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ETH Lecture 401-0674-00L Numerical Methods for Partial Differential Equations

Homework Problem Video Tutorial

Problem 2-2: Transformation of Galerkin
Matrices

Prof. R. Hiptmair, SAM, ETH Zurich

Date: March 2, 2019
(C) Seminar fiir Angewandte Mathematik, ETH Z(rich
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Lemma 2.2.3.2. Effect of change of basis on Galerkin matrix
Consider (2.2.1.1) and two bases of V j,,
/ - ~ ~ ~ l r >
Lid " bmgy  Bin:= (b, ..., N}y , B, :={b},..., b}, new " baeco
related by the basis transformation matrix S according to
- N 5
b, =Y sybi with S = [sy] ket € RNN regular. (2.2.3.3)
k=1
Then the Galerkin matrices A;A e RNN, the right hand side vectors §,¢ € RN,
and the coefficient vectors i, ji € RN, respectively, satisfy
A=SAS' , $=Sp , i=S j. (2.2.3.4)
Mow b+ (A= 20, MEN)
22 = |

Bo=p "M o e (M41,..., N}
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Oy Gnuhzation o A = SAST

Every entry (K) LiLjed{l, ..., N}, of A can be obtained by linearly combining four entries of A. Give
ij

the concrete formulas in the form

(A)ij =2 (A)yr 7 (A)yp+?2-(A)y+7-(A)y5,

YA
filling in the question marks. Gor fums | becawnnt ooy b t e a

~ Untar 6’6%5 w/{(&@ Mﬁ/éf)
///4\50 -~ a (b, h) = Cose (27.2))

1<i,j<M: (A)ij:a(bij—l+bif,b%f_1+b5i>,

M+1<i,j<N: (;&)ij _ a(pRUMT M) 2i-M)-1_ i)y
M+1<i<N,1<j< M: (;&)U = (b2 4 g, R0 2 M)y
1<i< MM+1<i<N: (:&>ij _ a(b,f(f‘M)—l B bi(f—M),bii—l .

Then e bisbnamaly of (-, ) A L. oL (A),,

1<i,j<M: (:‘i) i (A)2ij+ (A)gipj_1+
(A)gi_1,j H (A1 j1
M+1<ij<N: (A) = (A)z(i—M)—l,Z(j—M)—l '} (A)Z(i—M),Z(j—M)—l_
(A)2i—m)—12(—-m) T A2 2 M) 7

( )ij
M+1<i<N1<j<M: (A) = AN —12-1 (A)zi—m)2j-1F
(3),

N (2.2.4)

ij

(A) i~ M)— 12]'_(A)2' M),2j ‘f‘“
= (A)gi_12(j—m)- 1+(A)212 M)-1"
(A)21—1,2(] (A)21,2 M)

o~

A
ij

1<i<MM+1<j<N
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k( even: (A)k,(—>(,&)% (A)I+M,&+M, —<A)§+M,§ —(A)%W (2.2.5)
k¢ odd: (A)k{%(z& e (~>"—'5—'+M’—5—'+M ('K‘)L;-“—g-'w (A)%_I+M,_l
(2.2.6)
k even, ! odd: (A)“_}(A)g% (A>g,'T—I+M —(Z&)%M’%W —(A)%M%l (2.2.7)
k odd, £ even: (A),, — (A).k_}l/z’ _<A)-“5—1+M,§+M' (A)i‘;}lﬂ\dé —(A)H Iy (2.2.8)
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((ig, je,ae)]y— LeIN, i,e{l,..., ny, jeedl, ..., m}, ap€R,
(M) = ag, ke {l,...,n}, e {1 m} .
koy {.:;k ¢ { } ﬁ/’ { }
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Implement a C++ function

std: : vector<Eigen:
const std:

:Triplet<double>> transformCOOmatrix (
:vector<Eigen::Triplet<double>> &Aa);

that takes the Galerkin matrix A in triplet format and returns A alsin triplet format.
It can be taken for granted that the argument matrix has no rows or columns with all zero entries.
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Theorem 2.2.10. Identity Galerkin matrices

Consider the Galerkin discretization of a symmetric positive-definite [Lecture — Def. 0.2.1.21] bi-

linear form a(-, -) using a finite-dimensional space V;;,. Then there is a basis B, of Vjy;, such that
the associated Galerkin matrix is the indentity matrix.
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