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MATLAB-script 12.0.2: Use of MATLAB integrator ode45 for a stiff problem

i [fun = Q@(t,x) 500*xx"2* (1-Xx);
2 |options = odeset (' reltol’,0.1,"abstol’,0.001,’stats’,’on’);
s | [t,y] = oded5 (fun, [0 1],y0,0options);

7/
The option stats =| ‘on’ makes MATLAB print
statistics about the runfof the integrators.
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186 successful steps
55 failed attempts

1447 function evaluations

ode45 for d‘y =500.000000 y2(1 -y) 2
ode45 for dly =500.000000 y“(1-y)
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error at final time T=1 (Euclidean norm)

Fig. 42 ! timestep h
/\ large: blow-up of v for large timestep h
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Clearly, blow-up can be avoided only if |S(hA)| < 1:

IS(hA)| <1 & —2<hA<O.

| Qualitatively correct decay behavior of (i ), only un-
der timestep constraint

S@)
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h < |2/A]. (12.1.10)

< the stability function for the explicit trapezoidal
, method

Definition 11.4.9. Explicit Runge-Kutta method

For b;,a;; € R, ¢; := Z;.;% ajj, i,] =1,..., s, s € IN, an s-stage explicit Runge-Kutta single step
method (RK-SSM) for the ODE y = f(t,y), f: O — R?, is defined by (yo € D)
i—1

k; := f(l’() + C,'l’l,Y() +h Za,]k]) , i=1,..., S
j=1

, Y1:i= y0+hzbiki .
i=1

The vectors k; € RY,i=1,..., s, are called increments, i > 0 is the size of the timestep.
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Theorem 12.1.15. Stability function of explicit Runge-Kutta methods — [?, Thm. 77.2], [?,
Sect. 11.8.4]

The discrete evolution ‘Y’{ of an explicit s-stage Runge-Kutta single step method (— Def. 11.4.9)

with Butcher scheme i‘—br (see (11.4.11)) for the ODE yy = Ay amounts to a multiplication with

the number
Y = S(Ah) &y =S(Ah)yo,
where S is the stability function

S(z) :=1+2zbT(I—22%) "1 = det(I — 2% +21bT), 1:=[1,...,1]T €R°.

Y= S(%)‘(}/,,

(12.1.16)

>

IS(//IM, > | => bZO’W—UP e k—>o°
" 00 S(x) = 1
Explicit Euler method (11.2.7): 3 > (z)=1+z.
0olo o o
Explicit trapezoidal method (11.4.6): 1(1 0 > S5(z) =1+z+ 32"
7 2
0({0 0 0 O
2000 a1 i
Classical RK4 method: 10 3 00 > S(z) =1+z+32"+527 + 52 .
110 01 0
1 2 2 1
5 6 6 6

Corollary 12.1.18. Polynomial stability function of explicit RK-SSM

For a consistent (— Def. 11.3.10) s-stage explicit Runge-Kutta single step method according to
Def. 11.4.9 the stability function S defined by (12.1.16) is a non-constant polynomial of degree < s:
S € P..

=> Z-(JL“Z).» IS(Z-) ’ — P
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Only if one ensures that |Ah| is sufficiently small, one can avoid exponentially increasing approxi-
mations v (qualitatively wrong for A < 0) when applying an explicit RK-SSM to the model problem
(12.1.3) with uniform timestep 1 > 0,
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Consider circuit from Ex. 11.1.13

>

Transient nodal analysis leads to the second-order

linear ODE

i+t + pu = g(t),

with coefficients a« := (RC)~!, B = (LC)~

al(t).

Lg(t) =

RCL—circutt: R=100.000000, L=1.000000, C=0.000001

S

u(t),v(t)

3
time t

1 17897 successful steps

| 113923 function evaluations

| Inefficient: way more timesteps than required for re-

§12.1.24.

R =100Q), L = 1H, C = 1uF, U,(t) = 1Vsin(t),
1u(0) = v(0) = 0 (“switch on”)
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Definition 11.4.9. Explicit Runge-Kutta method

For b;, ajj € R, ¢; := ZJ 1 @i i,j=1,...,5,58 € N, an s-stage explicit Runge-Kutta single step

method (RK SSM) for the ODE y = f(t,y), f: QO — R?, is defined by (yo € D)

i—1
k,‘ = f(f() + Cill,y0+ h Z[l,]k]) p i=1,..., S

; V1= yo+h Zbiki .
j=1 i=1

The vectors k; € R?,i = 1,...,s, are called increments, i > 0 is the size of the timestep.
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Theorem 12.1.46. (Absolute) stability of explicit RK-SSM for linear systems of ODEs

The sequence (yy), of approximations generated by an explicit RK-SSM (— Def. 11.4.9) with
stability function S (defined in (12.1.16)) applied to the linear autonomous ODE y = My, M € C4¥,
with uniform timestep h > 0 decays exponentially for every initial state y, & C?, if and only if
S(A;h)| < 1 for all eigenvalues A; of M.

Reatl :  Ewn if Me RM - 4, e C pushi
— SFM/J/ 1S(2)] ddes B = EC

Definition 12.1.49. Region of (absolute) stability

Let the discrete evolution ¥ for a single step method applied to the scalar linear ODE y = Ay,
A € C, be of the form

Y'y=S(z)y, y€C h>0 with z:=/h\ (12.1.50)

and a function S : C — C. Then the region of (absolute) stability of the single step method is given
by

Sy:={zeC:|S(z)| <1} CC.

o = SV, = Lyl = [s@ilyl

=3 -2 -1 0 1 2
Re

Swy: explicit Euler (11.2.7)
S(z) =t+=2

Im
=)

-3 -2 -1 0 1 2 3
Re

Sy: explicit trapezoidal method

-3 -2 -1 0 1 2
Re

Sy: classical RK4 method
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for small timestep the behavior of an explicit RK-SSM applied to y = f(y) close to the state y, E-)W{MIV & : 7/ — ‘6(7’ ) q >/ ( 1 y ) t 2 = -
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' A= | (12.2.6)

. 0
y= [1 0]Y+/\(1—|ly||) , lyollz=1.

satisfies || y(t)||, = 1 for all times. Using the product rule (8.4.10) of multi-dimensional differential calculus

we find
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accurate solution with few steps (/. — 0)

Notion 12.2.9. Stiff IVP

An initial value problem is called stiff, if stability imposes much tighter timestep constraints on explicit
single step methods than the accuracy requirements.
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How to distinguish stiff initial value problems

An initial value problem for an autonomous ODE y = f(y) will probably be stiff, if, for substantial
periods of time,

(12.2.15)
(12.2.16)

min{ReA : A € o(Df(y(t)))} <0,
max{0,ReA: A € oc(Df(y(t)))} =0,

where t — y(t) is the solution trajectory and ¢(M) is the spectrum of the matrix M, see Def. 9.1.1.

For any timestep, the implicit Euler method generates exponentially decaying solution sequences
(V)1 for ¥ = My with diagonalizable matrix M € R*? with eigenvalues A1, ..., Ay, if ReA; < 0

foralli=1,...,d.

Typical features of stiff IVPs:
4+ Presence of fast transients in the solution, see Ex. 12.1.1, Ex. 12.1.33,

4+ Occurrence of strongly attractive fixed points/limit cycles, see Ex. 12.2.5
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Definition 12.3.18. General Runge-Kutta single step method (cf. Def.

For bj,aij € R, ¢; := Zj-:] aij, i,j =1,...,8,8 € N, an s-stage Runge-Kutta single step method
(RK-SSM) for the IVP (11.1.20) is defined by

k,’2=f(f()+C,'l'Z,y0+l'lL(I,'jkj), i=1,..., S , Y1 _Y()+112bk

= ln(,rcmaWL

ﬁ MZ%L
$imp ﬁed cu‘i’én %%;ﬁ( saledl b/
xuc+!) = xE = DFE(x 1)}_/7( (!c))
fw F(x) = 0

j=1
| \ non - Lhea @zdan of Q.

) d
As before, the k; € IR” are called increments. with s-d vnknowory

[mPZ- Evlyy - S = 1 - U, = i, (9,"—“ ﬁ
General Butcher scheme notation for RK-SSM
C1 | d11 a1;
Shorthand notation for Runge-Kutta methods cl A
Butcher scheme > b Cs | ds1 Ass .
Note: now [ can be a general s X s-matrix. by e bs
(12.3.20)
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Definition 12.3.18. General Runge-Kutta single step method (cf. Def.

For b,',a,',- ER, ¢ := ):;zl aijy 1,7 =1,..., s, s € IN, an s-stage Runge-Kutta single step method
(RK-SSM) for the IVP (11.1.20) is defined by

k;:=f(toy+cih,yo+h Z a,-]-k]-) , 1=
j=1 i=1

As before, the k; € R are called increments.
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 Theorem 12.3.27. Stability function of Runge-Kutta methods, cf. Thm. 12.1.15

[Stability function of general Runge-Kutta methods]
The discrete evolution ‘}’” of an s-stage Runge-Kutta single step method (— Def. 12.3.18) with

Butcher scheme "_r (see (12.3.20)) for the ODE vy = Ay is given by a multiplication with

o T/ on—1, _ det(I—2z2+421b")
S(z) =1+42zb (Iv z2) 1= det(l —220)
stability function T

, z:=Ah,
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S\y implicit Euler method (11.2.13)



g_’_'/i hde fyy Yh=>0 [ Ri1z0]
l=> {zeC, kez=0] < Sy
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Definition 12.3.32. A-stability of a Runge-Kutta single step method
methed
£ 0 A Runge-Kutta single step method with stability function S is A-stable, if
5( ) — [+ %2 C :={z€C:Rez <0} CSy. (Sy = region of stability Def. 12.1.49)
} z — y =
1=/

- 33 -2 -1 0 1 2 3
Fig. 448 Re

Sy implicit midpoint method (11.2.18) \
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