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Section 1.5: Machine Arithmetic and
Consequences
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(C) Seminar fur Angewandte Mathematik, ETH Zdrich

Prerequisites.
e Gram-Schmidt orthonormalization from linear algebra
e Concept of a relative error

Dependencies.

Duration: 30 minutes
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C++ code 1.5.1.3: Gram-Schmidt orthogonalisation in EIGEN =* GITLAB

> |template <class Matrix> Matrix gramschmidt(const Matrix &A) {

3 Matrix Q = A;

4 // First vector just gets normalized, Line 1 of (GS)

5 Q.col (0).normalize() ;

6 for (unsigned int j = 1; | < A.cols(); ++j) {

7 // Replace inner loop over each previous vector in Q with fast
8 // matrix-vector multiplication (Lines 4, 5 of (GS))

9 Q.col(j) —=Q.leftCols(j) =*

10 (Q.leftCols (j).adjoint() * A.col(j)); //

1 // Normalize vector, if possible.

12 // Otherwise colums of A must have been linearly dependent

13 if (Q.col(j).norm() <= 10e—9 x A.col(j).norm()) { //

14 std:: cerr << "Gram-Schmidt failed: A has lin. dep columns." << std::endl;
15 break ;

16 } else {

17 Q.col(j).normalize() ;

18 } // Line 7 of (GS)

19 }

20 return Q;

21 |}
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Correct rounding (“rounding up”) is given by the function
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Assumption 1.5.3.11. “Axiom” of roundoff analysis

There is a small positive number EPS, the machine precision, such that for the elementary arithmetic
operations x € {+, —, -, / } and “hard-wired” functions” f € {exp, sin, cos, log, ...} holds

xxy=(xxy)(1+6) , flx)=f(x)A+4) Vx,yeM,

with |§| < EPS.
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C++ code 1.5.1.7: Wrong result from Gram-Schmidt orthogonalisation EIGEN = GITLAB

2 [void gsroundoff (MatrixXd& A){

3 // Gram-Schmidt orthogonalization of columns of A, see Code 1.5.1.3
4 MatrixXd Q = gramschmidt(A) ;

5 // Test orthonormality of columns of Q, which should be an

6 // orthogonal matrix according to theory

7 cout << setprecision(4) << fixed << "I ="

8 << endl << Q.transpose()*Q << endl;

9 // EIGEN’s stable internal Gram-Schmidt orthogonalization by

10 // QR-decomposition, see Rem. 1.5.1.9 below

12 qr .compute (A) ;
14 cout << "I1 =

16 MatrixXd R1 =

1 HouseholderQR<MatrixXd> qgr(A.rows() ,A.cols()); //

MatrixXd Q1 = gr.householderQ(); //

3 // Test orthonormality

" << endl << Q1.transpose ()*Q1 << endl;

5 // Check orthonormality and span property (1.5.1.2)

qr . matrixQR () . triangularView <Upper>() ;

7 cout << scientific << "A-Q1xR1 = " << endl << A-Q1xR1 << endl;
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2. for j=2,...,k do
{ % Orth_ogona/ projection
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3: q = a
4: for /(=1,2,...,j—1 do
5: { q].% q]_<a]’qf>qf }
6: if (q/=0) then STOP
7: else { q/ « ||c?fj|| }
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}
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C++ code 1.5.1.3: Gram-Schmidt orthogonalisation in EIGEN = GITLAB

2 [template <class Matrix> Matrix gramschmidt(const Matrix 8A) {

3 Matrix Q = A;

4| // First vector just gets normalized, Line 1 of (GS)

5| Q.col(0).normalize();

6 for (unsigned int j = 1; j < A.cols(); ++j) {

7 // Replace inner loop over each previous vector in Q with fast
8 // matrix-vector multiplication (Lines 4, 5 of (GS))

9

Q.col(j) —=Q.leftCols(j) *
0 (Q.leftCols (j).adjoint() * A.col(j)); //
(GS)” // Normalize vector, if possible.
12 // Otherwise colums of A must have been linearly dependent
18 if (Q.col(j).norm() <= 10e—9 * A.col(j).norm()) { //
14 std::cerr << "Gram-Schmidt failed NA has lin. dep columns." << std::endl;
15 break;
16 } else {
17 Q.col(j).normalize() ;

18 } // Line 7 of (GS)
19 }
2 return Q;

21 |}
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