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ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video
Section 1.5.4: Cancellation

Prof. R. Hiptmair, SAM, ETH Zurich

Date: August 24, 2020
(C) Seminar flir Angewandte Mathematik, ETH Zrich

Prerequisites.

e Taylor formula

e Elementary trigonometry
Dependencies. Section 1.5.3, Section 1.5.1

Duration: ‘1 g minutes

1. ComPu Hng, with Mahies and Veckors

1.5. Mackit Anttmebe  and Conseguences
15Y. Canellaton

w@ woty about BPS-sized  erov <

> Beause of omv ampification
Ex. . 4817 1 Zowen of a quedredic pﬂ%mxmd/

C++ code 1.5.4.3: Discriminant formula for the real roots of p(¢) = ¢ + al + B = GITLAB

2 |//! C++ function computing the zeros of a quadratic polynomial
s |//! &= &4 af+ B by means of the familiar discriminant

s |//! formula 120 = %(—a:l:\/ai—élﬁ). However

s |//! this implementation is vulnerable to round-off! The zeros are
6 |//! returned in a column vector

7 | Vector2d zerosquadpol (double alpha, double beta) {

8 Vector2d z;

9 double D = std::pow(alpha, 2) — 4 * beta; // discriminant

10 if (D<0) O<
1" throw "no real zeros"; X>>4 =

12 else { - P
13 // The famous discriminant formula

=N
14 double wD = std::sqrt(D);
15 z << (—alpha — wD) / 2, (—alpha + wD) / 2; // = \[57 /{\v/ o<

| T Cmo@%(/ﬁbn here

17 return z; /h W_f_
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x = 0.123467+ < 7th digit perturbed
y = 0.123456+ < 7th digit perturbed
x—y = 0.000011* = 0.11+000- 10~ * < 3rd digit perturbed
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C++ code 1.5.4.10: Difference quotient approximation log,, (1) relative error
of the derivative of exp = GITLAB ; g-gg;gg’z;ggﬁg‘;g
//.; Difference'quot.ient approximation AW’W&@ 3 0:00050016670838
//d dOff the derivative of exp -4 0.00005000166714
vo:mm)lIe ?]()={0 - oo (/{/(77[7( 5 0.00000500000696
for(int i = 1; i <= 16; ++i){ 6 0.000000%¢996218
double df = (exp(x+h)—exp(x))/h; 7 0.00000004943368
cout << setprecision(14) << fixed; -8 -0.00000000607747
cout << setw(5) << —i -9  0.00000008274037
<< setw (20) << df—1 << endl; Ide- -10  0.00000008274037
} h /= 10; P{ ) 43/ -11 0.00000008274037
¥ = . 5 -12  0.00008890058234
I amullen ) 43 0.00070927783736
-14  -0.00079927783736
-15  0.11022302462516
Measured relative errors > -16  -1.00000000000000
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2 |//! C++ function computing the zeros of a quadratic polynomial
s |//! E—>g +al+ B by means of the familiar discriminant

4 |//! formula {13 = — a:i:\/af—él

s |//! This is a stable 1mplementatlon based on Vieta’s theorem.
6 |//! The zeros are returned in a column vector
7 |VectorXd zerosquadpolstab(double alpha, double beta) {

}

Ex 1549

C++ code 1.5.4.18: Stable computation of real root of a quadratic polynomial = GITLAB

Vector2d z(2);
double D = std::pow(alpha, 2) — 4 =*
if (D<0)

beta; // discriminant

throw "no real zeros";

else {
double wD = std::sqrt(D);
// Use discriminant formula only for zero far away from (
// in order to avoid cancellation. For the other zero
// use Vieta’s formula.

if (alpha >= 0) { :
double t = 0.5 % (—alpha — wD); // —> NC CWWK@W&/’? A= >
z << t,(beta / t;

} else { N
double t = 0.5 % (—alpha +wD); // —72 DO wa&ﬂw r X <L 6
z << betavint, t;

}

}

return z;
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Analytic manipulations offer ample opportunity to rewrite expressions in equivalent form immune to
cancellation.
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— exp(a) —1 - AL 1 _ 1 m
‘L[ﬂ): a n k:z() (k + 1)!ak+R,,,(a) » Ru(a) = (m+1)!
T (a): an appeimalion ¢ I(a)

How to chosse ;2

Corl - Relahve hoakn cov = ol
= pm /fi }
e
10) -~ Tu(a)| ('~ D/a 4K e
rel. err. = (@) — T 1)/a
< ! m 1
— (m+1)! exp(§)a” < (m+1)!
P a = 077

f

) exp(a)a™ é 7/~§L

5

exp(¢)a™ forsome 0 < ¢ <a.

¢l ¢rr.| 1.0010e-03 | 5.0050e-07 | 1.6683e-10 | 4.1708e-14 | 8.3417e-18 |
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else 3
v = (exp(a)-1.0)/a; 108 R
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Keviow qufioos 1.5.4.33
A:

Give an expression for

b
I(a,b) = / 1/xdx

a

that allows cancellation-free evaluation for integration bounds 1 < a ~ b.

g

For integration bounds a,b > 1, a ~ b, propose a numerically sound way of computing

What is the problem with the C++ expression

y = std::1log(std: cosh(x));

y where x is of type double? Rewrite this line of code into an algebraically equivalent one so that that
problem does no longer occur.
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