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C++11 code 1.2.12: Vector type and their use in EIGEN

dynamic. mafiices

1 |#include <Eigen /Dense >

s |template <typename Scalar>
s+ | void eigenTypeDemo (unsigned int dim)

s [ {

// General dynamic (variable size) matrices
using dynMat_t =
Eigen :: Matrix<Scalar , Eigen :: Dynamic, Eigen : : Dynamic >;

// Dynamic (variable size) column vectors

using dynColVec_t = Eigen :: Matrix<Scalar , Eigen :: Dynamic,1 >;
// Dynamic (variable size) row vectors

using dynRowVec_t = Eigen :: Matrix<Scalar ,1 ,Eigen :: Dynamic>;
using index_t = typename dynMat_t::Index;

using entry_t = typename dynMat_t:: Scalar;

// Declare vectors of size ‘dim’; not yet initialized

dynColVec_t colvec (dim) : f( creale \JecV obdeof\s

dynRowVec_t rowvec(dim) ;
// Initialisation through component access

for(index_t i=0; i< colvec.size (); ++i) colvec (i) = (Scalar)i;

20 for(index_t i=0; i< rowvec.size (); ++i) rowvec(i) = (Scalar)1/(i+1);
colvec [0] = (Scalar)3.14; rowvec[dim—1] = (Scalar)2.718;

22 // Form tensor product, a matrix, see Secftion 1.3.1

23 dynMat_t vecprod = colvecsxrowvec; Cﬁ[&fnh‘ PW j

24 const int nrows = vecprod.rows () ;

25 const int ncols = vecprod.cols () ;
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C++11 code 1.2.14: Initializing special matrices in EIGEN

#include <Eigen/Dense >

// Just allocate space for matrix, no initialisation

Eigen : : MatrixXd A(rows, cols) ;

// Zero matrix. Similar to matlab command zeros(rows, cols);
Eigen ::MatrixXd B = MatrixXd :: Zero(rows, cols);

// Ones matrix. Similar to matlab command ones(rows, cols);
Eigen ::MatrixXd C = MatrixXd ::Ones(rows, cols);

// Matrix with all entries same as value.

Eigen ::MatrixXd D = MatrixXd :: Constant (rows, cols, value);
10 |// Random matrix, entries uniformly distributed in [0,1]

n | Eigen ::MatrixXd E = MatrixXd ::Random(rows, cols);

2 |// (Generalized) identity matrix, 1 on main diagonal

13 | Eigen ::MatrixXd | = MatrixXd ::ldentity (rows,cols);

1 |std::cout << "size of A = (" << A.rows() << '’
std::endl;
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C++11 code 1.2.16: Demonstration code for access to matrix blocks in EIGEN

« |

24

25

27

28

2 |template <typename MatType>
s |void blockAccess(Eigen:: MatrixBase<MatType> &M)

w | for(index_t i=0; i < min(p,q); i++) SUbﬂ
15 cout << "Block (" << i << '," << i << '," << p<< ', << er
15(2{00(] << ") = " << M.block(i,i,p,q) << endl; L — UFZ)(

aec v

using index_t
using entry_t
const index t
const index_t

typename Eigen :: MatrixBase<MatType >:: Index ;

typename Eigen ::MatrixBase<MatType >:: Scalar;
nrows(M.rows () ); // No.
ncols (M.cols()); // No.

of rows
of columns

cout << "Matrix M = " << endl << M << endl; // Print matrix
// Block size half the size of the matrix

index_t p = nrows/2,q = ncols/2;

// Output submatrix with left upper entry at position (i)

// l-value access: modify sub-matrix by adding a constant
M.block(1,1,p,q) += Eigen::MatrixBase<MatType >::Constant(p,q,1.0); P
cout << "M = " << endl << M << endl;
// r-value access: extract sub-matrix
MatrixXd B = M.block(1,1,p,q);
cout << "lIsolated modified block =
// Special sub-matrices

cout << p << " top rows of m = " << M.topRows(p) << endl;

cout << p << " bottom rows of m = " << M.bottomRows(p) << endl;
cout << q << " left cols of m =" << M.leftCols(q) << endl;
cout << q << " right cols of m = " << M.rightCols (p) << endl;
// r-value access to upper triangular part

const MatrixXd T = M.template triangularView<Upper>(); //
cout << "Upper triangular part = " << endl << T << endl;

// l-value access to upper triangular part

M.template triangularView<Lower>() *= —1.5; //

cout << "Matrix M = " << endl << M << endl;

" << endl << B << endl;

MATLS

nam X
left comer
L <rze

hE iy




@ Tnang(;laf' hﬂd?fiﬂ) - C++11 code 1.2.22: Single index access of matrix entries in EIGEN
void storageOrder(int nrows=6,int ncols=7)
( o |\ ( \ ([ 0 |)

{

cout << "Different matrix storage layouts in Eigen" << endl;
// Template parameter ColMajor selects column major data layout
Matrix<double ,Dynamic ,Dynamic, ColMajor> mcm(nrows ,ncols) ;

// Template parameter RowMajor selects row major data layout

©w @ ~ (=] (5] B w N

0 0 Matrix<double ,Dynamic ,Dynamic , RowMajor> mm(nrows ,ncols) ;
// Direct initialization; lazy option: use int as index type
\ ) \ / \ ) 10 for (int I=1,i= 0; i< nrows; i++)
. . . . 11 for (int j= 0; j< ncols; j++,|++)
diagonal matrix upper triangular lower triangular . mem(i,j) = mm(i,j) = I
13
14 cout << "Matrix mm = " << endl << mm << endl;
. 15 cout << "mem linear = ";
[ Q‘{ CDWe) /Mdﬁlx Sb%( Foﬂ'mt_f " for (int 1=0;1 < mon.size(); l++) cout << mam(l) <<
17 cout << endl; b 4\ eSS
. . - - e
—_— 10 Makx-qs anﬂé’ ac
\S'TUI‘CO{ 1 71) 174 conﬁjww; GUTIZ% | cout << "mmm linear < *:
20 for (int 1=0;1 < mm.size(); l++) cout << mm(Il) << °’

,4 & zkm'n <D AT% df thﬁ»#) m-n : } cout << endl;
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C++11 code 1.2.28: Demonstration on how reshape a matrix in EIGEN

> |template <typename MatType>
s |void reshapetest(MatType &M)
+ | {
5 using index_t typename MatType:: Index ;
6 using entry_t = typename MatType:: Scalar;
7 const index_t nsize(M.size ());

9 // reshaping possible only for matrices with non-prime dimensions

10 if ((n3|ze °/02) == 0) {

12 // Reinterpretation of data of M

13 Map<Eigen :: Matrix<entry_t , Dynamic, Dynamic>> R(Mdat,2,nsize/2) ;
14 // (Deep) copy data of M into matrix of different size

15 Eigen :: Matrix<entry_t ,Dynamic, Dynamic> S =

16 Map<Eigen :: Matrix<entry_t ,Dynamic, Dynamic>>(Mdat,2 ,nsize/2) ;
17

18 cout << "Matrix M = " << endl << M << endl;

19 cout << "reshaped to " << R.rows() << 'x’ << R.cols ()

20 << " = " << endl << R << endl;

21 // Modifying R affects M, because they share the data space !
22 R %= —1.5;

23 cout << "Scaled (!) matrix M = " << endl << M << endl;

24 // Matrix S is not affected, because of deep copy

25 cout << "Matrix S = " << endl << S << endl;

2 }

Matrix M =

0—1-2-3—4-5-

1 entry_t xMdat = M.data(); // raw data array for M é— C MDET

1 0-1-2-3—-4-—

6
5
2 1 0-1-2-3-4
3 21 0-1-2-3
4 3 2 1 0-1-2
S5 4 3 2 1 01
reshaped to 2x21 =
0 2 411 3-202-3-11-4-20-5-3-1-6-4-2
13502 411 3-202-83-11-4-2 0-5-3-1
Scaled (!) matrix M =
-0 1.5 3 4.5 6 7.5 9
-15 -0 1.5 3 4.5 6 7.5
-3 —-15 -0 1.5 3 4.5 6
—-45 -3-15 -0 1.5 3 45
-6 —45 -3 -15 -0 15 3
-75 -6 —-45 -3-15 -0 1.5
Matrix S =
02 411 3-202-3-11-4-20-5-3-1-6-4-2
1 3502 411 3-2012-3-11-4-2 0-5-3-1
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C++11 code 1.5.3: Gram-Schmidt orthogonalisation in EIGEN

template <class Matrix>
Matrix gramschmidt( const Matrix & A ) {
Matrix Q = A;
// First vector just gets normalized,
Q.col (0).normalize () ;
for(unsigned int j = 1;

Line 1 of (GS)

i < A.cols(); ++j) {

© @ ~ o n £ w N

// matrix—-vector multiplication (Lines 4, 5 of (GS))
10 Q.col(j) —= Q.leftCols(j) * (Q.leftCols(j) .transpose() =x*
A.col(j)):;//

11 // Normalize vector, if possible.

12 // Otherwise colums of A must have been linearly dependent

13 if( Q.col(j).norm() <= 10e—9 x A.col(j).norm() ) { //

14 std :: cerr << "Gram—Schmidt failed: A has lin. dep
columns." << std::endl;

15 break ;

16 } else { Q.col(j).normalize(); } // Line 7 of (GS)

" }

18 return Q;

// Replace inner loop over each previous vector in Q with fast

C++11 code 1.5.7: Wrong result from Gram-Schmidt orthogonalisation EIGEN

void gsroundoff(MatrixXd& A) {
// Gram—Schmidt orthogonalization of columns of A,
MatrixXd Q = gramschmidt(A) ;
// Test orthonormality of columns of Q,
// orthogonal matrix according to theory
cout << setprecision(4) << fixed << "

see Code 1.5.3

w n

which should be an

~ (2] w s

8 << endl << Q. () *Q << endl;
9 // EIGEN’s stable internal Gram-Schmidt orthogonalization by
10 // OR-decomposition, see Rem. 1.5.9 below

i HouseholderQR<MatrixXd> qr(A.rows() ,A.cols()); //

12 qr.compute (A) ; MatrixXd Q1 = qr.householderQ(); //

13 // Test orthonormality

14 cout << "I1 = " << endl << Ql.transpose()*Q1 << endl;
15 // Check orthonormality and span property (1.5.2)

16 MatrixXd R1 = qr.matrixQR () .triangularView<Upper>() ;
17 cout << scientific << "A-Q1xR1 = " << endl << AQ1xR1 << endl;
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C++11 code 1.5.21: Querying characteristics of double numbers

#include <limits >
#include <iostreams>
#include <iomanip>

2
3
s
&
¢ |using namespace std;
7
8
9

cout << std::numeric_limits<double >:1is _iec559 << endl
std ::
std ::
std ::
std ::

int main () {
10 <<
11 <<
12 <<
13 <<
14 }

defaultfloat << numeric_limits<double>::min() << endl
hexfloat << numeric_limits<double>::min() << endl
defaultfloat << numeric_limits<double>::max() << endl
hexfloat << numeric_limits<double>::max() << endl;

onder How \ over Hlows can  hagpen

==
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true
2.22507e—308
0010000000000000
1.79769e+308
7fefffffffffffff

s

Output:
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Correct rounding (“rounding up”) is given by the function
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@ C++11 code 1.5.23: Demonstration of roundoff errors

Ead- e = 0

< Compolg 1o M

2 |#include <iostream>

s int main () {

‘ std::cout.precision(15);

5 double a = 4.0/3.0, b = a-1, ¢ = 3xb, e = 1—¢;

5 std::cout << e << std::endl;

7 a=1012.0/113.0; b = a-9; ¢ = 113xh; e = 5+c;

8 std::cout << e << std::endl;

g a = 83810206.0/6789.0; b = a—12345; ¢ = 6789xb; e = ¢c—1;
0 std::cout << e << std::endl;

n}

1 2.22044604925031e~16
Output: 2 6.75015598972095e—14
s+ —1.60798663273454¢—09

Conhe Mcrg rounddofE eqor
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xe R
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Assumption 1.5.32. “Axiom” of roundoff analysis

There is a small positive number EPS, the machine precision, such that for the elementary arithmetic
operations x € {+, —, -,/ } and “hard-wired” functions™ f € {exp, sin, cos, log, ...} holds

xFy=(xxy)(1+6) , f(x)=f(x)(1+6) Vx,yeM,

Y worst caw adimale

with |§| < EPS.

C++11-code 1.5.34: Finding out EPS in C++

2 |[#include <iostream>

s [#include <limits > // get various properties of arithmetic types

« lint main() {

5 std ::cout.precision(15);

6 std::cout << std:: numeric_limits<double>::epsilon() << std::endl;
7

}

Output:
i 2.22044604925031e—16

cout.precision(25);
double eps =
numeric_limits<double>::epsilon();
cout << fixed << 1.0 + 0.5%eps << endl
<< 1.0 - 0.5xeps << endl
<< (1.0 + 2/eps) - 2/eps << endl;

Output:

+1.0000000000000000000000000
> 0.9999999999999998889776975
s 0.0000000000000000000000000
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C++11 code 1.5.3: Gram-Schmidt orthogonalisation in EIGEN

template <class Matrix>
Matrix gramschmidt( const Matrix] & A ) {
Matrix Q = A;
// First vector just gets nofmalized, Line 1 of (GS)
Q.col (0).normalize () ;
for(unsigned int j = 1; j <|A.cols(); ++j) {
// Replace inner loop ovler each previous vector in Q with fast
// matrix-vector multipllication (Lines 4, 5 of (GS))
Q.col(j) —= Q.leftCols(j) * (Q.leftCols(j).transpose() x
A.col(j));//
// Normalize vector, if |possible.
// Otherwise colums of A must have been linearly dependent
if( Q.col(j). () <= 10e=9 x A.col(j). (0 ) A
std :: cerr << "Gram—8chmidt failed: A has lin. dep
columns." << stdi:endl;
break ;
} else { Q.col(j).normglize(); } // Line 7 of (GS)

}

return Q;

| 5.4, Cancelldhon
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C++11-code 1.5.41: Discriminant formula for the real roots of p(&) = &> + af + B

2 |//! C++ function computing the zeros of a quadratic polynomial
s |//! Qg»ﬁzﬁ—a§4~ﬁ by means of the familiar discriminant

4« |//! formula &1, %l a+ /o> —4B). However

s |//! this implementation i lnerable to round-off! The zeros are
e | //! returned in a column vector

7 | Vector2d zerosquadpol (double alpha, double beta) {

8 Vector2d z;

9 double D = std::pow(alpha ,2) —4xbeta; // discriminant

10 if(D < 0) throw "no real zeros";

11 else{

12 // The famous discriminant formula

13 double wD = std :: sqrt(D);

14 z << (—alpha—wD) /2, (—alpha+wD)/2; //

w| 3

16 return z;

17 }
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Witness cancellaton

C++11-code 1.5.41: Discriminant formula for the real roots of p()

~ o (3] S w

=P +al+p

4 H?;gz eron am/ﬂfiﬁmfw
when sobstectt
oumpes of bttty

e SiZE. .

//! C++ function computing the zeros of a quadratic polynomial

//! E—> & +af+ B by means of the familiar discriminant

//!  formula §17= %(—a + /a2 —4B). However

//! this implementation is vulnerable to round-off! The zeros are
//! returned in a column vector

Vector2d zerosquadpol (double alpha,
Vector2d z;
double D =

double beta) {

std ::pow(alpha ,2) —4xbeta;

if(D < 0) throw "no real zeros";

else ‘.:> A =>> |
// The famous discriminant formula
double wD = std::sqrt(D); — CD AL, Of
z << (—alpha—wD)/2, (—alpha+wD)/2; //

}

return z;

N
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C++11-code 1.5.48: Difference quotient approxima-
tion of the derivative of exp <> [{x) = ¢~

2 | //!
s|//! of the derivative of exp
+ [void diffq () {

Difference quotient approximation

5 double h = 0.1, x = 0.0;

6 for(int i = 1; i <= 16; ++i){

7 double df = (exp(x+h)—exp(x))/h;

8 cout << setprecision(14) << fixed;
9 cout << setw(5) << —i

10 << setw(20) << df—1 << endl;

11 h /= 10;

12 }

13 }

Measured relative errors >

1)

We observe an initial decrease of the relative approximation er-
ror followed by a steep increase when 1 drops below 1078,

 EFRS

hopé
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cameellation wilfugpay beie
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relative error

-15
-16

0.05170918075648
0.00501670841679
0.00050016670838
0.00005000166714
0.00000500000696
0.00000049996218
0.00000004943368
-0.00000000607747
0.00000008274037
0.00000008274037
0.00000008274037
0.00008890058234
-0.00079927783736
-0.00079927783736
0.11022302462516
-1.00000000000000
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C++11-code 1.5.54: Stable computation of real root of a quadratic polynomial

©w @ ~ (=] v e w N

//! C++ function computing the zeros of a quadratic polynomial
//! CA+§24—a§%—ﬁ by means of the familiar discriminant

//!  formula &1 = 5(—at/aZ—4p).

//! This is a stable implementation based on Vieta’s theorem.
//! The zeros are returned in a column vector

VectorXd zerosquadpolstab (double alpha, double beta) {
Vector2d z(2);
double D = std ::pow(alpha ,2) —4xbeta; // discriminant
if(D < 0) throw "no real zeros";
else{
double wD = std :: sqrt(D);
// Use discriminant formula only for zero far away from (
For the other zero

// in order to avoid cancellation.

// use Vieta’s formula.

if (alpha >= 0){

double t = 0.5%(=alpha—wD); //

z << t, beta/t;
) == ho  cance Uahon
else{

double t = 0.5%x(=alpha+wD); //

Z << beta/t, t;

}
}

return z;

}

’ Auozbﬁog/ cance(ahon by math. (olabibies
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C++11-code 1.5.61: Summation of exponential se-

ries

. |double expeval(double x,

3 double tol=1e—8){
4 // Initialization

5 double y = 1.0, term =
6 long int k = 1;

7 // Termination criterion

8 while (abs(term) > tolxy) {

9 term x= x/k; // next summand
10 y += term; // Summation

1 ++k;

12 }

13 return y;

1.0;

Terms in exponential sum for x = -20 = = .2 )
T T T T T

value of k-th summand

1 L 1 1 L 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
index k of summand

Siee of sumtrands:
Jwgﬁ (o modlnlyss )

2—Ymination chlaon

B

|exp(x) —&xp ()]

x  Approximation exp(x) exp(x) p(®)
-20 6.1475618242e-09 2.0611536224e-09 1,982583033727893
-18 1.5983720359e-08 1.5229979745e-08 0.049490585500089
-16 1.1247503300e-07 1.1253517472e-07 0.000534425951530
-14 8.3154417874e-07 8.3152871910e-07 0.000018591829627
-12 6.1442105142e-06 6.1442123533e-06 0.000000299321453
-10 4.5399929604e-05 4.5399929762e-05 0.000000003501044
-8 3.3546262812e-04 3.3546262790e-04 0.000000000662004
-6 2.4787521758e-03 2.4787521767e-03 0.000000000332519
-4 1.8315638879%e-02 1.8315638889e-02 0.000000000530724
-2 1.3533528320e-01  1.3533528324e-01 0.000000000273603
0 1.0000000000e+00 1.0000000000e+00 0.000000000000000
2 7.3890560954e+00 7.3890560989e+00 0.000000000479969
4 5.4598149928e+01 5.4598150033e+01 0.000000001923058
6 4.0342879295e+02 4.0342879349e+02 0.000000001344248
8 2.9809579808e+03 2.9809579870e+03 0.000000002102584
10 2.2026465748e+04 2.2026465795e+04 0.000000002143799
12 1.6275479114e+05 1.6275479142e+05 0.000000001723845
14 1.2026042798e+06 1.2026042842e+06 0.000000003634135
16 8.8861105010e+06 8.8861105205e+06 0.000000002197990
18 6.5659968911e+07 6.5659969137e+07 0.000000003450972
20 4.8516519307e+08 4.8516519541e+08 0.000000004828737
§ digdfs
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Definition 1.5.82. Stable algorithm

An algorithm F for solving a problem F : X — Y is numerically stable, if for all x € X its result f(x)
(possibly affected by roundoff) is the exact result for “slightly perturbed” data:

AC~1 WxeX: ]KeX: |x—X|yx < Cw(x) EPS%A F(x) = F(X).

— l‘mCﬁI.qe
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Sloppily speaking, the impact of roundoff () on a stable algorithmis of the same order of magnitude
as the effect of the inevitable perturbations due to rounding the input data.
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