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(General linear) least squares problem: -z ek (A ) & mind{mnj

gven: AcR"™, mmneN, beR" —> not MC@JSWZ% IL&M ka

find:  x' € R” such that
x*e 15q(A.b) > @ |[Ax" D[ = min{|Ay ~b]:y € R"},

(i) Hx*Hz is minimal under the condition (i).

(3.1.3.7)
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Lemma 3.4.1.13. SVD and rank of a matrix —

A - (U1 U] If for some 1 < r < p := min{m, n}, the singular values of A € K"" satisfy oy > --- > oy >
1 Ory1 = ---0p =0, then
: e rank(A) = r (no. of non-zero singular values) ,
I o N(A) =Span{(V).ri1,---,(V)in}
: e R(A)=Span{(U).4,..., (U).,}.
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Recatd Cséf//ﬂ‘,b)’ {xelR" AAXx =A"p 7 ()

Isq(A,b) || N(A) /N Theorem 3.1.2.1. Obtaining least squares solutions by solving normal equations

) The vector x € R" is a least squares solution (— Def. 3.1.1.1) of the linear system of equations
can bg /@M@M ﬁpm Ax =b, A € R™" b € R™, if and only if it solves the normal equations (NEQ)

ATAx=ATb |. (3.1.2.2)
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— 1 - _
@ \/,_'_ \/ 2_ W Z \/ ! \/1 ;Z_ * = l/,T(/Z %Tb C++-code 3.4.3.14: Computing generalized solution of Ax = b via SVD

VectorXd Isgsvd_eigen (const MatrixXd &A, const VectorXd &b) {
Eigen ::JacobiSVD<MatrixXd> svd (A, Eigen::ComputeThinU | Eigen::ComputeThinV) ;
return svd.solve(b);

L - |

}

— I o - T "/"
(T 0] |22 [ 5] xP=V,Z;u' b = A b
T—
\/'T [ \/ \/ Z,, / 9, /f ()( b Theorem 3.4.3.16. Pseudoinverse and SVD
! b ] ) } 0 J ()2 T = If A € K™" has the SVD decomposition A = ULV partitioned as in (3.4.3.1), then its Moore-

Penrose pseudoinverse (— Thm. 3.1.3.6) is given by At = V&, 1UIIH.
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C++-code 3.4.3.1 SE\CO\mpM}Qg generalized solutiy&l\x =b s\a ;'/D

#include <Eigen/SVD>

VectorXd Isqsvd (const MatrixXd &AN\gcenst VectorXd &b)
// Compute economical SVD, are Code 3.4/2.1
Eigen::JacobiSVD<MatrixXd> svd(A, (Eigen ::ComputeThinU | Eig
VectorXd sv = svd.singularValues() ;
unsigned int r = svd.rank(); // Numerical rahk, default
MatrixXd U = svd.matrixd (), V = svd.matrixV ();

o | s/ xt=VviES U

1 // (3.4.3.5)

12 return V.leftCols(r) * (sv.head(r).cwjigelnverse().asDiagonal() =*

13 (U.leftCols(r).adjoint() * b));

:: ComputeThinV) ;

olerance
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