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Theorem 6.3.2.16. Energy conservation in wave propagation

Ifu: Q— R solves (7.2.2.15), then we have conservation of total energy in the sense that
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kinetic energy elastic (potential) energy, see (1.2.1.19)
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@ SSM Smhﬁf %Z%% 7@_/ ) 7[[ & /2 Experimentally determine the order of convergence of the single-step method implemented in Sub-
problem (6-5.d) in terms of the number of timesteps by
e integrating (6.5.8) over the period [0, 271],

for ] —1 to M do e with initial values p(0) = 0, g(0) = 1, &
e and using M = 10, 20,40, 80,160, 320, 640 timesteps. [ DU 120> j
Pin :— p(] 1) s Qin - q(] 1) Tabulate the following errors at the final time:
for k:=1 to s do err(M) := |p(2t) — p™M)| + |g(271) —g™M)|, M = 10,20, 40, 80, 160, 320, 640 .
[~ k—1
. To that end complete the function sympTimesteppingODETest () in the file
tk =T +T Z ag ; symplectictimesteppingwaves_ode.cc, xhiih is called ?rf))m rr?ain ().
Pout ‘= Pin + T by f(qin/ tk) ; (6.5.6) 1073
Jout ‘= qQin T T % g(pout) ; 104 y M err(M)
Pin ‘= Pout » 9Qin = Qout s 105k convergence rate: 4.015996 ] 10 0.000680607
end i 10-2" | 3.9793e-05
p0 = pout, 97 1= qout ; o 10-2° | 2.4477e-06
. 10-2° | 1.52386e-07
10-2% | 9.51496e-09
/)76//) /%70}) FWV ﬁ [ P] = (:c/ 109} D d// ) ] =
9 P ' 10-2° | 5.94542e-10
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For (6.5.4) rewritten in the form (6.5.5) express the semi-discrete counterpart of the conserved “energy”
E(u) found in Sub-problem (6-5.b) in terms of p and q.
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P /(j M 4 % template <typename FUNC_ALPHA, typename FUNC_GAMMA, typename
i —> - FUNC_BETA>
4 — /(} . Eigen::SparseMatrix<double > assembleGalerkinMatrix(
std: :shared_ptr< UniformScalarFESpace<double>> fe_space_p,
i FUNC_ALPHA&& alpha, FUNC_GAMMA&& gamma, FUNC_BETA&& beta);
— p o f(q’ t) that, given a mesh M, (approxirv(%(ely, using “safe” local erical quadrature m;Zes the S{’(M)—
dt q g(p) ' based finite element Galerkin matrix for the left-hand sige of the variationglbdundary value problem
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Based on the function assembleGalerkinMatrix (), complete the implementation of a C++ class
(in the files symplectictimesteppingwaves.h and symplectictimesteppingwaves.cc)

class SympTimestepWaveEq {
public:
template <typename FUNCTION>
SympTimestepWaveEq(std: :shared_ptr< UniformScalarFESpace<double >>
fe_space_p,

FUNCTION&& cC);

void compTimestep (double tau,
&q) const;

private:

// suitable data members here

Eigen: :VectorXd

<

bi

whose method compTimestep realizes a single timestep of length T > 0 of the methpd (6.5.6)
with s = 3 and coefficients according to (6.5.7) for the first-order method-of-lines ODE found in Sub-
problem (6-5.f). As arguments it takes two vectors p and g of basis expansion coefficients corjesponding
to pU), q/) from the previous timestep and replaces them with the counterparts of pU*+1), qUH1).

The constructor should initialize suitable member variables based on the coefficient function c. [Take pains
to achieve an efficient implementation by precomputing as much as possible, in particular a fagtored form
of the matrix M to speed up the solution of linear systems in each timestep.
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47 Eb.a) = 3p() Mp() + Ja(0 " Aq() - (6.5.17)
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Augment the class SympTimestep a member function

double SympTimestepWaveEq: :computeEnergies (

Const Eliifli: :‘7_‘~U &p[ COnSt EL eI ¢ :vv_‘AU &q);

that returns the “energy” quantity found in Sub-problem (6-5.i). The arguments p and g pass the basis
expansion coefficient vectors corresponding to p and q in the first-order form of the method-of-lines ODE
derived in Sub-problem (6-5.f).
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