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Course Video
Section 12.1: Model Problem Analysis
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Date: November 15, 2022
(C) Seminar fur Angewandte Mathematik, ETH Zdrich

A Tablet notes may have been corrected and/or extended after the recording of the video!

Prerequisites.
» Complex numbers
+ Diagonalization of matrices
Dependencies. Section 11.2.1, Section 11.4, Section 11.5, § 11.5.3.3

Duration: minutes
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4+ We consider the IVP for the scalar linear decay ODE:

NVRR/AR : o - ~ [ haat y=f(y):=Ay, A<0 , y(0)=1.
Exp 101, / ggﬁé@@(g{j{% RE-SSM Gr scalar Unat

+ We apply the explicit Euler method (11.2.1.5) with uniform timestep h = 1/M, /M €
0&1/5 H5 / § 153 Z {5,10,20,40,80, 160, 320, 640}.
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Explicit Euler method for saalar model problem
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4+ As before, we apply the explicit Euler method (11.2.1.5) with uniform timestep 1 = 1/A], Me
{5,10,20,40,80, 160,320, 640}.
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4+ ‘“Linear model problem IVP": 1 = Ay, y(0) = 1, A = —100
4+ Simple adaptive timestepping method as in Exp. 11.5.2.8, see Code 11.5.2.6. Timestep control
based on the pair of 1st-order explicit Euler method and 2nd-order explicit trapezoidal method.
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Clearly, blow-up can be avoided only if [S(hA)| < 1:

IS(hA)| <1 & —2<hA<O.

der timestep constraint
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h < [2/Al. (12.1.0.12)

< the stability function for the explicit trapezoidal
method

| Qualitatively correct decay behavior of (1), only un-

Definition 11.4.0.11. Explicit Runge-Kutta single-step method

i—1

Forb;,a;; € R, ¢c; == i—1 ijs i,j=1,..., s, s € IN, an s-stage explicit Runge-Kutta single step
method (RK-SSM) for the ODE y = f(t,y), f: QO — RV, is defined by (yo € D)

i—1

k,’ = f(t0+cih/y0+hZaijkj) , I = 1,...,5 ;Y1 = y0+hzbiki-
j=1 i=1
Thevectorsk; e RN, i =1,..., s, are called increments, /1 > 0 is the size of the timestep.
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=90 o = S(z) = det(I — zA + z1b") (12.1.0.16)
det_—sz 1_:|

Theorem 12.1.0.17. Stability function of some explicit Runge-Kutta methods — ,

The discrete evolution ‘I”{ of an explicit s-stage Runge-Kutta single step method (— Def. 11.4.0.11)

A
with Butcher scheme i’—br (see (11.4.0.13)) for the ODE y = Ay amounts to a multiplication

with the number
¥4 = S(Ah) & y1 =S(Ah)yo,
where S is the stability function (SF)

S(z) :=1+2zbT(I—22)"'1 = det(I — 2A+2z1bT), 1:=[1,...,1]T e R°. (12.1.0.18)

i—> p&@W/MW = S

Corollary 12.1.0.20. Polynomial stability function of explicit RK-SSM

For a consistent (— Def. 11.3.1.12) s-stage explicit Runge-Kutta single step method according to
Def. 11.4.0.11 the stability function S defined by (12.1.0.18) is a non-constant polynomial of degree
< s, thatis, S € Ps.
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Explicit Euler method (11.2.1.5): > S(z)=1+z.
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Expl. trapezoidal method (11.4.0.8): 1 > S(z) =1+z+32%.
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. ; _— Only if one ensures that |AK| is sufficiently small, one can avoid exponentially increasing approxi-
Lemma 12.1.0.23. Stability function as approximation of exp for small arguments mations v (qualitatively wrong for A < () when applying an explicit RK-SSM to the model problem
(12.1.0.5) with uniform timestep i1 > 0,

Let S denote the stability function of an s-stage explicit Runge-Kutta single step method of order

q € IN. Then
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Corollary 12.1.0.25. Stages limit order of explicit RK-SSM

An explicits-stage RK-SSM has maximal order q < s. § 2.1.0.30 ( 5/5%6/775 a/ Wty ODEs )
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R = 100Q), L = 1H, C = 1uF, Us(t)
| u(0) = v(0) = 0 (“switch on”)

| oded4s5 statistics:

17901 successful steps

1 1210 failed attempts

114667 function evaluations

u(t),v(t)

Tiny timesteps despite virtually constant solution!
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The explicit Euler method generates uniformly bounded solution sequences (yx)j.. for y = My with
diagonalizable matrix M € RNN with eigenvalues A, ..., AN, if and only if it generates uniformly
bounded sequences for all the scalar ODEs z = Az, i =1,.. ., N.
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Definition 11.4.0.11. Explicit Runge-Kutta single-step method

Forb;,a;; € R, ¢; == Z;;% ajj,i,j =1,..., s, s € IN, an s-stage explicit Runge-Kutta single step
method (RK-SSM) for the ODE y = f(t,y), f : O — R, is defined by (yg € D)
i—1 5
k; := f(t0+cilz,y0+112aijkj) , 1=1,...,8 , y1:= YQ—}—]ZZI),'I(,'.
j=1 i=1

The vectors k; € RN, i =1, ..

Ay 12 ODE

ke =M(yo+h) ajkj), (=
=1

v o= Ply) -

5, Y1—Y0+hzbk1
(=1

My

(12.1.0.44)
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., s, are called increments, /1 > 0 is the size of the timestep.
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/The RK-SSM generates uniformly bounded solution sequences (yj),.., for the ODE y = My with
diagonalizable matrix M € RNN with eigenvalues Ay, ..., Ay, if and only if it generates uniformly
bounded sequences for all the scalar ODEs z = A;Z,i =1,..., N.

.
v

Stability analysis: reduction to scalar case

Understanding the behavior of RK-SSM for autonomous scalar linear ODEs y = Ay with A € Ciis
enough to predict their behavior for general autonomous linear systems of ODEs.

K->» I o0

|/>/,C// —> = [(z.), | == froen

Theorem 12.1.0.48. (Absolute) stability of explicit RK-SSM for linear systems of ODEs

The sequence (yy ), of approximations generated by an explicit RK-SSM (— Def. 11.4.0.11) with
stability function S (defined in (12.1.0.18)) applied to the linear autonomous ODEy = My, M &<
CNN | with uniform timestep h > 0 decays exponentially for every initial state yo € C, if and only
if |S(A;h)| < 1 for all eigenvalues A; of M.
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Definition 12.1.0.51. Region of (absolute) stability

Let the discrete evolution ¥ for a single step method applied to the scalar linear ODE y = Ay,
A € C, be of the form

Y'y=S(z)y, y€C, h>0 with z:=hA (12.1.0.52)

and a function S : C — C. Then the region of (absolute) stability of the single step method is
given by

Sy:={zeC:|S(z)|] <1} CC.
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