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9.2.4 @mb’aé Semi- Disaehzation
Methed of Lines
> Spafiad Galnbin disothization”of

FE)0, Tl u(t) € Vp {:((53(2’23):;2”.“)’0):m)(v) Vo e, G.2.29)
SR/D Lo Replaee 25 € v, m | =i/l
L indepentont o bine

1st step: replace Vp with a finite dimensional subspace Vjj,, N := dim V{;, < o0

B> (Spatially) discrete parabolic evolution problem

m(lzlz(t)/vlz) + a(”h( ) Uh) - {( )(011) VU], € VO,h ’

- (9.2.4.1)
1y (0) = projection/interpolant of ug in Vj j, .

t€]0, Tl uy(t) € Vo - {
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Method-of-lines ordinary differential equation

Combining (7.1.4.1) and (7.1.4.2) we obtain ( MOL-ODE )

(74.41) = {M{%ﬁ“)} +Au(t) =@(t) for0<t<T,
#(0) = fig -

(g.2.4.4)

with
> sp.d. stiffness matrix A € RNV, (A);; := a(b], b},) (independent of time),
> s.pd. mass matrix M € RNN, (M);; := m(b{:' bl) (independent of time),
> source (load) vector g(t) € RN, (¢(t)); := £(t)(b},) (time-dependent),
> iy = coefficient vector of a projection of 1 onto Vj j,.

Note:

(7.1.4.4) is an ordinary differential equation (ODE) for ¢ — ji(t) € RN

Refuke b 'l DE " v = £lt,y)
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The method-of-lines spatial Galerkin discretization of the linear evolution problem in variational form

t €]0, T[— u(t) € Vo: m(u(t),v)+a(u(t),v) = L(t)(v) YveV,

leads to the ordinary differential equation

-

M2 (1) + Aji() =

b 70

for the basis expansion coefficient vector i € RN of the time-dependent semi-discrete Galerkin solution
uy € VO,h-
Give formulas for the entries of the matrices M, A and of the vector ¢.

Verify the following result by direct computation.
Theorem 6.2.4.8. Variation-of-constants formula

For a fixed matrix A € RNN, N € IN, and a Lipschitz continuous function g : [0, co[— IR{Vthe
initial-value problem

y=Ay+g(t) , y(0) =y eR"N,

has the unique solution

y(t) = exp(At)(yo + /Ofexp(—AT) g(t)dt) t>0.

In this theorem exp(-) denotes the matrix exponential defined by the exponential series in the very same
way as e” for any z € C.

Use Thm. 6.2.4.8 to write down the solution of the method-of-lines initial-value problen

M{%ﬁ(t)} +AGI() =(t)  for0O<t<T,

ji(0) = g -

O

Consider

forO<t<T,

Af(t) = ¢(t)

"‘:1
\ﬁ,_/

(6.2.4.4)

s

?1

in the special case ¢ = 0. We replace the initial value ji, € RN with y € RN and, thus, obtain the
perturbed solution f — y( ). Estimate (7i(t) — y( ) TA((t) — ﬁ(t)).

-

The spatial Galerkin semi-discretization of the evolution problem

€0, Tl—ut) e Vo - %’“<“<f>fv>+a<u<f>,v>=f<t><v> Yo e Vo,

u(0) =up € V.

leads to an ordinary differential equation, which can be written in the form 57 ji = F(ji). Give an expression
for F with detailed formulas for all terms.
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