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(100% =50 pts. , =40% (passed) = 20 pts.)
e Upon entering the exam room take a seat at a desk on which you find an exam paper with this cover
page! Do not take a seat where you spot a red sticker “CSE”.

e This is a closed-book exam, no aids are allowed.
e Keep only writing paraphernalia and your ETH ID card on the table.
e Turn off mobile phones, tablets, smartwatches, etc. and stow them away in your bag.

e When told to do so, take the exam paper out of the envelope, and fill in the cover sheet first. Do not
turn pages yet!

e Make sure that your exam paper is for the course 401-0663-00L Numerical Methods for Computer
Science, see the top of the front page.

e Turn the cover sheet only when instructed to do so.

e You will be given 10 minutes of advance reading time to familiarize yourself with the topic areas
of the problems. When told, drop any pen! Then you may turn the pages and start reading the
problems.

e Start writing only when the start of the exam time proper is announced.
e Write your answers in the appropriate (green) solution boxes on these problem sheets.

e Wrong ticks in multiple-choice boxes can lead to points being subtracted. Hence, mere guess-
ing is really dangerous! If you have no clue, leave all tickboxes empty.

e If you change your mind about an answer to a (multiple-choice) question, write a clear NO next to
the old answer, draw fresh solution boxes/tickboxes and fill them.

e Anything written outside the answer boxes will not be taken into account.
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Do not write with red/green color or with pencil.

Duration: 30 minutes.

When the end of the exam is announced, make sure you have written your name on every sheet.

The exam proctors will collect the filled exam papers. Remain seated until they have finished.
Special Covid-19 Safety Measures

e Only students in possession of a valid Covid Certificate are allowed to take the term exam.

e Protective masks covering nose and mouth have to be worn all the time.

Throughout the exam use the notations introduced in class, in particular [Lecture — Section 1.1.1]:

. (A)i,]- to refer to the entry of the matrix A € IK""" at position (7, j).

e (A).;to designate the ith-column of the matrix A,
 (A); . todenote the i-th row of the matrix A,
® (A);; . to single out the sub-matrix [(A)m} i<r<; Of the matrix A,

k<s<t

(x), to reference the k-th entry of the vector x,

e; € R" to write the j-th Cartesian coordinate vector,

I to denote the identity matrix,

e O to write a zero matrix,

e P, for the space of (univariate polynomials of degree < n),

e and superscript indices in brackets to denote iterates: x| etc.

By default, vectors are regarded as column vectors.
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Problem 0-1: Various Aspects of Interpolation by Global Polynomials

[Lecture — Chapter 5] teaches the mathematical foundations and algorithmic realizations of inter-
polation by means of global polynomials. This problems reviews some of these aspects.

This is a purely theoretical problem connected with [Lecture — Section 5.2]

Throughout this problem we write 7P;(IR) for the space of uni-variate polynomials of degree < d:
Pe={t = apt" + " T+ +at+ag- 1,0 € R} [Lecture — Eq. (5.2.1.1)]
(0-1.a) (J(6pts.) What are the dimensions of the following subspaces of P;(IR), d € IN?

i) Vi:={pePsR): [} p(t)dt=0}: dimV; =

(i) V2:={p € Pa(R): p(1) = p(~1) =0}: dimV; =

for

(i) V3:={p e Py(R): p®(t) =0Vt e [-1,1]}: dimV; =

for

Here p(®) stands for the third derivative of p.

for ,

(V) Vi:={pePa(R): p(t) = p(=t)}: dimV, =
for

SOLUTION of (0-1.a):
In this problem we can sometimes appeal to the heuristics that
dim V; = dim P;(R) — #{linear constraints defining V;} .
From [Lecture — Thm. 5.2.1.2] we know that dim P; = d + 1.
1. Vj is defined by a single linear constraint, which means that

dimV, =d+1-1= d .

2. V, is defined by fixing two zeros, which amounts to two linearly independent linear constraints.
B>  dimV, =dimP;(R)-2=d—1 .
Remark. In fact we can write
Vo= {t — (1—1)%q(t), g € Pd_z(]R)} .

3. If p € P4(R), then for the third derivative p(®) € P;_5(R). Moreover, if a polynomial vanishes
on an interval (“has infinitely many zeros”), then it must be zero everywhere. We conclude that
p) = 0. As a consequence p € P-.

2 for d=1,
> dlmV3 =
3 for d>2,.
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4. The polynomials in V, are even functions, which means that they are of the form
Vi CPever = {t s ag +apt* +agt* + - +apt*"}, neN.
Elements of space P;;V°" are defined by n 4 1 parameters, which means dim P;"¢" = n + 1.

Note that n = % forevend and n = % for odd d.

% +1 forevend ,
> dim V4 =
% +1 for odd d.
A
(0-1.b) (I (3 pts.) Let {to,t1,...,tn} C R, n € IN. The following sets of functions provide bases
for Py:
not— t]
%1 = t— , 1= O/ - ’
ti —t;

i—1
B, 1= {tHH(t—tj), izO,...,n},

D {t'—>ti, i=0,...,n}.

Note that an empty product is defined to be = 1.
Put the right letter in the box indicating the name of the basis:

A = monomial basis , B = Newton basis , C = Lagrangian basis .

SOLUTION of (0-1.b):

e B is the Lagrangian basis C [Lecture — Eq. (5.2.2.4)], a cardinal basis for polynomial interpola-
tion in {to, t,..., tn},

e B, is the Newton basis B[Lecture — Eq. (5.2.3.23)], used for update-friendly polynomial interpo-
lation

e B3 is the monomial basis A [Lecture — Section 5.2.1].

A

(0-1.c) (I (6pts.) Given data points (¢;,1;),i =0,...,n,n € IN, we write p; ¢, 0 < k < ¢ < n, for
the polynomial py ;, € Py interpolating through (ti,yi)f;k: pre(ti) =vyi, i =k, ..., L. Supplement the
missing parts of the following recursion:

) Prs1,e(t) + ( ) Pro—1(t)
Pre(t) = L teER, 0<k</t<n.
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SOLUTION of (0-1.c):
This is the recursion [Lecture — Eq. (5.2.3.9)] underlying the Aitken-Neville scheme:
( t—ty )Pk+1,€(t) + ( b —t >Pk,£—1(f)

Pre(t) = . teER.
tp — t

The correctness of this recursion is shown by induction, verifying the interpolation conditions.

A

End Problem 0-1, 15 pts.
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Problem 0-2: Local Representations of Splines

Locally on knot intervals splines coincide with polynomials of a fixed degree. In this problem we
compute those local polynomial representations in special cases.

This is a purely theoretical problem based on [Lecture — Section 5.4.1] and [Lecture — Sec-
tion 5.4.2].

(0-2.a) £3(6pts.)

Let s denote a quadratic spline, s € S, x4 with respect to the knot set M := {—3,—-2,—-1,1,2,3} and
satisfying

s(t)
s=0 on [-3,-2]U[23], ° T °
s(—1)=s(1)=1. t
73 2 1 1 2 3
Fig. 1
Determine the unknown real coefficients in the local representations
s(t) = 2+ t+ for te[1,2],
s(t) = 2 + t+ for te[—1,1].

SOLUTION of (0-2.a):
Since s € C'([-3,3]) and s = 0 on [2, 3], we conclude s(2) = s’(2) = 0, which means
s(t)=a(t—2)*, xR on [1,2].
From the condition s(1) = 1 we get @ = 1, which implies
s()= 12— 4t+ 4 on [1,2].
As consequence s’(1) = —2. Thus the quadratic polynomial p describing s on [—1, 1] has to satisfy
p(-1)=1, p()=1, p'(1)=-2.
This uniquely defines the parabola
p(t)y =2—1#, teR,
from which we infer
s(t)= —1- 24+ 0t+ 2 on [-1,1].

Remark. Here the solution of the problem can stop, but we have not yet verified that the partial s as
found so far can be extended to a spline in S, 1. We conjecture that s is an even function s(t) = s(—t)
and, thus, set

s(t) =t +4t+4 on [-2,—1].

NumCSE End-Term Examination, Thursday, Dec 23, 2021 6



Name: ETH ID No.:

Symmetry arguments readily demonstrate that this completes the definition of the spline s.

A
(0-2.b) (3J (12 pts.) Let the knot set M := {tp < t; < t, < --- < ty} C R be given. The local
representation of a cubic spline s € Sz v is given by (1 :=t; —t;_1,j € {1,...,n})
t—t 4
S’[tjq,l‘j](t) = Dé]‘Hl(T) + ﬁ]Hz(T) + h]’)/]H3(T) + h]5]H4(T) , T:i= h] ;o ﬁ], Yjr 5] ceR,

J

where Hy, Hy, H3, Hy are the cardinal basis functions for Hermite interpolation on [0, 1],

1.2

1
0.8+
0.6- Hi(7) = 1-372427%,
F Hy(t) =37t%—-27°,
0.4+
Hi(t) =7 —-212+1°,
0.2 H4(T) — T2 + T3 ,
0
02 02 04 06 08 1
Fig. 2 t
which satisfy
H1(0) =1, Hy(1)=0, Hj(0)=0, Hi(1)=0, Hi(}) =3, H/(3)=-3,
Hy(0) =0, Hy(1)=1, H}(0)=0, H)(1)=0, H(})=1, H)3) =3, 0o
H3(0) =0, Hs(1)=0, H40)=1, H{(1)=0, H3(3) =4 , Hi3)=—-1,
Hy(0) =0, Hy(1)=0, H0)=0, Hj1)=1, Hi(})=-4, H;})=-1}.
Inserting the midpoints of knot intervals gives us the extended knot set
?2]'12], jG{O,...,n},

Mi={lg<h<h< - <hy)}, - ‘ _
! trj—1 1= %(t]'—l-t]'_l), 1BS {1,...,11} .

On the knot intervals of M the spline s has the local representation (i := t;, — ty_1, ¢ € {1,...,2n})

_ ~ ~ ~ < t—tp 1 - 5 . ~
sli, i) (8) = &H1(T) 4+ BeHa(T) + heyeH3(T) + hed Ha(T) , T:= Eé S, @, Bu Y b ER.

14
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Express the coefficients «y, Eg, Yo, 54 in terms of a;, B, v}, d;:

(
foreven ¢ = 2j,
Wy =
forodd / =2j -1,
\
(
for even ¢ = 2j,
Po =
forodd / =2j—1,
\
(
for even ¢ = 2j,
Vo=
forodd/ =2j—1,
\
(
for even ¢ = 2j,
op =
forodd ¢ =2j—1.
\

SOLUTION of (0-2.b):

The key insight is that from (0.2.1) and the chain rule we conclude for the spline s

S(t]'_l) = OC]' , S(t]') = :B] , S/(t]'_l) = ’)/] , S/(t]') = 5] P ] = 1,. .on. (0.2.2)

This means that the coefficients have a concrete meaning as the point values and derivative values of
the spline in the endpoints of the knot intervals.

The same argument yields, now using the local representation on the knot intervals of M:

s(be1) =@, s(B)=Pe, $(t1)=7, s(E)=0, €=1,..2n. (0.2.3)

Next, we have to compute the values of s and s’ at midpoints of knot intervals of M. We start with

Hi (1/2) = % , Hi(1/2) = _3% z
Hy(1/2) =5 , Hy(1/2) =35, ,
Hs(1/2) =g , Hy(1/2)=—3,, o2
Hy(1/2) = -}, Hj(1/2)=-1,,
which implies
s(2(t+1-1) = (& +Bj) + 5(7 = 5) 023)
(a4 150)) = 2 (-0 + ) — 57 +8) (028)

I. For even ¢ = 2j we have t; = ti,j =1,...,n and the associated knot interval for £, j > 0 is

[Fo—1,t] = [53(t +tj-1),t]] -

NumCSE End-Term Examination, Thursday, Dec 23, 2021 8



Name: ETH ID No.:

So its right endpoint is a knot of M, the left endpoint a midpoint of a knot interval of M. We conclude
from (0.2.2), (0.2.3), (0.2.5)

tro1) = (3t +tj-1)) = 3(a; + B)) + ghi(v; = 9)) ,

f1) =5'(3(t + 1) = 30 (—a + Bj) — 1(7j +6))

The factor hj_1 is introduced by applying the chain rule.
IIl. Forodd £ =2j —1,j =1,...,n, we consider the M knot interval
[Fr_1, B = [tio1, 3 (4 + 1)) -

Now the left endpoint is a midpoint of a knot interval of M, and the right endpoint is a knot of M. As
before we conclude

Summing up
(
N 3(aj+ Bj) + ghj(yj — 6j) foreven, ; Bi for even £,
Ky = =
& for odd ¢, 2(aj+ Bj) + ghj(y;—6j) forodd ¢,
(
_ Shi'(—aj+B;) — 4(7j+6;) forevent, . 0j foreven £,
Ve = (=
W for odd / , %hj_l(—ocj +B;) — §(vj+6;) forodd (.
A

End Problem 0-2, 18 pts.
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Problem 0-3: Modified Cosine Transform

Many so-called trigonometric transformations can be reduced to the discrete Fourier transform
(DFT). One such example is studied in this problem.

Assumes familiarity with the discrete Fourier transform, C++, and the complex exponential

For a given vector a = [ao,...,an_l]T € R", neIN, we want to compute another vector
f:=[fo,.. .,fn_l]T € R™ according to the formula

n—1 jk
fr = ];)ajcos<n;), k=0,...,.n—1. (0.3.1)

Using the identity cos x = 3 (exp(—1x) + exp(1x)), we find the alternative formula

n—1 _ n—1
fi= Y duep(-2ma) texp(at ) Y o, ep(2mh)  032)
= 2n n = 2n

fork=0,...,n—1.

Recall the definition of the discrete Fourier transform (DFT) as multiplication of a vector with the Fourier
matrix F,;:

Definition [Lecture — Def.

The linear map DFT,, : C" +— C", DFT,(y) := F,y,y € C", is called discrete Fourier transform
(DFT), i.e. for [cq, ..., cp—1] := DFT,(y)

n—1 ;
Cp 1= Z Yj exp(—27T1%) , k=0,...,.n—1. [Lecture — Eq. (4.2.1.19)]
j=0

(0-3.a) (I (10pts.) Taking the cue from (0.3.2) we can write (“C++ indexing” throughout)
f = (DFT24(x))g. 1+ D(DFT21(¥)) 0.1 - (0.3.3)

with suitable vectors x, y € C?" and a diagonal matrix D € C"™". Characterize the vectors x, y (in terms
of a) and the matrix D.

for ¢ ¢ { }, for (€ { I
(x), = ; (¥)e= ’
for ¢ ¢ { }, for (€ { I
(D) s = , k=0,...n—1.

SOLUTION of (0-3.a):

NumCSE End-Term Examination, Thursday, Dec 23, 2021 10



Name: ETH ID No.:

Remark. The formula (0.3.2) is derived as follows

n—1 ; n—1 ) )
k 1 k k
fr = Z aj cos(n;]) =5 Z aj (e_”’ﬂj + e”’#)
j=0 j=0
n-l ool k(n—1-1
j=0 (=0
n-1l kj k(n—1) "=1
— %a],e—Zmﬁ —1—67”7 Z %an_l_ge—Zm%
J=0 (=0
Matching this with (0.3.3) we find
(x), = %a]- for je{0,....n—11}, ) = %an_l_j for je{0,....n—11},
! 0 for je{n....2n—-1}, ! 0 for je{n...2n—-1},
n—1
(D) = exp(mk——) , £=0,...,n—1. (0.3.4)
A
(0-3.b) (3 (10 pts.) The C++ function modcostrf () realizes the mapping a — f according to

(0.3.1). Supplement the missing parts of the following listing by writing valid C++ code in the boxes.

Figen::VectorXd modcostrf(const FEigen::VectorXd &a) {
using Comp = std::complex<double>;
unsigned int n = a.size();
Eigen::VectorXd f (n);
Eigen: :FFT<double> fft;

FEigen::VectorXcd tmp ( )

tmp << , Elgen::VectorXcd::Zero(n);
FEigen::VectorXcd vl = fft. ;

tmp << 0.5 x a.reverse(), ;
FEigen::VectorXcd v2 = fft. ;

Comp fac = std::exp(((n - 1)  M_PI x Comp(0, 1)) / (double)n);
Comp d(1.0, 0.0);
for (int k = 0; k < n; ++k) {

flkl] = (v1] 1 + * v2 [ 1) .real ();

}
return £;

}

The constant M_P1I is the number 7t.
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HINT 1 for (0-3.b):  The EIGEN helper class Eigen::FFT<double> provides the member functions
fwd () for DFT and inv () for inverse DFT. J

HINT 2 for (0-3.b):  The member function reverse () of Eigen::VectorXd reverses the order of the
vector components. J

SOLUTION of (0-3.b):

The following code is a straightforward implementation of (??) making use of the fact that the DFT
is available through the method fwd () of an Eigen::DFT object. The final loop also performs the
multiplication with D, which is a simple component-wise scaling.

Note that (0.3.4) means that

n

(D), = <eXP(7T’ (1) ))g /

such that the scaling factors can be obtained by successive multiplication of 1 with fac =
exp(m@).

C++ code 0.3.5: Function modcostr£ ()

Eigen:: VectorXd modcostrf(const Eigen::VectorXd &a) {

using Comp = std ::complex<double>;

unsigned int n = a.size () ;

Eigen::VectorXd f(n);

Eigen ::FFT<double> fft ;

Eigen:: VectorXcd tmp(2 * n);

tmp << 0.5 % a, Eigen::VectorXcd ::Zero(n);

Eigen::VectorXed v1 = fft.fwd(tmp);
10 tmp << 0.5 * a.reverse (), Eigen::VectorXcd ::Zero(n);
i Eigen:: VectorXed v2 = fft.fwd(tmp);
12 Comp fac = std::exp(((n — 1) * M_PlI x Comp(0, 1)) / (double)n);
13 Comp d(1.0, 0.0)
14 for (int k = 0
15 f[k] = (vi[k
16 d %= fac;
17 }

18 return f;

© ©® N o O h~ 0 N

k < n; ++k) {
+d *

j d v2[k]) .real ();

A

End Problem 0-3, 20 pts.
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