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C Note: Possible minor mismatch of video and tablet notes!
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3.5  \adgtional Comes

Variational crime = instead of solving (exact) discrete (linear) variational problem

up € Voo a(up,vp) = [(vh) Yo, € Vo, (2.2.1.1)
we solve the perturbed variational problem (%)

iy, € Vo ay(ily, o) = Ly(v) Yo, € Vo, - (3.5.0.1)
this causes a perturbation of Galerkin solution 1, and we end up with a perturbed solution 1), € V.
(] due & = +he we o nummkﬂ/q/ﬂﬂmﬁ/m

— bowmdary  approximaliens
Which prWbﬁ/ﬁm e ﬂcccz/g/%é/e .

Guideline for acceptable variational crimes

Variational crimes must not affect (type and rate) of asymptotic convergence!
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@ 5.8 1. (W)/)&{M[ of Nomenial Quatiadline

Model problem: on polygonal/polyhedral () C RY:
ue HY(Q): a(u,0):= / o(x)grad u-gradvdx =/ (v) := / fodx. (3.5.1.1)
JQ 0

Assumptions: o satisfies (1.6.0.6), ¢ € C(Q), f € C'(QQ)
o Galerkin finite element discretization, Vj, := Sg(M ) on simplicial mesh M
o Approximate evaluation of a(u;,v,), {(v;) by a fixed stable local numerical quadrature rule (—
Section27.5)  —= «, [,

»  perturbed bilinear form aj,, right hand side /h (see (3.5.0.1))

(h- selonenoent )

— sowoth slehsn € #5062

0 =[0,1, ¢ =1, f(x,y) = 2> sin(mx) sin(7y), (x,y)" € Q

> solution u(x,y) = sin(7x) sin(7y), g = 0.

Details of numerical experiment:
o Quadratic:Lagrangian FE (V, SO(M)) on triangular meshes M, obtained by regular refinement
¢ “Exact” evaluation of bilinear form by very high order quadrature : &(, = X
¢ /,, from one point quadrature rule (2.7.5.36) of order 2 =/7
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Finite element theory  tells us that the above guideline can be met, if the d /4 = 'p (7 Q
local numerical quadrature rule has sufficiently high order. The quantitative results can be _
condensed into the following rules of thumb: M= / or) Q,Q
Quadrature rule of order 2p — 1 sufficient for right > SWY% SOZM@/?
|u—upl|; = O(hi/,) atbest B> oo P J F

hand side functional (. Setting: Q) := By(0) := {x € R?: |x| < 1}, u(r, ¢) = cos(r7/2) (polar coordinates)

i i > f = ZLsin(rn/2) + Z cos(rm/2)

rature rule of order 2p — 1 sufficient for bilin- f=3 2

> Quafd AT 5T SUTKINUDND e Sequences of unstnchtured triangular meshes M obtained by regular refinement (of coarse mesh
eariorm aj. with 4 triangles) + linear boundary fitting.

e Galerkin FE discretization based on Vj, := 87 y(M) or Vj, := 89 ;(M).

e Recorded: approximate norm |u — u, |1,Qh’ evaluated using numerical quadrature rule (2.7.5.37).

[ — |, = O(h%,) atbest

(FE solution extended beyond the dotain covered by M (“mesh interior”) to () (“full domain”) by

6_ 5 L2 600 n/w 4/)/@ 10X/ })747%&”}7 means of polynomial extrapolation.) , Q/MW -

Discretization emrors with respect to H' semi-norm
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Rule of thumb deduced from sophisticated finite element theory:

If Vo = S;,’(M), use boundary fitting with polynomials of degree p.

U
7

!
See Ch. 2 for dekuls
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The local 2D trapezoidal rule on a triangular mesh M of a domain Q C R?

3
[ o)dxr~ ¥ 1K Y olaj

KeM (=1

is used to approximate the right-hand-side functional /(v fQ x)dx, f € C°(Q)), for a second-
order elliptic boundary value problem, that is we use the perturbed functlonal
ly(v) = Z wpf(p)o(p), wp€eR, (8.5.2.4)
peN (M)

where N (M) is the set of nodes of M.
e What are the weights w,,?
e Is the functional £, from (3.5.2.4) bounded on H'(())?
e Is the functional /;, from (3.5.2.4) continuous on S{’(M)?

We approximate the right-hand-side functional £ fQ x)dx, f € C®(Q)), for a linear varia-

6 - tional problem on HJ(€)) by

0,(v) == /Q (I,f)(x) v(x)dx, veHYQ), (3.5.2.4)

where |, : C°(Q) — S)(M), p € N, is the standard nodal interpolation operator, M a triangular mesh.
e Is /), from (3.5.2.4) bounded on H 0(Q)?

e Predict the asymptotic dependence of the quantities

(S(M) — |(f—[],)('0)|

sup
veHL(Q) HUHHl(Q)

on the meshwidth /1,4 on sequences of meshes obtained by uniform regular refinement.
One of the following results can help you answer the second question:

Theorem 3.3.5.6. Best approximation error estimates for Lagrangian finite elements

Let Q) c R d = 1,2,3, be a bounded polygonal/polyhedral domain equipped with a mesh M
consisting of simplices or parallelepipeds. Then, for each k € IN, there is a constant C > 0
depending only on k and the shape regularity measure p r, such that

min{p+1,k} -1

I
inf |[u — vy (q) < C( ZM) [l gy Ve € HYQ) . (35615970
ohESY(M) p

Theorem 3.5.2.5. H'(Q))-Norm interpolation error estimates for Lagrangian finite elements

LetQ c R d = 1,2,3, be a bounded polygonal/polyhedral domain equipped with a mesh M
consisting of simplices or parallelepipeds. Then, foreachk € IN, k > 2, p € IN there is a constant
C > 0 depending only on k, the polynomial degree p, and the shape regularity measure p p4 such
that

in{p+1,k}—1
[|u— IP“”Hl(Q) < Chii‘/tm{‘wr ) lull ey Vu € HY(Q), (8.3.5.7)
where |, : C°(Q2) — Sp(M) is a nodal interpolation operator.

Theorem 3.5.2.6. L%(0))-Norm interpolation error estimates for Lagrangian finite elements

LetQ) c R d = 1,2,3, be a bounded polygonal/polyhedral domain equipped with a mesh M
consisting of simplices or parallelepipeds. Then, foreachk € IN, k > 2, p € IN there is a constant
C > 0 depending only on k, the polynomial degree p, and the shape regularity measure p p4 such
that

||lu— Ipu||L2(Q) < Cl1f'$ln{p+]’k}||u||Hk(Q) Yu € H*(Q), (3.35.7)

where |, : C°(Q)) — Sp(M) is a nodal interpolation operator.
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Which of the following practices is a variational crime (V.C.)?

1.

The use of a Lagrangian finite elements of insufficient polynomial degree for a second-order elliptic
boundary value problem

O  Definitely a V.C. O Not necessarily a V.C.
Computing the finite element solution of a BVP posed on Q)  IR? on a mesh M for which

U{K: Ke M} #0007

O  Definitely a V.C. O Not necessarily a V.C.
The use of the 2D trapezoidal rule for computing the element vectors for the right-hand-side func-
tional v — [, f(x)v(x)dx, f € CO(QQ).

O  Definitely a V.C. O Not necessarily a V.C.
The use of global shape functions that fail to satisfy the cardinal basis property with respect to a set
of interpolation nodes

O  Definitely a V.C. O Not necessarily a V.C.

ﬁ This list of review questions may not be complete. Additional review questions may be

provided in the lecture document.
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