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Periodic and quasi-periodic Green's functions

® Periodic and quasi-periodic Green's functions:

e Periodic Green's functions for gratings;

e Periodic, and quasi-periodic Green's functions;

e Periodic and quasi-periodic layer potentials for the Laplacian
and the Helmholtz operator.

® Applications:

Diffractive gratings;
Photonic and phononic crystals;
Metasurfaces;

[ )
[ )
[ )
e Metamaterials.
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Periodic and quasi-periodic Green's functions

® Gy: Periodic Green's function for the one-dimensional grating in R

° Gﬁ - R? — C:
AGy(x) =Y do(x + (n,0)).

n€Z

e Explicit formula: x = (x1, x2),

Gi(x) = % In (sinh2(7r><2) + sinz(wxl)).
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Periodic and quasi-periodic Green's functions

® Poisson summation formula:

Z 60()(1 4 n) _ Z ei27-rnx1.

n€Z ne7z

AGy(x)

> " do(x + (n,0))

neZ

= Z 50(X2)(50(X1 + n)

neZ

_ Z 60(X2)ei27rnx1‘

neZ
® Gy: periodic in x; of period 1 =

= Z Bhn (Xg)emmx1 .

n€Z

AGy(x) = Z(ﬁn (x2) + (l27'rn) Bn(x2))e i2mmq

n€Z
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Periodic and quasi-periodic Green's functions

e ODE: .
ﬁn (X2) + (i27’l’n)2ﬂ"(X2) = 50(X2).
e Solution:
1
Bo(x) = §|X2| + c,
.
Bn(XZ) = We 2 In\lxz\, n#0;
Cc: constant.
® Define ¢ := —'"2(:) and use the summation identity:
1 _onnix 1 In(2
Z 5€ 2l cos(27nx) = §|xz| - nZ(w)
neN\{0}

1 . .
2 In (sinh?(mx2) + sin®(mx1)).
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Periodic and quasi-periodic Green's functions

_ 1 1 —2m|n||xz| Ji27wnx
Gﬁ(X) = §|X2|+C— ezz\%o} me 2l @ 1

1 1
= 5|x2| +c— Z e ™l cog(2nx)
neN\{0} n

1 ) . 2
= In (sinh*(7x2) + sin®(mx1)).

® Taylor expansion of Gg:

Gi(x) = " R0

® R: smooth function s.t.

R() = o In(1+ O( — <2)).
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Periodic and quasi-periodic Green's functions

11 .
® Gi(x,y):=Gi(x—y) Qe (- > 5) x R: bounded smooth domain;
® One-dimensional periodic single-layer potential and periodic

Neumann—Poincaré operator:
1

Sas i HH(0Q) —  Hb(R?), H2(09)
o — Saslplx) = / Gl )e)do(y)

for x € R? (or x € 99);
Koy H2(0Q) — H 2(3Q)
* — acﬁ(XLV)
¥ — ’CQ,ﬂ[(p](X) - 29 al/(X) QO(y)dO'(y)

for x € 99.
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Periodic and quasi-periodic Green's functions

® Symmetrization of the periodic Neumann—Poincaré operator g 4
e Forany ¢ € H 2(09), Sa,gle]: harmonic in Q and in
11 —
— =, =) xR\ &
(-5 xm |
Trace formula: For any ¢ € H™2(9Q),

1 . _ O08agle]|
( 5/ + K4 0)e] = oy |

Calderdn identity: KCq Sy = SQ,ﬁ]CS*)’ﬂ; Kay: L?-adjoint of
K&

K&y Hg%(aﬂ) — Hg%(aﬂ): compact self-adjoint equipped
with the inner product:

(u, V>'H6« = —<SQ7u[V], u>%,7%

(Aj,%j), j=1,2,...: eigenvalue and normalized eigenfunction
pair of K3, in H5(0Q); Aj € (—3,3) and Aj — 0 as j — oo.
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Periodic and quasi-periodic Green's functions

Periodic Green's function:

o Effective medium properties of subwavelength resonators;
e Periodic transmission problem for the Laplace operator.

Y =(—1/2,1/2)% unit cell; D C Y.

® Periodic transmission problem: for p=1,...,d,

V- <1+(k— 1)X(D)>Vup =0 inY,

up — xp periodic (in each direction) with period 1,

/u,,dx:O.
Y

® Representation formula for up.
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Periodic and quasi-periodic Green's functions

® | attice sum representation of the periodic Green's function:

i2mn-x

e

nezd\{0}

® In the sense of distributions:

AG’i (X) _ Z ei27-rn-x _ Z ei27rn->< -1 :

nezd\{0} nezd

G; has mean zero: / Gy = 0.
Y

® Poisson’s summation formula:

Z i2mwn-x __ Zdox_n

nezd nezd

AGy(x) = Zéox—n—l

nezd
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Periodic and quasi-periodic Green's functions

® There exists a smooth function Ry(x) in the unit cell Y s.t.

1

5 In|x| + R2(x), d=2,

Gi(x) = 1 1
L S >3,
(2 — d)wq |x]?—2 TR, d23

® Taylor’'s formula expansion of Ry(x) at 0 for d > 2:

Ra(x) = Ra(0) — 55 (¢ + - +56) + O(Ix").
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Periodic and quasi-periodic Green's functions
e Periodic single-layer potential of ¢ € L3(99):
Sh000 = [ Glx =)o) doly). xR,
® Behaviors at the boundary: ¢ € L3(89),

o Shald] (0= (31 + (K8, )lol(x) on 09
+

(K.4)" : L3(09) — L3(0R):

(B[00 = pv. | 505 Glx=y)oly) do(y). x € aD.

If ¢ € L5(09), then S 4[¢]: harmonic in Q and Y \ Q.
If [A| > I, then A/ — (K94)*: invertible on L5(9).
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Periodic and quasi-periodic Green's functions

® Representation formula for the solution of the periodic transmission
problem: up, p=1,...,d,

k+1
up(x) =xp + Cp + 5&;(2

eI E DR D ORLRE

® (,: constant and v,: p-component of the outward unit normal v to 9.
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Periodic and quasi-periodic Green's functions
® u,,p=1,...,d, satisfies

Au,=0 inQU(Y\Q),

Upl+ — up|— =0 on 092,
9up fk% =0 ondQ,
ov |, o |_

up — xp periodic with period 1,
updx =0.
%

® Define V,(x) = Sﬂﬁ((2(kk+ 1) (K?),ﬁ)*)*l[yp](x) inY.

AV,=0 in QU(Y\D),
Vol — Vp|- =0 on 99,
Oy OV

P|+_

= (k —1)v, on 09,

Vp periodic with period 1.
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Periodic and quasi-periodic Green's functions

® Choose G, s.t. [, up dx = 0.
® General periodic lattice in two dimensions:
o r,=ma +na® n=(n,m) ez
e 2 and a® determine the unit cell
Y = {sa® + ta® s, t € (=1/2,1/2)} of the array.
e Reciprocal vector of ry: k,-al) =n;,i=1,2.
e Periodic Green's function of the Laplacian:

AGY =) bo(x— |Y|

nez?

Gi(x+r)=G{(x), Vne z2.
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Periodic and quasi-periodic Green's functions

e Rotate and scale the given lattice in order to satisfy a¥) = (1,0) and
a® = (a,b) with b> 0 =

1
ro = m(1,0)+ m(a,b), ko= m(1, _g) +m(0,5), n=(m,n)eZ’

® Lattice sum representation of Gy':

G=- >

5.
nez2\ {0} a2 (nf + (—5m + 5n2)?)

27 (nyx+(— 2 m+3n2)x2)
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Periodic and quasi-periodic Green's functions

® Quasi-periodic Green's functions:
e For a € (0,27)9, a function u: a-quasi-periodic if e~ "> u:
periodic.

e Lattice sum representation of quasi-periodic Green’s function:
ei(27rn+a)-x

G = — B ——————
a(x) [27tn + a2’
nezd

a € (0,27)7.

° e—i(x-XGa(X): periOdiC in Rd-

AG,(x) = Z So(x — n)e'™" in RY,
nezd

(A +ia-V — |a|2) (e7/**Ga(x)) = Z So(x —n) in R

nezd
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Periodic and quasi-periodic Green's functions

° Sgya,Dg,a, and (IC?M)*: a-quasi-periodic single- and double-layer
potentials and the a-quasi-periodic Neumann—Poincaré operator
associated with G,.

_1 1
® o€ (0,2m)% (K.a)* i Hy 2(0) — H, 2(09): compact self-adjoint

equipped with the following inner product

<U, V>H3 = _<8§%,u[v]7 U>

[

1
3

® (Na,pj,a) j=1,2,...: eigenvalue and normalized eigenfunction pair of
(K&.o)" in Hg(09Q), then Ao € (—1, 1) and Aj o — 0 as j — oco.

® Ewald’'s method: computing periodic and quasi-periodic Green's functions
(series slowly converge).
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Periodic and quasi-periodic Green's functions

® Quasi-periodic layer potentials for the Helmholtz equation:

e «: quasi-momentum variable in the Brillouin zone

= [0,2m)2.
e Two-dimensional quasi-periodic Green's function G*¥:
(A +w?)G**(x,y) = Z(So(x— — n)e™ e,

neZ?
o If w# [27n+ |,V n € Z?, Poisson's summation formula:
§ : i(2mn+a)- § :50 X — n)e:na
n€Z? n€Z?

o = G™¥ can be represented as a sum of augmented plane
waves over the reciprocal lattice:

G y) =

neZ?
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Periodic and quasi-periodic Green's functions

® Representation of G** as a sum of images:

/ in-o,

7 O H (wlx = n—yDe™;
nez?

G (xy) =~

L H((]l): Hankel function of the first kind of order 0.

® Series in the spatial representation of G*' converges uniformly for x, y in
compact sets of R? and w # [27n + o for all n € Z°.

e H"(z) = (2i/m)Inz+ O(1) as z — 0 = G*“(x,y) — (1/27) In|x — y|:
smooth for all x,y € Y.

® Disadvantage of the spectral representation of the Green's function:
singularity as |x — y| — 0 is not explicit.
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Periodic and quasi-periodic Green's functions

® Assumption: w # [27n + «| for all n € Z°.
e D: bounded smooth domain in R?; v: unit outward normal to dD.

® For w > 0; S** and D“*: quasi-periodic single- and double-layer
potentials. associated with G*“ on D;

e Given density p € L?(8D),

S*Lp)(x) = / GS (%, Y)p(y) doly), x € R,

aD
D) = [ P oly)doty), x € B\ 9D,
® S%*[p] and D*[yp] satisfy (A + w?)S*¥[¢] = (A + w?)D**[¢] = 0 in
D and Y\ D.

o S%%[p] and D¥“[p]: a-quasi-periodic.
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Periodic and quasi-periodic Green's functions

e Jump relations: ¢ € L*(9D),

(S “[¢l)
v

(x) = (:I: %I + (Kfa’w)*) [p](x) a.e x€dD,

+

(Da'“[wl)L(x) = (314K )00 e xc oD,

Ko fel) = . | EEZEI () doy)

o (K~**)*: L2-adjoint operator of L™,

() [l = p. [ P o) dot).

K% and (K~**)*: compact on L?(9D);
G*¥(x,y) — (1/27) In|x — y|: smooth for all x, y.
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Periodic and quasi-periodic Green's functions

e Assumption: o # 0 and w?: neither an eigenvalue of —A in D with the
Dirichlet boundary condition on dD nor in Y \ D with the Dirichlet
boundary condition on 9D and the a-quasi-periodic condition on 0Y.

e S [%(dD) — HY(D): invertible.
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Periodic and quasi-periodic Green's functions

e Suppose that ¢ € L*(9D) satisfies S**“[¢] = 0 on AD.
Then u = S**[¢] satisfies (A +w?)u=0in D and in Y\ D.

e % neither an eigenvalue of —A in D with the Dirichlet boundary
condition nor in Y\ D with the Dirichlet boundary condition on 9D and
the quasi-periodic condition on Y = u=0in Y.

¢ =0u/ov|y —Ou/ov|- =0.
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Periodic and quasi-periodic Green's functions

® Define
ei(27‘rn+a)~(x—y)

m fOra#O.

G(x,y) = Galx—y) ==Y
nez?

® Fora=0:

0.0 ei27rn<(xfy)
G*(x,y) = Gx—y)=— > AP
neZ?\ {0}
o G%(x,y) satisfies

NG (x,y) =8, -1 inY

with periodic Dirichlet boundary conditions on 9Y'.
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Periodic and quasi-periodic Green's functions

® Asw — 0, G*¥ can be decomposed as

l(27'rn+a) (x—y)

o,w _ a0 2/
G y) =G (%) — Zw Z|27rn+a|2’+1)7

::—G/O"w(x,y)
for a # 0;
® Fora=0:
+00 i27n-(x—y)
1 e
0,w _ 0,0 2/
G lay) = S+ G0y = 3wt Y ey -
I=1 nez2\{0}
=—G)¥ (x.y)
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Periodic and quasi-periodic Green's functions

e S and (K, “*)*, for I > 0 and a € [0,27)?, layer potentials
associated with the kernel G™*(x,y):

+o0 +o00
Swtw _ SO“O + Zsln,w and (IC:)uw)* _ (KG,O)* + Z(K/—(x,w)*
I=1 =1

o (1/2) 1+ (K~*%* : L>(OD) — L*(OD): invertible.
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Periodic and quasi-periodic Green's functions

® 4 and v: a-quasi-periodic smooth functions =

ou
—vdo=0.
ay al/

[ [ [ e
oy OV oy ov ’

Mathematical methods in photonics Habib Ammari



Periodic and quasi-periodic Green's functions

¢ € L?(0D) satisfy ((1/2) 1 + (K~*°)*)[¢] = 0 on 9D.
If & =0, then [,,¢=0.
For x € D

DO[1](x) = / A, G (x,y)dy = |Y\ D,

| |- volume.
(%/ + K[ = Y\ D| on aD.

IY\D| /aDgZ)da:/aD(%l—&—lCo’o)[l]qbda:/6D(%I+(ICO’O)*)[¢] do =0,
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Periodic and quasi-periodic Green's functions

e For any a € [0,27)?, u = S*°[¢] is a-quasi-periodic and satisfies Au = 0

in Y\ D with
ou _ 1 —a,0y* _
oy =G+ €l =0 onoD.
[ ]
/ |Vu]* = @U—/ gul G-,
Y\D oy OV ap OV,
® u: constant in Y\ D and hence in D =
ou ou
=—| —5| =0.
¢ ov|, Ov|_
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