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Prerequisites.
e Norms and Cauchy-Schwarz inequality
e Sobolev space, [Lecture — Section 1.3]
e Continuity
Dependency. Builds on [Lecture — Section 1.8], [Lecture — Section 1.7] and [Lecture — Section 1.4]
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1.9. Essanbal and Mool l%wz/m}/ ondlilns

@ 2nd-order elliptic Dirichlet problem:

Shphﬂ Grm ¢ —div(a(x)gradu) = f inQ , u=g ondQ}. (1.5.3.8)
with variational formulation ~ ( 2ec¢ch frmn )
HY(O
uf ( B)Q. (a(x)grad u(x)) - grad v(x) dx = /f(x)v(x)dx Vo€ Hy(Q) . (1.4.2.4)
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@ 2nd-order elliptic Neumann problem:
—div(a(x)gradu) = f inQ , (a(x)gradu)-n=~h ondQ). (1.9.0.2)
with variational formulation
1/0)). _ e . 1
ue H(Q): '/Qa(x) grad u - grad vdx /Qfadxﬁ—‘/aQ hodS Yve H (Q). (1.8.0.16)
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@ @ 2nd-order elliptic mixed Neumann-Dirichlet problem, see Ex. 1.5.3.11:

onTy C 0Q),
onaQ\Fo.

_ u =g

—div(a(x)gradu) = f inQ (1.9.0.3)

(a(x)gradu)-n=nh
with variational formulation

uc H(Q) ,

u=gonTy '({(a(x) grad u(x)) - grad v(x) dx = '({f(x)v(x) dx + /60\1"0 hodS (1.9.0.4)

forallv € H'(Q) with v/, = 0.

Natural and essential boundary conditions

A pattern has emerged: In the variational formulations of 2nd-order elliptic BVPs of Section 1.8:

Dirichlet boundary conditions are directly imposed on trial space and (in homogeneous form) on
test space.

Terminology: essential boundary conditions

Neumann boundary conditions are enforced only through the variational equation.

natural boundary conditions
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Terminology:
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@ 2nd-order elliptic Dirichlet problem:

—div(a(x)gradu) = f inQ) , u=g ond(). (1.5.3.8)
with variational formulation
1
neH (Qa)(_; (a(x)grad u(x)) - grad v(x) dx = /f(x)v(x)dx Yo € HY(Q). (1.4.2.4)
U= gon .
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4+ () is bounded

diam(Q) := sup{|lx —y|: x,y € Q} < o0,

4+ () has piecewise smooth boundary 0Q) >
(“curvilinear polygon/polyhedron”)

For d = 2 we can distinguish corners (e) and edges
(—) of the boundary 9Q).
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HEOD) = IR, e Ch(0) € (7IR)

If ¢ : dQ) — Ris piecewise continuously differentiable (and bounded with bounded piecewise deriva-:'\\“'

tives), , then it can be extended to an 1y € H'(Q)), if and only if it is continuous on

Important conclusion: Dirichlet boundary values have to be continuous
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& 2nd-order elliptic Neumann problem:

—div(a(x)gradu) = f inQ , (a(x)gradu)-n="h ond(). (1.9.0.2)
with variational formulation
u € HY(Q): /a(x)gradu-gradvdx: / fodx+ A hodS o€ H(Q). (1.8.0.16)
= dluv) = Alv)

Remembor bonn Sect. 7.5
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Theorem 1.9.0.10. Multiplicative trace inequality

AC=C(Q) > 0 ||”||i2(a(z) < Cl|ull 20y - Nullry Yu € H(OQ).
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Review question(s) 1.9.0.11(Essential and natural boundary conditions)
(Q1.9.0.13.A) For a scalar 2nd-order elliptic boundary value problem for — div(a(x) grad u) = f the
Robin boundary conditions read, cf Ex. 1.7.0.5,

a(x)gradu +y(x)u =0 onadQ),

with 7 : 900 — IR uniformly positive. Are these boundary conditions essential or natural.

(Q1.9.0.15.B) Describe the minimal regularity of Dirichlet and Neumann data for scalar 2nd-order elliptic
BVPs on Q) C IR” interms of classical smoothness spaces ng (0Q)).
(@1.9.0.13.C) Appealing to the following estimate

Theorem 1.9.0.10. Multiplicative trace inequality

2
AC=C(Q) > 0: |[ullz2a0) < Cllull 2y - 1ull @y Yu € H'(Q) .
prove that for the linear variational problem

uc HY(Q): / grad u - gradvdx + uvdS = hvdS Yo e HY(Q),
o) a0 a0

both the bilinear form and the right-hand side linear form are continuous on H'((Q2).

(Q1.9.0.13.D) In the case of the PDE — grad divu +u = f on QO C IR?, what are essential, what are
natural boundary conditions. To answer this questions apply Thm. 1.5.2.6 and determine and study the
boundary terms arising from it.

(Q1.9.0.13.E) Another stability issue: How does a perturbation (measured in L?(9Q))-norm) 6 € L?(9Q))
of the Neumann data 1 € L?(9Q)) in the linear variational problem

u € HY(Q): /a(x)gradu-gradvdx:/fvdx+ 5 hodS Yo e HY(Q).
0 Jo 0

impact the energy norm of the solution of that variational problem?
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