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Theorem 3.3.2.21. Error estimate for piecewise linear interpolation
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For any u € C?(Q)) and 2D piecewise linear interpolation 11 : C°(Q)) — SY(M), M a triangular

mesh, holds
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where haq denotes the mesh width (— Def. 3.2.1.4) and prq the shape regularity measure (—
Def. 3.3.2.20) of M.
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Setingg  Q=]0,1% ., f(x,y) = 272 sin(7x)sin(7y), (x,y)" € Q ) h L w)
>  u(x,y) = sin(7mx) sin(my). %
e Sequence of triangular meshes M, created by regular refinement. (0 P
. . . . O O
o FE Galerkin discretization based on Sl O(M) or '52 (M ) . Theorem 3.6.1.7. Duality estimate for linear functional output
e Quadrature rule (2.7.5.37) for assembly of local load vectors (— Section 2.7.5). Define the vl solution gz € Vi to E s soluton of the cal variational probler

e Approximate L?(Q))-norm by means of quadrature rule (2.7.5.37).
gr € Vo: a(v,gr) =F(v) YveV.

Discretization errors with respect to L2 norm

Then

4 fg? M/dz{" &‘Z |F(u) — F(up)| < [|u—upll, ’/mi;h||gp onll, - (3.6.1.8)
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Idea: Consider special continuous linear “output functional” =174 (g Ah V?OZW) vy cmwex 92 7

(o Theorem 3.4.0.10. Elliptic lifting theorem on convex domains

:.\ :I . % 4/
é/ L/'L 02%48 |7 - ton- —=> F(v) := / v-(u—up)dx ! If Q C R convex,u € H}(Q), Au € [2(Q) = u € HX(Q).
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Theorem 3.3.5.6. Best approximation error estimates for Lagrangian finite elements
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Let) ¢ RY d = 1,2,3, be a bounded polygonal/polyhedral domain equipped with a mesh M
consisting of simplices or parallelepipeds. Then, for each k € IN, there is a constant C > 0
depending only on k and the shape regularity measure p 4 such that

/Z min{p+1,k}—1
inf |lu—op||gp(q) < C( > ) lull ey Vu € H* Q) . (8.3.5.7)
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With C > 0 depending only on (), k, and the shape regularity measure p 4 we conclude

Ass. 3636 = [u—uy|;2iq) < CH|u—up| g (3.6.3.10)
- for h-refinement:  gain of one factor O(h () (vs. H'(Q)-estimates)
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Setting: =] —1,1[2\ ()0, 1[x] = 1,0]), D = 1, u(r, ) = r*/*sin(2/3¢) (polar coordinates)

f 0, Dirichlet data ¢ = u|30).
Finite element|Galerkin discretization and evaluations as in Exp. 3.6.3.1.
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I p———— T v
I_IIZZiZZi,III‘IIIY _I,IIZiIZII,IIv Quadralic FE

_____________ =1 . o p o

ke ~ 7.2
(v both f@f”\%o?)

s
(=
[

Discretization error [log]
b=

107

107 - .
10" 10° 107
Mesh width [log]



U Rervew ?ccmflanj 36313 - B
: - We consider the linear variational problem
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A - on a vector space Vp, and with an s.p.d. bilinear form a : V) x V) — R inducing the energy norm ||-|,
‘ ¢ : Vo — R alinear functional, bounded with respect to ||-||..
In the setting of Exp. 3.6.3.1 give an estimate (as sharp as possible) for We are interested in a quadratic output functional (— Def. 1.2.3.2)
1w —upll 2 1
2. and |[u — up || 12(900)» F(v) = 3b(v,0) = f(v), (3.6.3.16)

where 1), stands for finite element solutions obtained with either piecewise linear or piecewise quadratic

. b: Vy x Vo — R a symmetric bilinear form, f : Vj — R a linear form satisfying
Lagrangian finite elements.

Theorem 1.9.0.10. Multiplicative trace inequality 3C>0: |b(v,w)| < Clo,[lwll, ~ f()] =Clloll, Yo,weVo.

For the Galerkin solution 1), € V;;,, Vp, C V a subspace, establish the duality estimate

3C = C(Q) > 0: ||u||%2(a(2) < Cllullizqy - Nl Yu € H(Q) . [F(up,) — F(u)| < ||u—uy||, i
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and characterize ¢ € V).

This list of review questions may not be complete. Additional review questions may be
provided in the lecture document.
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