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Definition 4.1.4. Finite channel/filter

A filter F : (®(Z) — (®(Z) is called finite, if every input signal of finite duration produces an
output signal of finite duration,

{MeN: [|>M = x=0} = INeN: k>N = (F((x));;z)k=0,
(4.1.5)

Definition 4.1.11. Causal channel/filter

Afilter F : (*(Z) — (*(Z) is called causal (or physical, or nonanticipative), if the output does not
start before the input

VM EeN: (x)); ., €£7(Z), xj=0 Vi <M = F((xj); k=0 Vk<M. (41.12)

ImpuLse iesponse cloes not depenct om L.



Definition 4.1.7. Time-invariant channel/filter

Afilter F : [®(Z) — [*°(Z) is called time-invariant, if shifting the input in time leads to the same
output shifted in time by the same amount; it commutes with the time shift operator from (4.1.6):

V(xj)jez € (7(Z), Ym € Z: F(S,,,((xj)]. (4.1.8)

i
hime shibf Sm ( (g );gz) - (XE" i )Jéz
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Definition 4.1.9. Linear channel/filter

Afilter F : [®°(Z) — [®°(Z) is called linear, if F is a linear mapping:

F(“(x]')]’gz + ﬁ(yj)jez) = “F<(xj)jez> + 513((1]]')]-62) V(x]')]’ez/ (yj)jez €l™(Z), a,peR.
(4.1.10)

]

Y
LT - FIR chatrel

[T-FIR  mpda , 1.t (0, h,, .. h,,,
F( () ) F gz
;:AGTZ XK F((gkg,)‘;gz)

?(K ( hJ—K)gsZ

I}

|

2

ke

( F( (xd)}éz))} = ;gz? Xy hg-|<

input signal x impulse response h

0. )
Vi

né

XK (6K¢ )géz >

[ G sum T

n=25

[ Gl duttion]

1 [ ‘ I | | 1 ‘ [
o T L L . i J o
0 1 2 3 4 5 6 7 8 0 1
index i of sampling instance t, Fig.[132)|

(0, .0, Xy ) Xyey, O ) [ Emike ]
= Domhon of ovbpot : (mtn-R)AT

2 3 4 5 6
index i of sampling instance tl

\f



@ wpsetos, response eporae response
_ Yo -
g l | | E | g ‘ | g ‘
L ‘ | o N ‘ ‘ I‘ I : 11 ..... ‘ : ‘ 1% e ‘ ‘ l [ ‘ _ (4.1.18)
. all responses accumulated responses
52'5- ;0 .%4_
§ , ° E _y2n—2_
o m Jﬂ . ﬂ 1 B _
- 0 1 2 3 K 5 6 7 Ja;u 0 1 2 3 |4 5 6 7 8 ( F ( (Xo‘ VJ’
. . ]
For finie sigmaty (1,0, O X, -, Xy, 0, o) v X ER
— : . n an-1} Gi = [xo,..., n1]” € K", h = [hy,..., ha_1]" € K" their discret lution is th
L—l - FIR Chd(m@( ~/ ({ﬂw Wmﬂaﬂ, AQ —> R ve“c/:?:r); c ]1[31—1 Wﬁh clomponents o l o GReiee comoion 5 e
l':; hm d W }Cpmhbb) Y = nil l‘lk_j.x]' , k=0,..., 2n —2 (/1] =0 fOrj < 0) . (4.1.23)
=0
Notapon : Y = nhxx = X *h




S

A
S — Hint . ) 2 oufput fw
< Xy hg~l< , 626;2 Xy h (Pa P
zré—k
X0y Xn-1 hOr--'/hn—l l ] h , ] [
l i..!l! !}’:[.lz‘:-’:-:>
= - —
@ — LFIRAy....h,1 —@ @ — LIFIRxp...,.xy1 —@ A A q\ At -n . "
-~ 0 n An
FD f—-"\: ,_)_< =3 Rn X x [Xo, - Xh-t jT Definition 4.1.29. Discrete periodic convolution
»/VJW ,. n - PaWt mPU?L (ng)a_gz . XJ — XJ-H-, Vg/ 'FI)'ZEOgiizcsrz;i:r?;odic convolution of two n-periodic sequences (pi) ez, (Xik)rcz Yields the n-
= - [W‘ "Cr T - ~ & n n—1 n—1
= n OD*PU% ”{ L] F{R — ¥ R (i) == (px) *n (xk) , Yr:= 2 Pk —jXj = Z Xk-jpj, ke Z.
T-FIR in n-pedodic L Lingzr magpi = K"
L (h N-pe ngeﬁ’ﬂg nezr ”7«”’6" i Ay dnﬂma/byn pmwa&
>/K = z% ?D)(’-( X( [ ¥ ‘P % X _] - y() - i PO (Pn—l Pn—2 p.l «\'0
4\ P1 Po | Pn-1 : .

n'P"‘"w& Im}puife PR _ pgz a po . (4.1.27)
LR. of LT-FIR , fhe SRR

IR

£ (hy)

JEZ

: Pn-1 .
| Yn—1] | Xn—1
| Pn—1) - Pi  Po

Pe = KZ&]/ hé‘v‘k'z / 6”;0' - =l = 7 ~
dilc. pov. cony = Mlﬁ)bflicb/vbﬂ wWith  cliculmt mtfix




Definition 4.1.34. — [?, Sect. 54 : :
o et , 1.2. Tisale Fovner  Transtorn (PFT)
A matrix C = [c,]] | € K™ is circulant [ C = W[(P') ]
:@ n-periodic sequence: ¢;; = pi—j, 1 <1i,7 < n. .
3 (pkez n-p q i =Pj-i 1< Exponment :  EV a{ random  cerewlanl,  mahices
Reducton . scacle comvdlubon = perdic d.c. T 3= [ §»& exmnpé’ T
Y 74
N Z = gxb = X Xy Y 3 4 towdom 521@9%7
g )ﬁ & Rn - In-1 0 of - ' . :
Zuo ,ﬂ%ﬂtrg [“‘]6 /% .+
dumbhon  dn-2 0 - *
[ _-,_b_ I Zn~1 Fig. 140 - ' : * index of eigenvalue
O Elgenvectors of matnx Cy, wsuahzed through the size of the real and |mag|nary parts of thelr components.
7 I v I ™ n n
— — — 5 g 1] L L
Fig. 139 —n 0 n 2n 3n 4n E %« g« % *:
P | i i
i i i i
; B B ;
] A ] P
; i | ; i




vector component value

& & & e e e
vector compaonent value

E & & . = g B
vector companent value

E & & . = g &g

n—l
— |<( 74
o D
: : : :
g g § g
X - z - = cof? pig AL, oy
=0

uoouncnuldu vac oannonend

1> \56006 & Vzd?zp [wmpb(lj
Elgenvectors of C-= gaIIery(cnrcuI (ﬂ)) ‘» D C \_/JC = ﬂ > V4 @ _/I\

dreubeenianh, dprwea rarten Szdeh 5 e S50.5%6 crnwt ot egeecte

vector component value
E_ £ E &

vector component value
E B E - B B E E
vector component value

: RO T @l - w1 @b T
: ] wpt™ w;
S5 S (= S S |5 2(n-2) (n—1)
vector companent index vectar component index vector component index . n n
) {VO/---/Vn—l}: { l : . ;- (4.2.11)
—fR - AT , - : :
= 2 = CQS{%I) L S(D(h ) [t vmﬁ'] : : : :
0 2
o = A (%) bl Logt] - [apno2 ] [ o7

w,;“ = &3,,‘4 [comflzx Cmdt@zﬁm\'f = %ﬂdmomefnc basis 0;{ (CQ
(co?)®

W = (cok) =



Wy Wy e Wy
wp Wy e Wy
0 2. 2n—2 jipn—1
F, = wy, Wy wy, — lw”]L . E cnn

- \2
0 - (n—1)~
Wy Wy b Wy

C K,

Fovrer mﬂ—h(?)(

P D, D = diagnel

|

(4.2.13)

el .
(D)m: ;f Ay c,()b“w = [(@)ij = F u
t =0 ; !
(R e

Lemma 4.2.16. Diagonalization of circulant matrices (— Def. 4.1.34)
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Lemma 4.2.14. Properties of Fourier matrix

The scaled Fourier-matrix ﬁF” is unitary (— Def. 6.2.2): F,!=1Fl = 1F,

For any circulant matrix C € IK"", ¢;; = u;_j, (ux)xez n-periodic sequence, holds true
CF, = F, diag(dy, ..., dy) , d=Fuluy,..., u,,_]]T )
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Definition 4.2.18. Discrete Fourier transform (DFT) "i cz ! @?;S(Je }C COT! JO LM )?OM J {rd ,p F;T

The linear map F,, : C" — C", F,,(y) := F,y, y € C", is called discrete Fourier transform (DFT),

ie for c:= Fp(y) = l:h;,_ . pevfma‘c cnV . L/=> mv%}ohdc/fan W/ aw(am‘ mainx

n—1 .
Ck = Ey]-wﬁ] , k=0,...,n—1. (4.2.19) .
7 Conclusion (fromF,, = nF,jl): { C= F;l diag(dq,...,d,)E, |. (4.2.17)
LLomma 424 — C = creeel (4) d = Fu
cC =K = = + ! ’
= n ¥ .>Z R h &

n—-} C++11 code 4.2.25: Discrete periodic convolution: DFT implementation =* GITLAB

mee  DET - Ye = w26 con ¥

VectorXcd pconvift(const VectorXcd& u, const VectorXcd& x) {
Eigen ::FFT<double> fft ;
VectorXcd tmp = ( fft.fwd(u) ).cwiseProduct( fft.fwd(x) );

return fft.inv(imp);
C++11 code 4.2.22: Demo: discrete Fourier transform in EIGEN = GITLAB

o v -~ w n

}

2 [int main () {

3 using Comp = complex<double>;
4 const VectorXcd::Index n = 5; . .
s| VectorXed y(n),c(n),x(n); ' 5€Wé GZ{J'C. cony, . by Z=UHD )W&(CQ%

6 y << Comp(1,0),Comp(2,1) ,Comp(3,2),Comp(4,3) ,Comp(5,4);

7 FFT<double> fft; // DFT transform object C++11 code 4.2.26: Implementation of discrete convolution (— Def. 4.1.22) based on
5 c = fft.fwd(y); // DIF of y, see Def. 4.2.18 periodic discrete convolution => GITLAB
9 x = fft.inv(c); // inverse DFT of c, see (4.2.20) VectorXcd myconv(const VectorXcd& h, const VéctorXcd& x) {

const long n = h.size ();

// Zero padding, cf. (4.1.37)

VectorXcd hp(2«n — 1), xp(2xn — 1);

hp << h, VectorXcd::Zero(n — 1);

xp << x, VectorXcd::Zero(n — 1); ‘ v

// Periodic discrete convolution of length 2n-—1, ??
return pconvfft(hp, xp);

i cout << "y " << y.transpose() << endl
" " << c.transpose() << endl
<< x.transpose() << endl;

12 <<

13 <<
14 return O;
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C++11-code 4.2.33: DFT-based frequency filtering => GITLAB

2
3
4
&
6
7

void freqfilter (const VectorXd& vy,

int k,
VectorXd& low, VectorXd& high) {
const VectorXd::Index n = y.size();
if (n%2 != 0)
throw std::runtime_error("Even vector
const VectorXd::Index m = y.size () /2;

Eigen :: FFT<double> fft ;
VectorXcd c = fft.fwd(y) ;

VectorXcd clow = c;
// Set high frequency coefficients to zero,
for (int j = —k; j <= +k;

length

// DFT helper object

Fig.

++j) clow(m+j) = 0;

required ! "

// Perform DFT of input vector

146

// (Complementary) vector of high frequency coefficients

VectorXcd chigh = ¢ — clow;

// Recover filtered time—-domain signals
low = fft.inv(clow).real();
high = fft.inv(chigh).real () ;
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C++11 code 4.2.48: Two-dimensional discrete Fourier transform => GITLAB

template <typename Scalar> Dﬁ’b&'/&@&/ G(Qh/éfmfgl ; é—“‘> Bfl

void fft2 (Eigen :: MatrixXcd &C, const Eigen:: MatrixBase<Scalar> &Y) {

using idx_t = Eigen::MatrixXcd::Index; (L) .P.F.}-P? . /p —_— >/

const idx_t m = Y.rows () ,n=Y.cols();

célgrgrflzf\ﬂ(;:,r?x)XCd tmp (m,n) ; (“’) >/ CZU].‘S? QUDhC‘Tb (L 7},/;]] >
(i) ivveve FHQ - (19497 )

©w -] ~ o w 4 w N

Eigen ::FFT<double> fft; // Helper class for DFT

10 // Transform rows of matrix Y

1 for (idx_t k=0;kam;k++) { = .1 ‘ N

2 Eigen ::VectorXed tv (Y.row(k)); l:shmdﬁng, pSF -

13 tmp.row(k) = fft.fwd(tv).transpose(); @ 1 m_{‘ }-ma(?@

14 } i; — N

i C. = bluned i =

16 // Transform columns of temporary matrix t, = /magw

17 for (idx_t k=0;k<n;k++) {

18 Eigen ::VectorXcd tv(imp,col(k)); . —_— 2
" C.col(k) = fft.fwd(tv); [ Srcqj == argmm 2_ // f?)([rkﬁ]/- PL )’ (,, //7_._,
2 } ! 1=

o |} [teq T




©)

\/Va/[w DFET - C

10" - - :

4. 3. Fast  Foorer Transform (FFT)

cost = OCp~)
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loop based computation

° direct matrix multiplicaton
—— MATLAB fft() function
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C++11 code 4.3.5: Recursive FFT = GITLAB \

// Recursive DFT for vectors of length n
VectorXcd fftrec (const VectorXcd& y) {

2
3
4 using idx_t = VectorXcd::Index;
5 using comp = std::complex<double>;
6 // Nothing to do for DFT of length 1
7 const idx_t n = y.size () ;
8 if (n == 1) return y;
9 if (n% 2 != 0) throw std::runtime_error("sfze (y) must be even!"
10 const Eigen ::Map<const
Eigen : : Matrix<comp, Eigen :: Dynamic, Eigen :: Dynamic, Eigen ::

11 Y(y.data() ,n/2,2); // for selecting even an{d off compoents

12 const VectorXcd c1 = fftrec(Y.col(0)),c2 = fftrec (Y.col(1));
13 const comp omega = std ::exp(—2«xM_Pl/nxcomp(0,1)); // root of unity
wn
14 comp s(1.0,0.0) ;
15 VectorXcd c(n);
16 // Scaling of DFT of odd components plus periodi copying
17 for (long k = 0; k < n; ++k) {
18 c(k) = c1(k%(n/2)) + c2(k%(n/2) )xs;
19 S *= omega;
20 }
21 return c;
~ I .
Computational cost of fftrec: L
1x DFT of length 2
2x DFT of length 281
4x DFT of length 212
L
®

i

RowMajor>>

2Lx DFT of length 1
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Asymptotic complexity of discrete periodic convolution,see Code 4.2.25:
Cost(pconvift (u,x),u,x € C") =0(nlogn).

Asymptotic complexity of discrete convolution, see Code 4.2.26:
Cost(myconv (h, x),h,x € C") =O(nlogn).
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Definition 4.5.8. Toeplitz matrix

T = (t;j);,

iji=1 € K"™" is a Toeplitz matrix, if there is

a vector u = [ll_er], e ooy un_l] € ]I(ﬂ'l-{—ﬂ-l SUCh
thattjj=u; ;, 1 <i<m,1<j<n.
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