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Section 11.1: Initial-Value Problems (IVPs) for
Ordinary Differential Equations (ODESs)

Prof. R. Hiptmair, SAM, ETH Zurich

Date: November 14, 2022
(C) Seminar flir Angewandte Mathematik, ETH Zirich

A Tablet notes may have been corrected and/or extended after the recording of the video!

Prerequisites.
+ Concept of ODE from analysis course
+ Basic results about existence and uniqueness of solutions of initial-value problems

Duration: minutes
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For /> 1 y = f(t,y) can be viewed as a system of ordinary differential equations:
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ODE-based model: autonomous Lotka-Volterra ODE:
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Definition ||.1.2.4. Autonomous ODE

An ODE of the form y = f(y), that is, with a right hand side function that does not depend on time,
but only on state, is called autonomous.
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1.1.3. Theory of initul-walue probtlms ((VPs)

A gerneric Initial value problem (IVP) for a first-order ordinary differential equation (ODE) (— , ) can
be stated as:

Find a function y : I — D that satisfies, cf. Def. 11.1.1.2,

y =£(ty) . ylto) =yo- (11.1.3.2)
« £:1x D +— RN = right hand side (rh.s.) (N € N),

I C R = (time)interval <+  “time variable” f,

« D ¢ RN = state space/phase space <> “state variable” y,

« ():= 1 x D = extended state space (of tupels (¢, y)),

to € I =initial time, y(o € D = initial state > initial conditions.
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Theorem 11.1.3.17. Theorem of Peano & Picard-Lindelof |,,,

If the right hand side function f : () — RN is locally Lipschitz continuous (— Def. 11.1.3.13) then
for all initial conditions (to,yo) € Q) the IVP

y=1(t,y) , y(to) =yo- (11.1.3.2)
has a solution'y € C'(]J(to, yo), RN) with maximal (temporal) domain of definition | (to,yo) C ]R.J
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We find the solutions
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Definition 11.1.2.4. Autonomous ODE

An ODE of the form y = f(y), that is, with a right hand side function that does not depend on time,
but only on state, is called autonomous.

g o= flhy)
| g 0b)

= |

y(é/ c Px T

“CCZ/VMZ(/---/ ZA/) an

( =

=) =

N
[
S~
/
(\{
I
JIN



E . /. lok;
Reen 1113.6: From ng oy ODES b ot -order OUFs 119 Evolohon Uperm‘o/- >

22 . . » - - \ _ C A/
A R f«(%)w ey = 1{_&2 . Y (0)= e DR (1136)
NMew  volbnsum Z(é) = [7\/ /é /R-?/V | |
?/ Zé) Assumption 11.1.4.1. Global solutions

| \ [% | ( - (é U | Solutions of (11.1.3.18) are global: [(yo) =R for all yg € D.
— [ / ] _ A2 A/ . gl=)
-zt 5 (L) £ (z (é)):w ) Od e —— Tup Pe{vp@ﬁ&}’?

+ il b z2(0) ==, /.>5 ]

=]
|4y = teR >y &)
( Gxed )

For ODEs of order n € IN well-posed initial value problems need to specify initial values for the first
n — 1 derivatives. 0
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Definition 11.1.4.3. Evolution operator/mapping

Under Ass. 11.1.4.1 the mapping
O { RxD +— D
| (tyo) = @yo=y(t)

where t — y(t) € C'(R,RY) is the unique (global) solution of the IVP y = f(y), y(0) =y, is
the evolution operator/mapping for the autonomous ODE y = f(y).
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Numerical integration is concerned with the approximation of evolution operators.
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