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Date: September 29, 2020 Theorem 3.4.1.1. Singular value decomposition —

(C) Seminar fur Angewandte Mathematik, ETH ZUrich For any A € K" there are unitary/orthogonal matrices U € K",V € K" and a (generalized)

diagonal \*) matrix L = diag(cy, ..., op) € R™, p:= min{m,n}, 00 > 02> --- >0, >0
such that

A =UzVvH,
Dependencies. Section 3.4.1, Section 1.2.1
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C++-code 3.4.2.1: Computing SVDs in EIGEN

Ex JY.23 . S\/D“hase/(mﬂ)/aﬁbn ﬂfmk

2 |#include <Eigen/SVD> Lemma 3.4.1.13. SVD and rank of a matrix —

3

s |// computation of (full) SvD A=UXVH — Thm. 3.4.1.1 If, for some 1 < r < p := min{m, n}, the singular values of A € K"" satisfy oy > --- > oy >
s |// SVD factors are returned as dense matrices in natural order Orp1=+""0p = 0, then

6 | std::tuple <MatrixXd , MatrixXd , MatrixXd> svd_full (const MatrixXd& A) {

7 Eigen ::JacobiSVD<MatrixXd> svd (A, Eigen::ComputeFullU | Eigen :: ComputeFullV) ; _ .

8 MatrixXd U = svd.matrixU(); // get unitary (square) matrix U L4 rank(A) =1 (no. of non-zero singular values) ,
9 MatrixXd V = svd.matrixV(); // get unitary (square) matrix V g N(A) = Span{(V):,r+1,---,(V):,n} ’

10 VectorXd sv = svd.singularValues(); // get singular values as vector e R(A)=Span{(U).1,...,(U).,} .

1 MatrixXd Sigma = MatrixXd::Zero(A.rows(), A.cols());

12 const unsigned p = sv.size(); // no. of singular values

13 Sigma.block(0,0,p,p) = sv.asDiagonal(); // set diagonal block of XL .

14 return std::tuple <MatrixXd , MatrixXd , MatrixXd >(U, Sigma,V) ; V \g(V) _ U@ZS a- are 6(%0%0{ b}/ /@U/W
15 |} O &

7 |// Computation of economical (thin) SVD A:UZVH, see (3.4.1.5) ==

no ldhng g == o 0
18 |// SVD factors are returned as dense matrices in natural order

1o |std::tuple <MatrixXd , MatrixXd , MatrixXd > svd_eco(const MatrixXd& A) { |V7£/€é(&( . MJF (3’\/ /{/M‘% \SMM\QS

20 Eigen ::JacobiSVD<MatrixXd> svd (A, Eigen::ComputeThinU | Eigen :: ComputeThinV) ;

21 MatrixXd U = svd.matrixU(); // get matrix U with orthonormal columns
22 MatrixXd V = svd.matrixV(); // get matrix V with orthonormal columns . .
2 VectorXd sv = svd.singularValues(); // get singular values as vector C++-code 3.4.2.5: Computing rank of a matrix through SVD

24 MatrixXd ma = sv.asDiagonal(); // build diagonal matrix X

. : ; . // Computation of the numerical rank of a non-zero matrix by means of
25 return std|: :tuple <MatrixXd , MatrixXd , MatrixXd >(U, Sigma,V) ;

// singular value decomposition, cf. (3.42.4).
MatrixXd :: Index rank_by svd(const MatrixXd &A, double tol = EPS) {
if (A.norm() == 0) return MatrixXd::Index(0) ;
Eigen ::JacobiSVD<MatrixXd> svd(A) ;
const VectorXd sv = svd.singularValues(); // Get sorted singular values as

|
aled in dvrewditng octec
n , 2 8 Matr‘{fxcdt:():rn ex n = sv.size();
CQS+ (6(0 - SUD M /46 (kml ) = 0([’0/]’]{/77,}’/? ’ MX'{W#?%) 9 Matride:::ngex r = 0; !

10 // Test relative size of singular values

N oo a0 A WwoN

while ((r<n) && (sv(r) >= sv(0)xtol)) r++;

7%V /77/)/) — = o0 :; return r;
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C++-code 3.4.2.6: Using rank () in EIGEN

2 |// Computation of the numerical rank of a matrix by means of SVD
s | MatrixXd ::Index rank_eigen (const MairixXd &A, double tol = EPS) {

4 return A.jacobiSvd () .setThreshold (tol).rank() ;

s |}
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Lemma 3.4.1.13. SVD and rank of a matrix —

If, for some 1 < r < p := min{m, n}, the singular values of A € K"™" satisfy oy > --- > o0y >

Ory1=+--0p =0, then

e rank(A) = r (no. of non-zero singular values) ,

e N(A)=S (V)erst,eo-, (V)en} 7}
. R(A)=s§:nn{{(U);,:.l..,(U):,,}.}} N/ Bs
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C++-code 3.4.2.8: ONB of \/(A) through SVD

// Computation of an ONB of the kernel of a matrix
MatrixXd nullspace(const MatrixXd &A, double tol = EPS) ({
using index_t = MatrixXd::Index;
Eigen:: JacobiSVD<MatrixXd> svd (A, Eigen :: ComputeFullV) ;
index t r = svd.setThreshold (tol).rank() ;
// Rightmost columns of V provide ONB of N(A)
MatrixXd Z = svd.matrixV () .rightCols(A.cols()—r);
return Z; -
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C++-code 3.4.2.9: ONB of R(A) through SVD

// Computation of an ONB of the image space of a matrix
MatrixXd rangespace (const MatrixXd &A, double tol = EPS) {

using index_t = MatrixXd::Index;

Eigen::JacobiSVD<MatrixXd> svd(A,EigenComputeFullV) ;

index_t r = svd.setThreshold (tol).rank ()37

// r left columns of U provide Q of R(A)

return svd.matrixU() .leftCols(r);
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