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Notation:  Vector space of the polynomials of degree < k, k € IN:

P = {t— aktk+ak_1tk_l +
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C++-code 5.2.7: Horner scheme (vectorized version)

-+ aqt +aglaj € R} . (5.2.1)
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2 |/ Efficient i f a lynomial

* using the Horner scheme \egref{intp:Horner}

* IN: p = vector of \com{monomial coefficients}, length = degree + 1
* X = vector of evaluation points &> t‘

* OUT: y = polynomial evaluated at x =/

7 |[void horner(const VectorXd& p, const VectorXd& x, VectorXd& y) {

const VectorXd::Index n = x.size () ; . i
y.resize(n); y = p(0)*VectorXd ::Ones(n) ; L) V@/ﬂVlZeg/ V@[g]p{?
for (unsigned i = 1; i < p.size(); ++i) {
y = x.cwiseProduct(y) + p(i)*xVectorXd::Ones(n) ;
b [ Grvenbon (ea&arg coellizent <> pl0) ]

14 /* SAM LISTING_END_O =/




Y BfRd = O(K)

(iid) ’Pa nom(a/) cam appor ‘mdle tomhons el
ans !

I L. T?veory

Lagrange polynomial interpolation problem

Given the simple nodes ty, ..., th,n € N, —o0o < tp < ) < --- < t, < o0 and the values
Yo, ..., Yn € R compute p € Py, such that
p(tj) =y; for j=0,...,n. (5.2.9)
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C++-code 5.1.18: C++ class representing an interpolant in 1D

i |[class Interpolant {

2 private:
// Various internal data describing f
4 // Can be the coefficients of a basis representation (5.1.7)
5 public:
// Constructor: computation of coefficients ¢j of representation
(5.1.7)

pr—r—

Interpolant( const vector<double>& t, const vector<double>& y) ;

1 // Evaluation operator for interpolant f

{ |- double operator() (double t) const;; —= refoms 'P(‘é)
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C++-code 5.2.26: Polynomial Interpolation

1 |class Polylnterp {
private:
// various internal data describing p

Eigen :: VectorXd t;
public:
// Constructors taking node vector (t() ..... t,,) as argument

Polylnterp (const Eigen ::VectorXd &_t);
template <typename SeqContainer>
Polylnterp (const SeqContainer &v);

// Evaluation operator for data (Yo,.-.,Yn); computes

// p(xx) for x}x’s passed in x - K= I?"‘rN .mw+ be

Eigen :: VectorXd eval (const Eigen:: VectorXd &y, .
const Eigen :: VectorXd &x) const; Vuy e%am

}s




C++-code 5.2.32: Interpolation class: multiple point evaluations
A

template <typename NODESCALAR>
template <typename RESVEC,typename DATAVEC>
RESVEC BarycPolylnterp <NODESCALAR>:: eval
(const DATAVEC &y,const nodeVec_ t &x) const {
const idx_t N = x.size(); // No. of evaluation points

Appreach . p(x|) = ;Zn; Y Ly (XK)
Cack = O(Nn?) v, N —>ea

©w @ ~ o wn £ w N

! . RESVEC p(N); // Ouput vector
lm ’ Pfccampok (W& 0_{ ﬁw Ll S ) thy Cpad.}uCtav // Compute quotient of weighted sums of tl_'t,’ effort O(n)
= for (unsigned i = 0; i < N; ++i) {

ﬁ(t—t-) i Aj y; 10 nodeVec_t z = (x(i)*nodeVec_t::Ones(n) — t); 2 erfav 4[_( xk.".bd\
. J : t_t L 11

j=0 i=0 : 12 // check if we want to evaluate at a node <-> avoid division by

zero
12 NODESCALARx ptr std -find (z.data() , z.data() + n,

2 NODESCALAR(O0) ) ;
dmp [ 14 if (ptr 1= z. data() — n) { // if ptr = z.data + n = z.end no zero

was found

15| p(i) = y(ptr — z.data()); // ptr - z.data gives the position of
the zero

16 }
17 else { ()k
18 const nodeVec_t mu = lambda.cwiseQuotient (z); —> com Mg}zﬂ;‘
19 p(i) = (mu.cwiseProduct(y)).sum() /mu.sum() ; [5 2 29)

A; = }

i=0 =%, all_} // end for

2 return p;

— . 23 }

— . (5.2.28)
=y Cost = 0(/Nn) ‘v nl—e

L>
gmg/jlhs o t/eoém;/

O(WQ)

|

Note - Cout (Corgpolf: 2.5 )




Y 3.2.3.2 S:’rg(/ evalitoion

noden vt >),;
v v

dovble eval (const Ve Xd €%, comst Vackd @,/m% %)

D> Aitke - Meuiihe  Sscheme
"puliad Laqung dlgolart” -, , €
> tecunion

Pr =
Dy, e 1) =

y K,y L

YK

(- ti) P g (xj ()(——‘bz)Pn Z-1 (><
"&z, "bk

P(é A

1\ —~——— _J
=\ af X= Ty

= e ’(FﬁC .

= " X"T_&L \ k-éb‘fwe

evujuain
print

V

& Sox

Line 10
n= 0 Vo 2 3
fo | yo=:Poo(x) (Zipoa(x) —poa(x) —pos(x) > ]
b | y1=:p1a(x) jmz(x) 7}71,3(1’) (ANS)
ta | y2=: paa(x) 7!’23(1’)
t3 | y3 =: p33(x) \Vlé

C++-code 5.2.35: Aitken-Neville algorithm

// Aitken-Neville algorithm for evaluation of interpolating polynomial
// IN: t, y:
// x:
// OUT: value of interpolant in x

double ANipoleval(const VectorXd& t,

(vectors of) interpolation data points
(single) evaluation point

(=2} v -~ w N

VectorXd y, const double x) {

;| for (int i = 0; i < y.size(); ++i) {

8 for (int k=i — 1; k >= 0; —k) {

9 // Recursion (5.2.34)

10 y(k) = y(k + 1) + (y(k + 1) — y(k))x(x — t(i))/(t(i) — t(k));

11 }
12 }
13 return y(0);

“ |}

a/n A dzcdzun up% el @y  cimullzneons eoalubas

n=

to Yo =4
f1 Y1 =:
) Yo =:
t3 | y3 =:




Ce++-code 5.2.37: Single point evaluation with data updates Idea: computing inaccessible limit by extrapolation to zero

1 [class PolyEval {
2 private:

3 // evaluation point and various internal data describing the
polynomials

® Pick hy, ..., h, for which 1 can be evaluated “safely"
@ evaluation of (h;) for different ;, i = n, |t > 0.
public:

// Constructor taking the evaluation point as argument

PolyEval (double x): ® (0) ~ p(0) with interpolating polynomial p € Py, p(hi) = (h;).

void addPoint (t,y);

// Value of current interpolating polynomial at x

10 double eval(void) const; /

4
5
6
7 // Add another data point and update internal information
8
9

4
P

32 3.3 Exhzsz[aﬁbn b Zep N
7R
Corpole =, V() pithovt evﬁgcfa/bnda ( Pe7 > h
—>0
:/ u f = [] (double x) u = [] (double x) u h = [] (double x)
[ mé pLIMIUT '06&6’&& ] {arettourn std: :aotan (ex) H {arettourgn std: :soqrt (ex) HS ?rz:urn std: :pr (i) He

diffex(f,1.1,0.5) diffex(g,1.1,0.5) diffex(h,1.1,0.5)

\

v Symmehc — difownce

Relative error Relative error

Exam lp@l ;

({,mhmﬁ

Degree Degree Degree Relative error

1 0 0.04262829970946 0 0.02849215135713 0 0.04219061098749
/W h) = <h ( -F / K'{‘k} F& = ) > %!‘Xié@/?o}’) 1 0.02044767428982 1 0.01527790811946 1 0.02129207652215
0 2 0.00051308519253 2 0.00061205284652 2 0.00011487434095
3 0.00004087236665 3 0.00004936258481 3 0.00000825582406
f(x) = arctan(x) flx) = vx f(x) = exp(x) 4 0.00000048930018 4  0.00000067201034 4 0.00000000589624
h Relative error h Relative error h Relative error 5 0.00000000746031 5 0.00000001253250 5 0.00000000009546
2-T 0.20786640808609 2T 0.09340033543136 2~ T 0.29744254140026 6 0.00000000001224 6 0.00000000004816 6 0.00000000000002
26 0.00773341103991 276 0.00352613693103 276 0.00785334954789 7 0.00000000000021
2~ 0.00024299312415 2~ 0.00011094838842 2~ 0.00024418036620 / 10 },) = /
2716 0.00000759482296 2716 0.00000346787667 2716 0.00000762943394 o/ ¢ E
221 0.00000023712637 2721 0.00000010812198 2721 0.00000023835113
226 0.00000001020730 2726 0.00000001923506 2726 0.00000000429331
2731 0.00000005960464 231 0.00000001202188 231 0.00000012467100
236 0.00000679016113 2736 0.00000198842224 2736 0.00000495453865




C++-code 5.2.46: Numerical differentiation by extrapolation to zero

24

25

dater poinr Loop

27

28

// Extrapolation based numerical differentation

// with a posteriori error control

// f: handle of a function defined in a neighbourhood of x € R

// x: point at which approximate derivative is desired

// hO: 1initial distance from x

// rtol: relative target tolerance, atol: absolute tolerance

template <class Function>

double diffex (Function& f, const double x, const double hO, const

double rtol, const double atol) {

const unsigned nit = 10; // Maximum depth of extrapolation
VectorXd h(nit); h(0) = h0; // widths of difference quotients
VectorXd y(nit); // Approximations returned by difference quotients
y(0) = (f(x + h0) — f(x — h0))/(2«h0); // Widest difference quotients

// using Aitken-Neville scheme with x =0, see Code 5.2.35
for (unsigned i = 1; i < nit; ++i) {
// create data points for extrapolation
h(i) = h(i—1)/2; // Next width half a big
y(i) = ( f(x +h(i)) — f(x—h(i)) )/h(i —1);
// Aitken-Neville update
for (int k=i — 1; k >= 0; —k)
y(k) = y(k+1) — (y(k+1)=y(k))*h(i)/(h(i)=h(k));
// termination of extrapolation when desired tolerance is reached
const double errest = std::abs(y(1)—-y(0)); // error indicator
if ( errest < rtolxstd::abs(y(0)) || errest < atol ) //
break ;

}

return y(1);

}
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C++code 5.2.47: Polynomial evaluation

i |class PolyEval {
2 private:

3 // evaluation point and various internal data describing the
polynomials

4 public:
5 // Idle Constructor

6 PolyEval () ;

7 // Add another data point and update internal _dfiformation
8 void addPoint(t,y);

9

// Evaluation of current interpolating polynomial at x

10 Eigen::VectorXd operator () -(Const Eigen: . VectorXd &x) const;
2 dovble
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C++-code 5.2.58: Divided differences evaluation by modified Horner scheme

// Evaluation of polynomial in Newton basis (divided differences)

// IN:
— elhonzed yenion

// vy = values in t
const VectorXd& vy,

t = nodes (mutually different)

// x = evaluation points (as Eigen:

// OUT: p = values in x */

void evaldivdiff(const VectorXd& t,
VectorXd& x, VectorXd& p) {

8 const unsigned n = y.size() — 1;

:Vector)

~ o 3] S w N

const

10 // get Newton coefficients of polynomial (non in-situ
implementation!)

1 VectorXd coeffs; divdiff(t, y, coeffs);

8 // evaluate

" VectorXd ones = VectorXd::Ones(x.size());

15 p = coeffs(n)x*ones;

16 for (int j =n—1; j >= 0; —j) {

7 p = (x— t(j)xones).cwiseProduct(p) + coeffs(j)xones;
18 }

19 }
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C++-code 5.2.55: Divided differences, recursive implementation, in situ computation

// IN: t = node set (mutually different)
// y = nodal values
// OUT: y = coefficients of polynomial in Newton basis
void divdiff (const VectorXd& t, VectorXd& y) {

const unsigned n = y.size () — 1;

// Follow scheme (5.2.54), recursion (5.2.51)

for (unsigned | = 0; | < n; ++1)

for (unsigned j = |; j < n; ++j)
y(i+1) = (y(i+1)=y (1)) /(t(j+1)=t(1));
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5.6.2. Keduclion o Lagange bitpolalon

The vector space of 1-periodic trigonometric polynomials of degree 2n, n € IN, is given by

— Pl :=Span{t 27it), t s sin(27i) V", C CP(R) . ol . 6 _ 7
: L pand? 7 coslert £ i@l € CR) afy s qloe) =Y = - e ¢
¢ T .
=> Oan') ?-'h\ = QFH“ 1 4—.:‘-'> d/p K P (zF) — 8-2771(11;;: P/K
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(2n +1) x (2n+ 1) (conjugate) Fourier matrix, see (4.2.13) = = Zl
¥ ®f+7

= DFT , t‘mlp[unenf via BFT e
Cost O(n Kogz r)
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