@

ETH Lecture 401-0663-00L Numerical Methods for CSE

Course Video

Section 2.6: Exploiting Structure when Solving
Linear Systems

Prof. R. Hiptmair, SAM, ETH Zurich

Date: September 18, 2020
(C) Seminar fir Angewandte Mathematik, ETH Zdrich

Prerequisites.
e Proficiency in matrix-vector calculus
Dependencies. Section 2.3, Section 1.4

Duration:35 minutes

Divect NMethods for re

Linaar Systems of Fquations
.6. Ex,o[oih'/g Stroctore  when 59&/1"0?
Linear Sy& fems
e We have  See h/zkm?%% LS E
Reecwld - Block GE

ol
\J/W

AnAp||xi| _ (b Ay € KR, Ay € KM Ap € KK, Ay € KO, (2.6.0.3)
AryiAxn | |x| — |ba|” x3 € KK, xp e K, by € Kk, by € KE.
1
Xy = /4;/ (l)) “74,2%) femr 1t lozw

|V\b I, ow iAJQ - ﬂa/ﬁl;1/4/‘2 >J)_(2 = -ég_ AJIJNJ;ZZ/
Schanr comp/fmzﬁ matx € [27°
Ueetyl i A, X = c can be lve ”em/?y

Remy 2.3219«  Block  LU-clecomposi fion

With
A Ap| _ I 0 [A1n Ap
Ay Ay ApAyl I[[0 S|

~

with Schur complement

» (2.3.2.20)
S:=An —AnA;'An |.

block LU-factorization



@)

( )
Bx 2605 @ |SE wwdth amo i Bok GE

(D | ] [x] Y1
- 7 0 AX — | | — y = I (2.6.0.7)
. . b'laf|¢] J
2} . e T _l
, , ;= n—biD ‘vi
4} . . 4 - —_— / ?
> a—bTD ¢ —> == reMI*@ﬂ( _( (2.6.0.8)
A= . b ¢ (2.6.0.6) o o X; = D_l(yl — &)
[DeR™ duggmal, . .
qutlan ] 1 C ') :
- — 0 (n COS&
b—|— “ L . L . . . . . . . .
- . 12k . . . . TR C++ code 2.6.0.10: Solving an arrow system according to (2.6.0.8) => GITLAB
- 2 |VectorXd arrowsys_fast(const VectorXd &d, const VeciorXd &c, const VectorXd &b,
C++ code 2.6.0.9: Dense Gaussian elimination applied to arrow system => GITLAB . g iz () const double alpha, const VectorXd &y) {
4 n n = .Slze N

2 |VectorXd arrowsys_slow(const VectorXd &d, const VectorXd &c, const VectorXd &b, 5 VectorXd z < °'a"al$’ / d.arrax(); // z=D ¢
3 i . . const double alpha, const VectorXd &y) { 6 VectorXd w = y.head(n).al’ray() / d.al“l’ay(); // W = D_l}’l
4 int n = d.size(); , 7| const double den = alpha — b.dot(z); // denominator in (2.6.0.8)
° MatrixXd A(n + 1, n + 1); // Empty dense matrix 8 // Check for (relatively!) small denominator
6 A.setZero() ; // Initialize with all zeros. . if (std::abs(den) <
’ A'diagona'()'head(”)f d; // Initializee matrix diagonal from a vector. o std :: numeric_limits <double >::epsilon() * (b.norm() + std::abs(alpha))) {
e | A.col(n).head(n) = c; // Set rightmost column c. ’ throw std ::runtime_error ("Nearly singular system");
9 A.row(n).head(n) = b; // Set bottom row b'. 12 }
10 A(n, n) = alpha; // Set bottom-right entry «. i3 const double xi = (y(n) — b.dot(w)) / den;
i | GEESIERESN S // Gaussian elimination u | return (VectorXd(n + 1) << w— xi * z, xi).finished ();
12 |} l 5 |}
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C++ code 2.6.0.23: Solving a rank-1 modified LSE =* GITLAB

0
‘ = ‘ &— (/ar< 2 |// Solving rank-1 updated LSE based on (2.6.0.22)
s |template <class LUDec>
O & 4 | Eigen:: VectorXd smw(const LUDec &lu, const Eigen::VectorXd &u,
5 const Eigen::VectorXd &v, const Eigen::VectorXd &b) { ,
/]\% 6 const Eigen ::VectorXd Z'=@lulselve(b)”; // z:A_llb :}( (Q(f 0?”3),/78 LU‘C/L&(:
6L 7 const Eigen ::VectorXd Gi=mluiselve(uy; // w=Alu
e s 8 double alpha = 1.0 + v.dot(w); // Compute denominator of (2.6.0.22)
MW 6{1]%4(%5 . I’WV)/C - 4 I’VW&Q AC%hﬁﬂ 9 double beta = v.dot(z); // Factor for numerator of (2.6.0.22) 7
' ,7__ " 10 if (std::abs(alpha) < std::numeric_limits<double>::epsilon() * std::abs(beta)) 0(f7l
éz 11 throw std ::runtime_error ("A nearly singular"); 4
/4 — 71_ /_{4 /z { 'M, _‘Z 6 @ 12 else ! ’ ! [&((
13 return (z — w x beta / alpha); // see (2.6.0.22)
14
}
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Lemma 2.6.0.21. Sherman-Morrison-Woodbury formula
For regular A € K", and U,V € K"k n,k € N, k < n, holds
A+l = A-1— A~ TU(T + VHA-TU) " TvHA T,

/N
if 1+Vvia~lu is regular.
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