (25.37) and (25.62), we get

Z _
1(z%) E[(Z5)]= i%e 22 T 6O (x;28)Tul ) (x)dxd
L Z @ sv z
2 2 r+1U| Se i(2° zr) (y) TR (z°%;z;y)dy d: (25.65)
r

The computations are a bit tedious. For brevity, we write the quantity above
as

1(z%) EN(z%)]= Al (2°)+ B (2°); (25.66)
with
z L -
A (25) = e t2® TGO (x;zS)ul ) (x)dxd (25.67)
@ s*
and
L Z z
Bi(z5)= 2 2~y el @ ) "R (z%z;y)dy d:
r+1 s

(25.68)
We now compute each term of the product in (25.63) separately.

Main speckle term:

We need to estimate the typical size ofA,. From (25.8), keeping only terms
of rst-order in  yields

z z
1 . — o
aE)= et T Trele6z) 0 6 06y) 1 a(y)dydxd +of );
(25.69)
so we have
Z
A(ZS)= U e @Y (y) TR, (z5:y) dyd ; (25.70)
and hence
Z 0
AZA )= P et )
zz S

¢ U (y) () TR (25 y)Ri (%Y dydy® d 1 (25.71)

We assume that the medium noise is localized and stationary on its suppbr

. We also assume that the correlation lengthl is smaller than the wave-
length. We denote by  the standard deviation of the process . We can then
write
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Z Z

- . s _sgo -
EA(ZAES) =uf 22 & &2 TR (Z%y)R (25%y) dyd :
S
(25.72)
We introduce
Z
P (%yiz%) = & @ TR SR E YA (2573)
S
where R, is de ned by (25.36). Therefore, we have
Z
E A (A () = U2 212 P (25 y;z5)dy: (25.74)

Hence,A, is a complex eld with Gaussian statistics of mean zero and covari-
ance given by (25.74). It is a speckle eld and is not localized.

We compute its typical size at point z° = 28" = z,, in order to get signal-
to-noise estimates. Using (25.60) and (25.59), we get fgx zj 1,

z
T 1 T
: ©) (y- © . _ oy oy (X (x 2)
Jim jxj:RrG; OGy)r G (ziy) dy = 2 Jo(t jx 2j) X Z X 7
and h

i
1 . .
= G0(x2) = ZJo(tix  Zi):
Since we have, fojx zj 1,

p?crqs(!jx zi )

Jo(! jx Zj) pP—— ; (25.75)
Ijx 2z
we obtain that
pr i i = T
R (x;2) ! cos( A 4)jx zj 172 X 9k 2 g ix zj 1:
2 2 X zj jx z
(25.76)
Now we can write
Z P—- 2 Z
rof1 (v z)(y z)T
E A (z)A (z Uz 212 Pp— <y zjt T 3 e — ddy:
1 (z0)A (zr) | P Y E Y zi Y zi y
(25.77)
If we compute the term
z z
r y z)(y z)" - 2 v z)n 2COSZ + v z) ZSinz d -
s iy zily z] 0 iy zi iy zj ’
(25.78)
then, after linearization and integration, we get
z T

s Y o zjgy zj
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So we have
z P 2
EA @A (z) U222 P= 0y ozt (25.80)
and therefore |
E A (z)A (z) 'guf 2I2diam (25.81)
Secondary speckle term:
We have
1 2% 0
B/ (z5)B (z5)= 2 2~y et (2%
r+1l s

7
) ) TR (252 Y)R (25%2;y9 dydy® d :  (25.82)

So we get the expectation

E Bi(z°)B(z5) = 2 ?—

1Y

e @ )T R (Siz:y)R (25%z;y)dy d: (25.89)

This term also creates a speckle eld on the image. As before, we compait
the typical size of this term at z.. We rst get an estimate on R, :
VA

X -
i RG] @G (v: z:)jj @ 6 (x2%)@ @, G (xy)d (x)j:
’ k=1;2
(25.84)
From the Helmholtz-Kircho identity
z
GO0NGP (xi2)d () oty z) asRIl ;  (25.85)
@ .

it follows that
Z

. @6 (x.25)@ @, G (xy)d (x) = %(@@@f)(zs y): (25.86)
wheref is de ned by f (x) = Jo(! jXj). We have
3@k (x) by (x)

ixj?

[B9C ixj) 1 ixjadU X1+ agk (! 238 (1 jxj)
(25.87)

where a;jx and bk are rational fractions in the coe cients of x bounded
by 1. Now, recall the power series ofly:

@@@f (x)=!
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X « 32 ‘
Jo(2) = k (1 (knZ (25.88)
We can write
1 3
Jo(ixj)  1ixjagu jxj) = jjxjs + 0(jxj%) : (25.89)

Hence, sinceJ((f) (x) %x whenx ! 0, we can prove the following estimate
for x around 0: 1 3 ()
L ik (X)) 3
4 (@Q@f)(x) o
In order to get the decay of R, for large arguments we use the following
formulas: 3§ = J1,3§%= 1J;  Jo, and J((f) =J1  SJi1+ Lo We get

1Xj (25.90)

1. : s
2/@Q@f ()i *(1jxj) T asx!l (25.91)
We also have the following estimate:
1=2 1 I

2 !
ir GO (y:z)j = max - S 25.92
Ir G (y:z0)] iy zi'" Ty zj ( )

We can now write the estimate onR, ;; :

!
1=2

; S., . ; 2 2 ; ; - 1 . 1
R (Z%zy)g) ' = min ljy zjipe=——z max P
Ly z5j iy zij T ljy  zj
(25.93)
We can now go back to estimating the termB,. We split the domain of
integraton = B(z;! Y[ nB(z;! ?)toget
_ 1 2
E B (z)Bi(z) 2 P U
, Z ' L z
41 4= dy + 12dy : (25.94)

By nlY Zf? B(z} 1)
Hence,

2

2.1 1u. 14 212|og(! diam ): (25.95)

E Bi(z)Bi(z) 8 2 ¥

Double products:

The double products A, B, and B, A, have a typical amplitude that is the
geometric mean of the typical amplitudes of A, and B, . So they are always
smaller than one of the main termsjA, j2 or jB, j°.
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Signal-to-Noise Ratio Estimates

We can now give an estimate of the signal-to-noise ratio§NR), de ned by
(25.42). Using (25.62), (25.81), and (25.95) we get

22(( r 1)1)| 2UI
I'+ : .
(SN R)| 2 1=2 "
I g diam  +8 2 2Ly !4log(! diam )
(25.96)
Since ZI— we have that ! 1, so we can estimate $NR), as follows:
P32 1y 2y,
(SNR), p— (25.97)
[~ I diam

The perturbation in the image | comes from di erent phenomena. The rst
one and most important one is the fact that we image not only the eld
scattered by the re ector, but also the eld scattered by the medium's random
inhomogeneities. This is why the signal-to-noise ratio depends on theolume
and the contrast of the particle we are trying to locate. It has to stand out
from the background. The other terms in the estimate (25.96) of ENR), are
due to the phase perturbation of the eld scattered by the particle when it
reaches the boundary of , which can be seen as a travel time uctuation of
the scattered wave by the re ector. Both terms are much smaller thanthe rst
one. (SNR), depends on the ratio!=l . If the medium noise has a shorter
correlation length, then the perturbation induced in the phase of the elds
will more likely self-average.

25.5.3 Second-Harmonic Backpropagation

Expectation
We have
Z Z
EQ(S)]= 2 e® ¥ (S)4  GR(xz5)GH (xz)dx
s @
Z

+E(S)ana]  GR (x25)GY (xz/)dx d :  (25.98)
@

Since E[(S),,nq ] = 0 we obtain by using (25.32) that

z © ! z

X . _
EDEOI= 2202 @ @ A @ g 6P (x2%)GY (xz)dx:
S Kl @
(25.99)
If we de ne @, as
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, 0 1
X it
@ (xy)= @ 9 A X Vd; (25.100)
S kil
then it follows that
E[(z5)] = 212U%@z (z;2°)Qa (z;2%); (25.101)

where Q, is given by (25.40). To get the typical size of this term we rst use
the Helmholtz-Kirchho identity (3.80):

1
Qa (z:2%) 5= Gy (2:12°) (25.102)
Therefore, we obtain that
7 0 « 1
ED(z)]= g 2y @ @ Ad: (25.103)
Skl
Covariance
We have
Z h Z

1% EPIE)= 2 e T (S)d’  GR(siz) (5)Qa (siz°)ds
S .
|

(S)rang Qa1 (zr;2%) d ;' (25.104)

Denote
y z
A;(Z%)=4 212 e T(S)y GR(siz) (5)Qa (siz°)dsd
® (25.105)
and Z
By(zS)= 2 e 2°(S).4Qu(z:25d: (25.106)
S

Then we can write the covariance function

Cov J(z°);J(z%) = E J(z°) ERE®)] Q) ERE)

(25.107)
in the form

Cov J(25);3(z5) = E A@ZS)A(zS)+ B(25)B, (259)+ A, (25)B, (z5°)+ A, (25)B, (%) :

(25.108)
We will now compute the rst two terms separately and then deal with the
double products.
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The speckle termA;A;:

From
[ Z 0
AjE)A; () =16 2414 e 2 2)j(S) 2
zZ7z S
G (5:2:)G5 (%) (5) (59Qu (5:2°)Qa (s%z57)dsds™d ;
(25.109)
it follows by using (25.32) that
o N
AJ (ZS)AJ (ZSO): 16 2 4! 8UI4 e 2i! (Z z )] (k’l) K |j2d
Z 7 ° ki
G (5;z)G% (5% 2) (5) (s9Qu (5;2°%)Qz (s%25)dsde:
(25.110)
If we write C (s;59 = E[ (s) (s9], then we nd that
. 2o e X,
E[A;(2)A (] =16 * 1 °UF e ) @i

S .
zz ki

GY (5;z)G% (5% 2)C (5;89Q (5;2°)Qz (% z5)dsde;
(25.111)

since is real.

As previously, we assume that the medium noise is localized and stati@my

on its support (which is ). We denote by  the standard deviation of the
process and by | its correlation length. We can then write

z X

E[AJ (ZS)AJ (ZSO)] — 16 2 4! 8UI4 2|2 e 2i! (ZS z H

s kil
7 ;
GO (s:2)j2Qz (5:2%)Qa (5,257 ds: (25.112)

The term E[A;(z5)A;(z5°)] shows the generation of a non localized speckle
image, creating random secondary peaks. We will later estimate the sizef
those peaks in order to nd the signal-to-noise ratio. We compute the tygcal
size of this term. We get, using (25.102),

E[A;(25)A;(z5%)] _ 42Ut 416 22
Zy z

. . 0

j (k2|) « 1j2d GO (s;2)j?=GY (5;2%)=GY (5;z°")ds: (25.113)
S Kl
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Then we use the facts that

. . 1
iGY (x;y)] P v

and
1 . . cos (2 jx i =4). e
=G (xiy) = 7Jo(2 jx i) ( ) ix yj 2
if jx yj 1:Then, as previously, we write =  nB(z;! [ B(z;! 2.
Using (25.113), we arrive at
Z x
E[As(z)As(z)] 4 20f @022 j @ jd
S kil
Z Z
1 cog(2'js zj =4) 1 .0 5 . 2
—— . - ds+ — G,/ (S;z)j%Jo(2! js z))“ds ;
512212 g v s zj? 16 gz 1)J 2t (17001 Jo(2t s 21))
(25.114)
which yields
Z x
E[A;(z)A;(z)] ==U! 1% 2%1og(! diam ) j @ j2d
128 sy S
(25.115)
The localized termB ;B
We have
- 72 0.
By(2%)By ()= ?%Qa (z:2°)Qa (z:2%) e & Zj(S),qj%d :
S
(25.116)
Using (25.33) we have that §),,,4 can be rewritten as
Z
(S)rand = !2U|2 (y)e” y (Zr)el! z
X (2 (0) (0)
ko ok @G (ziy)+ 1 r @G (zy) dy: (25.117)
k;l

We need to get an estimate onS,,,4 's variance. As in Section 25.2 we have
the following estimate for any 0< %< 1=2:

r !

LTV . L1 2 5. ol
2 zj @ @Hi(ly z) > min 1, 132y g ° 12 ° 2

max 1;jy zj

(25.118)
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We get, for any °< min(; 3),

p__
i i 2 o 8 2 . oy O
iSanal 12Uk Koo o max (kl) 12 W)(! diam )%+ )
(25.119)
and
5750y 128 3 2
BBy (2)B) ] gy gt ¢ Uimax ) E KK

(diam )2 "+ L Qu (22900 @12 (25.120)

Note that Qg (z;2z%), de ned in (25.40), behaves like 5-Jo(2! jzz  Z5]),
which decreases likgz, zS] 72 asjz; zSj becomes large. The termB;
is localized aroundz,. It may shift, lower or blur the main peak but it will
not contribute to the speckle eld on the image. We still need to esimate its
typical size at z; in order to get the signal-to-noise ratio atz,. Using (25.102)
and (25.56), we get

I 217+ 3 e 2 20 a1 @ 2 - s
E[B,(zr)By(zr)] @2+ 02 o Ufmax ' (! diam )
0 (25.121)
We can write (! diam  )3*2 (1diam  )¥2 +1.We cantake °= .
Let C = % We get that
E[BJ (Zr)BJ (Zr)] C! 2 min ! 2 ;1 4UI4 nl](;lix (kzl) |T (! diam )3+2 +1
(25.122)

Remark 25.4 We note that even though the ternB; is localized, meaning
it would not create too much of a speckle far away from the re ector,tiis still
the dominant term of the speckle eld around the re ector's location.

The double productsA;B; and A;Bj:

This third term has the size of the geometric mean of the rst two terms A;
and B;. So we only need to concentrate on the rst two terms. Also this term
is still localized because ofQ(z ; z%) that decreases agz, zS5) 7.

Signal-to-Noise Ratio

As before, we de ne the signal-to-noise ratio ENR); by (25.43). Using
(25.103), (25.115) and (25.122),

0

o 1 2
+— —

2
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E[ (20)] sk ki k| .
1 _ bl .
Var@@)?: P ming Lmaxg & (tdiam )2 41

(25.123)
The di erence here with the standard backpropagation is that the (SNR)
does not depend on neither the dielectric contrast of the particlethe nonlinear
susceptibility or even the particle's volume. All the background noise created
by the propagation of the illuminating wave in the medium is Itered b ecause
the small inhomogeneities only scatter waves at frequencl. The nanoparticle
is the only source at frequency 2 so it does not need to stand out from the
background. The perturbations seen on the imagel are due to travel time
uctuations of the wave scattered by the nanoparticle (for the speckke eld)
and to the perturbations of the source eld at the localization of the re ector
(for the localized perturbation). The second-harmonic image is more rgolved
than the fundamental frequency image.

25.5.4 Stability with Respect to Measurement Noise

We now compute the signal-to-noise ratio in the presence of measuremie
noise without any medium noise ( = 0). The signals us and v are corrupted
by an additive noise (x) on @ . In real situations it is of course impossible
to achieve measurements for an in nity of plane wave illuminations. $ in
this subsection we assume that the functionall is calculated as an average
over n di erent illuminations, uniformly distributed in S. We consider, for
eachj 2 [0;n], an independent and identically distributed random process

()(x); x 2 @ , representing the measurement noise. If we assume that the
surface of is covered with sensors half a wavelength apart and that the
additive noise has variance and is independent from one sensor to another
one, we can model the additive noise process by a Gaussian white noisith
covariance function:

E( () x= 2 (x x%

where = 2.

Standard Backpropagation

We write, for eachj 2 [0;n], ugj) as

G) (v — 2.1
ud’(x)= 2
S() ; 1

ue Y e@xz) (it )+ o )+ D(x);

_ (25.124)
where () is the measurement noise associated with thp-th illumination. We
can write | as

Z
1 X 1 . N R
1(z%) = = —e ' VT g0 (x:zS)us(x)dx:  (25.125)

!
n_, el
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Further,
1(z5)= 2 21 1UIEX1 g (= ZS)( VTR, (z:;25) ©
r+1 nj:l
Z
o1 Lo 020y eP(x25) Dpgdx: (25.126)
N, e
We get that
s o 11X g Sy, (INT Sy (]
E[l(z%)]= 2 u= e IR (z;2°%)
r+1 7 n =1
(25.127)
so that, using (25.60) and (25.59),
(¢ 1), 5, .
E[l (z/)] TS U : (25.128)
We compute the covariance
0 7 1
Cov(l (2% 1(z5) = E @ et V000 0)Tr 6P (x2%)dxA
j=t " @
!
X 1., o,s° 0
—e' 7 O NTr 6O (x%z%)dx®  (25.129)
oy 1! @
and obtain that
0 1 X 4 G) (58 580 : 0. ¢
Cov(l Z*)1(2°) = *5i75 e DE IR, (25;25) W)
j=1
(25.130)
The signal-to-noise ratio is given by
(SNR), = %r)]l (25.131)
(Var(l(z))?
If we compute
Var(l(z)) 2 7 (25.132)
then (SNR), can be expressed as
p— 2] 2
oA, 1y
(SNR), = [ +1] (25.133)

The backpropagation functional is very stable with respect to measurerant
noise. Of course, the number of measurements increases the statyilbecause
the measurement noise is averaged out. We will see in the followinghat the
second-harmonic imaging is also pretty stable with respect to measement
noise.
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Second-Harmonic Backpropagation

We write, for eachj 2 [0;n], v; as
0 1

_ X . _ _
W)= 220)2@ 2@ ui(z)@ Ui (z)A 6P (xz)+ V(x);
k;l
(25.134)
where ; is the measurement noise at the -th measurement. Without any
medium noise the source term §) can be written as

_ X _ _ ] X o
9" =" Qeule@uie)= 1zt CaT @0 0.
kil kil
(25.135)
So we can writeJ as
Z
1 T
I@)= o V()G (z8)e 2 " dx; (25.136)
j=1 @

or equivalently

4
3= 2@ >2% 8) " 6P (xz)GY (xz9)e * " T dx
j=1
1 z 0, _ex j
+ D x)GY (x;z8)e 2 " dx: (25.137)
j=1 @
We get that
S 2 zlx] () oit ) 48 s
ERD@E= @) (5 e~ Qz (z:;2°); (25.138)
j=1
so that, using (25.102),
13X o
E[J(z)] 2u|2'27 @ 0 (25.139)
n Kil:j
We can compute the covariance
0 1
0 1 X i ) SZ i ROV
Cov(J(z°);3(z%)) = E F@ e 2t 'z . D (x)Gy (x;2S)dxA
j=1
X w SOZ (0) 0 |
et 2 Ox)Gy (x%z5)dx®  ; (25.140)
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which yields

1 ><1 R . 0
CMIE)IEN = 25Qn (2525, e V. @514
j=1

Now we have r

Var(J(z)) 2 TR (25.142)

The signal-to-noise ratio,

EQ(z)]

OV VareyT

(25.143)

is given by

22 Ty @0
(SNR); = ' P : (25.144)

Even though it appears that the (SNR) is proportional to p% the term

P ) ¢ N o
j U 0)'is actually much bigger. In fact, if we pick () = 4, we get that
X X ooy X 2i 2] 2] 2i
2F 002 Bleesd s Bl Gond o
k;l J ]:1
(25.145)
and hence X X
2 i) (G n 2. @7.
a0 max P 8 (25.146)
k:l j
Therefore, we can conclude that
2| 2Uzpﬁmax @. @
(SNR); = ' [ 2ol (25.147)

The signal-to-noise ratio is very similar to the one seen in the classiback-
propagation case. So the sensitivity with respect to relative measw@ment noise
should be similar. It is noteworthy that in reality, due to very small size of the
(SHG) signal ( @ has a typical size of 1012 m=V), the measurement noise
levels will be higher for the second-harmonic signal.

25.6 Numerical Results

25.6.1 The Direct Problem

We consider the medium to be the square [ 1; 1]°. The medium has an average
propagation speed of 1, with random uctuations with Gaussian statistics (e
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Figure 25.2). To simulate we use the algorithm described in Section 4.4.2
which generates random Gaussian elds with Gaussian covariance funan
and take a standard deviation equal to 002 and a correlation length equal to
0:25. We consider a small re ector in the medium , = z. + B (0;1) with
zr =( 0:2;0:5) and =0:004= , represented in Figure 25.1. The contrast of
the re ectoris = 2. We x the frequency to be ! = 8. We get the boundary
data us when the medium is illuminated by the plane waveU, (x) = €' *.
The correlation length of the medium noise was picked so that it has a siitar
size as the wavelength of the illuminating plane wave. We get the boudary
data by using an integral representation for the eld us. . We also compute
the boundary data for the second-harmonic eldv. We compute the imaging
functions | and J, respectively, de ned in (25.35) and (25.38), averaged over
two di erent lightning settings. (see Figures 25.7 and 25.8, for instane).

ppppppppppppppppppppppp

Fig. 25.2. Medium without the
re ector (permittivity variations
zoomed out).

Fig. 25.1. Medium with the re ec-
tor.

Fig. 25.4. Background eld in the

Fig. 25.3. | [ ld U.
ig ncoming € ! absence of a re ector uf
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Fig. 25.5. Total scattered eld us. Fig. 25.6. Second-harmonic eld v.

25.6.2 The Imaging Functionals and the E ects of the Number of
Plane Wave llluminations

We compute the imaging functionalsl and J, respectively, de ned in (25.35)
and (25.38), averaged over four dierent illuminations settings. We x t he
noise level (= 0;02), the volume of the particle (v, =10 2), and the con-
trast , = 2. In Figures 25.7 and 25.8 the image is obtained after backprop-
agating the boundary data from one illumination (= 0). On the following
graphs, we average over several illumination angles:

4 uniformly distributed angles for Figures 25.9 and 25.10.
8 uniformly distributed angles for Figures 25.11 and 25.12.
32 uniformly distributed angles for Figures 25.13 and 25.14.

As predicted, the shape of the spot on the fundamental frequency imagum
is very dependent on the illumination angles, whereas with seconddrmonic
imaging we get an acceptable image with only one illumination. In applica-
tions, averaging over di erent illumination is useful because it increases the
stability with respect to measurement noise. It is noteworthy that, as ex-
pected, the resolution of the second-harmonic image is twice higher #n the
regular imaging one.

25.6.3 Statistical analysis
Stability with respect to medium noise

Here we show numerically that the second-harmonic imaging is more staél
with respect to medium noise. In Figure 25.15, we plot the standard de\tion

of the error jzest 2z, Where zeg is the estimated location of the re ector.
For each level of medium noise we compute the error over 120 realizations of
the medium, using the same parameters as above. The functional imagind

is clearly more robust than earlier.
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o8 06 04 02 0 02 04 06 08 - 08 06 04 02 0 02 04 06 08

Fig. 25.7. | with 1 illumination. Fig. 25.8. J with 1 illumination.

0.022

0.018
0.016

02 0014 02|

of 0.012 0 s

0.008
0.006 4

0.004

08 0.002 08

08 06 04 02 0 02 04 05 08 - 08 o6 04 02 0 02 04 06 08

Fig. 25.9. | with 4 illuminations.  Fig. 25.10. J with 4 illuminations.

08 06 04 02 0 02 04 05 08 08 06 04 02 0 02 04 06 08

Fig. 25.11. | with 8 illuminations. Fig. 25.12. J with 8 illuminations.

E ect of the Volume of the Particle

We show numerically that the quality of the second-harmonic image does
not depend on the volume of the particle. We x the medium noise level
(= 0:02) and plot the standard deviation of the error with respect to
the volume of the particle (Figure 25.16). We can see that if the particle $
too small, the fundamental backpropagation algorithm cannot di erentiate
the re ector from the medium and the main peak gets buried in the spe&le
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08 06 04 02 0 02 04 06 08

o8 06 04 02 0 02 04 06 08

Fig. 25.13. | with 32 illuminations. Fig. 25.14. J with 32 illuminations.

Stability with respect to medium noise level

1 T T T T T
— — —standard backpropagation
second-harmonic backpropagation
of P T 1
-
-
~
I
I
1k ! 4
I
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-] I
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I
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I
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.5 1 Il
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medium noise level (%)

Fig. 25.15. Standard deviation of the localization error with respect to the medium
noise level for standard backpropagation (top) and second-harmonic image (bottom).

eld. The volume of the particle does not have much in uence on the £cond-

harmonic image quality.

Stability with Respect to Measurement Noise

We compute the imaging functionals with a set of data obtained without
any medium noise and perturbed with a Gaussian white noise for each of 8
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Effect of the volume
1 T T T
— — —standard backpropagation
second-harmonic backpropagation

e
'
N
T
I

-z st))

r

log(std[z

log volume

Fig. 25.16. Standard deviation of the localization error with respect to the re ec-
tor's volume (log scale) for standard backpropagation (top) and second-harmonic
image (bottom).

di erent illuminations. For each noise level, we average the resuls over 100
images. Figure 25.17 shows that both functionals have similar behaviors.

As mentioned before, in applications, the weakness of the SHG signal will
induce a much higher relative measurement noise than in the fundanrgal
data. Since the model we use for measurement noise has a zero expeictaf
averaging measurements over di erent illuminations can improve he stability
signi cantly, as shown in Figure 25.18, where the images have been obtaide
with 16 illuminations instead of 8.

25.7 Proof of Estimate (25.8)

Let R be large enough so that b Bg, where By is the ball of radius R
and center 0. Let Sg = @k be the sphere of radiusR, and introduce the

Dirichlet-to-Neumann operator T on Sy:
T @ W2,(SR) ! W2,,(S
1_2( R) 1_2( R) (25.148)
u7!'T [u]:

According to [283], T is continuous and satis es
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standard backpropagation

1.5 T T T
B 1 1
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measurement noise level (%)
Second Harmonic Backpropagation
0.8 T T T T T
0.6 b
B,
()
N
04l 4
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@
0.2 bl
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0 5 10 15 20 25 30 35 40 45 50

measurement noise level (%)

Fig. 25.17. Standard deviation of the localization error with respect to mea sure-
ment noise level for standard backpropagation (top) and second-harmonic image
(bottom).

1
< (T[u];u) ﬁ|<ukfz(SR); 8u2 W2,(Sr); (25.149)

and
=(T[ul;u)>0ifu60: (25.150)

Here, (; ) denotes the duality pair between W?2_,(Sg) and W?2,_,(Sg). Now
introduce the continuous bilinear form a:

W'2(Bgr) W'(Bg)! C

Z VA
(u;v) 7! a(u;v) = 1+ Yrurv 172 uv  (T[ul;v);

B B

) (25.151)
as well as the continuous bilinear formb:
wh?Bg)! C .
_ (25.152)
v7! bv)= rp rv:
Br

Problem (25.5) has the following variational formulation: Find u 2 W?(Bg)
such that
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Stability with respect to measurement noise level

1 T T T T T T
— — —standard backpropagation
second-harmonic backpropagation
of P e
/
/
e
-1 - Ve -
~
= /
% /
N /
N -2 / -
il /
)
S /
o !
/
3r li B
/
/
/
/
a4k - i
- ~
7/
_5 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80

measurement noise level (%)

Fig. 25.18. Standard deviation of the localization error with respect to mea sure-
ment noise level, when averaged over 16 illuminations of angks uniformly distributed

between 0 and 2 for standard backpropagation (top) and second-harmonic image
(bottom).

a(u;v) = b(v) 8v2 WY?(Bg): (25.153)
With (25.149) one can show that

<a(u;u) Cikr ukf,g,) Cokukiz(g,); (25.154)

so that a is weakly coercive with respect to the pair W%?(Br);L?(BRr) .
Since the embedding ofW%2(Bgr) into L?(Bgr) is compact, we can apply
Fredholm's alternative to problem (25.153). Hence, we deduce existercof a
solution from uniqueness of a solution, which easily follows by usingdentity
(25.150).

Now we want to prove that if u is the solution of (25.153), then

Kukwi2g) K ki (25.155)

We proceed by contradiction. Assume that8n 2 N, there exists , 2 L (Br)
compactly supported andu, 2 W1?(BR) solution of (25.153) such that

Kun kW132(BR) nCk Ky : (25156)
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Consider the sequence u
n

Vp = —i .
" kun kW 12(BR)

(25.157)

(Vn)n2n is bounded in W12(BR) so there exists a subsequence still denoted
by v, and v 2 WH2(Bg) such that v, *v  in WY2(Bg)and v, ! v in
L2(Bgr). Now sinceu, is a solution of (25.153), we have

Z Z Z

A+ rvarv, 12 ViV (TVn;Vp) = ol Ug T vy @ (25.158)
Br Br Br

Using (25.156) we obtain that
Z A

A+ Wir vai® 12 jvni2 (Tvasva)! O0(n'1 ): (25.159)

BR BR
R
Since Br nif Vaj2 ! 0, we get thata(vn;v,) ! 0, where
Z Z
a(u;v) = rurv 12 uv  (Tupv): (25.160)
Br Br

We want to prove that v, converges strongly inW%2?(Bg) to v and that
v =0. This will contradict the fact that 8n; kvhkwi2¢g,) = 1.
Now we decompose&a = & + &, into a coercive part,
z

&(u;v) = rur (Tu;v) (25.161)
Br
and a weakly continuous part, .
hy(u;v)= 12 uv: (25.162)
Br

Soa(v, V;Vhn Vv)=a&((Vh, V;Vh V)+&y(vn Vv, V). Wewrite
&WVn Vv, Vv)=a&(via Vv) @&(vpa V;Vv).Now, sincevy, *v in
W1L2(BRr) and & is strongly continuous onW2(Bg)?, we have that & (v,

viv)! O ,and&(\Vn V;Vn) = &(Vn;Vn) @&(V ;Va) ! &(vV ;v ),
which is
&(Vnhn Vv, Vv)! &(v ;v ): (25.163)
The coercivity of & gives
&(WVv;v)=0 (25.164)
By a computation similar to the one just above, we also nd that
avp Vvivy, Vv)! a(v ;v ): (25.165)
Sincedy(vn Vv vy, Vv )! 0, we getthat
a(lv ;v )=0: (25.166)
Sov =0 and, since a satis es (25.154), we get thatkr v, kEZ(BR) I 0as

n!'l .We have
va ! v=0in WY2(BR): (25.167)
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25.8 Proof of Proposition 25.1

DenoteV = us ul’ w() r Uy(z). V is a solution onR? of

r@+ + . 11 H)rv+!2v=r [, 11 r [Up r (X z) r Uy(z)]

(25.168)
subject to the Sommerfeld radiation condition. Now, de ne V; as the solution
on R? of

r@Q+ +[ 11 JrVo=r [, 11 r[U r (x z) r Uez)]:
(25.169)
with the condition Vp(x) ! O (x!1 ).

From [28, Lemma A.1], there exist three positive constantsC, € and
independent of and such that

kr Voki2gry C kr [Up r (X z) r Ug(z)lker ¢ ) (25.170)
and
kVokizgey € ™ kr [Up r (X z) r Uop(z)lkes(,y:  (25.171)
If we write W =V, we have that W solves
ro@+ +[, 11 H)rw+l12w= 12y (25.172)
with the boundary condition %—W Ti(W)=T (V) T o(Vo) on @&, whereT,
is the Dirichlet-to-Neumann map on Sg de ned in (25.148) associated with the
frequency! . The condition can be rewritten as%’ T (W)=(T T o)(Vo).

So, based on the well posedness of (25.172), there exist a consta®f inde-
pendent of and such that

kaWl;Z(BR) cO kVOkLZ(BR) + k[T| T o] (VO)kLZ(@B) : (25173)

Now, we can write that, for some constant still denotedC independent of
and

kaWLZ(BR) C kV0kW1?2(BR) + kVOkLZ(BR) : (25174)
Since < 1, using (25.170) and (25.171) we get

kVkwuzggy C 2: (25.175)

25.9 Proof of Proposition 25.3

Denote :y ! ¢= (y)= Y% If we dene 8¢ 2 B(0;1): w( )(g) =
Iwl)( 1(g), we want to prove the following:
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ke () ¢ w@kwizgoi1y C Kk + 172 (25.176)
Now, it is easy to see thatw( ) satis es the following equation:
ro @+, 1Mg+e)rw)+12w)=r ([, 11grg); (25.177)

where e = !, equipped with the Sommerfeld radiation condition. Using
equation (25.20) we get that

12 @l ):
(25.178)
Now, using Meyer's theorem [273], we get the following estimate:

r A+, 1MMg+e)r w) ¢ w =7 er w()

ke w()(g) » w® kiee) C ker w ko) +! kel kg
(25.179)
We need to estimatekw( ky 1:2(g (0.1 - Introduce &} ’ as the solution of

ro@+[ . Me+erwl’=r (, 1lgre: (25.180)
with the condition \H(() )(y:) I Oase!l . Meyerstheorem gives
k&) 'kwizgoiy CK ¢ 1IF BK2(80:1) (25.181)
We can see thate( ) &  is a solution of
ro@+[ . Me+e)r w) w) +12 W) @) = 12
(25.182)
We get that
kW( ) W(() )kW1?2(B(O;1)) c!? kW(() )kLZ(B(O;l)) .
So, using (25.181) we obtain
kel Jkwiz@eoay C 1+!12 (25.183)

Sinceker \&( )kLZ(B(O;l)) k ek,_1 (B (0;1)) kg )kW1?2(B(0;1)) and kEkLl (B(0;1))
k ki , using (25.179) and (25.181) we get

ke el )(®) g @ ke Ckk+!2A+kk + 17 ;
which is exactly, ask k; ! Oand ! 0,fory2 .

Y 240 Kk +(1)2 : (25.184)

rowly) (v z) = rw(
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25.10 Concluding Remarks

We have studied how second-harmonic imaging can be used to locate a alh
re ector in a noisy medium, gave asymptotic formulas for the second-hamonic
eld, and investigated statistically the behavior of the classic and scond-
harmonic backpropagation functionals. We have proved that the backprop-
agation algorithm is more stable with respect to medium noise. Our resus
can also be extended to the case of multiple scatterers as long as theyear
well-separated.
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