ETH Lecture 401-0663-00L Numerical Methods for CSE

Numerical Methods for
Computational Science and Engineering

Prof. R. Hiptmair, SAM, ETH Zurich

{with contributions from Prof. P. Arbenz and Dr. V. Gradinaru)

Autumn Term 2016
(C) Seminar flir Angewandte Mathematik, ETH Zlrich

URL.: http://www.sam.math.ethz.ch/~hiptmair/tmp/NumCSE/NumCSE16.pdf

VIL - Nomedcal Qeadabre
Appeirale f FLE ol
ng &mn‘fi eua[caz/mzs

A ppé{kdﬁan :

assume time-harmonic periodic excitation with
period T > 0. R;3 Ry

u(t)

Tohl bt gueatin W = | Ui LA ) L8
avkpt of "black box" Forclin

5.1 Quadidine omudas

Definition 7.1.1. Quadrature formula/quadrature rule

An n-point quadrature formula/quadrature rule on |(a, b| provides an approximation of the value of
an integral through a weighted sum of point values of the integrand:
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Idea: replace integrand f with p,_1 := |7 € P,_1 = polynomial Lagrange

interpolant of f (— Cor. 5.2.15) for given node set 7 := {fg,...,t,—1} C
a, b]
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The midpoint rule is (7.2.2) for n = 1 and ty; =
1 2(a+Db). It leads to the 1-point quadrature formula
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n=|: /f(t)dmgmp(f) = (b—a)f(L(a+b)).

“midpoint”

| < the area under the graph of f is approximated by
the area of a rectangle.
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Definition 7.3.1. Order of a quadrature rule

The order of quadrature rule Q,, : C°([a,b]) — R is defined as

b
order(Qy) := max{m € Np: Qu(p) = /7 p(t)ydt Vpe Py}+1, (7.3.2)

that is, as the maximal degree +1 of polynomials for which the quadrature rule is guaranteed to be
exact.
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Theorem 7.3.5. Sufficient order conditions for quadrature rules

An n-point quadrature rule on [a, b] (— Def. 7.1.1)
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with nodes t; € [a, b] and weights wieR,j=1,..., n, has order > n, if and only if
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where L, k = 0,..., n — 1, is the k-th Lagrange polynomial (5.2.11) associated with the ordered
node set {ty,t>, ..., 5o}
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Theorem 7.3.12. Maximal order of n-point quadrature rule /

B> quadrature formula (order 4): / f(x)dx = f(\/_> +f( \/_> (7.3.15)
The maximal order of an n-point quadrature rule is 2n.
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Theorem 7.3.21. Existence of 1-point quadrature formulas of order 21

Let { P} ,cn, be a family of non-zero polynomials that satisfies
o P n € Pu,

. / q(t)P,(t)dt =0 forallg € P,_;  (L*([-1,1])-orthogonality),
—1

e The set {_c;’}}”zl, m < n, of real zeros of P, is contained in [—1,1].
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Then the quadrature rule (— Def. 7.1.1)

with weights chosen according to Thm. 7.3.5 provides a quadrature formula of order 2n on [—1,1].
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Definition 7.3.26. Legendre polynomials

The n-th Legendre polynomial P, is defined by
o Pn]E Ph,

P,

o [ Palt(t)dt =0¥g € Py,
J—1
L ] Pn(l) B 1.
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~ Lemma 7.3.27. Zeros of Legendre polyno-
mials

P, has n distinct zeros in| —1,1].
Zeros of Legendre polynomials = Gauss points
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- Lemma 7.3.30. Positivity of Gauss- |
Legendre quadrature weights =
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{477
?/é

46

Prof” -

Rn—l

T 1f A F has o 7?

0 1 1 1 1
1 -08 -06 -04 -02 0

= q.(1)

Gauss-Legendre weights for [-1,1]

3 33 3
[
DN

érdwo?n'
f4&4/ba

—

n It

ZWZ'i
=T

02 04 0.6 0.8 1

Quadatine gmoy &> bestappoximahon aror
621,, . AF 0/0732/%’ gz = = defzk 922)%
E, (€) E,(F-p) Vpel,
Pe C 4K SHF D)ot - g%@-p)(cd)/

Ib'd/]/P]ﬂ//wcqb'} &’i [Wa H,P(CJ)
({b al + Z lug) ) [Po].

n

DN,

IP \/(/32 = Wa/’—ﬁﬂ

2 (b»a) I £-pll, Vpe

Theorem 7.3.39. Quadrature error estimate for quadrature rules with positive weights
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For every n-point quadrature rule Q,, as in (7.1.2) of order g € IN with weights w; >0, ji=1,..., n
the quadrature error satisfies
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General construction of composite quadrature rules

Idea: ® Partition integration domain [a,b] by a mesh/grid (— Sec-
tion 6.5)

( M::{a:x0<xl<...<x’”:l7}
‘ » Apply quadrature formulas from Section 7.2, Section 7.3 locally
\\ on mesh intervals [; := [xj,l, xj],j =1,..., m, and sum up.
~ composite quadrature rule
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